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ONLINE APPENDIX

The Appendix is organized as follows. Section A formally defines AG equilibrium.
Section B characterizes equilibrium (all regimes). Section C discusses when each equi-
librium regimes obtains. Section D discusses log-concavity and uniqueness. Section E
analyzes comparative statics for Dispersive equilibria. Section F analyzes comparative
statics for PPPP equilibria. Section G contains the proof of Proposition 12. Section H dis-
cusses comparative statics when the regime is Lemons. Section I discusses equilibrium
characterization and other results in the presence of moral hazard. Section J discusses
numerical simulations. Section K derives certainty equivalents in a setting with CARA
utility.

A AG Equilibrium

In this section we provide formal definitions of equilibrium and weak equilibrium, based
on Azevedo and Gottlieb [2017].

Definition 2. (p, «) is a weak equilibrium if:
1. Individuals maximize: u(u, x, p(x)) = sup,cx u(p, 2, p(z’)), for a — a.e. (i, x).
2. Each contract breaks even: p(x) = zE,[u | ], for @ — a.e. x.

Definition 3. Consider the economy £ = [0, X, P|, and the sequence of perturbed
economies & = [0 U X;, X;, P + n;]. Let (X;);en be a sequence of finite subsets of
X which converge to X in the sense of Haussdorf.** Let (7,);cx be a sequence of mea-
sures, with ; supported on X, strictly positive on X, and 1;(X;) — 0. Suppose there
exists a sequence of pairs (p;, o;),en, satisfying the following conditions. First, (p;, ;) is
a weak equilibrium of &;, where the behavioral type » € X ; has zero cost and prefers x
to any other alternative regardless of price. Second, o; — a weakly.*> Third, whenever
(z;)jen converges to x € X with z; € X, then p;(x;) — p(z). Then, the pair (p, o) is an
equilibriumof £ = [0, X, P].

31e., for each z € X, there is (2,),en converging to z with 2, € X for each n € N. In Levy and
Veiga [2021], X is not assumed to be compact but have a compactification X which X embeds into, e.g.,
X =[0,1) which naturally embeds in X = [0, 1].

%5That is, for each f : © x X — R continuous and bounded, we have [ fda™ — [ fdo.

1



B Equilibrium Characterization

In this section we state and prove a more general equilibrium characterization result.

This section does not assume that the distribution of types f is log-concave, and hence

does not assume that equilibrium is unique. We also clarify that the assumption % >
“w

0, which implies that the willingness of agents to pay for more insurance is strictly in-

creasing in type, is used to show that higher types purchase (weakly) higher coverage; in

particular, see Lemma 7.

B.1 Full Statement of Equilibrium Characterization

We now present an extended version of Proposition 1, which describes equilibrium in
detail and more formally. Proposition 16 below describes all equilibria where ax({x |
x > z}) > 0 (i.e., there is a positive mass of individuals choosing strictly more than the
minimum coverage). This accounts for equilibrium regimes that are Dispersive, RS or
PPPP, and hence in particular implies Proposition 1 ( Dispersive Equilibria), Proposition
3 (PPPP Equilibria), and Proposition 2 (RS Equilibria). We discuss Lemons equilibrium
in Appendix H. We note that the equilibrium regime where all individuals buy = = z in
was addressed in Proposition 18.

Let the set of strictly positive coverage (z > 0) contracts purchased in equilibrium be

B = supp(ax) N[z, T].

That is, individuals purchase contracts in B and, in addition, possibly = = 0.

Proposition 16. Consider any AG equilibrium (p, o) where ax({z | x > z}) > 0. Then:

~

There is a cut-off coverage x* € [x,T) such that Bt = [¢*,T| or Bt = {z} U [2*,T].

2. ax has the same null sets as the Lebesgue measure in [x*,T].>°

Q

. Ifax({z}) > 0 (i.e. ifz is an atom of ax) then z* > x.
4. Ifz = 0 isan atom of ax, then x is as well: ax ({0}) > 0 = ax ({z}) > 0.%7

5. Thereis a mappingo : © — X that assigns to each type i, the contract o(u) that she
chooses a-a.s. Formally, o{(u,z) | x = o(u)} = 1. o is non-decreasing, and is strictly

36Recall that the support of a measure is the smallest closed set whose complement is null.
37This is a particular case of Lemma 1, proven in this section, which also shows that no one purchasing
(i.e., ax({0}) = 1) is not an equilibrium.



increasing and continuous for . € o~ ([z*,T]). Let the type that purchases contract
rher(z)=0"'(x).

. Define the type who purchases x* as * = 7(x*). For u € [u*, 7|, the choice rule o
satisfies

B [T 19y .
u—u—[f(u)xﬁx(f(x),x)dx, V€ [, al. (20)

Let type 1. be the lowest type that purchases the minimum coveragez: i, = inf {u | o (n) =z} .
. The cut-offs (z*, 1*) and o satisfy:

(a) B" = [2*,7] < p* = p (no pooling), or

(b) BY = {z} U[z*, 7] & p* € (u, ) (partial pooling), in which case

i. o(p) =z forp € [p,p)
ii. o(p) € [z*, 7] forp € [, 7.

. Each contract breaks even. In particular:

(@) p(0) =0,
(b) p(x) = z7 (x), fora.e. x € [x*,7]
© Ifp. < p, thenp(z) = 2K [ | p € [ps, 1]

. p(z) is continuous, and is strictly increasing on {z | p (z) > 0}. Moreover, p(z) <
nx,Vr € X.

. p is Lebesgue-a.e. differentiable and

p(z) =7(x)+ % (1(z),x), fora.e. z € (z%,7) (21)

. Forz € [z, x%), pricep(z) is s.t. the cut-off type u* is indifferent between (z,p(z)) and
(x*, p(x*)), i.e.

gt a*) = e + g(ut7) —plz), Ve € [z,a7]. 22)
. Then, ju. = p if and only if all types prefer (z, p(z)) t0 (0,0), ie.

—T < pz + g(p, z) — p(x).



In this case, all agents purchase insurance (x = 0 is not chosen). Otherwise (i.e., if
s > 1), then i, is the type who is indifferent between these contracts:

=T = ez + g(ps, ) — p(2). (23)

B.2 Equilibrium Characterization Results from LV21

We now recall some useful results from Levy and Veiga [2021] (LV21). LV21 assumed the
set of allowed contracts was X = [0, 1]. The results of LV21 imply that, for the model of
Section 3, if in addition one assumes X = |0, 1], the equilibrium can be characterized as
follows.

Theorem 2. There is a unique equilibrium (p, ). In equilibrium:
1. Pricep(x) is continuous, and it is strictly increasing in {x | p(z) > 0}.

2. There is a continuous and strictly increasing mapping o : © — X that assigns to
each type ., the alternative o (1) that she chooses a-a.s.

3. The choice rule o(u) satisfies

4. Each contract breaks even: P — a.s., p(o(u)) = po ().

5. Fullinsurance (x = 1) is in the support of the equilibrium and zero insurance (x = 0)
is purchased by a set of individuals with measure zero.

6. Price is Lipshitz in any interval bounded away from full insurance (x = 1); if pg is
bounded P-a.s., price is Lipshitz.

Proof. See Levy and Veiga [2021], namely Theorem 2 and Corollary 2. O

Below we highlight important differences en route to the proofs of Propositions 3
and 16.

B.3 Additional Machinery Results from LV21

We develop here more tools use in LV21 that apply to our setup as well. We fix a dis-
tribution @ on © x X, with X = [z, 7] (e.g., (p, «) may be an equilibrium) and marginal
P = fdpon© = [p, 7). V21 assumed X = [0, 1]. Let the marginal of o on X be ax.
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We define analogues of the maximum and minimum risk x4 purchasing each alterna-
tive z (to allow for pooling). To avoid the influence of zero-measure sets of types, we use
a variation of the essential supremum and infimum, defined for = € supp(ax) as*®

¥ (w) = Jim [sup {u | ({0 po > p} x (x— 6,2+ 6)) > OH (24)
Y (z) = 51_1,%1+ [inf {,u | oz({e | po < p} x (x — 5,x+5)) > OH (25)

Intuitively, " (z) captures the largest value of ; which purchases = under «, and ¢~ (z)
as the lowest such value of .

Appendix C of LV21 establishes several claims when (p,«) is an equilibrium. Al-
though they are made for the case X = [0, 1], almost all hold when X = [z,7] or =
{0} U [z, 7] with the same proofs, with one exception (Lemma 7 there) which we dis-
cuss below (Lemma 11). We omit here those results which are irrelevant or trivial in the
framework of this paper, which is slightly more restrictive than that in IV21.%

We note that it is for the following lemma in particular that we have made the the
assumption 29> 0, which implies that the willingness of agents to pay for more insur-

dzou
ance is strictly increasing in type.

Lemma?7. o (u) is weakly increasing. Specifically, let (1, x) refer to a type and the contract
purchased by that type. It holds a-a.s. that for each pair (12, x2), (11, 21), T2 > x1 implies
ta > py. Thisis also true if X' C X is finite and o/ is a weak equilibrium of the economy
© U X' PUn,X'] (as discussed in Section 3, and elaborated in Appendix A), where X'
refers to behavioral types as well.*°

Proof. This is Lemma 2 of Section C.1. of LV21. An intuition is that lower types have
lower willingness to pay. O]

Corollary 4. Forx < y < z, we have ™ (x) < ¥~ (y) < ¥ 1 (y) < ¢~ (2). This is also true if
X' C X is finite and o/ is a weak equilibrium of the perturbed economy [© U X', PUn, X'|].

Proof. Corollary 5 in LV21. O

One can then obtain the following sequence of lemmas (which are Lemma 3, 4, 6 in
[V21, modified to the restriction X = [z, Z]):

38Por a-a.e. z € X, ¥+ (x) (resp. ¢~ (x)) is the supremum (resp. infimum) of the support of a(- | x). The
limits exist as the terms they are taken over are monotonic.

39In LV21 types may differ in both risk and riskiness, although they are still unidimensional in terms of
being linearly ordered w.r.t. willing to pay

“0The conclusion then holds o/(| ©)-a.s., i.e., holds for types in ©, not behavioral types for whom . is
not defined.



Lemma8. ¢~ (z) = ¢ (x) forz € supp(ax) N (z,7].
Hence, denote ) = ¢~ = ¢ in (z, 7).

Lemma9. a({0,z | x > z,p(z) # ¢(x)x}) = 0, and (equivalently), p(x) = x - (z) for all
x € supp (ax), x > x.

Proof. From Lemma 8 and the break-even condition for price. O
Lemma 10. ¢ (z) is strictly increasing for x € supp(ax) N (z,T|.

Corollary 5. There is a mappingo : [, fi] — [z, T], strictly increasing and continuous on
w7\ ({2, 0}), 5.8 o () | @ = o)} = 1.

Proof. By taking o = +)~" on a subset ® C [y, 7] which satisfies a({y € ®}A{z > z}) = 1,
where A notes the symmetric difference of sets; and then o(y) = zfor¢(z) < p <
Yt (z)ifax({z}) > 0, and similarly for 0. This is an appropriate modification of Corollary

6 in LV21. ]

Lemma 11. Ifax((z,z]) > 0, the supremum of the support of ax is maximal insurance,

ie,o(fi) =7.

Proof. Lemma 7 in LV21 claims that full insurance is in the support of the equilibrium.
Although the proof is insensitive to the choice of maximum coverage 7, it does rely on
the minimum coverage being 0, since it relies on the fact that, in equilibrium, the highest
type ©z must be purchasing some contract ¢ > x at price zf. This is shown to be true
there, when x = 0. However, this need not be the case in our model if & = z, as there
could be pooling which would lead to p(z) < z. However, if pooling is not total (i.e., if
Z > x), the conclusion and proof both hold. ]

Proposition 17. Let .. < p™* € [u, 1), and let (p, a) be an equilibrium with associated

coverage function o with o(u..) > x. Then

o) 19
W =)= [ @), 0)da 26)

(s T 8x

where 7 = (¢)~'. The proof (modified for our framework with X = [z, 7)) also estab-
lishes that ax conditional on [z*, Z] has the same null sets as the Lebesgue measure, and
that

p(x) =7(x) + 27 (x), a.e.x € [0 (fiax), o (p0™")] 27)



Proof. Proposition 13 in Appendix E.1 in LV21 (with z replacing 0, and the proofs follow-
ing otherwise verbatim).*! O

B.4 Preliminary Results Towards Equilibrium Characterization

In this section o?, p?, 77 refer to the allocation rules and prices if z = 0, i.e., o%follows
(20) throughout [H= 7] for full separation, 77 is its inverse, and p” is the resulting price
(“B” refers to baseline).

Lemma 12. Let (p;, 1), (p2, a2) be equilibria with zero or partial (but not full) pooling at
z (that is, some or all individuals purchase x > x), and cut-off coverages x7, x5. If x5 > x3,
then p, < py, with strict inequality for x € [z, x7).

Proof. Let i}, u5 be the associated cut-off coverages, and associated coverage functions
o1,09. By (20), i > pb. In [21,7], p1 = po = pP(-), as they both follow (20); in particular
pi(a7) = pa(}). In (23, 2), p = p”(-) and while

, dg _

Hhiw) = i+ S (uh,w) > T8(@) + S (7P (), ) = D (@) = ph(a)

so p1(+) < pB(-). Similarly, z € (z, 23),

po() = py + a_i(ﬂ2>$> <y + %(73@)7@ = pi(x)

Therefore, p;(z}) = p2(z7) and py(z) < pa(x) a.e. in (z, z7). O

Lemma 13. If there is one equilibrium with at least partial pooling at x (i.e., some or all
individuals choose x = x), then all equilibria have at least partial pooling at x.

Proof. Suppose (p1, a1) has an atom at x while (p,, as) does not; pj > pu = ps.

First let’s deal with the case (p;, «;) has only partial, not full, pooling. Hence, z] =
o1(py) = o9(p}) > x3, so by Lemma 12, p; < p, with strict inequality in [z, 27). In partic-
ular, since p,(v3) = px;, we have p(23) < prs. Along with pi > p (its slope is a.e. the
slope of some indifference curve), we have p, (z) < zu. But since x is an atom of (p;, o),
pi(z) = zEp | 01(p) = x| > zp, a contradiction.

Now we deal with the case (p;, a;) displays full pooling. Then p,(Z) < az = p,2(7),
Pi(z) =i+ 2(mx) > oy (x) + 2 (rP(z),x) = ph(z) in (z,7), s0 p1 < p» in [z3,7), and

“IThat proposition assumes that the distribution of risk y, conditional on the interval (.., #**), has full
support with a.e. strictly positive density w.r.t. the Lebesgue measure. In this paper we just assume that
the density is everywhere strictly positive.



particular p; (z3) < pa2(z3) = prs; and the argument concludes verbatim as in the above
case. [

B.5 Completing the Proof of Proposition 16

We now prove Proposition 16, which characterizes equilibrium when there is a mass of
individuals choosing = > z. As mentioned, this proposition implies Proposition 1 (for
the regime of Diverse Equilibria), Proposition 3 (for the regime of PPPP Equilibria), and
Proposition 2 (for the regime of RS Equilibria).

e Part 1 concerning B* follows from Corollary 5 (¢ is increasing in the domain of
types who purchase strictly above z) and Lemma 11 (7 is purchased).

* Part 2, concerning the null sets of ax is remarked following Proposition 17.
¢ We return below to Part 3, which states that 2* > z if  is an atom.

e Part 4 is established in Lemma 11 in Section C.3.

e Part 5 is precisely Corollary 5.

e Part 6, which characterizes o(;:) in [u*, 7z] via an integral equation, follows from
Proposition 17.

e Part 7, refining the shape of 8" in different cases, follows from Part 1 and Part 3.
e Part 8 is Lemma 9 together with the break-even condition.

e Part9, with properties of p(-), follows from Theorem 1 and Lemma 9.

 Part 10, giving the derivative of price, is remarked following Proposition 17.

e Part 11 and Part 12 are by incentive compatibility.

Returning to Part 3: We show that if
supp(ax) N[z, 7] = [z, 7]

(i.e., if z* = z), then z cannot be an atom of ax. Indeed, if z is an atom of ax but z* = z,
then, since z = lim,,_,(,~+ o(u), we have

pz) = zBo[p | p S p < p’] <zp’ = lim po(p) = lim p(z)

p—(p*)t T—T

contradicting the continuity of prices.



C Determinants of Equilibrium Regimes

C.1 Partial or Full Pooling

In this section, we prove the results regarding the pattern of pooling, which also describe
under which circumstances each equilibrium regime obtains, i.e., Proposition 5.

The first result provides a necessary and sufficient condition in terms of model prim-
itives for (full or partial) pooling to occur.

Lemma 14. Pooling (full or partial) occurs if and only if

_ T 10g

= > /:t Eﬁ_x(T($)’x)dx
Proof. First we show that, if the condition holds, then pooling occurs. If, by way of con-
tradiction, there was no pooling, then o' (z*) = x. (20) shows that

"1y
x 0x

(T(x), :E) dx > /

T*

[T T o

- x O
a contradiction.
Second, we now show that if 7 — p < ff %% (7(z), z)dz, then any equilibrium does

not have an atom at z. By Lemma 13, it is enough to present one equilibrium which
does not have an atom at z. Indeed, the equilibrium defined by

T 10g
o—p= ——= d
A= h /U(M) 5, (T(@), 0)dz
gives a well-defined o(u) € [z,7] for any p € [u, 7], by the assumed inequality, which
we claim defines an an equilibrium allocation rule. Indeed, the economy satisfies the
assumptions of AG’s Theorem 1 (hence guaranteeing equilibrium existence), and the

equilibrium we have presented is the one characterized by Proposition 16 when u, =
= p. [

C.2 Full Pooling

In this section we provide a condition that is necessary for full pooling (i.e., all individ-
uals choose = € {0, z}) to occur, and another condition which is sufficient.



C.2.1 Anecessary condition for full pooling

First, we provide a condition that is necessary for full pooling (i.e., all individuals choose
x € {0,z}) to occur. Intuitively, it is necessary that the highest type 7z prefers to purchase
z at the average cost in the population zE [u], over purchasing the contract typically
assigned to type & when full pooling is not the case, ie (7, 7). Equivalently, the reverse
of this inequality is sufficient for some individuals to choose = > z in equilibrium.

Lemma 15. If there is full pooling (i.e., all individuals choose v € {0,z}), then type i
weakly prefers (z, zE[u)) to (T, ux), i.e.,

ofi + g(i, z) — 2E [u] > g(7, 7). (28)

Proof. Suppose there is such an equilibrium (p, «). Since agents prefer (z, p(z)) to (7, p(7)),
and p(7) < iz by Theorem 1,

pz+g(,x) — pz) > 7 + g(71,7) — p(T) > g(7, 7).
Since there is full pooling, p(z) = zE[u | p > p.] > zE[u] (with equality when p, = g,

which is the case when the regime is PPPP), we have

nz+g(m,z) > g(@,T) + zEy)

from which the conclusion follows. O]

C.2.2 Asufficient condition for full pooling

The following result shows that, if 7 and z are sufficiently close together, then the market
unravels with all individuals buying = € {0,z}. This is a sufficient condition for full
pooling (i.e., all choose x € {0, z}, or a Lemons equilibrium).

Lemma 16. Fix a the distribution of types on [u, i]. For eachT > 0, there is z, > 0 s.t. for
everyz € [z,,T), any equilibrium with alternatives X = {0} U [z, T| displays full pooling
(i.e., all choose x € {0,z}). Similarly, for each x > 0 thereisz < Ty < 1 s.t. ifT € (z,To),
any equilibrium displays full pooling.

Proof. We prove the first case, as the latter follows similarly. Suppose not. Then there
is a sequence of z, — T and their associated equilibria (p,, «,,) in which 7z buys 7. Let
tns, 11 De the associated cut-off types, z;, the associated coverages purchased by ;.. The
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main part of the proof is to show that:

lim sup pine < (29)
n—o0
Suppose not. By passing to a subsequence, we can assume lim,, ,, pi,« = f. Then
limy, 00 it = was well, so p,(27) = Elulp € [pns, 1))z} — @z. But since 1 strictly prefers
(z,mx) to (0,0), thereis § > 0 and N € Ns.t. all p > @ — 0 strictly prefer (z}, p,(z)) to
(0,0), and in particular for types in [ — 0, i« ), contradicting that types below .. prefer
(0,0) the most.
Hence, let p. = sup,jin, so foralln € N, p,,. < p. and of course p < 7z . For each n,
pu(ay) = Elplp € [pn p;]]z;, < (7, where ¢ := Elp|p € [p, ]] < 7. But p,(T) = fiz and
each p,(-) is L-Lipshitz with L = 7 + ¢'(, 0) by AG Proposition 1, so

0 <7l — | < [7T — G| < pal®) — pulap)] < LfF — 3] — 0,

a contradiction. ]

Lemma 16 does not require f is log-concave, and if this assumption is dropped there
may be multiplicity of equilibria. Also, in the first statement, z,, in addition to depend-
ing on the distribution of types f may depend on 7, so it is not possible to state the
condition in terms of only the difference = — x; similarly 7, depends on z. It is possible
to find at least coarse bounds on z,, 7, but we have not pursued this direction.

C.3 Pooling atzero implies pooling at the minimum coverage (Lemma
1)

We now show that, if some agents choose not to buy, then some must also choose the
minimum coverage.

Lemma 17. In any AG equilibrium (p, «), ifv = 0 is an atom of ax, then x = z is an atom
of ax as well.

Proof. By way of contradiction, assume ax({0}) > 0 but ax({z}) = 0. First we deal
with the case ax((z,7]) > 0. Let o be the associated coverage function. By definition
o(p*) = x*, p(z*) = x*p*, and o(p) = 0 if and only if 4 < p*. Since agents are strictly risk
averse, p* strictly prefers (z*, p(z*)) to (0,0), and hence so do all types n € (u* — 6, u*) for
some ¢ > 0, contradicting the fact that types . < p* purchase 0.

If ax((z,z]) = 0, then ax({0}) = 1. However p(z) < pmz and hence all types u €
(z — 0, t) for some 6 > 0 strictly prefer (z, p(x)) to (0,0), and hence ax(z) > 0aswell. [

11



C.4 Proof of Proposition 6

We show that there is an z;, € [z,,7) such that, Vz € (z,,z,) the equilibrium regime
is PPPP, where z, is defined by (8). Let p(-),o(-) be the prices and coverages in the RS
equilibrium when the contract space is {0} U [z, Z].

Lemma 18. Thereiso > 0 s.t. forz € (z,,z, + 6), no equilibrium of the economy with
contracts X = {0} U [z, ] is a Lemons equilibrium (where, by Lemons equilibrium, we
refer also to equilibria where only minimum coverage is purchased).

Proof. Suppose not; then there is a decreasing sequence z,, — z, and, for eachn € N,
a Lemons equilibrium supported on {0, z,,} with associated cut-off purchase type .,
and prices p,(:). In each of these, (z,,z,F[x | 1 > 1,)) is weakly preferred by i over
(Z.pa(T)). WLo.g, Elu | pt = pon) — ¢ € 71 and pa(@) — o/ € [0,7), 50 (g, zoit)
is weakly preferred by 7 over (7, p’), and hence she certainly weakly prefers (z,, z,1) to
(z, iT). But since we have a fully separating equilibrium when X = {0} U [z, Z] and the
slope of price in the RS equilibrium is strictly a.e. less than the slope of ii’s indifference

curve, fi strictly prefers (7, iz) to (2, zy), a contradiction. O

Now, we complete the proof of Proposition 6. Suppose, by contradiction, there is a
decreasing sequence z,, — z, and, for each n € N, a Dispersive equilibrium on X =
{0} U [z,,, 7], with price p,(-), and associated cut-off types y < jin., pu;, < fi. First, we
contend, =& — z,; if not, wl.o.g., we may assume z, < z° := inf ;. Hence inf i}, > puj :=
o~ '(x°) > p. By Lemma 12, we have p,,(-) < p(-) in [z,, 2°] for each n, so

limsup zoEp | pins < p < g} = limsup p(z,,) < limp(z,,) = pa,

e, Elp | p < pd) <lmsup Elu | pine < p < ] < p, a contradiction.

So z;, — 1z, and hence fi,., 1, — p pa(z,) — p(zy). Since the equilibria in the
sequence are Dispersive, u,. is indifferent between (0,0) and (z,,,p.(z,)); hence p is
indifferent between (0, 0) and (z,, p(z,)). However, since p(z,) = ux, and agents are risk
averse, y strictly prefers (z, p(z,)) to (0, 0), contradiction.

C.5 Partial converse to the first part of Proposition 5

We also note here a partial converse to the first part of Proposition 5.

Proposition 18. Suppose in an equilibrium (p, «), all agents are purchasing a positive
level of insurance, i.e., ax({0}) = 0. If at least some are purchasing strictly above z , then
i strictly prefers (z,ix) to (z, xE[pl), i.e. (5) holds.
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Proof. Suppose some are purchasing strictly above z, and yet iz weakly prefers (z, z E[u])
to (z,uz). We have p(z) = zE[p | p < p*] < zE[u]. Hence types near 1 strictly prefer
(z,p(a)) to (7, px), contradicting that these types purchase near (7, ). O

We note that all agents purchase positive levels of coverage if it is mandated, i.e., if
the cost T of not purchasing is high.

D Log-Concavity and Uniqueness

D.1 Log-Concavity

Recall that we denote
E (e, 1) =Efp | p € (e, )]

Ofa p1) = " — E (", pu) >0,
Y(ps 17) = E (1", p) — puc = 0.

We now prove Lemma 2, which stated that, for log-concave f, then

o
ou*

99
o

o¢
O

N
Oy

€(0,1), €(0,1),

€ (—1,0),

€ (—1,0).
Proof. First, by definition, and since f > 0 in [y, 7], % <02 o “ > (. Second, Bagnoli
and Bergstrom [2005] show that log-concavity implies 8¢ > 0, g:f < 0.** Third, observe
that ¢ = p* — p. — 9. This identity, together with the prev10us result, imply the bounds

o 0o aw 8¢
o <1, B <1, 3M* -1, 8M*

= € (0,1)and £ € (0,1).

D.2 Uniqueness (Proposition 8)

We now show Proposition 8 (if f log-concave equilibrium is unique). When z = 0, this
has already been shown in Levy and Veiga [2021] (under * = 1, but the proof follows

#2Bagnoli and Bergstrom [2005] actually only states o 9% > 0 and a:; < 0, but an examination of the
proofs there, in particular the last two inequalities on p. 467 show that strict inequalities actually hold.
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verbatim for any 7 > 0), and can be seen by the solution satisfying (20) of Proposition
16. Hence, we proceed under the assumption that z > 0.

Uniqueness will follow from the properties established in Proposition 16, as well as
other lemmas established in Appendix B, and by checking the various cases.

First, we already know if there are some agents choosing + = 0, then there are also
some purchasing * = z (Lemma 1). Second, we will show that if one equilibrium has
at least partial pooling (i.e., not all individuals choose = > z), then all equilibria do.
Third, we will show that if neither of two equilibria has pooling (i.e., if all individuals
choose = > ), or if both have pooling with price coinciding at z, then they are the same
equilibrium. Fourth, we will show that if each equilibrium has at least partial pooling
but different prices of z, we will deduce a contradiction. It is only in this last step that
log-concavity is used. The details are as follows:

Proof. As mentioned, we show the case z > 0. We show uniqueness of equilibrium by
checking several cases. Let (p, «) and (g, ) be two different equilibria.

Lemma 1 shows that if there is pooling at 0, then there must also be pooling at z. By
Lemma 13, if one of the equilibria has at least partial pooling at z, then they all do. If
neither has pooling, both satisfy y* = u, = pu, they coincide as they both follow (20).
If both have at least partial pooling and p(z) = ¢(x), then Lemma 12 shows both must
have the same cut-off type 1, and must have the same cut-off participation type p., and
hence they coincide.

The only remaining case is they both have either partial or full pooling (possibly one
of each), but differ with their price at z. WLOG, ¢(z) > p(x). Associate with («, p) the
usual cut-offs u*, ., and denote the cut-offs (5, ¢) by w*, w,. Under (5, ¢) agents are less
willing to prefer (z,q(x)) over (0,0), so w, > p.. (It may be that x, = p.) We claim we
must have w* < p*. If (¢, ¢) (and possibly also (53, ¢)) has full pooling, then p* = > w*.
If only (5, ¢) has full pooling, then since ¢(z) < nz = p(Z) and ¢ = 7 + %(ﬁ, z) > p
in (z,7), we have we must have ¢(z) < p(z), a contradiction. If they both have only
partial pooling, we also know by Lemma 12, that if w* > p*, then we would have ¢ < p
with strict inequality below the intersection of supports of ay, Sx; hence, ¢(z) < p(z), a
contradiction.

Now either w, = u, or w, > u,. In the former case,

Bl w <p<wT=q(z) <plz) = Elp| p <p<p

since w* < p*; but this contradicts ¢(z) > p(z). (If both equilibria are PPPP, this ends the
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proof, as w, = ., = p.) In the other case, i.e., w* < p* with w, > u,, we have*®

Elp|we <p<w']—we=¢(we,w") <p(pa, 1) = Elp | p < po < p'] = pu

and hence, multiplying both sides by z, we have ¢(z) — w.z < p(z) — gz, or w,z — q(x) >
us«z — p(z). However, since these are equilibria, the agent w, is indifferent between (0, 0)
and (z, ¢(x)) and the agent ., at least weakly prefers (z, p(z)) to (0,0) (perhaps strictly if
p = 1), SO we know that

i+ g(pha; ) = p(2) = g(p1s,0) = T = g(ws, 0) = T' = woz + g(ws, ) — q(z)

a contradiction. ]

E Comparative Statics: Dispersive Regime

In this section we consider comparative statics when the equilibrium regime is Disper-
sive (some buy x > z, some buy z and some choose not to buy). We discuss how changes
in (z,7,T) affect equilibrium and welfare. Recall that, for the comparative statics exer-
cises, we assume ¢ (11, z) = g (x) is independent of i (Assumption 3).

We begin with the following lemma, which will be used in the subsections to follow
as well as in later sections of the appendix.

Lemma 19. g(z)/x is decreasing in .

Proof. Recall g(0) = 0. The derivative of @ has the sign of ¢'(z)z — g(z) < 0. This is
negative by the concavity of ¢(x), since

E.1 Setup

We assume a “Dispersive” equilibrium (i.e., 4 < p. < p* < 7). First, we write the system
of equations that defines equilibrium in matrix form. Then, we implicitly differentiate
this matrix equation with respect to an exogenous parameter n (which can later be taken

“3This is the only point at which the log-concavity is used in en route to proving Proposition 8.
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to be any of the regulatory parameters z, 7, 7). We then use these results to discuss how
these parameters affect welfare.
Recall the definitions

G (ps ) = p" —Efu | p € [, p1*)],

V() = Efp | p € [p 1)) — s

We assume that f islog-concave, so equilibrium is unique. From Section 5, log-concavity
of f implies

I 0 o oY
i > 0, o, <0, o > 0, o

<0 (30)

Equilibrium is characterized by 3 equations. Each of them is potentially a function
of the three endogenous parameters (z*, u*, 1) and the generic exogenous regulatory
parameter 7). First, (2) implies:

- L [T
H (2%, p*,m) =1 — p —/ %dw:i)-

Second, the indifference condition of type p* is:

G (2", 1" pym) = 20" + g (27) — 2" — (zp” + g (z) — 2B [u | p € [p, 1))

Third, the indifference condition of type u. (recalling that ¢(0) = 0 and that choosing
x = 0 implies paying the fee 7)) is:

K (p* 2" n) =apu.+9(x) —2E[p | p € [, )| +T
=g(z) 2 (W p) +T =0

This can be written in matrix form as

H (x*, pi*,n) 0
G(x*7ﬂ*7ﬂ*7n) = O
K (p,z%,n) 0

Total differentiation with respect to a generic exogenous parameter  and writing in ma-
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trix form implies

OH OH  oH o _on
ou*  Ox*  Oux on on
oG 9G 0G ot | _ | _oc
ou*  Ox*  Oux on - on
0K 0K 0K e oK
ou*  Ox*  Oux on on

We now compute the terms in the square matrix above and the vector on the RHS. First,

we have

oOH OH  g¢'(x") OH

o -1 ox* x* o 0
on _, o _ ¢
oxr T x
Second, we have
oG _  d¢ 8G_,(*) oG _ 0¢
ops  Tdur ar I\ O g(?u*
oG , 0G
oz Y (z) — ¢ o7 Y
Third, we have
0K 0K oY 0K o
= = —0r— = — >
Ox* 0 O %m’ Oty £ e 0
0K , oK
o v +g(z) o 0
The determinant of the square matrix is
o Oz (00 Oy O OY
D = - = - . 31
glaT)e LM r* (Gu* Op Op Op* Gl

Then, for a generic parameter 7, by Cramer’s Rule

8,u*D 0H 0G 0K 0H (86‘ oK  0G OK)

an - _8_77(%* Oty + ox* 8_77(’9,u* B 8,u*8_77

Also, for a generic parameter 7, by Cramer’s Rule
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Ot OH [0GOK  0G OK
on o (8_773x* B (91:*8_7])
OH [ 0G 0K 0GO0K
O (0u*(9_n N 8_773u*)
OH (0G 0K  0G 0K
+8_77 (8x* ou* o (%*)

+

Finally, for a generic parameter n and again by Cramer’s Rule

8m*D __OH (0GOK 0K 0G
on  Opr \ On O, On O
_8H(8G 0K 0K 0G>

8_77 Op* Ot a Op* Oty

E.2 Sign of Determinant D
Lemma 20. If f log-concave, then D < 0.

Proof. Let E = E[u | pu € [p., pu*)]. Notice that 5% > 0 and 5% > 0 (in both cases, the
change involves conditioning on larger values of ;). Recall that ¢ = p* — Fand ¢ =
E — n,.. Then the determinant D from (31) can be written as

b= g2 a2 ([ 2] (22 ) [ 2E) [o5])]

— @) (1) @ -o e

x* | \ Ops E@u*

Recall 2£ > 0 and z* — z > 0. If f log-concave, then §—¢ = 28 _ 1 < 0. Therefore, f
u s e

log-concave is a sufficient (but not necessary) condition for D < 0. For instance, if j is
uniform (and thus log-concave), then D = —1¢/(z*)z < 0. O

E.3 Effect of Regulatory Parameters on the Allocation, in the Region
of Full Separation

We now discuss the effect of the regulatory parameters z, 7, T on the allocation ¢ in the
region of those types for which there is full separation, i.e., u € [p*, 7]. From Lemma 1,
for pu € [u*, 7], the allocation o is independent of z, 7. Therefore,
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Jo Oo

a_g:a_TIO’ Vu € [p*, ml.

9 > 0,Vu € [p*, 1) forz < 1.

We now prove that 52

Proof. Recall that, in the region of full separation (1 € [u*, fi]), o satisfies (20), i.e.

B T glx .
u—u—/ <>d:v:0, Vi € [w*, .
o) T

The function o(-) is locally independent of z. That is, if 1 > u*(z,7), then the above
equation shows that o(u, z,7) = o(u,2’,T) for 2’ close to z. By implicit differentiation,
forz < 1,

E.4 Adjusting 7: Equilibrium

We now prove Lemma 3, which concerns the effect of 7" on 1.*, 11.. We use the equations
of Section E. Notice that 7" is relevant only for one of the equilibrium conditions, namely

K (/“L*a‘r*77]> = g(@) - ﬂ/f (M*;M*) + T =0.

In this context,
oG 0H oK

ot —or " or
The partial derivatives of G, H, K w.r.t. u*, ., z* are unchanged. From the calculations
above,

1.

or” T T T orop o \OT o, O 0T
| OH OG

0x* Oty
g(@*) 09

T* T Oy

o OHOGOK  OH (8G 0K  0G OK >
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Since f log-concave, then 88—;; < 0and D < 0. Therefore

ou*

>0
or

oz*

and since 7 is unchanged, also %% > 0. Moreover,

o, OH 0G 0H 0G . z do
D = - + =g (") [1-—
oT ou* Ox*  Odx* Op* x* dp*
Notice that 7% < landz < 2%,s0 1 — £ 7% < 0. Since f log-concave, then D < 0.
Therefore, 5
Lo
< 0.
oT

E.5 Adjusting 7: Welfare

We now prove Proposition 9, which provides conditions under which welfare is increas-
ing in 7. We also assume that we are in the domain of dispersive equilibria (some buy
x > x, some buy z, and some do not buy). The derivative of welfare with respect to 7" is

ow 1, z 09 [g(z") z ¢
= — _—d(z *) = -1 R ——
o = 50w |0 5 [ D0) ) g - 220
Log-concave f implies —+ > 0. Therefore,
ow z 09 [g(z") z 0¢
= “= —1 == 2
5T >0<:)f(u)$*8ﬂ* L}@) + f(p) o >0 (32)
Recall the notation £ = E [ | u € [, 1*]]. By Lemma 2, g—li > —1 and ;}jﬁ < 1. Also,
g—f* < 0. Infact, since f > 0, g—ﬁ = 1—gﬁ < 1. Notice that gg(g)) —1>0,f>0,2*>2z>0.

Recall a%i € [—1,0]. Also, since g(z)/x is decreasing (Lemma 19), then

o))zt

g(x)/x ~
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We now derive bounds on each term of (32). First,

Lz 0 z* N )tz
S );aj* {gg(@)) - 1} = flu )a/i {gg(@;z - x_}
> f(u*)gi [1 - f]
> —f(n") [1 - %} :
Moreover, p { 2 06 oz
) (1 -2 3#*] > f(p) [1 *]

Hence, a sufficient condition for (32) to hold is

—Fu) L= S+ fw) 1= =0 33)

Since 1 — == > 0, (33) holds if and only if f(x.) > f(x*), and if this condition holds,

inequality is strictly.

ow

Note that, if f is weakly decreasing for ; € [u,, 7], then for T = T, S |lr—i> 0.

E.6 Adjusting 7: Equilibrium

We now prove Lemma 10, which concerns the effect of 7 on y*, .. Assume = < 1. If f
log-concave, then D < 0 (Appendix E.2). Moreover,

OH _0H _0G _ 0K _ 0K _
au*_(?g_@f_&c*_af_

0.

Recall also that % > 0 and % < 0. Using the notation above, the generic parameter
refers in this case to the maximum coverage 7.
Using the results above, we obtain

o 10M 06 oK
ot D 07 Ox* Ou,
_ L,y *8_¢
— —5d@ )5 <0

Moreover,
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. 1 OH 0G 0K

T D 9T dx* O
_ 1 D=\ (% a_w
= B @) <0
We can also obtain
8x*D _ @ d¢ O B oY 0¢
0T - IR dp* Oy Op* Oy

Recall the notation, £ = E[u | p € [up*]], ¢ = p* — Eand v = E — p.. Then, the
expression above can be written as

oz* ., (OE OF
GED = —g(x)g(au* +8M* —1).

If f is log-concave, then D < 0, so % has the same sign as 5™ +
OE _ OB _ 1 oo 0z _
then 7> =550 5= = 0.

«  Oup*
In general, the effect of 7 on the threshold contract z* is ambiguous. A change in =

oF
H*

5= — L. If f (1) uniform,

changes the cutoff type x* but also has a direct effect on the shape of ¢ in the region of
full separation.

E.7 Adjusting z: Equilibrium

We now prove a result concerning the effect of z on p*, 11.. This result requires the strong
assumption that f is uniform, so it is mentioned only briefly in the body of the paper.
Recall that

OH _0H _0G 0K _ 0K _
o, Ox 0T Or* 0T

Given f (u) is log-concave, recall (11),

0.

o
ou*

9¢
Oty

o
Ot

2

€(0,1), o

0,1), € (-1,0), € (-1,0).

We now take the generic parameter 7, to be the minimum coverage z.
Using the results above,
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ou* oH <8G 0K  0G 8K)

D = (&R
ox Ox* \ 0x Oy Opy Ox

After some algebra, this can be written as
ou*

o D = g/(x*)g (—g’(z) + gi (1" — ] — ¢)

x*

In general this effect is not signed. However, if f () is uniform, then ¢ = ¢ = § (u* — 1)

and 5—£ =1,50 ;
/“L* _ _i / * / é

ox*

We can then show that, for f uniform, <

the fact that (2) implies that — 2 = 2" 9),

ox x*

> 0 follows similarly, or by using % > 0 and

We now compute

(M*D G 0K N OH [(0G 0K 0G 0K
ox ox* Ox  Ox*

- ou* or Oz ou*
After some algebra, this can be written as

= e {[—w +o@]+ (‘g/@) - aaf ol w)]

In particular, if f (1) is uniform, then

T @) [ers@ i

IJ

5 |1

We have not been able to sign ‘96%.

E.8 Adjusting 7: Welfare (a Generalization)

We now describe a generalization of Proposition 9. First, we prove an auxiliary result
(Proposition 19). Then, we use this result to generalize Proposition 9.

Proposition 19. Let X be an absolutely continuous random variable with a pdf f concen-
trated on some interval [a, b]. Assume f is either monotonic or single-peaked (and attains
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maXgela,b] f
f(a)
continuous random variable Y concentrated on [a,b], which (first-order) stochastically

a maximumy); and that f(a) > 0. Denote p = . Then there exists an absolutely
dominates X, and such that there exist z € [a,b], v1,vo > 0 with p = 2 such that the pdf
g of Y satisfies g(x) = vy (resp. vo) ifx € [a, 2] (resp. € [z, b)]).

Note that taking » € {a, b} allows for the possibility that Y is uniformly distributed
on [a, b].

Proof. We deal with 3 cases: f monotonically decreasing; f monotonically increasing;
and f single-peaked, where the peak may be a continuum

If f is monotonically decreasing, then the uniform distribution stochastically dom-
inates X. We note for later use that in this case the pdf of Y is a constant constant
function g(-) < f(a).

If f is monotonically increasing, then set v; = f(a), vo = f(b) = max,cy f(z), and
set z € (a, b) to be such that

/ (@) — fla))de = / () — f())dz = / f(@)dr = f(a)(z — a) + FB)(b— 2)

which exists since f(a) < f f(z)dz < f(b) in this case. Let Y have pdf g which is a step
function, g(:) = v; in [a, z] and = vy in [z, b].

For the final case, f being single-peaked, first let’s deal with the case that f is a step
function with 3 steps: constant « in an interval [a, u], constant 5 > « in an interval [u, v],
and constant v < ( in an interval [v, b]. Heuristically, we raise the third step to be equal
to the second, and then renormalize; formally, denoting § = (5 — v)(b — v), and defining
Y with pdf

o ifz e fa,u]

gle) =9 "7" .
B ifw € [u,b]
MaXg¢[a,b] 9(73)
g(a)
Finally, for general single-peaked f, let z* be a point where a maximum is obtained.

it can be verified that Y stochastic dominates X, and clearly p =

The handling above for the case of monotonic functions can now be applied separately
to two random variables - X conditional on [a,2*] and X conditional on [z*,b] - to ob-
tain a random variable which stochastically dominates f, with a pdf f which is a step
maXgela,b] f(:l?)

function, with 3 steps, satisfying O and f is either monotonically increasing or
the middle step is highest. N

We now turn to the generalization of Proposition 9. We continue to assume f log-
concave. This means that f is either monotonic or single peaked. Intuitively, the gen-
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eralization says that welfare is increasing in 7' if there is a relatively large mass of the
lowest-risk types. That is, if the density does not increase much above f () before de-
creasing. Proposition 9 is a special case, since states that welfare increases with 7" if f
decreasing.

As we discuss below, our generalization shows that welfare is increasing in 7" if z* is
sufficiently close to z (although of course z* is endogenous). We then use that part of
the result to provide a lower bound on z such that welfare is increasing for all 7' (with
the bound depending on moments of the distribution f).

We begin by defining the following moment of the type distribution f. Let

pi= %&) [mgx f (u)} (34)

The moment p is the ratio of the density at the modal (most common) risk type to the
density of the lowest risk type, p. In general, p > 1. If f (1) is (even weakly) decreasing,
then p = 1. Then, define the following monotonic transformation of p:

_r
T (p) = WESE (35)

Notice that I' (p) is increasing and I'(p) < 1. If f is uniform or decreasing, then p = 1
which corresponds to the minimum of I" (1) = 1/2.

Proposition 20. Suppose fis log-concave, with f(u) > 0. Suppose that, for T = T >0,
the equilibrium is Dispersive (i.e., some individuals buy x > x, some buy r = z and some
buy x = 0). Suppose the associated threshold coverage is x*. Then

* 1 ow
gla’) < = lp—7> 0.

Proof. Since f is log-concave, and since we have already proven 2% > 0 if f is decreas-
ing in [u., 1], we may assume that f is either increasing, or at least that it is increasing
in some interval containing [u, i..]. Recall that a sufficient condition for welfare to be
increasing, by (32), is

f ()

z J¢ {g(ﬂi*)

x 0¢
O [ g(z) 1] + ) {1 ot } -0 o

x* Op*

Since % < 1and g—ﬁ > (0, a more demanding sufficient condition is

F(u) 20 {g(fﬂ*)

o | 9@ 1] + () [1 — a¢] >0 (37)

o’

25



a¢>:

Now, recall that 83—¢ — gE
s

Then the condition above is equlvalent to

0 * __ OFE w\ _ g(z¥)
g (1" — @) = 5.5 Lets(z”) = gg@) —1>0.

~OE OF
Recall ¢(puy, p*) = p* — E (p*, i) > 0 and o (ps, ) = E (u*, i) — e > 0. Now, consider
the term (., n*) = % Differentiating with respect to (u*, i) yields
OE _ yprf(r) ) [ af(a)de
o " fayde ([ f(a)de)?
f@ﬁ) . . f(u)
— E(pts, = -
f(x)dx[ (b ) :* f(x)dx¢
OF S F) [ e f(x)da
= + ;
I " T o far
ACD) .ﬂuﬁ
E * 9 *
(xmx[(” p) = ) = Il T
Using these expressions, (38) is equivalent to
1 . s(z*) . f: x f(x)dx
— — s = B, ) = 39
1+dﬁﬁt+1+%ﬁﬁt_ (b, 1°) [ Fw)da (39)

The LHS is a weight average of 1%, 1., where the relative weights are s(z*) = gg(&* ))
and 1. Welfare is increasing if this average is always greater than the average risk on the
interval [, *]. Intuitively, when there is little pooling at » = z, then z* ~ z, so s(z*) ~ 0,
and then (39) will hold since p* > E(u., x*). Below we characterize more precisely a
bound on the difference between = and x* sufficient for welfare to be increasing.

We now describe a condition on s(z*) under which (39) holds. Define a family of
measures P., one for each z € (u., u*), concentrated on [u., 1*], with PDF f, being a step
function taking two values v; < v,, where 2 = p. Let f. = v, for u € [u, 2] and f. = v,
for u € [z, u*]. Recall the definition p : (M) [maxu f(p)]. Since f is increasing in some

interval containing [a, 1.], then

p> {HMXf()]-

W2
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There exists, by Proposition 19 below, =z s.t. P, first order stochastically dominates P,
where P is the distribution of types in the model. For such z, Ep_(p., p1*) > Ep(p., p*).
Hence, it suffices to show that for all z € (., u*),

1 . s(z*)
o+
1+ s(x) 1+ s(x*

)M* > Ep, (fis; 1)

where Ep, (u., 1*) is the average of risk p on the interval (u., ©*), when weighted by the
distribution P,.

Let
122+ p(1 — 2%
I'p) = max -———=.
2€(0,1] 2 2+ p(1 — 2)
We show below that I' (p) has the form of its definition in (35).
By renormalizing the interval WLOG, p. = 0, u* = 1, so it suffices to require

1
1+ s(z*) ~ zelo0.1 2€[0,1] fo fox)dr =€l zv+ (1 —2)vg
Therefore, for %—Vj‘f > (), it is sufficient that
1 1 g(x*)
———2>T(p) & 5~ >
s 2 VP TR) 2 e

We now show that I" (p) has the form of its definition in (35). The maximization prob-
lem I (p) attains a maximum somewhere in the interior of [0, 1], since when z = 0 or
z = 1the quotient is 1. Therefore, the first order condition is a sufficient condition for a
maximum. The FOC is

p+(p—1)2% —2pz = 0.

The relevant solution (since it must lie in [0, 1]) is z* = £ __\{ﬁ — Y/ Using this solution,
p Vot1

we can obtain

F():m;zupu—w:;mp+p<<ﬁ+1>2—p>
Pr= a0 2 z+p(l—2) 2 \/7)1“ Ve +o(y/p+1—4/p)
11 p+p(2\/ﬁ—|—1):l 1 _ VP
PN/ ES RN Y S N N A i, X8
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Notice that Proposition 20 implies Proposition 9: if f (u) is decreasing, then p = 1
and I' (p) = 1/2, so the condition becomes

g(z")/z*
glz) T(p)  glz) g(x)/z

This always hold since g (z) /= decreasing by Lemma 19, so 2% e ;;x <1

<2—<2

The condition required by Proposition 20 depends on the endogenous quantity z=*
To discuss this further, we derive the following corollary, which places a bound on z
(with the bound depending on p) which guarantees that welfare is increasing in 7". This
bound also assumes that ¢’ (z) = 1 — z, as in the simulations (see Appendix J).

Corollary 6. Assume ¢' (z) = 1 — x. Given p defined by (34), ifx > 1 — p~'/4, then %—Vj‘f >
0,vT.

Proof. Let A = ( p— L Recall s(z*) = gg(é’i )) — 1 > 0. To use the result from Proposition
20, we want to show that % < W & s(z) < A.

Recall ¢ (-) is concave. Therefore, g(z*) < g(z) + (z — z)¢'(z). Then, s(z*) < A, it
suffices to require ¢'(z)(z* — z) < A, soif ¢’(z) = 1 — z, then we require z* < £ +z. We
are interested in the minimal value of x, denoted ™", such that welfare is incr(;asing for

all T. A sufficient condition is 1 = —2— +2™" < 1 — /A = 2™". We can also write this

_ 1 1 _ ,min o 11 1 \/ﬁ“‘l_ _1_ —1/4
asl ,/F(p) 1=z or,alternatwely,gzl 1/F(p) 1=1 7 1l=1-p~ "% O

For instance, for p = 2, the we have I' (p) ~ 1.18, s0 A ~ 0.69. Then 1 — v/0.69 =~ 0.17.
That is if x > 0.17, then for s(z*) < A holds for any z*, so welfare is always increasing

with T'. Figure 6 illustrates the relationship between p and ™.

F Comparative Statics: PPPP Regime

This section contains results regarding comparative statics when the equilibrium regime
is PPPP. We recall the definitions

G (s ) = p" —Efu | p € [, "),

V() = Ep | € [p 1)) — s
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Figure 6: The value of ™" for each value of p. Given p, if z > 2™, then welfare increases
inT forall T.

We note that, even without the assumption that f is log-concave - only that it has full
support in [y, 7] - it still holds that

¢ 1)
o =V o

>0 (40)

although the other two inequalities from (11) need not hold.

E1l Setup

The way we obtain comparative statics when the equilibrium regime is PPPP is similar
to the procedure we used for Dispersive equilibria. In this case, the equilibrium struc-
ture is simpler as it is characterized by only 2 equations. Let 1 be a generic exogenous
parameter (which can later be taken to be z, 7). Each equation contains the endogenous
variables p*, z* and the exogenous regulatory parameter 7, which can then be taken to
be z, . Since the equilibrium regime is PPPP all individuals purchase 2 > 0 so the fee T
has no effect on equilibrium.

The first equilibrium condition is the relationship between p* and z* described by
(20), or

.. _ . Tg/x
H (" z"n) =1 —p —/ %dw:ﬂ

Recall that p = p(z) = zE[u | p < p*]. The second equilibrium condition is type ;*’s
indifference condition:
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G(p* 2% m) = g(@*) — g(z) —zé(p*) = 0.

Following Appendix E, these two conditions can be written in matrix form as

[H(u*,w*,n)]: [0]
G (%, n) 0|

Implicit differentiation with respect to n implies

oH  oH op* _oH
ou* ox* 13} _ 0
9 oc || e | = | _8e |- (41)

ou*  Ox* on "o

Following Appendix E, the terms in the square matrix are

OH ) oH  g'(z*)

o ’ Ox* x*
0G __ do  0G _ o
o Tdu’ o Y

The determinant of the square matrix is

dg
D=g") | =22 —1].
74) L’ dp* }

Lemma 21. Ifthe equilibrium regime is PPPE then D < 0.

Proof. Recall that ¢(u*) = p*—E[p | © < p*] > 0. From Lemma, 2 ﬁ <1.Wehave D <0
because x < z* in the presence of partial pooling and d‘i"i < 1. O

E2 Adjusting 7: Equilibrium
We now prove % < 0 (Proposition 4) for z < 1.

Proof. Recall the equilibrium conditions
.. _ . Tg/ X
H (" z"n) =1 — p —/ %dw:O.

G z%n) = g(z") — g(z) — zé(u*) = 0.

Taking the generic parameter  to be the maximum coverage 7, we have

0

%:



Therefore

op~ 1 [( OH\OG 0OH [ oG
oz D on ) Ox*  Ox* on

SR
D 0T ) Ox*
<~

—_——
+ +

]

We now prove that, if f is log-concave, then 9% < 0. This result was omitted from
the main text because it is not used to sign the effect of 7 on welfare.

Lemma 22. If f is log-concave, then %% < 0.
Proof. Firstrecall that
oG _, OH _ )
or oxr T
Then, by applying Cramer’s rule to (41),

= 1 [0H ( oG\ 0G ( OH
or D |ow oz ou* oz

110G oH 1 do ., ¢g(T)

5|5 %] = plcai -2
1 zg(x) do
Dz T du*

since, when f is log-concave, 7% > 0. O

E3 Adjusting 7: Welfare

We now prove Proposition 4, which concerns the effect on welfare of changes in 7.
Again, fix T < 1. There are three possible cases of interest: full pooling, no pooling
and partial pooling. We discuss these in turn.
Second if there is no pooling (all individuals buy z > z), then p* = i SO welfare is
=[r9 " 7)) f(u)dp. Then, 92 > 0,Vu € [p, 1] (Lemma 4), so an increase in
T increases welfare and an increase in z has no effect on welfare.
Third, we discuss partial pooling. In this case, welfare is
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W) = Fu)gta) + " g0 (w2 ) (),

H‘*
From Lemma 4, an increase in = lowers the cutoff type p*, which we can write as % < 0.
Then, the derivative of welfare is

# do

AP ootz 57 S >0
+

=) - o) )+
~—~

*

This term is signed since ¢/(z) > 0, and %2 > 0 for all # > p* = p*(z, %), by Lemma 4.

E4 Adjusting z: Equilibrium

We now prove Lemma 11, which states that %i; > 0.

Lemma 11 implies that, for fixed z, the domain of 7 for which partial pooling occurs
is connected, and z* is continuous in (z, 7). We now take the generic parameter 7 to be
z. We compute the terms on the RHS of (41) as

From the analysis above, Cramer’s rule gives

ox* 1 OH _8_G oG _8_H
or D |ou oz o ox

= 51 @)+ 6]

We have ¢’ (z) > 0in (0,1), ¢(u*) > 0 and D < 0 from f log-concave. Therefore, 22 > 0.

E5 Adjusting 2 (Proposition 11)

We now provide a sufficient condition for welfare to increase with x when the equilib-
rium regime is PPPP (Proposition 11).
0,1).

First, we establish the following preliminary results. By log-concavity, (Z—‘z’ (
Therefore,—~— > —L . By concavity of g (-), since z* > z, g (z)+¢ (z) (z* — z) > g (z*).
Z T

r*—

Also by concavity of g (-), g(xil)(_@;(x) > —1—. Using the results above, we obtain
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aa_l;* - églgﬁ*) (9 () + ¢ (1)) >0

The indifference condition of type x* implies w = ¢ (u*). Also, D = ¢'(z*) [j ddf }

Therefore the expression for % can be written as

o _ 1 ] (g, (@) +g(ax*)—g(z))

al |:Z['* _ dd¢* £
—ap

Since g is concave and z* > z, then ¢’ (z) (z* — x) > g (z*) — g (z). Therefore we can write

o 1 g
Ox [93* z dﬁ } T
Since the equilibrium regime is PPPP, welfare is W = F(u*)g(z) + f " (u)dp. The
effect of z on welfare is
ow ou*

rr —f(1") oz [9(2") — g(2)] + F(1")g'(2).
Then, 2% > 0 if and only if

Flp*)  g¢'(z) o

fQu) g(x*) —g(z) = Oz

Given the bounds on 2%°, a more demanding sufficient condition is
Ox

Fp*)  ¢'(z) - 1 g (z)

f(p) g(z*) — g(z) [m dﬂ x

L

. . / . . . . .
Since g is concave, then g(mi)(_@;(m) > x*l_m. So a more demanding sufficient condition is
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By log concavity of f, -1~ [a:* — g;ﬁ*} > 1. Therefore a more demanding sufficient con-
T*—x Iz

dition is
F(u*) g (z)
for) "z

If F islog-concave, then the LHS is increasing with 1* and therefore with z since %. The

RHS is decreasing with x. Therefore, if this inequality holds for some z, then it holds for
allz > .
G Adjusting = (Proposition 12)

Fix7 € (0, 1],and let z be such that*
== / de. (42)

i.e., z is the largest z for which there is a fully separating equilibrium. Observe that
when r ~ z (i.e., when z is close to z), we have »* ~ z and p* ~ p, by the continuity of
equilibria. Throughout the proof, denote fo = f(u), f1 = f'(1).

G.1 First Derivative

In a PPPP regime, from Appendix E5, we have

Welfare is oW o
_ * lu *) *\ ./
or (1") oz [9(z") — g(2)] + F(p")g'(z)

When z ~ z, we have »* ~ z and p* ~ 11, and hence g(2*)—g(z) =~ 0, F'(¢*) =~ 0. Therefore

a—Wzo

or z~z

41n the main text we had denoted it z,, but we change to z here to ease exposition.
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G.2 ¢ and its Derivatives

Recall that, -~ ~ 1— when x is small. Since f(u) = fo+ f10u+o0(dp) , where p = pu— p,
S F (4 i) dpd!
¢(p) = p+dp —
- O+ ) dp
ou 5 12 d /
:H+5N’_ 0 Eu(fO‘f‘fl,u)‘FO( M )] v
S (fo+ i+ o(op))dp
_ B D (fo + fu)di + o(0p?)
o (fo+ fup')dp' + o(dp)
ot gy 20O 5HOR 4 olor?)
- fobp+ 51200 + ol512%)
6 15“+ 37 (0m)* + o(0ps%)
=+ O — 1f15u+o(6u)
=p+op — [ Op + g?(du) +o(6p)] [1 - 5%@ +o(6p))]
— _ﬁ 2 _ﬂ
=p+op— [ op + 3fo(cm) 17 (61) + o(612)]
=p+ 5u - E%(éu) + o(6p?)
Therefore,
du"™ 2 "6 fy

. . dp _ 1
(if f was uniform, we have ﬁ = 3).

G.3 Second Derivative

We now consider the second derivative of welfare. For z* € (z,7),

so we have




~ * o * d¢ ~ 1 *
When z ~ z, we have »* ~ z and y* =~ p, as well as @|Wﬁ ~ 3, and hence g(z*) —

g(z) =0, F(u*) ~ 0, and

a@ A [;_ o [g, B - 9] _ :gg(<_-)> —9
Therefore,
op _ g'(@) 0z, g'(2)
ox x* Ox zmz 2z
Now, the the second derivative of welfare is
= 1) 22 o) — gt~ 1) T o) — gt
— f(u) %Z [(Z g(x*) =g @) +g" (@) F(p") + g’(z)f(u*)%lg
= 72 ) - o] - 1) G [oa") ~ gt
— 1) TS ) + @ F ) + 2 @ ) e
Using g(z*) — g(z) = 0, F(u*) ~ 0, and %= ~ 2, we obtain
o =~ RO P late) ~ 9] ~ ks lota") ~ gtz
— IS @) + o @ F () + 2 (2)fo
=-—Jog 2g/(a*) + 29 (w)fo%/j_: =0

G.4 Third Derivative: Preliminaries 1

We now consider the third derivative of welfare. First, we compute the term 82;‘2*. We

)
obtain
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First, we compute

Next, since when z ~ z, we have 2* =~ z and y* ~ pu, as well as %Mw ~ %, we have

1

R

~

~
~
~

2
Z

dp

Now, evaluating at the point where z ~ z, and using the results above (namely %

2), we obtain

_( ) __or aw LGy or
0 . o |/
L [ZL" ldm] [1‘* — (Zﬂg
2—-3 z Lfiy .92
N 3—1— 1 2(_6_)(2 )
evz (52)2 0 (32) fo 2
. R N —384(2)
wz 1 (2)? 1(2)?
3
3 1 L fi
2 /
12?2 3% @)

Next we compute the term

Y _ g(z l/x*@_/g_ IE*—Q
) (g,(z)_l_g(x) g(_)):g,,@)jL (¢'(z) % — g'(2)) — (g9(z¥) — g(a))

oz z

Again evaluating at z ~ z, we have g(2*) — g(z) ~ 0and %= ~ 2, we obtain

L ozrz
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Plugging all these back into 24 gives gives,

: . s
o 290 (g i) e+ )
o -6t 2y 21D L DRy

G.5 Third Derivative: Preliminaries 2

Recall that

oz ¢'(x*) Oz
Now we compute the term
o 2(8m*) B
oz2 Oz Oz’
o, x* ou

5z g oz

_xr Ppt oproxt 9, at

(z*) Ox? ox Oz 8:U*(g’(x*)

- ¥ 82,u* a’UJ* ox* 1 x*g” ZE*))
2

Q

85’2:2* _ (g/(i)—FM)%([i*_lw }>+[$*_lﬂx]§_(g/(£)+w

(43)



Then evaluating at z ~ z we obtain

e 2D O - s e + o212 D - (;jg(_()_)h
B B g G - ) i e

G.6 Third Derivative

Differentiating again (the derivatives of the four non-red terms in %ZTVZ are grouped into

four terms of parenthesis, the first set of red terms comes from differentiating the red

term in 2%, and the last pair of red terms come from differentiating f(x*) in the non-

e
red terms),
3 O ()5 ) : -
= (- ( o ) o) ot - O] (Geden - gan)
+< — f(u*)aag l9(z") — g(z)] - f(u*)%g [8;; g'(x*) — g’(&)})

*82*8*/* *8*82*/* *a*a* "N %
H( = 10 Gy 50 0) = F) G 0 (6 = F) G (%" )

(+" @ F ) + @) 1) 2 ) +

" * alu* / * 82/’[’*
(20" @ () 5 +20 @) (1) 52 )

-+ (1) 2 (- o lg(z*) — g(z)] — 2 agg(x*H?g’(z) 8@)

: ~ * A * A~y A * ~ ox*
Thenusing z ~ 2, v* ~ z and p* ~ p, F(u*) = 0,9(z*) — g(z) = 0, 5~ ~ 2, thelast

L ozmz
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line becomes 0 as x ~ z,s0 we obtain along with %L ~ 2

o = —hi2? ”>g<> +(- foa 2 loe) — 9@ - foa T2 )~ o))
(A (B ) (0
(+g’”(z)F(u*) g @R )+

* 2, %

0 0
(29"(z)fo (;; + 24 () fo a;;)

0 foue | 0 0z 0z 022 02 T 02 o ag] g()

G Bty

PW 1 { OPur ox*  Opr O*x*  _Pur Pyt 0*ur Ot

N 258# } §'(z) —

(_ )) 9'(2)

oW 1 OPu Oz Our 0%’ ox* o] O fi
— ~ _2 _ / _ "
0x3 fy z~z { 0x2 Ox or Oz? + 022 } g (§> + {3 ( @) } oz g (é) fo(

My

oW 1 O 82:u* ’ a,U/* 0%x* / ox* 2 a,u* " fl
DL [y ame [3— ag] ERAC [— 2 a£2}9(§)+ {3_(@) ] or? &)~ 3

W 1 aQ'M* / alu’* O ’ a,u " fl

278y )

FW 1 82N* &U,* O a* / 5M* " fl ( ) /
T | - |0 - B - Rt
Since %—‘f ;ﬁ 29 S)
1 aSW " g,<—) / aQM* (g/(é))Q aZx* fl ( ) /
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Using (43) and (44)

183W " g/(g) / 2 " ’ 1 41 fl / 2
INE x 2z )T—g(é)(gg (2) —44'(z >@_§@f_( g9(2))
WP ) AR R,
2 ( 29’(&) 3§fog(_)) fo( z )9(e)

The terms without f; sum to

L9"@d (@) ") 6?2 &)
z z (2) z (2)?
and the terms with f; sum to
A1 G241 A, fiod@ve o f  (FONE
/105 @42 I ) BBy D (B[00l o] =0
Hence,

Low: (@)
fo 0x3 vz (2)?

H Market for Lemons

H.1 Effect of Coverage on the Mass of Buyers

We now prove Lemma 5, which concerns the effects of changes in coverage = on the
mass of buyers.
If the equilibrium regime is Lemons, there is a type . s.t. that types ¢ > p, purchase
x = z and types i < pu, purchase x = 0. Each contract breaks even: p (z) =z - E{u | p >
p+) and p (0) = 0. If . > p, then type p, is indifferent between contract (z, p (z)) and
(0,0),i.e
e + g ) — 2E[p | p > ] = 0. (45)

Proof. Implicitly differentiating (45) implies

Ot _ 1 |:g(:E) /
or  ¢'(p.)

!/
Recall that [@] < 0 by Lemma 19. Also, if f is log-concave, ¢'(u.) < 0. Notice that

9q
Ops

= —f(u*). Then, this implies
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H.2 Socially optimal Coverage

We now prove Proposition 13, which shows that the socially optimal level of coverage x
is interior, assuming y strictly prefers (0, 0) to (1, E[u]).

Recall that, in this setting, welfare is W (x) = ¢(x)g(z), where ¢(z) = 1 — F(pu.(z)).
Then, using Lemma 5,

_ (—9'“”) i 9“)) F(u)g(z) + (1 Flu))g'(2)

We note that p.(1) < 7, since risk aversion implies that even if x = 1 is given the highest
price i, a positive mass of agents will want to buy it; so ¥'(x.(1)) < 0. Also p.(1) > p,
since by assumption, not all types are purchasing. Since ¢'(1) = 0, g(1) # 0, and ¢'() <
0, f(u) > O forany u € (p, 1z), the result follows.

H.3 Welfare Quasi-concave
We now prove that log-concavity of demand implies welfare is quasi-concave.

Lemma 23. Ifdemandq(z) = 1— F (u. (x)) is log-concave, then welfare is quasi-concave
inz.

Proof. If q (z) is log concave, then [Inq (z)]” = [¢ (z) /q)' < 0. Also, ¢’ (x) /g (z) is decreas-
ing by Lemma 19. Then (15) can be written as ¢'/g = —¢’/q. The RHS is increasing and
the LHS is decreasing so the FOC holds at a unique point. O

One limitation of Lemma 23 is that it places conditions on endogenous objects,
namely x.. The following result provides sufficient conditions on primitives such that
q (z) is log-concave.

Lemma24. Ifu ~ U [p,7i] and g (z) = (1 — (1 — 2)°), thenq (z) is log-concave.

1
2
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This structure of g(-) results in the CARA-Normal model, Appendix K.

Proof. We can write

g1 fp) {g(l‘)}' 1
dzq 1—-F(u)| « | [=¢/(w)]

Given the assumptions, then ) = 1 (7 — y,) and {£%-1. = = and g(z)/z = 1 — §. There-

1-F(p*)
fore,
dg1 1
Then, since %—‘g > 0, this implies a% [g—j} <0, so ¢ (z) is log-concave. O

I Moral Hazard

I.1 Equilibrium Characterization

We now discuss a model with MH. The model is as in Section 7 unless otherwise stated.
We assume that g (1, ) = ¢ (z) independent of y, for simplicity. The contract space is
X = {0} U [z, 7], where we may have x = 0 as well. For an equilibrium («, p), denote the
set of purchased contracts with strictly positive coverage by

Bt = supp(ax) N[z, z].
Recall the notation of the social surplus,
s (1) = 9(x) +w(js, 2) — k(p,2). (46)

We allow a non-purchasing tax 7" > 0, where as usual we assume 7' = 0 if z = 0. The
following proposition (together with Proposition 22 below) imply Proposition 14. Let
the set of strictly positive coverage (z > 0) contracts purchased in equilibrium be

B" = supp(ax) N [z,7].

That is, individuals purchase contracts in B and, in addition, possibly = = 0.

Proposition 21. Suppose X = {0}U[z,Z| and Assumption 4 holds. In any AG equilibrium
(p,a) withax({z | x > z}) >0,
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1. p(z) is Lipshitz, and is strictly increasingon {z | p (z) > 0}, and p(x) < c(f, x) for all
r e X.

2. The equilibrium allocation function o is non-decreasing, and is strictly increasing
ono ((z,7]). Lett = o' be defined on B™\{z}. Denote 1.* the lowest type which
purchases > z, and by p.. the lowest type that purchases x; and =* = o(u*). Denote
also @ = sup, o(p) to be the maximum coverage.

3. Ifz = 1, the maximal purchase 7 satisfies © < 1.

4. If, furthermore, if Assumption 4 holds, then: o is continuous, there is x* € [z, ) s.L.
Bt = [z*, z]; ifx > 0 and it is an atom of the equilibrium, then z* > x.

5. Under Assumption 4, ifx > 0 and 0 is an atom, then so is x.

6. Each contract breaks even. In particular p (0) = 0 and

*

p(z) = c(7(x), ), ae. x¢€ [z 7] (47)

pz) =Elc(u, ) | 1€ [ 1], (48)

where (48) is vacuous if u. = p*; if &t < T, then in [Z, 7|, p(-) follows the indifference
curve of i through (z, c(, 2)); and in v € [z, x*), price p(z) follows the indifference
curve of * through (z*, c(u*, x*)).

7. Under Assumption 4, the equation

)
a—i(ﬁ, #*) =0 (49)

has precisely one solution x* in (z, 1],* and

8. Ifthe model satisfies Assumption 4, then T is Lebesgue-a.e. different in B*, with

1 O0s

T+ g—,lj(T(x),x) %(T(l’)vﬂ?) fora.e. T E (:L'*,i’) (50)

() =

5The existence of such a solution relies also on our assumption that an equilibrium with ax ({z | z >
z}) > 0 exists.
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As a corollary to Part 7 above, we note the following:

Corollary 7. If (49) has a solution in [0, z] or no solution in |0, 1], then any equilibrium
has each agent either not purchasing at all or purchasing z; i.e., no one buys above x.

Notice that the characterization of equilibrium in Proposition 21 assumes that some
individuals choose x > z. Corollary 7 emphasizes that if (49) has no “well behaved”
solution, then such an equilibrium cannot exist.

I.1.1 Analysis of the Surplus Function

Note that the function s(-, -) satisfies, for z > 0:

s(p, x) = u(p, x, c(p, x)) = (px +w(p, x) + g(x)) — (pa + k(p, x)) (51)

Extending the function to 0 we have s(u,z) = u(u,0,0) + 7. We observe that under

Assumption 4, since ¢” < 0, 2% < 0, so for each y there is at most one 2** = 2** () where
925

9 (u, x**) = 0. Furthermore, implicit differentiation gives (z**)' (1) = — 2= (u, 2** (1)),
cr)m

and since we see that under Assumption 4, 8‘9 5= < 0 we have (z**)'(-) < 0. Hence, since

by the definition of the maximum coverage , £ = min[z**(fz), T], we see that:

Lemma 25. Foranyx < & and any i, 5 (u, z) > 0.

I.1.2 Proofs of Parts 1, 2 and 3 of Proposition 21

Proof of Part 1 is Proposition 1 in AG, along with the fact that ¢(u, ) < ¢(z, ) for all types.
To sketch a proof of Part 2, recall the definitions of ¢* (z), v~ (z) from (24), (25) of
Appendix B.3, which heuristically express the highest and lowest types purchasing a
contract z. Lemma 7, Corollary 4, and Lemma 8 of that section show ¢~ = ¢* in
(0,1] N supp(ax); the proof works in the restricted domain (z,z|, and with the modi-
fied MH utility and costs functions, as well. Here we've denoted 7 to be this common
function, and o = 77! on (z, 7|, with (1) = z (resp. = 0) for all those types ;. purchasing
z (resp. 0).°
To prove Part 3, observe that by Theorem 1, for the amount z purchased by 1, p(Z) =
c(im, ), butp(-) < c(m, ). Soif = 1, then by Assumption 4 and since ¢'(1) = 0,
PO = CEn=m+ my s a2+ o) = 2
#6Lemma 10 there shows that v is strictly increasing, but the proof relies on the cost form with no MH;
we will handle the matter differently ahead.
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and hence t would be incentivized to lower their coverage to slightly below 1.

I.1.3 Proof of Parts 4, 5, 6 of Proposition 21

Subsequent sections assume Assumption 4. We have established that ¢ is increasing,
strictly so in o~*((*, 1z]). Suppose it had a jump discontinuity at some x°, with 0 < a :=
limsup,,_, ()~ () < b := liminf,, ,(e)+ o(u). Near a, b there are masses of types close to
w° purchasing. Hence p(a) = ¢(u°,a), p(b) = c(u°,b), with u(u°, a,p(a)) = u(u,b,p(b)),
i.e., s(u°,a) = s(u°,b), contradicting Lemma 25.

To demonstrate the conclusion thatif z > 0is an atom of the equilibrium then z* > z,
we observe that if by way of contradiction B = [z, 7],  being an atom would lead to a
discontinuity in prices, almost verbatim to the proof as with no MH present, as done in
Appendix B.5.

To prove Part 5: Suppose 0 is an atom, but z is not (so y < p, = p* < ). Simi-
lar to above, we see that this implies p(u.) = ¢(us, z.); of course p(0) = 0 = ¢(us, 0),

(0)) and (2", p(a*)), 50 u(p., 0, (4., 0)) =

(s, z, (s, ). So all together, s(pu., ) = s(ps, O) - T, and once again, Lemma 25 is
contradicted.

and that type . is indifferent between (0, p(0)

Part 6 now follows from the general properties of AG equilibrium.

I.1.4 Proof of Part 7 of Proposition 21

We've already mentioned 22 (7z, 2*) = 0 has at most one solution in [0, 1). An adaption of
the proof of Part 3 above shows that such max[min[z, z*|, z] is the only candidate for the
maximal purchase, and since the proposition assumes an equilibrium with purchase
strictly above z, there must be such z < z* = 7.

I.1.5 Proof of Part 8 of Proposition 21

7 is a.e. differentiable in [z*, ] as p(z) = c(7(x),z), p is Lipshitz and 25 (u, z) > p. Since
in [z*, Z],
p(x) = c(1,2) = 27(x) + k(7(2), )

so it holds a.e.
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If each individual is choosing her optimal contract, then the following First Order Con-
dition holds for a.e. = € [z*, 7],

Combining these gives

: Ow : Ok , Ok B
(@) +9(@) + gy (r@), @) = 7(2) —ar(z) = Fo(r (@), 2)7(z) = Fo (@), z) =

Cancelling out 7(x), combining the terms in 7/(z) to the RHS, gives (50).

I.2 Uniqueness
I.2.1 Uniqueness when z = 0 (and proof of Proposition 15)

First, we state the uniqueness results when = = 0; this proposition implies Proposition
15.

Proposition 22. Under Assumption 4, when z = 0, equilibrium is unique. If 2 (7, 0) > 0,
then all buy positive levels of coverage. If 5 (1z,0) < 0 then no one purchases.

Proof. Heuristically, by Corollary 7, if %(ﬁ, 0) > 0, then since %(ﬁ, 1) < 0, (49) has a
solution in (0, 1), which is the level z purchases, and the solution follows (50) for the
others type. If 2(7,0) < 0, then since (f, -) is monotonically decreasing, (49) has no
solution in (0, 1], so no one buys insurance. A rigorous argument is as follows:

If 95 (1z,0) < 0, then 2(zz,) < 0in [0, 7], so 7 cannot have a solution & € (0,7] to (18), so
we cannot have positive levels of purchase by Proposition 21. If 25 (1z,0) > 0, then we do
have such a unique solution so the highest type purchases  which satisfies 2* (7, ) = 0
(or 7 if the solution to this equation is too high); it is not incentive compatible in this
case for iz to purchase 0. From there, 7 (z) obeys (19) for all types who purchase positive
amounts of coverage.

We will show that in this case, all agents purchase positive levels of coverage. Assume
by way of contradiction that some do buy 0. Let =*, * denote the associated cut-offs, i.e.,
p purchases 0 iff © < p*, and z* = o(u*), where o is the associated allocation rule. There
are two cases we need to eliminate: z* > 0 and z* = 0.

If ¥ > 0, we have

S([L*,ZL'*) = u(,u*,x*,c(,u*,x*)) = U(M*,O,C(M*,O)) = S(ﬂ*>0) =T

47



so s(u*, x*) = s(pu*,0) — T, contradicting Lemma 25.
Now assume z* = 0. The inverse 7 of ¢ satisfies, in (0, ), (50), this is

1 0s 1 s
T+ %(T(I),SE)%(T(-T),IK) > o %Z(T(x),x)%(u’@

7'(z) =

where the inequality results from Assumption 4, 83 = < 0. Since 2(,0) > 0, there is

s 2
§ > 0s.t. in (0,9), §2(7,x) > 555(7,0). Also, denoting M = max,cpum zcpo1] |gma5 (1 )|,

since %w’ 0) = 0, it follows that g—fj(u, r) < Mz for all u, z.*” Hence, for x € (0,4),

In(7(6)) > In(r(z))+=——— / s () =25 7 0)(Im(0)—In(z)) — oo

2(1 2(1—|—M)(9 z—0

a contraction. The uniqueness now follows since (50) obeys standard unique conditions
for differential equations. O

In particular, in the model of Example 1, equilibrium is unique.

I.2.2 Uniqueness when x > 0 (Proposition 23)
Next, we consider the more complex case, where z > 0:

Proposition 23. Under Assumption 4, whenx > 0, ifw(, ), k(, ) are independent of riski-
ness i and the distribution of types f is log-concave, then equilibrium is unique.

In the model of Example 2 below, equilibrium need not be unique when z > 0.

We begin with two lemmas, which were established with no MH. It’s worth noting
that these lemmas do not use the assumption that w(, ), k(,) are independent of type,
nor do they use log-concavity of the type distribution.

Lemma 26. Let (p;, ), (p2, a2) be equilibria with zero or partial (but not full) pooling at
z (that is, some individuals purchase x > x), and cut-off coverages =7, x5. If v} > x5, then
p < po, with strict inequality for x € [z, x}).

Proof. Same proof as Lemma 12 (the version without MH), with appropriate modifica-
tions. O

Lemma 27. Ifthere is one equilibrium with at least partial pooling at z, then all equilib-
ria have at least partial pooling at x.

47This is the only point at which we use the fact that the function k(, ) can be extended twice continuous
differentiably to a neighborhood of [y, 7] x [0, 1].
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Proof. The proof is similar to the proof of Lemma 13 (the version without MH) but with
some modifications. Suppose (p;, ;) has an atom at z while (p,, az) does not; u; > p =
ws. Note that in either case, in (z, z}), a standard approximating-by-sequence-of-weak
equilibria argument (as per the AG definition) shows that py(-) < c(g, ).

First let’s deal with the case (p;, «;) has only partial, not full, pooling. Hence, z} =
o1(py) = o2(uf) > x5, so by Lemma 26, p; < p, with strict inequality in [z, z}). Hence

p(z) < p2(z) < c(p, z). However,

pr(z) = Ele(p,z) | pr < o < i3] > e(p, )

a contradiction.

Now, we deal with the case (p;, ;) has full pooling. Then p;(z) < ¢(z, ) = p2(Z). In
('rza j)’ a 8
M) = ey s 2 Y =
pl(x) - 8x<u7x7 ) > ax(7<x>7ma ) p2(.1')
and in (z, x3)

ou ou

pll(x) = %(ﬁvxu ) > %(u;xa ) :p/2<l'>

so either way, p;(z) < p2(z) < c¢(i, z), and a contradiction is arrived as above. O

Lemma 28. If Assumption 4 holds, x > 0, and w(,),k(,) are independent of type, then if
one equilibrium has no one purchasing, then it is the unique equilibrium.

Proof. Let (p, ) and (¢, §) be two different equilibria, with a({0}) = 1. In that case, p()
follows the indifference curve of iz through (0, 0), i.e., for x € [z, 7]

9(0) =T = iz + g(x) + w(z) — p(z)

and also
p(x) < c(i,¢) = iz + k(x)

Either g({z}) > 0 or 5({z}) = 0. We deal first with the case 5({z}) > 0. Combining
the above equations evaluated at x = =

fz +g(z) +w(z) = =T+ g(0) + p(z) < =T + g(0) + iz + k(z)

ie.,
(9(x) —9(0)) + w(z) — k(z) < =T
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Examining (5, ¢), letting w,., w* denote its cut-off types, we have
9(0) =T <wz+g(z) + w(z) — Elp | w, < p < w'lz - k(z)
and using the above inequality,

T < =(Elp|w. < p < w-w)z+(9(z)—g(0)+wl(z)—k(z) < —T—(Elp | w < p < w']-wi)z

and therefore E[u | w, < p < w*] — w, <0, a contradiction.

We now deal with the case 3({z}) = 0. Since under this equilibrium there is some
purchasing, by Proposition 21 all types are purchasing strictly above z, with full separa-
tion of types. Let 7, y* denote the highest and lowest coverages purchased, and let ¢(-)
be the indifference curve of 7z through (z, ¢(z)). Since p(z) < ¢(z, ) = ¢(Z), and yet in
(a, p) 1n at least weakly prefers (0,0) to (z,p(z)), we must have p(z) = ¢(z) = ¢(Z) and
¢(0) = 0. By incentive compatibility, ¢(-) > ¢(+), and in (0, y*),

¢'(x) = pr +w'(z) + ¢'(z) < gz +w'(x) + g'(x) = ¢'(x)

and hence ¢(0) > ¢(0) = 0, a contradiction. O
We can now prove Proposition 23, which mimics the proof of Proposition 8:

Proof. Recall the definition (from Section 5):

(s, 1) = Elp | " > p > ] — g

As mentioned previously, when f(-) is log-concave, then ¢ is strictly decreasing in ..
Clearly also, v is strictly increasing in p*.

Like in the proof of Proposition 8, to show uniqueness of equilibrium, we check sev-
eral cases. Let (p, «) and (g, ) be two different equilibria. By Lemma 28, we can assume
that in each of those, at least some agents purchase some coverage. Like in the proof of
Proposition 8, we eliminate all cases except the case is which both have either partial or
full pooling (possibly one of each), but differ in their price at z. Indeed, this elimination
is done verbatim, except using Lemmas 26 and 27 above instead of their non-moral-
hazard versions.

Hence, assume that they both have either partial or full pooling (possibly one of
each), but wl.o.g, ¢(z) > p(z). Associate with («,p) the usual cut-offs p*, i, and de-
note the cut-offs (3, ¢) by w*, w.. Under (5, ¢) is less willing to prefer (z, ¢(z)) over (0, 0),
SO w, > u.. Like there, we claim we must have w* < p*. The cases in which («, ¢) (and
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possibly also (3, ¢)) has full pooling, or they both have only partial pooling, are dealt
with in the same way; if only (3, ¢) has full pooling, then denote Z be the maximum cov-
erage under (p,«). We have ¢(Z) < ¢(ii, ) = p(Z). Furthermore, in (z, %), ¢ > 7/, just
like the second case®® in the proof of Lemma 27. Together, we see that ¢(z) < p(z), a
contradiction.

We note that, up to this point, we have not made use of the log-concavity; now we
will, and again the proofis similar to the corresponding stage of the proof of Proposition
8, with appropriate modifications. (We have only made use of the fact that w(-,-) and
k(-,-) are independent to apply Lemma 28; we will make further use below.)

Now, along with w* < u*, we have either w, = p, or w, > p.. In the former case,

q(z) =2FB[p|w, < p <w+k(z) <zBp| p < p<p]+k(z) =p)

since w* < p*; but this contradicts ¢(z) > p(z). In the other case, i.e., w* < p* with
w, > .. We have

Elp|w, <p<w]—we=t(we,w) <o, 1) = Elp | p < pp < p'] — p

and hence, multiplying both sides by —z , we have —q(z) + w,z > —p(z) + u.z. However,
since these are equilibria, the agents w, are indifferent between (0,0) and (z, ¢(z)) and
the agent 1., at least weakly prefers (z, p(z)) to (0,0) (perhaps strictly if p. = u), so we
know that

pa + g(x) + w(z) — p(z) > g(0) = T = w.x + g(z) +w(z) — q()

a contradiction. O]

I.3 Proofof Lemma 6

Since ¢/(1) = 0, 2% (1, 1) < 0 by Assumption 4. Since 3—2‘; < 0,if z** (1) > 0 (which occurs

iff 25 (1,0) > 0) then, 2** (y) is the unique z** € (0,7) that satisfies (17). By implicit

-1
differentiation of (17), %7 = _% (g—zg) < 0, signed by Assumption 4.

48(q, 8) instead of (py, a1) and (p, ) instead of (pa, az).
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I.4 Moral Hazard Reduces Insurance (Corollary 2)
Let 75, Targ denote the assignment rules in the baseline and moral hazard models, re-
spectively, with the highest types purchasing 7, & respectively and lowest types purchas-

oz
have 7;(x) > 73,4 (x) > 0in (max[z}, 4, 23], £) by (2) and (19). Moreover, & < 7, possibly

ing v, #3,5- Since & (7(x),x) < 52 (x) by Assumption 4 for all € [0, 7, and §* > 0, we

with strict inequality; denote i = 75(Z). Then we have for p € [y, fi]

/: Typ(@)de =T —p = /w Tp(x)dz > /m 75(z)dx > /z (@) da

mE (1K) op(p) op(p) op(p)

so oy (i) < op(p); and by definition, for i € [fi, ), op(p) > & > oy (p).

I.5 Effect on T on coverage

We have the following comparative static, which states that increasing = increases the
coverage purchased by any non-pooled types. Itis a more precise and general statement
of Corollary 3.

Corollary 8. Fixz. Under Assumption 4, and under the uniqueness assumptions of Propo-
sitions 22 or 23, if o(u | T, z) denotes the allocation assigned to 1. in the unique equilib-
riumon X = {0} U [z, 7], then for each ;i € [u,[i], o(p | T, x) is strictly increasing in7 in
thedomain{z € (z,1) | o(p | T,2) =7, 0(u | T,z) > z}.

Proof. o(fi | T1,2) = T1 < T2 = o(fi | T2,z). Suppose the conclusion of Corollary 8
did not hold for some 1°, then it would imply that for some 7; < 7, in this domain,
o(p° | Z1,2) = o(p° | T2, z); denoting this common point z°, we see that 7(z° | 7y, z) =
7(x° | To,2) = p° (with 7(|, ) corresponding to o(|, ), o(7(x | ,7) | z,7) = x). (19) is well-
behaved enough to satisfy standard uniqueness of solution assumptions for differential
equations; hence, 7(- | 71,z) = 7(- | T2, z) at least above z°, which clearly cannot be the
caseas 7(7y | z, @) =@ > 7(T1 | T, ). O

1.6 Two Examples of Moral Hazard Parameterizations

We now describe two examples of parameterizations of the functions w(u, x), k(u, ),
which may allow future researchers to explore the model with MH in more detail.

Example 1. Azevedo and Gottlieb [2017], Einav et al. [2013] model ex-post MH by as-

suming
2

w(p, ) = %M, k(p, ) = 2°M
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for a parameter M > 0 which captures the propensity for MH.** Assume z = 0. Then,
(17) becomes

so the optimal coverage is the same for all types 1. Moreover, (18) can be solved to show

i— = /U; [glf) - M] dz.

It is possible to include heterogeneity in the propensity for MH, by replacing the

o () satisfies

parameter M with a function M (1) > 0. To satisfy Assumption 4, we must have M’ () >
0.

Since 2 (1,0) = ¢'(0) > 0, and z = 0, by Proposition 22 all types purchase positive
amounts of coverage in any equilibrium. For each type p, o (1) is decreasing in M, but
o(p) > 0,VYM. In this example, or more generally when &(, ), w(,) are independent of
type, equilibrium is unique even when x > 0 (Proposition 23).

Example 2. An alternative model of MH would set

wip,z) =0, k() =auz

so that utility follows (1) and cost is ¢(u, ) = (1 + «) zu. Then, (17) becomes
g'(@™) = ap,

so x** (u) is strictly decreasing in p. Moreover, (18) can be solved to show that o (u)
satisfies

e (&3 1 ! =
e s o e
o(u

Js
ox

unique; if ¢’'(0) > af, all types purchase positive coverage; while if ¢’(0) < o, no one

In this example, 22(7z,0) = ¢'(0) — az. When z = 0, by Proposition 15, equilibria is
purchases insurance. If z = 0, for each type p, o (1) is decreasing in «, and for sufficiently
large o, o (-) = 0. However, in this example, when z > 0, there may be multiple equilibria
(compare with Proposition 23); see below.

“These expressions for cost and utility can be obtained from assuming a specific form of utility func-
tion and consumers who optimally choose their level of health expenditures based on their type, the
reimbursement rate = and the parameter M > 0.
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1.7 Non-Uniqueness Example

We show that in Example 2 equilibria need not be unique if z > 0. (This contrasts the
conditions of Proposition 23, which are unfulfilled. Specifically, k(, ) is not independent
of type.) Let p. € (u,71). We describe an equilibrium in which types p > p. purchase x
and types u < u, purchase 0. The cut-off y, must satisfy

pez+g(z) = (1+ a)zElp | p > pu]

i.e.,

%Zﬂ_kQ)E[’u|’uz’u*]_H*:(E[“|”2M*]_N*)+QE[M|u2u*]

If types distribute uniformly, this yields
glz) (A+a)_ (a—1)

. 2 Pt

[l

We see thatifa = 1land iz = % this equality holds, regardless of the value of p,. If &
is close enough to z, this will indeed be an equilibrium (this can be shown similarly to as
in Proposition 5, which showed that as z, 7 approach each other, there are no equilibria
with purchase above z). Since this was for any p. € (u,7) there are a continuum of
equilibria. (We remark that for smaller «, there can be multiple equilibria for different
distributions.)

J Numerical simulations

J.1 Setup

For all numerical simulations, we parameterize the surplus from insurance as

(1-(1- x)z) v. (52)

N —

g(z) =

That is, we assume surplus independent of type p. This implies ¢’(z) = 1 — x. This
parameterization can be obtained by assuming individuals with CARA preferences ex-
posed to Gaussian wealth shocks.The parameter v scales up the surplus and is meant to
capture the product of CARA risk aversion and the variance of wealth shocks.*®

0This specification is used, for instance, by Veiga and Weyl [2016], Levy and Veiga [2021], Weyl and
Veiga [2016]. See Appendix (K).
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For most simulations, we assume types are uniformly distributed as ;1 ~ U/[20, 150].
However, we will also consider other distributions, which have a similar range of types
u. For most cases, we simulated approximately 2000 individuals.”! In all simulations,
we use v = 25.

Welfare is measured as the mean of g (o (1)) across all simulated types. In the figures,
the first panel is a histogram of the types distribution f. The second panel shows the be-
havior of the thresholds i*, i1, as we vary the regulatory parameters of interest. The third
panel shows the behavior of welfare. The “baseline” values of the regulatory parameters
areT = 0,z = 0.1,7 = 0.95: as one regulatory parameter varies, the other ones are held
fixed at these values.

J.2 Algorithm

We now describe the algorithm we use to find equilibrium. Given (52), following (2) and
(20), the cut-off type u* satisfies

pr=n—v[n@) —In(z*) — (T — 2")] = 7 (z¥) (53)

where z* = o (u*) is the cut-off coverage. Notice that 7 (z*) depends only on z* and
known exogenous parameters.

The indifference of type p* between z* and z gives the following expression for the
price of coverage = = z, which we denote p':

p' =z +[g(z) — g («)]v (54)
Notice that p' depends only on ;*, z* and exogenous parameters.
Recall that g (0) = 0 and that individuals who choose z = 0 must pay a fee 7" > 0.
Then, (23) (the indifference of type u. between x = x and = = 0) becomes

pe=—p(z) —g(z)v —T] = A(p(2)) (55)

I8 |+

Notice that A (p (z)) depends only on the endogenous price p (z) and known exogenous
parameters.

We will also use an alternative definition of the price of coverage = = z, since it must
be such that the contract x = z breaks even. We denote this ]_92:

5!1n same cases, we simulate more individuals to reduce the noise in the graphs.
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P’ =Elu| € [, p] (56)

Notice that p* depends only on the endogenous quantities /.., 1* and exogenous param-

To find the equilibrium values of (u*, i, *) we proceed as follows.

1. First, we check the conditions of Proposition (5) to determine if there is pooling at

x = z. If there isn’t, the equilibrium is RS.

. For every level of coverage y in a fine grid of y € [z, 7], we proceed as if y was the
cutoff level of coverage =* and compute the following:

(a) the value of the threshold type 1 = 7 (y) that would be the the case if y were
the cut-off coverage, using (53) (which requires only ).

(b) the price p' (y) that would obtain if the cutoff coverage was y and the thresh-
old type was p* = 7 (y), using (54) (which requires y, u* = 7 (y))

(c) the cut-off participation type u. = A(p' (y)) that would result if the price of
coverage x = z was p' (y), using (55) (which requires only p' (y)). We set ., = p
if the solution to (55) is A(p' (y)) < p.

(d) the price p* (y) that would obtain if the threshold type was ;* = 7 (y) and the
threshold participation type was p, = A(p' (y)) as computed above, but now
we compute the price using the break even condition (56) (which requires

=7 (y), = AMp" (1))

. The two method of computing the price of the minimum coverage, p'(y), p*(y)
must coincide in equilibrium. The equilibrium value of z* is the value of y that
solves |p'(y) — p*(y)| = 0. If this distance does not vanish (i.e., there is no solu-
tion), then there is full pooling (all individuals choose = € {0, z}). In this case, the
equilibrium regime is Lemons, and we describe below the algorithm for comput-
ing p, (Section J.5).

. Once we've found the equilibrium value of z*, we compute p* = 7(z*) and u, =
A(p' (x*)), using (53) and (55). Then, we compute the allocation to each type using
(2).

In the event of full pooling (i.e., u* = 1), we define =* = 7, to preserve continuity in the

graphs.
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J.3 Dispersive Equilibrium

Several numerical simulations have already been presented in Figure 5 to demonstrate
the effects of changes of the regulatory parameter x in the regime of Dispersive equi-
librium. We now present a numerical example where we consider changes to 7 in that
regime.
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Figure 7: In a Dispersive equilibrium, an increase in = always increases welfare. Notice
that the graph includes only values of the regulatory parameter for which the equilib-
rium regime is Dispersive.

J.4 PPPP Equilibrium

We now consider settings where the equilibrium regime is PPPP. That is, all individuals
purchase = > 0. To do this, we simulate market outcomes where the level of the non-
purchase fee 7' is sufficiently high so that, given all other parameter values, no individual
chooses © = 0. From Proposition 3, the equilibrium is unique in this setting for all
distributions of types f.

Our focus here is on the effect of changes in the minimal coverage z. For clarity, we
show only the range of = for which the regime is PPPP. From Proposition 12, welfare is
increasing in z at the point when bunching at the minimum coverage begins (i.e., the
left-most region of the third panel, which describes how welfare changes with x). For
all log-concave distributions f, in our numerical simulations, we find that %> > 0, but
have not shown this result analytically. )

We also present one example (Figure 13) where the distribution of types is not log-
concave. Here, welfare is increasing in z initially (Proposition 12) but then falls over a
range of values of z.

57



Uniform w Welfare
140 160 0.13

120 140

100 120

80 100

d
60 80 01

10 60 0.095

0.09
40
0.085

I8
I8

Figure 8: In a PPPP equilibrium, the effect of . Notice that the graph includes only
values of the regulatory parameter for which the equilibrium regime is PPPP. In this ex-
ample, f follows a uniform distribution (which is log-concave).
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Figure 9: In a PPPP equilibrium, the effect of z. Notice that the graph includes only
values of the regulatory parameter for which the equilibrium regime is PPPP. In this ex-
ample, f follows a truncated Gaussian distribution (which is log-concave).
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Figure 10: In a PPPP equilibrium, the effect of z. Notice that the graph includes only
values of the regulatory parameter for which the equilibrium regime is PPPP. In this ex-
ample, f follows a truncated Exponential distribution (which is log-concave).
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Figure 11: In a PPPP equilibrium, the effect of z. Notice that the graph includes only
values of the regulatory parameter for which the equilibrium regime is PPPP. In this ex-
ample, f follows a truncated Weibull distribution (which is log-concave).
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Figure 12: In a PPPP equilibrium, the effect of z. Notice that the graph includes only
values of the regulatory parameter for which the equilibrium regime is PPPP. In this ex-
ample, f follows a truncated Chi Squared distribution (which is log-concave).
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Figure 13: In a PPPP equilibrium, the effect of z. Notice that the graph includes only
values of the regulatory parameter for which the equilibrium regime is PPPP. In this ex-
ample, f follows a distribution which is uniform over most of its range, but has a large
mass of high cost types. This distribution is not log concave (however, since the regime
is PPPP, the equilibrium is unique). The figure illustrates that welfare is initially increas-
ing in z (Proposition 12), but is decreasing in x for some of its range.

J.5 Lemons Equilibrium

We now consider situations where the equilibrium regime is Lemons. Figure 14 illus-
trates the effects of changing z in this setting. We assume that the contract space is
X = {0,z}, so that the equilibrium regime is always Lemons, for all values of z. In this
simulation, welfare is quasi-concave (Lemma 23) and has a maximum for an interior
level of = (Proposition 13).°

2For f uniform and g(z) = 1 (1 —(1- x)Q), if some agents do not purchase coverage (i.e., some

choose z = 0), then % = v, which explains why . changes linearly with z in Figure 14.
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Figure 14: In a Lemons equilibrium, the effects of z. The distribution is uniform. To
produce this graph, it was assumed that X = {0, z} for all values of z, so the regime is
Lemons for all values of z. The figure illustrates that the optimal value of z is interior
(above zero and below 1).

K Certainty Equivalent Representation

K.1 CARA-Gaussian

In this appendix, we derive certainty equivalents when utility exhibits constant absolute
risk aversion (CARA) and individuals are exposed to Gaussian wealth shocks. Suppose
that an individual has CARA utility U = —e~%¢, where c is final consumption is 1 is the
CARA coefficient. The individual is exposed to Gaussian wealth shocks Z ~ N (u,c%).
Initial wealth is w. Final wealth is ¢ = wy — (1 — )Z — p, which has a log-normal distri-
bution. Then, the log of expected utility satisfies (1) with g(z) = 1 (1 — (1 — 2)?) 102.

This model should not be taken literally. In most real world scenarios, insurance is
unlikely to apply to negative wealth shocks (despite the fact the Gaussian distribution
has full support). That is, insurance companies are unlikely to absorb windfalls. We
intend this model to be an approximation. Indeed, if 1 is large relative to ¢%, then the
probability of negative shocks in a Gaussian distribution becomes small. In Section K.2
we discuss more general distributions.

First, we establish the following fact about lognormal distributions. Suppose that K
is a standard normal random variable, i.e. K ~ A (0,1). Then X = exp (M + SK) hasa
log-normal distribution, with mean E [X] = exp (M + 35?).

The expected utility of type p buying coverage z is
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+00 1 _l(K—QN)2
U(/,L,,]j‘,p) = / eiw(woi(lix)Kip) X me oz dK

_ e t(womn(-a) g (1-a)%0% —p)

The certainty equivalent of type p for buying quality = at price p is

1
w(pw,p) = wo + pw — p— v (1—2) 0% — p.

For a given type p, for any pairwise comparison of two contracts, the initial wealth w
and the term —p “cancel out”. Therefore, we define

1
ulp,z,p) = pr — 5 (1 — )’ 0y —p.

K.2 CARA and General Wealth Shocks

We now derive properties of the certainty equivalent with CARA utility but a general
distribution of wealth shocks.

Consider an individual with a utility function U (y), where y is final consumption.
Suppose that an individual has CARA utility U = —e~*¥, where y is final consumption
is ¢ is the CARA coefficient. Then, U’ (y) > 0 and U” (y) < 0. Initial wealth is w, and
the individual is subject to a wealth loss Z = i + ¢, where E [¢] = 0. Thatis, u = E [Z]
is the expected loss. Let the PDF of € be ¢ (¢) > 0. The individual obtains a coinsurance
contract z, so that an individual who purchases insurance coverage x is only exposed to
alossof (1 —x) Z.

Lemma 29. The certainty equivalent is

CE=wy—p—p+au— %log (/e“lx)ef (€) de) .

Proof. Expected utility is

EU = / (_e—¢(wo—(1—m)(u+e)—p)) € () de

_ e bwo / PN (¢) de
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The definition of the certainty equivalent CE is EU = U (CE) = —e ¥“E., Solving for
CFEyields,

CE=wy—p-— % {log (ewl_x)“/ewl_x)ff (€) de)}

which implies the result. O

Now let g (z) = —1k (z), where

Y
k(z) = log ( / e?(1=2)ec (¢) de) .

Notice that & () does not depend on the first moment of the loss distribution (y).
Lemma 30. ¢ (z) > 0.

Proof. This statement is equivalent to £’ () < 0. We compute

K (x) = —pee? 177 (€)) de.

1 / (
[ e?i=2)C () de
We now use the identity Cov [XY] = E[XY] — E[X]|E[Y], and recall that E[¢] = 0, to
obtain

Cov [e, e¥(172)]

K (z) = - E [e¥(1-2)¢]

Since ¢, e?!=*)¢ are both strictly increasing in ¢, then Cov [¢,e?~)] > 0. Moreover,
E [¢*(=2)<] > 0. Therefore, k' () < 0 as required. O

Lemma31. ¢ (1) = 0.
Proof. k' (1) = —¢Cov [¢, 1] = 0. This implies the result. O

Lemma 32. IfV[¢] > 0, theng” < 0.

E[eew(l’@e}

E [626#}(1—35)1 E [ew—x)e} . (]E [661/1(1—35)6})2
(E[er1-2)])" |

Proof. This is equivalent to £” > 0. Recall ¥’ (z) = —1 . We compute

¥ (2) = v

A sufficient condition for £” > 0 is

E [0 E [/ > (E [ee?0—2])".
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We show that this holds (aslong as ¢ is not concentrated at 0, i.e., as long the variance
V [e] > 0). Fix z. Denote M = E [¢*(=*)] > 0. Dividing by M? gives

2 1 P(l—x)e 1 P(l—x)e ’
E |e MG > (E EMG

Now, if P denotes the distribution of ¢, since E [Le*="] = 1, we see that the distri-
bution P’ defined by dP'(z) = Le*'="dP(z) is a well-defined probability distribution,
and the above inequality is equivalent to

E [¢)] > (B [¢])?

where E’ is the expectation operator associated with P’. This inequality is equivalent to
V'(e) > 0, where V' is the associated variance. The only way to have V'(¢) = 0 is to have
¢ = ca.s. for some ¢ € R, which must be 0 since E(¢) = 0. O]
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