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The following counterexample shows that sincere bidding by all bidders is not
always an ex post perfect equilibrium under all rationing rules that satisfy the

monotonicity property.

Example 3

Consider a case where there are two bidders, A and B, and three quantities of an

object. Let uy, up be the marginal value functions of the two bidders such that

uale) = un(q) = 4> 1O
1 ifgell,3].

Consider the history h* = (2%, 2%)i—01.23 = ((3,3), (3,3),(3,3), (3,3)). After h*,
sincere bidding of each bidder is 1.
The result under sincere bidding =% =1

If the bidders report z% = 25 = 1 after h*, then the auction ends at 2° =

(h*,(1,1)), yielding an assignment (x*, %) such that

1<z} <3,
1<% <3,
ry +xp =3

Without loss of generality, suppose that x% > g Since bidder A did not clinch
at t < 3, A’s payment is y¥ = 4z%. Therefore, A’s utility is Ua(z%) — 42% at 2°.



The result under misreporting %4 =0

If bidder A reports 2% = 0, and bidder B reports x5 = 1 after h*, then
the auction ends at 25 = (h?,(0,1)), yielding an assignment (Z4,%5). Since
0 = 2% < 2% = 1 and any other condition of 2° is the same as 2°, by the
monotonicity property, 4 must be strictly less than z%. Similarly to case with

sincere bidding, A’s utility at 2° is Ua(24) — 42 4.

We calculate the difference between A’s utilities at z° and 2°,
<UA(IL’2) — 45(3164) - (UA(SZ‘A) — 45?3,4)

= (/0% ua(q)dg — 43:2) - </0“ ua(q)dg — 4:%A>
(] i [ ua(a)da) - (7~ )
_ / walg)dg — 4 ( _ ) (1)

Case 1: £ 4 > 1. We calculate (1) such that

le—iA—él-(le—iA) :—3~(x*A—iA) < 0.

Case 2: &4 < 1. We calculate (1) such that
([Ez—l) +5- (1_£A) —4. <JZZ—JA}A)
* A * 3

Thus, A’s utility at 2° is strictly greater than that at z°, and bidder A has an
incentive to misreport after h*. Therefore, sincere bidding by all bidder is not an

ex post perfect equilibrium.



Proof of Lemma 1

Since u; is a weakly decreasing integer-valued function, there is a partition {ay, . .., a;, } C
X; with 0 = a9 < -+ < a,,, = A; and values {by,...,b,,} C {0,1,...,u} with
by > by > - -+ > b, such that for each k£ with 1 < k < m,

ul(xl) =b, if a1 < x; < ag.
Note that m < T. Consider any z} € X;. Let
k= argﬁmin{ag ca < ag}.

By the definition of Riemann Integral,

! k—1
Ui(z}) = /0 u;(q)dg = Z be(ae — ap—1) + b(x; — ar—1). (2)

/=1

Take any p € {1,...,T}. Define by =T + 1. Let

r = arg min{bg p— 1< b@}a
l

r’ = arg min{b, : p < by}
¢
By equation (2), we can verify that

a, = min{arg max U;(z;) — (p — 1)},
r,€X;

a,» = max{arg max U;(z;) — pz;}.
r, €X;

Because b, € Z for each /,
{bg:p—1<bg}:{bgip§bg}.
Therefore a, = a., that is,

min{arg max U;(z;) — (p — 1)x;} = max{arg max U;(x;) — px;}.

r,€X; r;€X;



To prove Lemma 2 and Proposition 1, we explain some notation and a property

of the Ausubel auction.

Notation

e With full bid information, a strategy o; is a function that maps each non-
terminal history h € H \ Z to a quantity z; € X;, that is, 0; : H\ Z — Xj.

e For each non-terminal history h € H \ Z, the set of histories in the subgame

that follows h is given by
Hl,={W € H: 1 = (h,h") for some sequence h"},
and the set of terminal histories in the subgame is given by

Zlh=Z N H|p

e For each non-terminal history h € H \ Z and each strategy o;, we denote
oiln : H|p \ Z|n, — X; the induced strategy in the subgame that follows h.
For each h' € Hy, \ Zy, o:;(h') = o:|n(K).

e Let m;(+) be the utility of bidder i at an n-tuple of strategies.

Property 1

For each t > 1, if there exists a bidder 4 € N such that 2} = C!™' and C!™' > 0,
then the auction ends at ¢, i.e., t = L. Therefore, if the auction does not end at
t, then for each bidder i € N, xt # C!™' or C7! = 0.

Proof. Suppose that z} = C;™' and C;~' > 0. Then, f = M — Y. 2;". By

bidding constraint for each j € N, } < x§_1. Therefore ),y 2% < M. O

Note that this property holds under all rationing rules. We use the property

in proofs of Lemma 2 and Proposition 1.



Proof of Lemma 2

Consider any ¢ € {0,1,...,T},
h' = (xia'r;v s 7xfz)8§t—1 € H \ Zta

and (u;)jen. For each j € N, let o} be sincere bidding which is corresponding to
uj, and o7 |p: be induced sincere bidding in the subgame that follows ht.

Take any i € N and o; € ¥;],¢. Suppose that x!™" < Q;(p'~!). We shall show
that

Wi((gﬂhf)jeN) > (0, (U;|ht)j¢i)-

Let

L+1 s s s
z = (21,25, ..., )s<L

be the terminal history which is reached by (07|xt)jen, and

L'+1 — (As A5 A

s
w $17x27"'7‘1.n)3§l/

be the terminal history which is reached by (o;, (07 |nt);). Denote {(CF)jen}o

the cumulative clinches of z2*1, and {(C%);en}Z, the cumulative clinches of
L'+1
w1

Step 1. z-7' < Q:(p* ).
FL—1=t—1,27"" =27 <Qi(p'™") = Qi(p*™"). Then, let L—1>¢. By

the definition of sincere bidding,
o = 0| ((xf, . ,xf;)ggL,g) = min{z’"% max{CF 2 Q;(p"")}}.

By Property 1, zF' # CF72 or CF72 = 0. Then, #77' = min{z""2, Q;(p*)}.
Therefore, 271 < Q;(p*™1).

Step 2. For each j # i and s < min{L — 1, L' — 1}, x} = #3. This implies that
for each s <min{L — 1, L — 1},

Co=M=> ai=M-) i=C;.

JF JFi



For each s <t — 1, obviously ztzj = izj

For the cases with t < s < min{L — 1, L’ — 1}, we shall show by induction.
Let s = t. Because 2% = o}|;:(h') and 2% = o[ (h'), 2} = 25
Let s =k witht+1 <k <min{L — 1,L’ — 1}) Suppose that xﬁ = :%g for all ¢
with t +1 < ¢ < k — 1. By the definition of sincere bidding,

2y = 0 |we (21, - 2 )espor) = minfaf ™ max{CF 7, Q;(0")}},
5 = o5 lne (@1, 2 )e<pr) = min{2) ™ max{CF ™, Q;(p°)}}-

Since k < min{L —1, L' — 1}, by Property 1, x +# C’k Lor C’k ' = 0. Thus,

ok —
ok =
min{z~", Q;(k)}. Similarly, we have &% = mln{yﬁéC 1,Q]( )} Since 2~ = 2,

xk—:l:k

Step 3. (0] |nt)jen) = mi(0i, (07 [nt)jzi)-
We consider three cases; L =L, L > L' and L < L'.
Case 1. L=1L1".

By step 2, forall s < L —1= L' —1, C¥ = C%. We calculate C* and CF for
two cases with le > Qi(pL) and le < Qi(pL)'

Case 1-1. zF > Q;(p").
By step 1, xf’l < QiL’l. Thus,

Q:(p") <zf <CF <2l <™.
Therefore, by lemma 1,

min{arg max(U;(z;) — p“x;)} < OF < max{arg max(U;(z;) — p=z;)}.
T, €EX; T, €EX;

Hence,

Wi((a;f’hf)jeN) > 7;(0y, (O';|ht)j7éi)-
Case 1-2. Let ¥ < Q;(ph).

We shall show that 27 = 2/~!. By the definition of sincere bidding,

v = o] |n (21, 23)s<r—1) = min{zy ™! max{C{, Qi(p")}}-



Since vF < Qi(p"), 2t =xF' I L —1=1t—1, 27" = z/7'. Then, we assume
t —1+# L — 1. By the definition of sincere bidding,

i =07 lwe((@1, - @) )scp—2) = min{a ™% max{C7 %, Qi(p" )}

Since Q;(p") < Qi(p™™"), xf " = xF < Qi(p""). Hence, we have 2" = z[77,
By repeating this procedure, ¥ = zF~' = ... = z!7'. Thus, CF = 2!

Since bidder i cannot bid more quantity than ™" after A, C’ZL < 27! Then,
Cl < CF < Qi(p").

Hence,

Wi((ajlhf)jeN) > 7;(03, (U;|ht)j7éi)-

Case 2. L > L'.

By step 2, for each s < L' — 1, C¥ = C’f Then, we calculate {C$}L_;, and
C’f’. Since the auction does not end at L’ in the history z**!, by Property 1 for
each j # 1, l‘JL/ #* CJ-L/’1 or CJ-L/’1 = 0. Then, by the definition of sincere bidding,

for each j # 1,

/

i =min{z} ", Q;(p")}.

On the other hand,

L SL/—1 AL -1 %
Ly _mln{xj 7maX{Cj ,Q(p™)}}
. /_ AL — / N
Since ¥ 71 = 771 2t <z Thus,
j j j j
/ N / ’
Clr<M-) al'<M-) af =C}
JF JF

By the definition of cumulative clinches, for each s € {L’,..., L — 1}, C¥ < z?
and zF < CF < xF7'. For each s € {L/,...,L — 1}, because s > t, z{ is sincere
bidding. That is,

zf = min{z{ ™t max{C: Q;(p°)}}-



L+1

Since the auction does not end at s < L — 1 in the history z*™*, by Property 1,

zf = min{z{ ", Q;i(p°)}.
Therefore, for each s € {L,..., L — 1}, 7 < Q;(p°®). Thus,

G <Qpt)  Vsedll...,L-1},
CF <ol <Qip™),
CF <k < Qi(p*™) = max{arg max(U;(x;) — p“x;)}.

T, €X;

Hence,

772‘((‘7;|ht)jeN) > 7;(o, (U;|ht)j¢i)-

Case 3. L< L.

We first show that Q;(p’) < xf. Suppose that Q;(p’) > xf. Similarly to
case 1-2, we have rF = z!~!. By bidding constraint, #* < z!~'. Then, #F < 2f.

Since L < L/, the auction does not end at L in the history w”*'. Therefore,

by Property 1, for each j # i, #F # C’ZL or C’ZL = 0. By the definition of sincere
bidding

x]L = mm{xJL 1,max{CjL L Qi(p")}),
27 = min{@; ", max{C} ", Q;(p™)}} = min{@} ", Q;(»")}

For each j # i, since by step 2, xf‘l = if_l, we have mJL > :i"JL Hence for each

j € N, x} > &%, Since the auction ends at L in the history 2", 7. af < M.

Therefore, jeN :i']L < M. This implies the auction ends at L in the history
w?*1. This contradicts to L < L'. Thus, Q;(p*) < zF.

By step 2, foreach s < L -1, C} = C’f Similarly to case 2, we have C¥ < C’lL
Because 2 < CF, Q;(p*) < CF < CF. Moreover, for each s > L, CF < C# and

Qi(p*) < Qi(p*). Thus, for each s > L, Q;(p*) < éf Hence,

Wi((a;’hf)jeN) > (o, (U;‘ht)j;éi)-



Proof of Proposition 1

Consider any ¢ € {0,1,...,T},
h' = (xia'r;v s 7xfz)8§t—1 € H \ Zta

and (u;)jen. For each j € N, let o} be sincere bidding which is corresponding to
uj, and o7 |p: be induced sincere bidding in the subgame that follows ht.
Take any ¢ € N and o; € ;. We shall show that

Wi((a;’hf)jeN) > (o, (U;|ht)j7éi)-

If /71 < Qi(pt™'), we can show by Lemma 2. Suppose that 2/" > Q;(pt™1).
Let

L+1 s s s
z = (x1,25,...,%,)s<L

be the terminal history which is reached by (075|xt)jen, and

L'+1 _ (As A8

~S
w xl,xz,...,xn)sgy

be the terminal history which is reached by (o3, (075 |nt);:). Denote {(C%)jen}ieo
the cumulative clinches of z2*!, and {(C%);en}Z, the cumulative clinches of
L'+1
wh
We consider three cases; L >t, L' > L =tand L' = L =t.

Case 1. L > t.

Since L — 1 > t, by the definition of sincere bidding,
vkl = 0| ((xf, o ,l’fl)gSL_g) = min{z’ % max{CF 2 Q;(p"")}}.

By Property 1, 271 # CF72 or CF7? = 0. Then, 7' = min{z""? Q;(p*~1)}.
Therefore, z7! < Q;(p*~'), which is the same argument as step 1 of Lemma 2.
Note that we only use the assumption z/™' < Q;(p'~!) in step 1 of Lemma 2.

Thus, we can prove this case similarly to Lemma 2.
Case 2. L' > L = t.

For each j € N and each s <t — 1, obviously 7 = 3. Therefore, for each



s<t—1=L-1,C/ = C’f. We will calculate C¥ and {C’f L
We first show that Q;(p*) < CF. By the definition of sincere bidding,

z; = min{z/~!, max{C/ ", Q:(p")}}.
Since xf‘l > C’Z-L_1 and xf‘l > Qi(ptY) > Qi(ph),
rF = max{CE Qi(p™)}).

Therefore, Q;(p") < x¥. Because x* < CF < 2t Q;(p*) < CF.
Next we show that CF < CA’ZL For each j # i, because t = L, ZL‘]L = O';|ht(ht)

and &% = o%|n(h'). Therefore, for each j # i, x} = &¥. Since the auction does

not end at L in the history w®'*!,

Ch=M-> =M= af.
i i

On the other hand, since the auction ends at L in the history z*!,

L L
C; SM—ij.
#i

Therefore, CF < CF.
Hence, Q;(p*) < CLX < CL. Furthermore, for all s > L+ 1, Q;(p°) <
because Q;(p*) < Qi(p*) and CF < C%. Thus,

Wi((gﬂht)jeN) > (o, (Uﬂhi)j;&z’)-

Case 3. L' =L =t.

For each j € N and each s <t — 1, obviously z} = 27. Furthermore, for each
j # i, xf = o}l (h') = &}. Since for each s < L —1, Cf = C#, we calculate CL
and CF.

Case 3-1. CF' = zF.

By the definition of sincere bidding,

rF = min{z’ ™t max{CI ' Q;(p")}}.

10



Since xiL’l > C’Z-L’1 and xiL’l > Qi(p" ) > Qi(ph),
rF = max{CF!, Q:(p")}.
If 7 = Q;(p*), then CF = Q;(p") and we have

7Ti(<‘7;’hf)jeN) > 7;(0;, (U;|hi)j7éi)-
Suppose that zF = C*71. Then, C*~' > Qi(p%) and CF = CF1. Since CL >
CE=Yand CF7Y = CL71, CF > CF. Therefore, CF > CF > Q,(p"). Hence

Wi((aﬁhf)jeN) > 7;(o, (U;|ht)j¢z’)-

Case 3-2. CF > zF.

First, we show that for each j € {1,...,i — 1}, CJ-L = xf‘l. Suppose that
there exists j € {1,...,7 — 1} such that C} # xf‘l. By the definition of our

rationing rule,

Cl =min{al ! 2l + M — Zxk ZCkL}

kJ
n
_ L E: L E: L
k=j k=1

Therefore,

T S gre
k=1

k=j+1

Since for each k € N, zf < CF, and >, v Cf = M,

M = Z — ;C,ngcLz

k=j+1 kEN

Therefore, for each k > j + 1, £ = CL. Because i > j + 1, this contradicts to
CL > ot

11



Next, we show that C* < CF. By the definition of our rationing rule,

n i—1
Cl =min{xl ' 2l + M — E ah — E Cl} = min{z! ™" M — E
Jj=i Jj=1 j=i+1
n i—1 n
AL g L—1 AL L L ALY i g L1 L
Oy =min{x;" ", &7 + M — 3} — E Ty — 7Y =min{ryT M — E T;
Jj=i+1 7j=1 j=i+1
For each j <1 — 1, since xf‘l = CjL and xf‘l > jL,
L <~ AL
Therefore,
min{z~t M — g g C’L} < min{zF M — g g C’L}
Jj=i+1 Jj=i+1

Hence, CF < CF.

Similarly to case 2, we can show that Q;(pl) < CE. Therefore, Q;(p*) <

Cck < é’f Thus,
Wi((aﬁhf)jeN) > 7;(o, (U;|ht)j¢z’)-

12

ZOL}
iéf}.



