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Online Appendix for

“A Preferred-Habitat Model of Term Premia,

Exchange Rates, and Monetary Policy Spillovers”
A. FORWARDS AND SWAPS

We show that the equilibrium with a currency forward market is equivalent
to one without it but with different demands for foreign assets, home bonds and
foreign bonds. The equivalence result extends to swaps because they are portfolios
of forwards.

We model the demand for currency forwards as follows. Currency traders with
preferences for currency forwards with maturities in [7, 7+ d7] are in measure dr,
and their demand, expressed in units of the home currency, is

(A1) Z) = —(Ce(r) + 0e(T)7),

where ((.(7),0.(7)) are functions of 7.

Since global arbitrageurs can trade costlessly foreign currency, home bonds,
and foreign bonds, Covered Interest Parity (CIP) holds. Moreover, buying Zg )
of the currency forward with maturity 7 is equivalent to the combination of (i)

() @

selling Z,,’ of the home bond with maturity 7 for home currency, (ii) selling Z;,

of home currency for foreign currency, and (iii) selling Ze(tT ) of foreign currency
for the foreign bond with maturity 7. Hence, the equilibrium with the currency

forward market is equivalent to one without it but with Z e(tT ) added to the demand

(1.4) for foreign assets, —Ze(tT) added to the home bond demand (1.5), and Zg)
added to the foreign bond demand (1.5). The demand for foreign assets becomes

T T
Zet + / 2 dr = —aclog(er) — (Gt + Bevt) — / (Ce(7) + Oc(T)y2)dT
0 0
instead of Z.;. The demand for country j bonds with maturity 7 becomes
2 +(=1)"0-m 2§) = —ay(m)1og (P) =(G(r) + 6,(r) ) —(=1) 0= (Gu(r) + ()

instead of Z (tT ). Forwards induce a negative correlation between the demand for
foreign assets and for home bonds, and a positive correlation between the demand
for foreign assets and for foreign bonds.

B. PROOFS

Proposition B.1 characterizes the equilibrium in Section II. We denote by (Lig, Iir, L, Ism, Igr)
the five columns of the 5 x 5 identity matrix.
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PROPOSITION B.1:  When arbitrage is global, the exchange rate e; is given by
(2.1) and bond prices P](Z-) in country j = H, F are given by (2.2), with (A, C)
solving

(B.1) MA, — Ly + Lip =0,

(B.2) —ATq— (mp —7y) + %AGTEETAe =A X,

and (A;(71),C;(T)) solving

(B.3) Aj(r) + MA,(1) - I;; =0,

(BA) Cj(r) — Ay(r) Ta+ SA,(n)TEST (A7) + 241 (jp) = A(1) A,

with the initial conditions A;(0) = C;(0) =0, and

M=T" —a| (0L, —a.A)A/]

T
(B.5) + Z / (Hj(r)Igj—aj(T)Aj(T))Aj(T)TdT 35>
j=H,F"’0

(B.6)

T
ro=aZET [ (G- al)Act 3 [ (G0 - anein) Ayrr
j=H,F 0

Proof of Proposition B.1: Using the definitions of (L;iz, Lir,Iy,Igm,Igr), we
can write (2.16) as

T
aXET | Ao (0, — acAl)T + ) /0 A(7) (0;(T)1g; — i (T)A(1)) " dr | a;

T
+aSET | (G- acl) A+ > /O (G(7) = a;(1)C5(7)) Ay(7)

(B.7)
=-M-T")"q +Ac,

where the second step follows from the definitions of (M, A¢). We next substitute
(et {,ug-? Yi=H,F, Ar) from (2.4), (2.7), (2.8) and (B.7) into the arbitrageurs’ first-
order condition. Substituting into (2.10), we find an equation that is affine in g;.
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Equation (B.1) follows by identifying the linear terms in q;, and (B.2) follows
by identifying the constant terms. Substituting into (2.11), we find an equation
that is affine in q;. Equation (B.3) follows by identifying the linear terms in
q:, and (B.4) follows by identifying the constant terms. The initial conditions
A;(0) = C;(0) = 0 follow because the price of a bond with zero maturity is its
face value, which is one.

Solving the system of (B.1)-(B.4) reduces to solving a system of 25 nonlinear
scalar equations. Indeed, taking the 5 x 5 matrix M as given, we can solve the
system (B.1) of five scalar equations in the elements of the 5 x 1 vector A, the
system (B.3) of five linear ODEs in the elements of the 5 x 1 vector Ay (7), and
the same system (B.3) of five linear ODEs in the elements of the 5 x 1 vector
A (7). We can then substitute back into the definition (B.5) of M to derive the
system of 25 nonlinear scalar equations. Given a solution to that system, (B.2)
determines C, uniquely, and (B.4) determines (Cg(7),Cp(7)) uniquely. Since
for a = 0, (B.5) implies M = I'" and (B.6) implies Ac = 0, (B.1) implies
A.= (T (Liy — Lip) and (B.2) implies (2.17). 5

Corollary B.1 specializes Proposition B.1 to the case where arbitrageurs are
risk-neutral or their risk aversion goes to zero.

COROLLARY B.1: Suppose that arbitrage is global.
o When arbitrageurs are risk-neutral (a = 0), UIP and EH hold: the expected

return on foreign currency is p!Y = iy —ipe, and the expected return on

country-j bonds is ,ug-?EH = ij. Stationarity of the real exchange rate, as
per the conjecture (2.1), requires (2.17).
o When arbitrageurs’ risk aversion goes to zero (a — 0), the expected return

on foreign currency goes to 'Y and the expected return on country-j bonds

goes to MEI)EH only when (2.17) holds. Stationarity of the real exchange rate
does not require (2.17) if ae > 0.

Proof of Corollary B.1: The results for a = 0 follow from the arguments before
the corollary’ statement. When a goes to zero, (B.1), (B.3) and (B.5) imply that
M goes to I'" and (A, {A;(7)};=mr) have the finite limits

. . —1\ T T

ili% Ae = (F ) (IzH IzF) )

. —1 T —FTT

lim A;(r) = (D7) " (1-e777) 1,
When (2.17) holds, (B.2), (B.6) (B.6) are met with A¢ having a zero limit and
(Ce,{C;(7)}j=n,r) having finite limits. Equation (2.16) then implies that A; goes

to zero, which means from (2.10) and (2.11) that UIP and EH hold in the limit.
When instead (2.17) does not hold, (B.2) implies that A Ac has a non-zero limit.
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When, in addition, o, > 0, (B.2), (B.6) (B.6) are met with A¢ having a non-zero

limit, {C}(7)};=pm,r having finite limits, and C, going to plus or minus infinity

at the rate é Equation (2.16) then implies that A; does not go to zero, which

means from (2.10) and (2.11) that UIP and EH do not hold. ]

Propositions B.2 and B.3 characterize the equilibrium in the currency and bond
markets, respectively, under segmented arbitrage and the parameter restrictions
assumed in Section III.

PROPOSITION B.2:  Suppose that arbitrage is segmented, the matrices (I', X)
are diagonal, and 333 = 344 = Y55 = 0. The exchange rate e; is given by (2.1),
with (Aife, Aire) positive and equal to the unique solution of

(B.8) KijAije — 1 = —acaeAije (0t Alge + 0ipAlp,)

and C¢ solving

— kigigAife + KiripAipe — (TF — 7)) + iaizHA?He + §U?FA?Fe
(B.9) = ae (Ce — aeCe) (U?HA?He + U?FA?Fe) .
Proof of Proposition B.2: The first-order condition in the currency market is
(B.10) fiet +iFe — i = Al e,

where A, = (Aige, —Aire) and Mgt = aeWFt(aiQHAi He, —afFAi re). It follows from
(2.10) by keeping only the term Wpr;A, in the parenthesis in (2.12), taking 3 to
be diagonal with 333 = 34 4 = X5 5 = 0, and replacing a by a.. Proceeding as in
the derivation of (2.16) and using v = Sgt = Brr = 0, we find Aet = (Aemre, Aert)
with

(B.11) Aejt = anz‘Qj [Ce — ae (Aimeim — Aipeirs + Ce)] Ajje(—1)H=F)

for j = H,F. Since (I',X) are diagonal with ¥33 = 344 = ¥55 = 0 and
Y = Bt = Prr = 0, we can write (2.4) as
(B.12)

2 2

- = 1 1
fet = —AiHeHiH(ZH—ZHt)-l-AiFeHz‘F(ZF_'LFt)_(7TF_7TH>+§A?H6022H+§AiFegiF'

Substituting A¢; from (B.11) and pe; from (B.12) into (B.10), we find an equation
that is affine in (i, ir¢). Equation (B.8) follows by identifying the linear terms
in (ig,ipe), and (B.9) follows by identifying the constant terms.

When aa. = 0, (B.8) has the unique solution (A;ge, Aire) = (1/Kim, 1/kir),
which is positive. Consider next the case aa. > 0. A solution (A;ge, Aire) to
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(B.8) must be positive, as can be seen by writing that equation as
(B.13) [Kij + acae (05 Alge + 07pAlre) | Aije = 1.

Since (Aipe, Aire,aqe) are positive, the right-hand side of (B.8) is negative.
Therefore, the left-hand side is negative as well, which implies A;ge < 1/kp;
and A;pe < 1/kpj. Dividing (B.8) written for j = H by (B.8) written for j = F,
we find

1 —kinAine _ Aine _— Aire
T 1+ (ki — Rir) Aire

B.14 =
( ) 1 —kirAire  Aire

Equation (B.14) determines A;pg. as an increasing function of A;r. € [0,1/k;F],
equal to zero for A;p. = 0, and equal to 1/k;y for A;jpe = 1/Kk;p. Substituting
Aipe as a function of A;p. in (B.13) written for j = F', we find an equation in the
single unknown A;r.. The left-hand side of that equation is increasing in A;pe,
is equal to zero for A;p. = 0, and is equal to a value larger than one for A;p. =
1/k;p. Hence, that equation has a unique solution A;p. € (0,1/k;r). Given that
solution, (B.14) determines A;g. € (0,1/k;m) uniquely. Given (A;ge, Aire), (B.9)
determines C, uniquely if o > 0. If @, = 0, then the restriction

= . 1 o2 o2
(B.15) i — Ty =1 —TF + <_ae<e> < ;H + ;F)
2 Kim  RiF
on model parameters must be imposed and C, is indeterminate. |

PROPOSITION B.3:  Suppose that arbitrage is segmented, the matrices (T',3)
are diagonal, and X33 = ¥4 4 = X55 = 0. Bond prices P](Z-) mn country j = H, F
are given by (2.2), with A;j1;(T) equal to zero for j' # j and (Ayj;(T),Ci;(T))
equal to the unique solution of the system
2 g 2
(B.16) Ay () + KijAij (1) — 1 = —a;07;A455(7) /0 a; () Ayjj (1) dr,
- 1
Ci(7) = ki Aujg (7) + 5075 Aigg (7) (Ai () = 2Aipelij=ry)
T

(B.17) = ajd?injj(T)/o [G5(7) = o (7)C5(7)] Aijj (T)dr,
with the initial conditions A;;;(0) = C;(0) = 0.

Proof of Proposition B.3: The first-order condition in the country-j bond
market is

(B.18) ,ug? - ijt = Aj(T)/\jt,
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where Aj(7) = A;j;(7) and \j; = ajo; fo X(T)Am (1)dr. Tt follows from (2.11)
by keeping only the term fOT XJ(Z)A]( )d7 in the parenthesis in (2.12), taking 3
to be diagonal with X33 = 344 = X55 = 0, replacing a by a;, and conjecturing
that in equilibrium A;;;(7) = 0 for j' # j. Proceeding as in the derivation of
(2.16) and using v; = Bur = Bre = 0 and A;j,;(7) = 0 for j’ # j, we find

T
(B.19)  Aji = ajo; ( /0 [Gi(7) — (1) (Aijj(T)ije + Cj(7))] Aijj(T)dT) :

Since (T, X)) are diagonal with 333 =344 =355 =0, vz = Bt = Bre = 0, and
Aijri(T) =0 for j' # j, we can write (2.7) and (2.8) as

(B.20)

5y = Ay (P O (r) = Ay ()i (5=i30) + Aigs (7) (Aigg (7) = 2Aire1opy) 0

Substituting Aj; from (B.19) and ¢ from (B.20) into (B.18), we find an equation
that is affine in ij;. Equation (B.16) follows by identifying the linear terms in
ij¢, and (B.17) follows by identifying the constant terms. The initial conditions
A;;;(0) = C;(0) = 0 follow because the price of a bond with zero maturity is its
face value, which is one. Since the affine equation holds when (B.16) and (B.17)
hold, our conjecture A;;/;(7) = 0 for j' # j is validated.

Solving (B.16) with the initial condition A;;;(0) = 0, we find

1— e Fum

(B.21) Agjj(1) = P
K
with
T
(B.22) /ﬁfj = Kij + ajagj/o aj(T)Aijj(T)ZdT.

Substituting A;;;(7) from (B.21) into (B.22), we find the equation

. ) T 1 — e—n;‘jr 2

Ky
in the single unknown /1” The left-hand side of (B.23) is increasing in HU, is
negative for xj; = k;j, and goes to infinity when /1*]- goes to infinity. Hence,
(B.23) has a unique solution x;; > k;;. Given x7;, (B.21) determines A;;;(7)
uniquely.

Solving (B.17) with the initial condition C;(7) = 0, we find

7,]7

(B24) _H'szj/ A’L]j Py z2]/0 Aijj(T)2d7—7
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with
ok = 2 T 2
(B.25) ki = Kijij + ajoy; / [G(T) = a;(7)C5(7)] Aijj (T)dT + 075 Airel {j=F}-
0

Substituting Cj(7) from (B.24) into (B.25), we find

(B.26)
T
= Kijlj + ajoy; fo Gi(7)Aijj(T)dr + o Airel(j—ry + l“J‘Uglj Jo (1) (Jy Aijs(r')2dr’) Aijs(1)dr
7 .
[1 + CIJO'” fO Oéj (IO z]] ) Aijj(T)dT:|
Given z , (B.24) determines C;(7) uniquely. ]

Proof of Proposition 3.1: The property A;jc > 0 is shown in the proof of
Proposition B.2. The UIP value of A;j. is AZéP = 1/kij, as can be seen from
(B.8) by setting a, = 0. When a, > 0 and «, > 0, the proof of Proposition B.2
shows A;je < 1/k;;. Differentiating (B.12) with respect to iy, and ipy, we find

O(ptet + ipe — im¢)
O

O(et +ipe — m¢)
Oipy

= RigAige — 1 <0,

= —KipAipe +1 >0,

respectively.

Proof of Proposition 3.2: The properties A;j;(7) > 0 and A;j; = 0 for j' # j
are shown in the proof of Proposition B.3. The EH value of A;;;(7) is Agf (1) =
(1 —e™"47)/K;j, as can be seen from (B.21) and (B.22) by setting a; = 0. When
aj > 0 and aj(r) > 0, (B.22) implies £j; > x;; and (B.21) implies A;j;(1) <
AEH (7). Differentiating (B.20) with respect to i;;, we find

157
(..

M = A (1) + ki Aiji () — 1 = (ky; — 65) Aiji (1) < 0

Dij ijj KijAigg\T = (Rij = Ry;)Aigg\T )

where the second step follows from (B.21). ]

Proof of Proposition 3.3: Consider an one-off increase in +; at time zero, and
denote by k the rate at which 74 reverts to its mean of zero. Equation (B.11) is
modified to
(B.27)

Aejt = an'in [Ce + HefYt — Qe (AiHeth - AiFeiFt + A"/eet + Ce)] Aijt(_l)l{j:F}
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and (B.12) is modified to
(B.28)
— . T . 1 1
Pet = —Az’He/%iH(ZH—ZHt)+AiFeHiF(ZF—ZFt)+Awe/€Wt—(7TF—7TH)+§A?H603H+§A?F603F-
Substituting A¢j; from (B.27) and pe; from (B.28) into (B.10), we find an equation
that is affine in (ig¢, i, v¢). Identifying the linear terms in 4 yields
FinAve = ae(be — acAse) (Alpeoiy + Alpeoir)
acle (Aiy oty + Afp.oir)

3 3 5 3
Koy + aete (A2, 00y + Alpoly)

(B.29) = Aye =

When a, > 0, (B.29) implies A,. > 0 because 6. > 0. Hence, an increase in 7,
causes the foreign currency to depreciate. Since bonds in each country are traded
by a separate set of agents than those trading foreign currency, their prices do
not depend on ;.

Consider next an one-off increase in 3j; at time zero, and denote by kg; the
rate at which f3j; reverts to its mean of zero. Equation (B.19) is modified to
(B.30)

\jt = ajo; (/OT [G(7) — i (7) (Aijj (T)ije + Apjj (T)Bje + Cj(7))] Az‘jj(T)dT> :
and (B.20) is modified to
) = AL (T)ije + Al (T)Bj1 + C(r) = Agji ()i (i — in) + A (T)kgiBie
(B.31) + %Aijj(f) (Aij; (1) = 2Aipelj—py) 07
Substituting Aj; from (B.30) and pj; from (B.31) into (B.18), we find an equation

that is affine in (ij, Bj;). Identifying the linear terms in §j; yields
(B.32)

3 (7) + 1 A (1) = aj07 Aij () /0 ' [05(7) = 0j(7) Apjj (T)] Aijy (7).
Solving (B.32) with the initial condition Ag;;(7) =0, we find
(B.33) Apji(T) = Nijsj /OT Aiji (e =) gr!,
where

- T
(B.34) Xijpj = ajol; /O [0;(1) — (1) Agyi(T)] Aijj (T)dr.
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Substituting Ag;;(7) from (B.33) into (B.34) and solving for \;;s;, we find

T
(B.35) Nijgj = aja?j Jo 05(7)Aij;(1)dr
. 9P) T p e — .
1+ CLjO‘in fO a;(7) (IO Aij(T")e i )dT/) Ajji(T)dr

When a; > 0, (B.35) implies A;jg; > 0 and (B.33) implies Ag;;(7) > 0 because
(0;(7), Aij;(7)) are positive. Hence, an increase in (j; raises bond yields in country
j. Since the foreign currency and bonds in country j are traded by different agents
than those trading bonds in country j, their prices do not depend on 3;;. |

Proposition B.4 characterizes the equilibrium under global arbitrage and the
parameter restrictions assumed in Section III.

PROPOSITION B.4:  Suppose that arbitrage is global, the matrices (T',3) are
diagonal, and 333 = X4 4 = 55 = 0. The exchange rate e; is given by (2.1) and

bond prices Pj(;) in country j = H, F are given by (2.2), with ({Asje}tj=mr,Ce)
solving

(B.36)  kijAije — 1 = ao};XijjAije — aoiyNijrj Aijre,
(B.37) — Rirrtg Aife + KiripAire — (TF — TH) + %UEHA?He + %G?FA%Fe
= aclyhincAine — aotpNirc Aire,
and (Aus5(r), Aijyr(7), Cy(r)) solving
(B.38)
17 () + Kij Aggi (1) — 1 = aof Mg Aij (T) + aoiiNijrj A (T),
(B.39)
A;j/j(T) + ki Aijr(T) = aggjj\ijj’Aijj (7) + aU?j'S‘ij’j’Aij’j(T),
CH(T) = Rigij Aiji (1) — kijrijr A (T) + %U%Aijj(ﬂ (Aiji(7) — 24ipel (j=r})
(B.40)
+ %U%/Aij/j(T) (Aij/j (1) + 2AiH61{j:F}) = aa?jj\ichijj (1) + aU?j/S\ijchij/j(T),
with the initial conditions A;j;(0) = A;j;7(0) = C;(0) = 0, where j’ # j and
(B.41)

T
)\iij—OéeA?je— E / g (T) Agjr(T)2dr,
k=H,F "0
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(B.42)
Nijr = aeAijeAije — Z / o (1) Aiji (1) Aijrie(T)dr,
k=H,F
(B.43)
Nijo = (G — 0eCo) Agje(—1)1o=r1 4+ 3 / (G(r) — an(7)Ci(r)) Aigi(r)dr

k=H,F

Proof of Proposition B.4: The first-order conditions are (2.10) and (2.11),
with A, = (AiHe, _Az'Fe)a Aj(T) = (AZ'H]'(T), AiFj(T)) and \; = ()\tha )\z'Ft) with

(B.44) )\ijt = anQj WFtAije(—l)l{j:F} + / X 't AZ” d
j'=H,F

They follow from (2.10) and (2.11) by taking X to be diagonal with 333 = 344 =
355 = 0. Proceeding as in the derivation of (2.16) and using v = B = Brt = 0,
we find

Niji = a0y | [Ce — e (Aimeinm — Aireir: + Ce)] Aije(—1)10=1)

+ Z / C] — Oé] ( ) (AiHj/ (T)th + AiFj/(T)iFt + Cj/ (7‘))] Aijj’ (T)dT
j'=H,F
(B.45)
= ao% (/\ijjijt + Aijj’ij’t + )\ijC’) .
Since (T, X)) are diagonal with X33 =344 = ¥55 = 0 and But = Brt = 1 = 0,
we can write (2.7) and (2.8) as
ng EA;Hj(T)th + A;Fj(T)iFt + C}(T) — AiHj(T)/iiH(ZH — th) — AiFj(T)KviF(gF — iFt)
(B.46)

1 1
+ QAiHj(T) (Airrj (1) 4+ 24imel (j=Fy) oom + §AiFj(7') (Aipj (1) — 1= 24ire) 07

Substituting A¢ from (B.45) and pe; from (B.12) into (2.10) (for the definitions of
(A, A¢) in Section I11.B), we find an equation that is affine in (igy, ip¢). Equation
(B.36) follows by identifying the linear terms in (igy¢, i), and (B.37) follows by
identifying the constant terms. Substituting A; from (B.45) and M;;) from (B.46)
into (2.11) (for the definitions of (A;(7), A¢) in Section III.B), we find an equation
that is affine in (ig,ir¢). Equations (B.38) and (B.39) follow by identifying the
linear terms in (igy,ip¢), and (B.40) follows by identifying the constant terms.
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The initial conditions A;;;(0) = A;;;7(0) = C;(0) = 0 follow because the price of
a bond with zero maturity is its face value, which is one.

Solving the system of (B.36)-(B.43) reduces to solving a system of three nonlin-
ear scalar equations. Indeed, taking \igz, \igr = \irg and \jpr as given, we can
solve the system (B.36) of two scalar equations in (A;me, Aire), the system (B.38)
and (B.39) of two linear ODEs in (A;gg(7), Airpu(T)) (setting (j,5") = (H, F)),
and the same system (B.38) and (B.39) of two linear ODEs in (A;gr(7), Airr(T))
(setting (j,7') = (F,H)). We can then substitute back into the definitions of
NitH, \inF = Nirg and \jpp to derive the system of three nonlinear scalar
equations. Given a solution of that system, (B.40) determines (Cy(7),Cr(T))
uniquely, and (B.37) determines C uniquely if o, > 0. If o = 0, then a param-
eter restriction analogous to (B.15) must be imposed and C. is indeterminate.
The results in Section III.B hold for any solution \igz, \igr = \irg and \irr.

|
Proof of Proposition 3.4: We start by proving a series of lemmas.

LEMMA B.1: The matriz

2 3 2 3
_ ([ KiH —aoigAinH  —a0;pNFH
—aoigNiHF KiF — QO;p A\iFF

has two positive eigenvalues.

Proof: The characteristic polynomial of M; is
(B.48)

H()\) = (f@iH — QU?HS\Z'HH — )\) (f@iF — ao‘?FS\iFF — )\) — a2

UiQHUz?Fj\iHFS\iFH-
For A = 0, TI()\) takes the value
I1(0) = (kig — aoighinm) (kir — aoipNiFp) — a0 goENiHFNFH

> a’oiyoiy (NinpNirF — NHFAFH)

T T
= (IQO'Z»QHO'Z-QH [<aeA?He +/ CMH(T)AiHH(T)2dT —I—/ OZF(T)AZ'HF(T)QdT>
0 0

T T
X (OzeA?Fe—l-/ OéH(T)AZ‘FH(T)QdT—I-/ OJF(T)AZ'FF(T)sz)
0 0

(B.49)

T T 2
_ (aeAiHeAl-Fe— /0 ot (1) Auggnr (7) gt () + /0 aF(T)AiHF(T)AiFF(T)dT> ]

The second step in (B.49) follows because (k;p, kiF) are positive and because

(B.41) implies that (Ajgm, A\irr) are non-positive. The third step in (B.49) follows
from (B.41) and (B.42). The Cauchy-Schwarz inequality associated to the scalar
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product
T T
X - Y—ozea:y+/ ag (T )YH(T)dT+/ ap(T)Xp(T)Yp(T)dr
0 0
where X = (z, XH(T),XF( ), Y = (y,Yu(7),Yr(7)), (x,y) are scalars, and

(Xu (1), Xp(1), Yu(r), YF(T)) are functlons of 7, implies that (B.49) is non-
negative. Hence, I1(0) >

For A\ = kg — aO'ZQH)\zHH and A\ = K;p — aafFS\pr, II(A\) takes the value
—aQJZQHUZQF)\Z HF\iFH, which is non-positive because (B.42) implies NiHF = NiFH-
Since (kim, kir) are positive and (NitrH, A\ipF) are non-positive, r;g — aJZHAzHH
and A\ = k;p — GO’,F)\zFF are positive. Since II()\) is a quadratic function of \, is
positive for A = 0, is non-positive for two positive values of A, and goes to infinity

when A goes to infinity, it has two positive roots. |

The matrix M; plays an important role in the determination of (A;ge, Aire)
and (Aigp(7), Airp(T), Aigr(7), Airu(7)). Equation (B.36) gives rise to the
linear system

(B.50) M; ( ﬁ;f ) = < i ) :

Since M; has two positive eigenvalues, it is invertible, and hence (B.50) can be
solved for (A;pe, Aire). Equations (B.38) and (B.39) give rise to the linear system

(B.51) < ﬁ;fﬁg >,+Mi ( ﬁ;jgé:)) ) B < (1) >

for (j,7") = (H, F), and to

Ainp(T) )l ( Ainr(T) > < 0 )
B.52 M; =
(B.52) ( Airr(T) * Airp(T) 1
for (7,7') = (F, H). Since M, has two positive eigenvalues, the solutions (A;g g (7), Aipp (7))

o (B.51) and (A;gp(7), Airpp(7)) to (B.52) go to finite limits when 7 goes to in-
finity.

LEMMA B.2: The normalized factor prices \inr = \irg are non-negative.

Proof: Suppose, proceeding by contradiction, that A\;zp = A\jrg are negative.
The solution to (B.50) is

i A A
(B.53)  Aipe = — Kir — aoip(NipF + 1FH2) N
(ki — a0y Nimn) (Kir — aofpirr) — a’07y ol AinpAirn
= a0 Ourn + Ay
(B.54)  Ajp. = ki — ao;y(Ning + AinF)

7 2 % 2 5y 3 -
(ki — ac?ydinm) (Kir — a02pXipp) — 20202 N pAirH
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The denominator in (B.53) and (B.54) is II(0) > 0. The numerators in (B.53) and
(B.54) are positive because (k;f, ki) are positive and (a i, aNirr, GNigF, AN FH)
are non-positive. Hence, (A;pe, Aire) are positive.

When a = 0, (B.39) with the initial conditions A;xr(0) = A;rm(0) = 0 implies
Aigp(1) = Aipg (1) = 0 for all 7 > 0. Since, in addition, A;p. > 0 and A;pe > 0,
(B.42) implies \igr = Airg > 0, a contradiction.

When a > 0, (B.38) and (B.39) with the initial conditions A;(0) = Airr(0) =
Aigr(0) = Aipr(0) = 0imply Ay (0) = Ajpp(0) = 1and Ajyy p(0) = Ajpy (0) =
0. Moreover, differentiating (B.39), we find Ax(0) = ao2yAinp ALy (0) < 0
and A;/HF(O) = QU?FS\iFHAgFF(O) < 0. Hence, AzHH(T) > 0, AiFF(T) > 0,
Aigrp(1) <0 and A;pp(7) < 0 for 7 close to zero. We define 7y by

TO = sup{AiHH(T/) > 0, AiFF(T,) > 0, AiHF(T,> < 0 and AiFH(T/) <0 forall 7 e (O,T)}

If 79 is finite, then (i) A;pp (1) = 0, A;HH(TO) <0, Airr(10) > 0, Aigr(10) <0
and AiFH(TO) < O, or (ii) AiHH(TO) > O, AZ'FF(TO) = 0, AgFF(TO) < O, AiHF(TO) <
0 and AiFH(TO) < 0, or (iii) AiHH(TO) > 0, AiFF(TO) > 0, AiHF(TO) = 0,
AQHF(TO) > 0 and AiFH(TO) <0, or (iV) AiHH(TO) > 0, AiFF(TO) > 0, AiHF(TO) <
0, Airr (o) = 0 and Aln,(10) > 0. Case (i) yields a contradiction because
(B.38) for (j,j") = (H,F), Ainm(m0) = 0, Aipu(19) < 0 and A\jpy < 0 imply
Al (10) > 1. Case (ii) yields a contradiction by using the same argument as
in Case (i) and switching H and F. Case (iii) yields a contradiction because
(B.39) for (j,5') = (H,F), Aigu(ro) > 0, Airg(70) = 0 and \;jgp < 0 imply
Alpy(10) < 0. Case (iv) yields a contradiction by using the same argument
as in Case (iii) and switching H and F. Therefore, 7y is infinite, which means
AzHH(T) > 0, AzFF(T) > 0, AzHF(T> < 0 and AiFH<T) < 0 for all 7 > 0. Since,
in addition, A;g. > 0 and A;pe > 0, (B.42) implies /_\ZHF = S\iFH > 0, a contra-
diction. Therefore, NiHF = NiFH are non-negative. |

LEMMA B.3: The functions Aigm(7) and A;rpr(7T) are positive for all 7 > 0.

e When a > 0 and a, > 0, the functions A;gp(7) and A;pp(T) are positive
for all T > 0.

e When a =0 or a. =0, the functions A;gp(7) and A;pp(T) are zero.

Proof: Consider first the case @ > 0 and a. > 0. If \igr = \irg = 0, then
(B.39) with the initial conditions A;gr(0) = A;pr(0) = 0 implies A;gp(7) =
Airg(T) =0 for all 7 > 0. Since, in addition, (B.53) and (B.54) imply A;xe > 0
and A;r. > 0, (B.42) implies \;yr = M\irg > 0, a contradiction. Hence, Lemma
B.2 implies 5\2HF = j\ZFH > 0.

Equations (B.38) and (B.39) with the initial conditions A;yy(0) = A;prp(0) =
Airr(0) = Aipr (0) = 0imply Ay ;(0) = Ajpp(0) = 1and Ajyy p(0) = Ajpy (0) =
0. Moreover, differentiating (B.39), we find A’ (0) = ao?yNinr ALy (0) > 0



Aly4 THE AMERICAN ECONOMIC REVIEW MONTH YEAR
and Ay p(0) = ao?edipuAlpr(0) > 0. Hence, Aigu (1) > 0, Ajpp(T) > 0,
Aigrp(T) >0 and A;pg(7) > 0 for 7 close to zero. We define 7y by

0 = sup{Aigg(7') >0, Aiprp(7) > 0, Aigrp(7') > 0 and A;pg (7)) > 0 for all 7/ € (0,7)}.

If 79 is finite, then (i) Aipu(10) =0, ALy (10) <0, Airpr(10) > 0, Aigp(10) >0
and A;pp (7o) > 0, or (ii) A;pr(70) > 0, Airr(0) = 0, Ajpp(0) <0, Aigr(m0) >
0 and AiFH(TO) > 0, or (iii) AiHH(T(]) > 0, AiFF(TO) > 0, AiHF(TO) = 0,
A;HF(TO) < 0and AZ'FH(TO) >0, or (iV) Az’HH(TO) > 0, AiFF(TO) > 0, AZ'HF('T[‘_)) >
0, Airr(m) = 0 and Al (70) < 0. Case (i) yields a contradiction because
(B.38) for (j,j/) = (H, F), A/L‘HH(TQ) = 0, AiFH(TO) > 0 and S\zFH >0 imply
Al p(10) > 1. Case (ii) yields a contradiction by using the same argument as
in Case (i) and switching H and F. Case (iii) yields a contradiction because
(B.39) for (j,j") = (H,F), Aigg(m0) > 0, Aipu(19) = 0 and \jgr > 0 imply
Alpy(10) > 0. Case (iv) yields a contradiction by using the same argument
as in Case (iii) and switching H and F. Therefore, 7y is infinite, which means
AiHH(T) > 0, AiFF(T) > 0, AzHF(T) > 0 and AiFH(T) > 0 for all 7 > 0.

Consider next the case a = 0. The properties of (A;gm(7), Airr(7), Aigp(7), Aipu (7))
follow because (B.38) with the initial conditions A;pp(0) = A;rpr(0) = 0 implies
Aigp(t) = ABEL (1) = (1 — e %07) /k;p > 0 and Aipp(r) = ABHL(1) = (1 -
e ") [k > 0, and (B.39) with the initial conditions A;gr(0) = A;Fpu(0) =0
implies AzHF(T) = AiFH(T) =0.

Consider finally the case a > 0 and o, = 0. Suppose, proceeding by contra-
diction, that \;gr = A\ipg are positive. The argument in the case a > 0 and
ae > 0 implies that (A;gp (1), Aipr(7), Aigr(T), Airpa (7)) are positive for all
7 > 0. Since o, = 0, (B.42) implies \izr = A\iry < 0, a contradiction. Hence,
Lemma B.2 implies \jgr = A\irg = 0. Since \jgr = \irg = 0, (B.39) with the
initial conditions A;gr(0) = A;rpr(0) = 0 implies A;gr(7) = Ajpp(7) = 0. Since
AzHF(T) = AzFH(T) =0, (BBS) with the initial conditions AzHH(O) = AzFF(O) =
0 implies that (A;gu(7), Airr (7)) are positive for all 7 > 0. ]

LEMMA B.4:  The functions A;gp(7) and A;pp(7) are increasing. When a > 0
and o > 0, the functions A;gp(7) and A;pp(T) are also increasing.

Proof: Consider first the case a > 0 and a. > 0. Equations Aj;;(0) =
A;/FF(O) =1, QA;;HF(O)/: AQFH(O? =0, f};’FH(O) = QU%HAZ'HFA;HH((/)) > 0 and
Afr(0) = aoipAirn Ajpp(0) > 0 imply Ajp (1) > 0, Ajpp(7) > 0, Ajpp(r) >0
and A (1) > 0 for 7 close to zero. We define 19 by

10 = sup{ Ay (7)) >0, Aipp (7)) > 0, Ay (7)) > 0 and A}y (7)) > 0 for all 7/ € (0,7)}.

and Al (70) > 0, or (ii) Ay (70) > 0, Ajpp(T0) = 0, Ajpp(10) <0, Ajyp(r0) >
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0 and Ajpu (1) > 0, or (iil) Alyy(70) > 0, Alpp(0) > 0, AzHF(TO) = 0,
Ay p(70) < 0 and Ajpp (7o) 2 0, or (iv) Ay (7o) > 0, Ajpp(r0) > 0, Ay p(70) >
0, Al ppy(10) = 0 and A7 (79) < 0. To analyze Cases (i ) (1 ), we use

(B55> AZ]]( )+HijA;j]( ) ao; )‘ZJJAU]( )+aa ’)‘1] JAU ]( )
(B56) A;;]( )+ KZ]’AU j( ) ao;; )‘ZJJ’A;jj( )+ ao; ’)‘Z] ]/A’L_] ]( )

which follow from differentiating (B.38) and (B.39), respectively.

Case (i) yields a contradiction. Indeed, if A7, (79) = 0, then (B.55) for (4, ') =
(H,F), Al (10) = 0 and N > 0 imply Aln(79) = 0. The unique solution
to the linear system of ODEs (B.55) and (B.56) for (j,j') = (H,F) with the
initial condition (A (70), Aipp(70)) = (0,0) is the function that equals (0,0)
for all 7. This yields a contradiction because (A (0), A%py(0)) = (1,0). Hence,
Al (10) < 0, which combined with (B.55) for (j,j") = (H, F), Alyy(10) =0
and \jpg > 0 implies A} (70) < 0, again a contradiction. Case (ii) yields
a contradiction by using the same argument as in Case (i) and switching H
and F. Case (iii) yields a contradiction because (B.56) for (j,j7') = (H,F),
Al (10) >0, Al gy (10) = 0 and Aigp > 0 imply A% (10) > 0. Case (iv) yields a
contradiction by using the same argument as in Case (iii) and switching H and F.
Therefore, 7y is infinite, which means that (A;g g (7), Airr(7), Aigr(7), Airpa (7))
are increasing.

In the case a = 0 or ae = 0, Lemma B.3 implies A;gr(7) = A;pp(7) = 0. Since
AzHF(T) = AzFH(T) =0, (BBS) with the initial conditions AzHH(O) = AzFF(O) =
0 implies that A;gy(7) and A;pp(7) are increasing. [

LEMMA B.5: The scalars A;pe and A;pe are positive.

Proof: Consider first the case @ > 0 and o, > 0. Since \jgr = \irg > 0
and AzHH(T) > 0, AiFF(T) > 0, AzHF(T) > 0 and AzFH(T) >0forallT™ >0
(Lemma B.3), (B.42) implies A;geA;re > 0. Hence, (A;pe, Aire) are either both
positive or both negative. Suppose, proceeding by contradiction, that they are
both negative. Equations (B.53) and (B.54) imply

(B.57) KiH — QU?H;\Z‘HH < QU?H;\iHF,
(B.58) KiF — GUEFS\iFF < ao'iQFj\iFH'

Since the left-hand side in each of (B.57) and (B.58) is positive, (B.57) and (B.58)
imply
I1(0) = (M’H — aUZZHS\iHH) (/{ip - CLO’?FS\Z‘FF) — aJ?HUZZFj\iHFS\iFH <0,

a contradiction. Hence, (A;e, Aire) are positive.
Consider next the case a = 0. Equation (B.36) implies A;pe = AgHIf =1/kp; >
0 and A;p. = AlUFIf = 1/kpj > 0. Consider finally the case o = 0 and a > 0.
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Since \igr = Mirg = 0 and (M\igm, \irr) are non-positive, (B.53) and (B.54)
imply that (A;ge, Aire) are positive.

LEMMA B.6: The functions Aigr(7) — Aigp(T) and Aipp(t) — Aipa(T) are
positive for all T > 0.

Proof: In the case a = 0 or a, = 0, the lemma follows from Lemma B.3. To
prove the lemma in the case a > 0 and «a, > 0, we proceed in two steps. In Step
1, we show that A;gp(7) — Aigr(7) and A;pp(7) — A;rpp(7) are positive in the
limit when 7 goes to infinity. In Step 2, we show that A;gy(7) — Aigr(7) and
Airr(T) — Aipu(T) are either increasing in 7, or increasing and then decreasing.
The lemma follows by combining these properties with A;gy(0) — A;gp(0) =
Airr(0) — Ajpa(0) = 0.

Step 1: Limit at infinity. Since the matrix M; has two positive eigenvalues,
the functions (A;gp(7), Airr(7), Aigr(7), Aira (7)) go to finite limits when 7
goes to infinity. These limits solve the system of equations

(B.59) /{Z'injj(OO) —1= aa?injinjj(oo) + aO'in/j\ij/inj/j(OO),

(BGO) Kij/Aij’j (OO) = aO‘izj)\ijj/Aijj(OO) + aO'in/)\ij/j/Aij/j(OO),

which are derived from (B.38) and (B.39) by setting the derivatives to zero. Sub-
tracting (B.60) for (4, ') = (F, H) from (B.59) for (j,j') = (H, F), we find

kit (Air e (00) — Ajpp(o0)) — 1
(B.61)
= acighinn (Aigm(00) — Aigr(00)) + acieNirn (Airpm (00) — Ajpr(00)).

Subtracting (B.60) for (j,5') = (H, F) from (B.59) for (j,5) = (F, H), we simi-
larly find

ki (Airpr(00) — Aipp(00)) — 1
(B.62)
= aoiyNinF(Ainr(00) — Aigr(00)) + actpNirr(Aipp(00) — Aipm(00)).

The solution to the system of (B.61) and (B.62) is

(B.63) 7 )
kir — aoip(NiFp + Airm)

Ai J— A’L = — = - N - A’L ey
mH(00) HF(20) (kirt — ao?yNimm) (Kir — ao?pXipp) — a202; 0 NiHFNiFH i
(B.64)

i — aciy (N i
Aipp(o0) — Aipa(00) = rirt — a0ig(Nittit + Airtr) = AjFre,

2 3 23 2 2 3.
(kir — actydinm) (Kir — a0?pXipp) — A202 02 NP H
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where the second equality in (B.63) and (B.64) follows from (B.53) and (B.54),
respectively. Since (A;pge, Aire) are positive (Lemma B.5), so are (A;gp(c0) —
Ainp(00), Aipp(00) — Aipn(00)).

Step 2: Monotonicity. Equations (B.38) and (B.39) with the initial con-
Alpp(0) =1>0and A}, (0) = AL, (0) = 0. Hence, ALy (1) — Alyp(t) >0
and A} pp(7) — Al gy (1) > 0 for 7 close to zero. We define 19 by

10 = sup{ Ay ()= Ay (7)) > 0 and Al pp(7')—Alpy (7)) > 0 for all 7 € (0,7)}.

If 79 is infinity, then A;gg(7) — Aigrp(7) and A;pp(7) — Ajpp(7) are increasing
in 7. Suppose instead that 79 is finite. Then, either (i) A%y (10) — Ay p(10) =0,
A;iIHH(TU) - A;/HFI(TO> <0 an/d Alpp(To) — A;FH/(/TU) > 0, or (i) Aipp (7o) =
Aigp(m) > 0, Aipp(0) — Ajpy(10) = 0 and Afpp(r0) — Afpg (o) < 0. To
analyze Cases (i) and (ii), we use

ian () — Al p(7) + ki (A (1) — Aipp(7)) — 1
(B.65) = aciyhinn(Ainn(t) — Ainp()) + aoipXir (Airu (T) — Aipp(T)),

which follows by subtracting (B.39) for (j,j') = (F, H) from (B.59) for (j,5') =
(H, F), and

Aipp(T) = Aipg (1) + Kip(Aipr(T) — Airn (7)) — 1
(B.66) = aociyNinr(Ainr(T) — Aign (7)) + actpXirr(Aipp(T) — Aipn (1)),

which follows by subtracting (B.60) for (j,;') = (H, F) from (B.59) for (4,j') =
(F, H). Differentiating (B.65) and (B.66), we find

i (T) — Al p(T) + ki (Al (1) — Alggp(7))
(B.67) = aaiQH)‘iHH(A;HH(T) - A;HF(T» + aJiQF)‘iFH(A;FH(T) - A;FF(T))

and

irp(T) — Alpg (7) + Kir(Aipp(T) — Alpy (7))
(B.68) = aU?H)‘iHF(A;HF(T) - A;HH(T)) + aUZZF/\iFF(A;FF(T) - AgFH(T))a

respectively. Equations (B.67) and (B.68) are a linear system of ODEs in the
functions (AL, (1) — ALy p(7), A pp(7) — Alp gy (7).

Consider first Case (i). If Ay (170) — Al p(10) = 0, then (B.67), Al 4 (10) —
Al (1) = 0 and Npg > 0 imply Alpp(70) — Alppy(70) = 0. The unique solu-
tion to the linear system of ODEs (B.67) and (B.68) with the initial condition
(A (10) = Aiggp(70), Ajpp(10) — Ajpp (70)) = (0,0) is the function that equals
(0,0) for all 7. This yields a contradiction because (A} (0)— A’ #(0), Al pp(0) —
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Alpp(0)) = (1,1). Hence, A7y (70) = Afyp(70) < 0, which combined with (B.67),
A%HH(T()) — 14/;HF(T0) =0 and )\/i/FH >0 im}/)/lies Al pp(10) " A;FH(TO)/> 0. Since
Al (10) = Aigp(10) = 0 and Afyy(10) — Al p(70) <0, Ajg () — Ajgp(T) <0
for 7 larger than and close to 9. We define 7| by

o = sup{ Ay ()= Ay p(7)) <0 and Al pp (7)) —Alpy (") > 0 for all 7/ € (19,7)}.

If 7 is finite, then either (ia) AL, (70) — ALy p(10) =0, ALy y(10) — Ay p(170) >0
and Ajpp(0) — Ajpp(70) > 0, or (ib) Ajypy(m0) — Ajgp(to) < 0, Ajpp(mo) —
Alpp(10) =0 and AYpp(10) — Alpp (10) < 0. In Case (ia), the same argument as
for 7o implies A7y (79) — Afyp(79) > 0, which combined with (B.67), Ajy 5 (10) —
Alyp(10) = 0 and \ipg > 0 implies AL, p (1)) — Alpy (1) < 0, a contradiction.
In Case (ib), the same argument as for 7y implies A7y (7)) — Alpy (7)) < 0,
which combined with (B.68), A}.p(70) — Alpy(70) = 0 and A\jgr > 0 implies
Al gy (1) — Al p(15) > 0, a contradiction. Therefore, 7 is infinite, which means
that A;pp(7) — Ajrpp(7) is increasing, and A;pp(7) — A;gp(7) is increasing in
(0,70) and decreasing in (79, 00).

Consider next Case (ii). A symmetric argument by switching H and F' implies
that A;gg(7) — Aigp(7) is increasing, and A;pp(7) — A;pm(7) is increasing in
(0,70) and decreasing in (79, 00). ]

Using Lemmas B.1-B.6, we next prove the proposition. Since (A;xe, Aire) are
positive (Lemma B.5), (2.1) implies de;/digy < 0 and de;/dipy > 0. When
a > 0 and o, > 0, (B.41) implies that (M\;gx, \irr) are negative, and the proof
of Lemma B.3 implies that (X\igr, A\irg) are positive. Hence,

(B.69) aa?Hj\l-HHAiHe — aa,?FS\iFHAiFe <0,

(B.70) aa?FXiFFAipe — aaiQHS\iHFAiHe < 0.

Equations (B.69) and (B.70) also hold when a > 0, ae = 0 and (o g (7), ap(7)) are
positive. This is because (B.41) again implies that (A\;gzx, A\irr) are negative, and
the proof of Lemma B.3 implies A\;zr = A\irg = 0. Combining (B.69) and (B.70)
with (B.36), we find A;ge < 1/kig = A%f and A;jpe < 1/Kkip = A%f. Combin-
ing (B.69) and (B.70) with (2.10) (for the definitions of (A, A¢) in Section II1.B)
and (B.45), we find 8(#@1& + i — th) /(%Ht < 0 and 8(,Uet +ip — th) /8iFt >
0. This establishes the first bullet point of the proposition.

Since (Aigm(7), Airr(7)) are positive for all 7 > 0 (Lemma B.3), (1.1) and
(2.2) imply that (aygg/amt,ay}?/aipt) are positive. When a > 0 and o, >
0, Lemma B.3 implies that (A;gp(7), A;rpp (7)) are positive for all 7 > 0, and
Lemma B.4 implies that (A;gr(7), Airm (7)) are increasing. Equation (B.39) for
(7,7) = (H, F) implies

(B.71) CLO’iZH;\iHFAiHH(T) —i—aa?F;\iFFAiFH(T) > 0.
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Multiplying both sides of (B.71) by A\igg/Nigr < 0, we find

2 Xz}{HS\zFFA

aU@'ij\iHHAiHH(T) + ao;p iFH(T) <0

) MHF
(B.72) :>GU?HAiHHAiHH<7_)"‘CLU?F)\iFHAz‘FH(T) < 0,

where the second step follows from A;py(7) > 0 and from the inequality NHHNFF—
AigrNira < 0 established in the proof of Lemma B.1. We likewise find

(B.73) CLO’?FS\iFHAiFF(T) +a01'2H5\iHHAiHF(T) > 0,
(B.74) = CLU?F;\iFFAiFF(T) + aU?Hj\iHFAiHF(T) < 0,

by switching H and F. Equations (B.72) and (B.74) hold also when a > 0,
a. = 0 and (ag(7),ar(r)) are positive. Indeed, the proof of Lemma B.3 im-
plies )\iHF :_)\iFH = 0, and since (Az‘HH(T)7 AiFF(T)) are positive, (B.41) implies
that (Aigm, \irr) are negative. Combining (B.72) and (B.74) with (B.38), we
find Ajgp(7) < (1 —e ™7 kg = AERL (7) and Aipp(T) < (1 — e FFT) [kip =
AEH (7). Combining (B.72) and (B.74) with (2.11) (for the definitions of (A;(7), A¢)
in Section I1L.B) and (B.45), we find 9 (Mg;g i Ht) /Dipgs < 0and d (u}? i Ft) JDipy <
0. This establishes the second bullet point of the proposition.

When a > 0 and o, > 0, (A;gr(7), Aira (7)) are positive for all 7 > 0, and
hence (1.1) and (2.2) imply that (8ygt) /Dire, 3y¥t) /Oigt) are positive. Moreover,
combining (B.71) and (B.73) with (2.11) and (B.45), we find 9 (Mgg i Ht) Dipy >

0 and 0 (ugt) —1 Ft) /Oim: > 0. This establishes the third bullet point of the
proposition. The fourth bullet point follows from Lemma B.6, (1.1) and (2.2). &

Proof of Proposition 3.5: Combining (2.10) and (2.11) (for the definitions of
(A, Aj(7),A¢) in Section IIL.B) with (3.2), we can write the expected return of
the hybrid CCT as

(B.75)

Mi(lTC)CTt = Nirt(Aire + Aira (1) — Aigu (7)) — Nirt(Aire + Aigr (1) — Aipp(T)).
Using (B.45), we find

(B.76)
aNELT(,)*CTt
OiHt

(B.77)

a (1) B B
% = aoiyNitF(Aige + Aigr(T) — Aigr (7)) — aclpNirr(Aire + Aipa (T) — Aipr (7).
¢

= aoiyhina(Aige + Aigr(1) — A (1)) — aolpdira (Aire + Airr (T) — Aipr(T)),
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When a > 0, and o > 0 or o;(7) > 0, (\imH, \irr) are negative. Since, in
addition, (A;gr, A\ipgr) are non-negative, (A;ge, Aire) are positive and A;(0) —
Aigr(0) = Aipr(0) — A;pg(0) = 0, (B.76) and (B.77) imply that there exists
a threshold 7% > 0 such that 8M§LTC)YCTt/8th < 0 and 8;;;20%/8@'1:,; > 0 for all
7 € (0,7%). Since at least one of (Aigp(7) — Aigr(7), Airr(T) — Aipa(T)) is
increasing (proof of Lemma B.4), they are both increasing when countries are
symmetric. Since, in addition, (A;gg(00) — Aigp(00), Aiprp(00) — Aipp(00)) =
(Aire, Aire) (proof of Lemma B.6), (B.76) and (B.77) imply that when countries
are symmetric, 8/;5120% /Ot < 0 and 8/;220% /Oipy > 0 for all 7 > 0, which
means 7 = o0.

Combining

HCCTt = fet + 1Ft — tHt = NiHtAiHe — NiFtAiFe,

which gives the expected return of the basic CCT and follows from (2.10) (for the
definitions of (A¢, A¢) in Section II1.B), with (B.45), (B.76) and (B.77), we find

(B.78)
0 (MngC)‘CTt - MCCTt) _ _
B = NioHa(Ainr(7) — Aiga(7)) — Xinr(Aira(T) — Aipr(T)) > 0,
(B.79)
0 (M;LTC)'(]Tt - HCCTt) _ _
Dir = Nira(Ainr(T) — Aigu (7)) — Nirr(Airu (1) — Aipr(T)) <0,
t

where the inequalities follow because (A, \irr) are negative, (\jgr, \irpp) are
non-negative, and (A;pp(7) — Aigr(7), Airpr(T) — A;pg (7)) are positive for all
7 > 0 (Lemma B.6). Hence, the sensitivity of the hybrid CCT’s expected return to

(i¢, i) is smaller (less negative in the case of ip; and less positive in the case of
iFt) than for the basic CCT. Since (AlHH(OO)—AlHF(OO), AZFF(OO)—AlFH(OO)) =
(Aife, Aire), (B.75) implies that MgLTC)'CTt goes to zero when 7 goes to infinity.

Using (2.1), (2.2), (3.3) and v = Byt = Bre = 0, we can write the return of the
long-horizon CCT as

Aincimt — Aireirt + Ce + (tp — ma)t — (Aincimtrr — Aireirirr + Ce + (mp — mH)(t 4+ 7))
+ AiFF(T)’iFt + AiHF(T)th —+ CF(T) — (AiHH(T)th + AiFH(T)’L'Ft + CH(T)) .

Hence, (3.1) implies that the annualized expected return of the long-horizon CCT
is

T ]- — KT /- = —Ri TN/ - -
Hoor: = — [Aine(1 = e (i — i) = Aire(1 = ™" (ipy —ip) = (TF = 7H)T
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(B.80)
+ Aipp(T)ipe + Ainp(T)ige + Cp(1) — (Aimu (T)ige + Aira (T)ipe + Cu(7))]

and its sensitivity to (g, i) is

ouy) 1 |

(B.81) % = - [Airre(1 — 747 + Aip (1) — Aimrn (7))
a#gQCTt 1 —KipT

(B.82) “oim 7 [—Aire(1 — e ™FT) + Aipp(T) — Aipe(T)] -

When a > 0, and o > 0 or a;(7) > 0, Ajge < 1/kig and A;pe < 1/Kip. Since,
of (B.81) with respect to 7 at 7 = 0 is negative, and the derivative of (B.82) with
respect to 7 at 7 = 0 is positive. Hence, there exists a threshold 7* > 0 such that
8MEQCTt /Oim: < 0 and 8/&20% /Oipy > 0 for all 7 € (0,7*). When countries are
symmetric, we set ki, = Kig = KiF, Or = OiH = OiF, Aie = Aige = Aire, AA(T) =
Aing(T)—Aigr(T) = Airr(T) = Aira(T), AN = Nigg —A\inr = A\irr —Airg < 0.
Taking the difference between (B.38) and (B.39) yields

AA(T) + Kk AA(T) — 1 = ac? ANAA(T),
which integrates to
AA() = Ao (1 = em(maotadr)

since AA(0) = 0 and AA(co) = Aje. Substituting into (B.81) and (B.82), we find

G,u(T) O,u(T) 1 2AT
B.83 LCCTt . _ ZHHCCTt ~Aje —(kr—@OFAN)T _ —KeT 0.
( ) ath 8iFt T (6 € ) <

Hence, 7" = oc.
The annualized expected return of the sequence of basic CCTs is
() 1 t+1 .
Hoory = —Ei / (Nimy Aitre — Aipp Aire) dt'.
t

Using (3.1) and (B.45), we find

aM(T) 1 — e MHT _ _
angt E— (aolgNinmAine — aoiphipmg Aire)
t i
1 —e MinT
(B.84) = W(HiHAiHe - 1)7
(]
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where the second step follows from (B.36). We likewise find

o () 1 — e RiFT
(B.85) Hoere - 27 ° © (nipAipe —1).
82Ft Ri;pT

Combining (B.81) and (B.84), we find

9 NéTC)CTt - /‘(C%Tt 1[1—e T
( ) = [ + Aigr(T) — AiHH(T)] >0,

iy T KiH

where the inequality sign follows from (B.65) by noting that the left-hand side of
(B.65) is negative. Combining (B.82) and (B.85), we likewise find

o (1) _ (1) o
Hecere — HeoTt 1 [ 1—e ®irFT
. = —7+A1FF(T)—AZ'FH(T) < 0.

Oy T KiF
Hence, the sensitivity of the long-horizon CCT’s expected return to (igy,ipy) is
smaller (less negative in the case of iy and less positive in the case of ip;) than for

the corresponding sequence of basic CCTs. Since (A;gg(7), Airr(7), Aigr(7), Airm (7))
go to finite limits when 7 goes to infinity, (B.80) implies that ,quCTt goes to

CF(T) CH(T)

lim lim — (mp — 7H)
= Kkipip (Aipp(00) — Aipp(00)) — kimtp (Aipp(00) — Aipr(c0))
1

- 501-21: [A;pp(00) (Aipp(c0) — 2Aipe) — Airm(20)?]

+ 50% [An(00)? — Aimr(00) (Aimr(00) + 2Aise)]

+ aoipAirc (Aipp(00) — Aipp(00)) — aoiydinc (Aiga(00) — Aipp(00)) — (Tp — TH)
= KiripAire — Kiia Aire + %UiQFAzZFe + 50inAine

+ aciphircAire — aoigNincAige — (tp — i) = 0,

where the second step follows from (B.40) by noting lim; oo C;(7)/7 = lim; 00 C}(7),
the third step follows from (A; g (00)—A;gr(00), Aipr(00)—Aipa(00)) = (Aife, Aire),

and the fourth step follows from (B.37). Since

i = i S G ) =i

- (7TF 77TH)5

the difference in real yields across countries becomes zero in the limit 7 goes to
infinity. |
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We next prove a lemma that we use in subsequent proofs.

LEMMA B.7: Whena > 0 and ae > 0, the functions (Aip(7)/Aign (1), Aigr(7) /Airr(T))
are increasing.

Proof: The functions (A;g (1), Aip (7)) solve the system (B.51) of linear ODEs
with constant coefficients. The solution is an affine function of (e™"17,e™"27),
where (v1,19) are the eigenvalues of the matrix M;. Because of the initial con-
ditions A;gp(0) = A;rpp(0) = 0, we can write the solution as a linear function
of (1 —e™7)/v1, (1 —e ") /va). Because (A} (0), Alpp(0)) = (1,0), the co-
efficients of the linear terms sum to one for A;gy(7) and to zero for A;pp (7).
Hence, we can write the solution as

1—e™7 1—e™7 1—e ™7
(B.86) Aiga(T) = ———— + ¢HH ( - > ;
141 1%0) 11
1—e™7 1 —e ™7
(B.87) Aira(T) = ¢rH ( — > ;
120) 141

for scalars (¢mgm, prm). The eigenvalues (v1,1v2) are positive (Lemma B.1), and
without loss of generality we can set v; > 9. Since A;ppy(7) is positive when
a >0 and a, > 0 (Lemma B.3), ¢y > 0. Since

l—e— Y17
Aign(T) < buH 1 n dHH

e (D) " gy (e 1T} brn gy (Al ) orn

V2 41 vy 1—e Y17

and the function (vq,v9,7) — (1 — e7"27)/(1 — e7¥'7) increases in 7 because
its derivative has the same sign as (e”'” — 1)/v; — (€"27 — 1)/, the function
Aiga(7)/Arp(7) is decreasing. Hence, the inverse function A;pp(7)/Apm(7) is
increasing. A similar argument using (B.52) establishes that A;pr(7)/Arp(7T) is
increasing. |

Proof of Proposition 3.6: Consider a one-off increase in +; at time zero, and
denote by k- the rate at which ; reverts to its mean of zero. Equation (B.45) is
modified to

Aijt = a07;2j [Ce + Oyt — e (Aimeim — Aireirt + Aveyi + Ce)] Aije(—1)Ho=F

T
+ Y / (¢ (1) = aje(7) (A (T)ime + Airj (T)ire + Ay (T)y + Cjo(7))] Aijje (7)dr
j'=H,F”0

(B.88)
= (ZO'Z-QJ- (Aijjijt + Nijjrigre + Nijyye + )\ijC)
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(B.12) is modified to (B.28), and (2.7) and (2.8) are modified to

“g':) =Aly i (T)ine + Aip(T)ire + AL (1) + Cj(7)

— A (T)ki (i — i) — Air (T)kir (ip — ipe) + Ay (T) ke
(B.89)
1 1
+ QAij(T) (AZH](T) + QAiHel{j:F}) O'iQH + §AiFj(7') (AZF](T) — 1{j:F}2AiFe) U?F.

Substituting A; from (B.88) and pe: from (B.28) into (2.10) (for the definitions
of (Ae, A¢) in Section III.B), we find an equation that is affine in (igy, ipe, ).
Identifying the linear terms in ; yields

(B.QO) H’YAWG = CLO'iZH/_\Z‘thiHe — aUgFj\iFwAiFe-

Substituting A; from (B.88) and ,ug? from (B.89) into (2.11) (for the definitions

of (A;(7), ) in Section III.B), we find an equation that is affine in (igy, ipe, 1).
Identifying the linear terms in ; yields

(B.91) AL () + Ry Ay (1) = a0 himy Aimrj (T) + aoipNiry Ay (T).

Solving (B.91) with the initial condition A,;(0) =0, we find
(B.92)

Ayi(r) = aal-QH)\iHV/ AiHj(T/>€I{’Y(TTI)dT/‘i‘aU?F)\Z’F»Y/ A’L’Fj(T/)eiﬁ’Y(TiTl)ch
0 0

We next substitute A, from (B.90) and {A+;(7)};=m, r from (B.92) into
(B.93)

T T
Aijy = (Oe—cieAye) Ajje(—1) 1 =F1 — / ap(T)Aym(T)Aijr (T)dT— / ap(T)Ayr(T)Aijr(T)dT,
0 0

which follows from the definition of \;j, in (B.88). We find

(B.94) (L4 aolyzymm) Nty + a0ip2ypHNiFy = OcAibe,
(B.95) a2y ar ity + (L4 aoipzypp) Ny = —0e Aipe,
where

T T
ZyHH — %A?He —l—/ aH(T)AiHH(T) |:/ A’L’HH(T/)GH’Y(TT/)dT/] dr
Y 0 0

T T
+/ ap(T)Aigr(T) {/ AiHF(T,)e_H'Y(T_T,)dTI] dr,
0 0

T T
ZyFF = %A?Fe +/ ap(T)Airu(T) [/ AiFH<T/)€_M(T_T/)dT/:| dr
o 0 0
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T T
+/ ap(T)Aipp(T) [/ AiFF(T’)e”V(TTl)dT'} dr,
0 0

T T
2yHF = —%AiHeAiFe +/ OéH(T)AiFH(T) |:/ AiHH(T/)eHV(TT/)dT/:| dr
oy 0 0

T T
+/ OtF(T)AiFF(T) |:/ AiHF<T/)€_N7(T_T,)dT/:| dT,
0 0

T T
2yFH = — 2 AipeAipe + ap(T)Aina(T) Aipg(r)e T dr' | dr
Ry 0 0

T T
+/ ap(T)Ainr(T) [/ AiFF(T,)e_M(T_T/)dTI] dr.
0 0

Equations (B.94) and (B.95) form a linear system of two equations in the two

unknowns (A;g~, Airy). Its solution is

_ 96
(B96) )‘iH’Y = A [(1 + GU?FZVFF)AiHe + aUZZFZ'yFHAiFe]
Y
_ 06
(B.97) )\z’Fy = _A [(1 + CLO’?HZ,YHH)AiFe + ao_f?Hz'yHFAiHe] s
Y
where

_ 2 2 2 2 2
Azy = (1 +aoigzynn)(1 + a0jp2yFr) — 70O p2yHF 2y FH -

To complete the proof, we proceed in three steps. In Step 1, we show that A, is
positive. In Step 2, we show that A, is positive. This proves the first statement
in the proposition. In Step 3, we show that A,y (7) is positive and A,p(7) is
negative. This proves the second and third statements in the proposition.

Step 1: A., is positive. Since (zynH, 2yFF) are non-negative, A, > 0 under
the sufficient condition

(B.98) ZNHHZAFF 2 ZyHFZyFH-

The function

F(u) = z2yun + pzymwr + 2yrH) + u2z7FF

«
=~ (Aige — pAire)’
Ry

T T
+/0 ag(7) [Aina(T) + pAipa(T)] [/o [Aiga (7) + plipg (T)] e )dr! | dr
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T T
+/0 arp(7) [Aigr(T) + pAirr(T)] [/0 [Aigp(T) + pAipp(T)] e Va7’ | dr

is non-negative for all y if

Ry = /0 " (A [ /O ’ A(T')e—w—f’)m'} dr

is non-negative for a non-negative and non-increasing «(7) and for a general A(7).
Since

Fy = /OT o(T)®(7) [/OT @(T’)dr’] dr,

where

integration by parts implies

2

(B.99) Fy = %gzﬁ(T) { /0 ' @(T)dT] - % /0 e [ /0 ’ @(T')dT’] i

The first term in the right-hand side of (B.99) is non-negative because «(7) is
non-negative, and the first term is non-positive because «(7) is non-increasing.
Therefore, Fy is non-negative. Since F'(u) is quadratic in u, its non-negativity for
all p implies

2
427HHZWFF > (Z'yHF + Z'yFH)

1 1
2 2
= ZyHHZFF = Z(nyHF + 2yFH)® = 2yHF2yFH + Z(ZWHF — 2yFH)® > ZyHFZyFH-

Therefore, (B.98) holds.

Step 2: A,.(7) is positive. Substituting (Aifzy, Airy) from (B.96) and (B.97)
into (B.90), and using the definitions of (zyx 1, 2yFF, 2yHF, 2yFr) and that (0c, A.+)
are positive, we find A, > 0 if

(B.100) ZynAitie + ZypAire > 0,
where

_ 2 2 2 2
Zym = oiy(1 + aojpzypr)Aiie + a0, g0 p 2y A Fe

2
= UiHAiHe

T T
+a0i2HUz'2F/ ag(T)[AineAira(T) + AireAinu (7)) [/ Aipp (e ™= dr! | dr
0 0
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T
+ a0i2Ha1l2F / aF(T) [A’LHGA’LFF( ) + Air.A zHF |:/ AZFF ”W(TT/)dT/:| dr,
0

_ 2 2 2 2
Zyp = 0;p(1+ aoigzymm)Aire + a0y 0 pzyaF AiHe

2
= UiFAiFe

T

+a0i2H07;2F/ ag(T)[AineAira (T) + Aire Ainu (T [/ Aigp(r)e (7= T)dT] dr
0
T

—I—aJ?HU?F/ OZF(T)[AiHeAiFF( )+A1Fe ZHF [/ AzHF n.y(r_q—/)dT/:| dr.
0

Since (AjHe, Aire, ZyH, Zyr) are positive, (B.100) holds.

Step 3: A,p(7) is positive and A,r(7) is negative. We prove that
Ayp(7) is positive. The proof that A,p(7) is negative is symmetric. Substi-
tuting (Aigry, Aipy) from (B.96) and (B.97) into (B.92) for j = H, and using the
definitions of (zymw, 2yFF, 2yHF, 2yFr) and that (0., A.,) are positive, we find
A’yH(T) > 0if

(B.l()l) Z’yH/ AiHH(T,)e_HW(T_T/)dT,ZvF/ AiFH(T/)S_H”’(T_T/)dT/ > 0.
0 0

Since (Aipu(7), ZyH, Zyr) are positive, A;pp(7) is non-negative and %((T)) is

non-decreasing, (B.101) holds under the sufficient condition

(B.102) Z g Aip(00) — Zyp Aipp(00) > 0.

Using the definitions of (Z,u, ZyF), we can write (B.102) as
oip Aitie it (00) — 07 Aipe Aipp (00)

T
+ aJiQHU’iQF/ ap(T)[AineAira(T) + AireAinu (T))
0
X [/ [Aira (7)) Airr (00) — Ai i (77) Aipr (00)] e—ﬂw(T—T/)dT/} dr
0

T
+ GU?HUZ‘QF/ ap(T)[AineAirr(T) + Aire Ainr (7))
0
(B.103)
X [/ [Aipp (T ) Airr (00) — Aiprp (7" Aipp (00)] e‘“v(T_T/)dr’] dr > 0.
0

Equation (B.39) for (j,7') = (H, F) implies

A A; Al
(B.104) Agpp(r) = 2 NHES au(T) zFH( )
KiF — QO pNiFF KiF — Q02 \ip




A28 THE AMERICAN ECONOMIC REVIEW MONTH YEAR

which for 7 = oo becomes

ac2  NirA; 00
Aypaa(c0) = STHAHE 11(20)

B.105 3
( ) KiF — Q02N R

Equation (B.38) for (j,j’) = (F, H) implies

aotyNinrAigp(T) 1= Alpp(T)

B.106 Aipp(T) = = = .
( ) i (7) KiF — Q02 NiF R KiF — Q02 NiFF

Using (B.104)-(B.106) to simplify the terms in the first, second and fourth lines
of (B.103), and dividing throughout by ao?;0%-Ainm(o0)/(kir — ac?eAirr) > 0,
we find that (B.103) is equivalent to

Kir % 3
5~ — NikF | Aie — AinrAire
Ao

T T
_ / OéH(T)[AiHeAiFH<T) =+ AiFeAiHH(T)] |:/ ;FH(T’)QKW(TT/)dT/:| dr
0 0
(B.107)
T T ,
+/ ap(7)[AigeAirr(T) + Aipe Aig r(T)] [/ (1— Al pp(r))e = )dT/:| dr > 0.
0 0

Equations (B.41) and (B.42) imply
— ANirrAige — NinFAire
T
— / oz (7) Aipn (7 Asste Aspan () + AipeAsprrg (r))dr
0
T
(B.108) +/ ap(T)Airr(T)[AincAirr(T) + AircAinp(T)]dT.
0

We next substitute (B.108) into (B.107). Noting that 1 — A, .(7) > 0, which
follows from (B.38) for (j,j") = (F, H) and (B.74), and that (A;gu(7), Airr(7T),
Aife, Aire) are positive and (A;gp(7), Airg (7)) are non-negative, we find that
(B.107) holds under the sufficient condition

T

T
/ aH(T)[AiHeAiFH(T)+AiFeAiHH(T)] [AFH(T) — / ;FH(T/)e_RV(T_T/)dT/ dr > 0,
0 0
which, in turn, holds because

ZFH / AZFH -k (T T)dT > AZFH / A’LFH dT = AZFH(O) = 0
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Proof of Proposition 3.7: We prove the proposition in the case j = H. The
proof for the case j = F' is symmetric. Consider a one-off increase in S at time
zero, and denote by rgy the rate at which By reverts to its mean of zero. The
counterparts of (B.90) and (B.92) are

(B.109)

K ApHe = aoiyNigrgAitte — a2pNippAire,
(B.110)
i

ABHj(T) = GU?HS\iHﬁ / AiHj(T/)e_HBH(T_T/)dT/ + CLJZ«QFS\Z'FQ/ AiFj(T/)e_HBH(T_TI)dT,
0 0

where

;\ijg = —OéeAryeAZ‘je(—l)l{j:F}
(B.111)

T T
4 [ 1)~ au () Agnn() Ay (r)dr ~ [ ap(r) Aaur(r)Asie(r)dr
0 0
is the counterpart of (B.93). The counterparts of (B.94) and (B.95) are
- - T
(B.112) (1 + aUZ'QHZBHH)/\iH,B + aUz'QFZBFH/\iFB = / QH(T)A,'HH(T)CZT,
0
T
(B.113) aaszngAng +(1+ GU?FZBFF))%F,B = / O (T)Aipm (T)dT,
0

respectively, where

(6% T T ’

ZﬁHH = — A%He +/ CKH(T)AZ'HH(T) |:/ AiHH(T/)e_K’BH(T_T )dT/:| dT
KBH 0 0
T T ,
+/ ap(T)Aigr(T) [/ AiHF(T/)e'%H(TT)dT/] dr,
0 0
« T T ’
28FF = 7€A12Fe —l—/ OzH(T)AiFH(T) |:/ AZ’FH(T/)ef'{BH(TfT )dT/:| dr
KsH 0 0

T T
+/ OZF(T)AZ'FF(T) |:/ AiFF(T/)GKBH(TT/)dTI:| dT,
0 0

T T
ZBHF = _I{O;quiHeAiFe +/ aH(T)AiFH(T) |:/ AiHH(T/)e_RBH(T—T')dT/:| dr
0 0
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T T
+/ OéF(T)AiFF(T) |:/ AiHF(T/)GHBH(TT/)dT/] dT,
0 0

T T
ZgFH = —Kae AiHeAiFe +/ aH(T)AiHH(T) |:/ AiFH(T/)e_KBH(T_T/)dT/:| dr
BH 0 0

T T
+/ (IF(T)AZ'HF(T) |:/ AZ.FF(T/)e—ﬁgH(T—T/)dT/] dr.
0 0

The solution to the linear system of (B.94) and (B.95) is

(B.114)

3 I 2 T 2 T

Nimg = A (1 +aain5FF)/ O (T)Aigm(T)dT — anFz,ng/ QH(T)AiFH(T)dT] ,
zb L 0 0

(B.115)

_ 1 r 9 T 9 T

Nirg = A.; (1+anHZBHH)/ GH(T)AiFH(T)dTaJZ-HZBHF/ O (T)Aigp(T)dT|
zb L 0 0

where

A.p = (1 +aoiyzpnn) (1 + aoipzarr) — a°0igolp2eHF26FH-
The same argument as in the proof of Proposition 3.6 implies A,5 > 0.

To complete the proof, we proceed in three steps. In Step 1, we show that
(28HF, 28FH) are non-positive, and are zero when a, = 0. In Step 2, we show
that Agrp(7) is positive, and that Aggp(7) is positive when o, > 0 and zero
when a, = 0. This proves the first and second statements in the proposition. In
Step 3, we show that Agp,. is positive. This proves the third statement in the
proposition.

Step 1: (z3mr, 23rH) are non-positive, and are zero when a. = 0. Since
Lemma B.3 implies that A;pg(7) is non-negative and A;rpr(7) is positive, and
Lemma B.4 implies that A;gg(7) is increasing and A;gr(7) is non-decreasing,

T T
28HF < — 2 AineAipe -l-/ ap(T)Aira(T) [/ AiHH(T)e_”"H(T_T/)dT'] dr
KgH 0 0

T T
+/ ap(T)Aipp(T) [/ AiHF(T)e—HﬁH(T—T’)dT/] dr
0 0

T T
Qe Az T Al T
< - AiHeAiFe+/ aH(T)AiFH(T)iHH( )d7+/ OéF(T)AiFF(T)iHF( )
RKgH 0 RpH 0 RpH
_ _NiHF <0,
KBH

where the second step follows because (A;gm(7), Aipr (7)) are positive and (A;gr(7), Aipa (7))
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are non-negative, the third step follows from (B.42), and the fourth step follows
from Lemma B.2. The inequality zgrg < 0 follows similarly.

When a, = 0, Lemma B.3 implies A;gr(7) = Aijpu(7) = 0. Therefore, zgpr =
ZBFH = 0.

Step 2: Agppu(7) is positive, and Agyp(7) is positive when o, > 0 and
zero when o, = 0. Since (A.g,0n(7), Ainu (7)) are positive, (Airu(T), 28rF)
are non-negative, and zgpy < 0, (B.114) implies ;\igg > 0. When a, > 0,
Airpu(T) > 0. Since, in addition, zggy > 0 and zgpy < 0, (B.115) implies
/_\ipg > (0. When Qe = O, (B.115) and AzFH(T) = ZBHF = 0 imply /_\iFﬁ = 0.

Since (A\jug, Aigr (7)) are positive and (A\jrg, Airm (7)) are non-negative, (B.110)
implies Agprp(7) > 0. When ae > 0, A;gr(7) > 0. Since, in addition, (XZ-HB, Xipﬁ, Airrp(T))
are positive, (B.110) implies Agyp(7) > 0. When o = 0, (B.110) and A;gp(7) =
AiFB =0 imply ABHF(T) = 0.

Step 3: Agp. is positive. Substituting (XgHH,j\gHF) from (B.114) and
(B.115) into (B.109), and using the definitions of (2gmu, 28HF, 28FH, 23FF), We
find ABHe > 0 if

T T

(B.116) ZBH/ QH(T)AiHH(T)dT—ZBF/ QH(T)AiFH(T)dT > 0,
0 0

where

Zsn = 07y (1 + aop2rr) Aitte + 40,5051 23 7 Aipe

2
= UiHAiHe

T T
+ GU?HUZ'QF/ ag(T)Airg(T) [/ [Airre Airn (T') + AiFeAz‘HH(T/>}€_HﬁH(T_T/)d7'/:| dr
0 0

T T
+aotyody | ar(r) () [/ [Az‘HeAmT’)+A1~F6A,~HF<T'>]e“ﬁ“”')d’} dr,
0 0

_ 2 2 2 2
Zgr = 0ip(1 + aoigzun)Aire + a0;goipzurAine

2
= 0;pAiFe

T T
+ aafHaizF/ aH(T)AiHH(T) [/ [AiHeAiFH(T/) + AiFeAiHH(TI)]e”ﬂH(TT’)dTI] dr
0 0
T T
+aaz'2H0i2F/ aF(T)AiHF(T) |:/ [AiHeAiFF(T/) —l—AiFeAiHF(T,)]e“BH(TT’)dT/:| dr.
0 0

Since (0u (1), Aigm (7)) are positive, A;pm (7) is non-negative, and A;pp (7)/Aigm (T)
is non-decreasing (increasing when a > 0 and «a, > 0 from Lemma B.7, and zero
when a = 0 or ae = 0), the ratio fOT O (T)Aipp(T)dr/ fOT O (T)Aigp(T)dr is
bounded above by A;pp(00)/Aimm(00). Since, in addition (Zgp, Zgr) are posi-
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tive, (B.116) holds for all positive functions 6 (7) under the sufficient condition
(B.117) ZsagAira(00) — ZgpAipm(00) > 0.
Using the definitions of (Zgp, Zgr), we can write (B.117) as

ol Aitie Airr i (00) — 07pAipe Aip i (00)

T
+ GU?H%ZF/ ap (1) [Aira(T)Aig(00) — Ainp (T) Aipm (00)]
0
X [/ [AipeAirpa(T) + Az‘FeAiHH(T/)}e_nﬁH(T_T/)dT/} dr
0
T
+ aUZZHUz'QF/ ap(7) [Airr(T)Aina(00) — Aigp(T)Aip(00)]
0
(B.118) X [/ [AiHeAiFF(T/) + AiFeAiHF(T/)]e_'{ﬁH(T_T/)dTI] dr > 0.
0

Using (B.104)-(B.106) to simplify the terms in the first, second and fourth lines
of (B.118), and dividing throughout by aJ?HagFAiHH(oo)/(/{iF — aUZZF/\ipp) >0,
we find that (B.118) is equivalent to

KiF 3
5~ — NikF | Aine — AinrAire
asip

T T
- / ap (1) Aipp(T) [/ [AireAira (T + AiFeAiHH(T,)]eKﬂH(TT’)dT’] dr
0 0

(B.119)
T .

+/ ap(T)(1 = Ajpp(T)) [/ [AigeAirr(T') + AiFeAiHF(T/)]G_RBH(T_T/)dT/:| dr > 0.
0 0

We next substitute (B.108) into (B.119). Noting that 1 — A} (7) > 0 and that
(Airu (1), Airr(T), Aibe, Aire) are positive and (A;pp(7), Aipm (7)) are non-
negative, we find that (B.119) holds under the sufficient condition

T
/ ag(T) {AiFH(T) [AireAira(T) + AipeAigu (T)]dT
0
—Aipp(T) [/ [Airre Airn (') + Az‘FeAiHH(T,)}Q_RBH(T_T/)dT/} } =0
0
which, in turn, holds under the sufficient condition

T
/0 am(T) {AiFH(T) [AineAira (T) + AipeAinm (T)]dT
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T
(B.120) _A;‘FH(T> [/ [Az‘HeAiFH(T/) + AiFeAZ‘HH(T/)}dTI] } dr > 0.
0

Equation (B.120) holds under the sufficient condition that the function

Airn(T)

G(r) =
™) Jo [AineAira (7') + AireAinm (7)) dr’

is non-increasing because the term in curly brackets in (B.120) is the negative of
the numerator of G'(7). The function G’(7) is non-increasing under the sufficient
condition that the function

A;FH(T)
AigeAira(T) + Aipe A (T)

G1(7)

is non-increasing. Equation (B.39) for (4, ;') = (H, F) implies

aU?HE\iHFAiHH(T) + (CLO'?FS\iFF — /‘fiF)AiFH(T)
AigeAira(T) + Airpe Ainm (T)

2 . 2y, . NAFH(T)
acgNibF + (a0 p NiFF ’izF)m

Airu(T)
Aitie 3y + Aire

Gi(1) =

Since M\irg > 0, Mipr < 0 and A;pp(7)/Aiga(7) is non-decreasing, G1(7) is
non-increasing. |

C. MODEL ESTIMATION
1. Numerical Solution Method

We derive a system of twenty-five nonlinear scalar equations in the elements of
the 5 x 5 matrix M. We adopt the exponential specification (4.6) and (4.7) for
the functions {(«;(7),0;(7))}j=H,F, and set T' = co. Using the exponential speci-
fication and T = oo, we can compute the integrals involving {A;(7)};=g r in the
definition (B.5) of M by treating them as Laplace transforms of {A;(7)};=n F.
These Laplace transforms can be computed by solving systems of linear equa-
tions with coefficients that are linear in the elements of M. The computation
of the Laplace transforms does not require solving the ODE system (B.3) for
{A;(7)}j=m,F, which would entail computing eigenvalues and eigenvectors of M.

We define the Laplace transform

A (s) = /0 T A (e dr
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of Aj(7), and
X;(s) = / Xj(r)e *Tdr
0

of X;(1) = A;(1)A;(7)". Multiplying (B.3) by e~*", taking integrals of both
sides from zero to infinity, and using the property that the Laplace transform of
A’(7) is s times that of A;(7) (this property follows from integration by parts),
we find

1 _
= g(SI + M) IIZ']',

(1) (sT + M)A, (s) — éIij s A (s)

where I denotes the 5 x 5 identity matrix. Multiplying (B.3) from the right by
Aj(T)T, and adding to the resulting equation its transpose, we find

(C.2)

A(T)AG(T) THA (1) A (1) T+MA; (1) A (T) T +A;(T) A (1) TMT=1;A,(7) T —Aj(7)I

Multiplying (C.2) by e *7, taking integrals of both sides from zero to infinity,
and using the definition of X;(7) and the property that the Laplace transform of
X' (7) is s times that of X;(7), we find

(C.3) (gl + M) X;(s) + %;(s) (31 + M)T — T A5(5) " + A (DT

The solutions to (C.1) and (C.3) can be computed by solving systems of linear
equations with coefficients that are linear in the elements of M. There are twenty-
five scalar equations in the system for (C.1). There are fifteen scalar equations
in the system for (C.3) because X;(s) is a symmetric matrix. Equation (C.1) has
a unique solution A;(s) if sI + M is invertible. Equation (C.3) is a Lyapunov
equation and has a unique solution X;(s) under the sufficient condition that the
eigenvalues of I+ M have positive real parts.

Using the Laplace transforms (A;(s),X;(s)) and the exponential specifications
(4.6) and (4.7), we can compute the integrals involving A ;(7) in the definition of
M as

(C.4) /OOO 0;(7)L;A ()" dr = —0;0L;A45(6;1) T,
(05) /Ooo Oéj(T)Aj(T)Aj(T)TdT = ajoxj(ajl).

Deriving (C.4) requires using the property that the Laplace transform of 7A;(7)
is minus the derivative of the Laplace transform of A;(7). The derivative A’(s)
can be computed as a function of A;(s) by differentiating (C.1):

(C.6)

.Aj(s) + (SI + M)A;(S) = _S%Iij = A;(S) = —(SI + M)il <A](S) + 8121”) .

T _
ij

0.
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Using (C.4) and (C.5), together with
(C.7) Ac=M" Ly —Lp),

which follows from (B.1), we can write (B.5) as

M=T" —a|(01, — acM ™ Ly — Lp)) Ly — L) (M) "

(C.8) — Z (GjOIBjA;(Hjl)T+ajoxj(aj1)) >
J=H,F

The right-hand side of (C.8) is a function of M, derived from (C.1), (C.3) and
(C.6). Therefore, (C.8) forms a system of twenty-five nonlinear scalar equations
in the twenty-five elements of M. Given M, we derive A;(7) by solving the ODE
system (B.3), and we obtain A, from (C.7). Given A;(7) and A., we solve for
Cj(7) and C, from (B.2), (B.4) and (B.6).

We solve the system of twenty-five nonlinear scalar equations using a continu-
ation algorithm.

e Step 0 of the algorithm solves the system for zero risk aversion a(®) = 0.
The solution is M =TT,

e Step i + 1 of the algorithm solves the system for risk aversion af
a® 4 s+ where a( is risk aversion for step i and s(*1 is a small step
size. The solution M) in step i is used as initial condition for solving the
system in step ¢ + 1. This ensures that the solution in step 7 + 1 is found
quickly and is close to the solution in step 1.

1) _

e The algorithm ends when (1) = a.

If there are multiple solutions for M, the continuation algorithm picks the
solution that converges to the unique solution M = I'" when risk aversion goes
to zero.

2. MLE for Alternative Parametrizations

Table C.1 reports parameter estimates and standard errors when innovations to
the currency demand factor are allowed to correlate with innovations to the bond

demand factors. The correlations are small (correlation o, gr/ \/ U,QY st O'?Y sr + 02 =
—0.020 between innovations to the currency demand factor and the home bond

demand factor, and correlation JWF/\/J%H + 0',2%61;, + 02 = —0.185 between

innovations to the currency demand factor and the foreign bond demand factor).
The estimates for the remaining parameters are similar to those in Table 1. The
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TABLE C.1—ESTIMATED MODEL PARAMETERS FOR CORRELATED CURRENCY
AND BOND DEMAND.

Parameter Value Standard Error

Ol 1.144 0.077
OiF 0.867 0.056
OiHiF 0.309 0.075
KiH 0.102 0.061
KiF 0.127 0.049
Kg 0.059 0.058
Koy 0.041 0.116
abchn i -142.1 109.5
abckiny iF 148.1 116.7
aboos 887.9 173.6
abeo, 760.9 395.2
aq 5.977 3.143
ac 71.76 34.59
abeoy gH -15.23 109.8
abe.o gr -143.4 123.2

counterparts of the figures in Sections IV.C and IV.D (not reported here) are
similar as well.

Table C.2 reports parameter estimates and standard errors for («, 61) = (0.25,0.5)
and Table C.3 does the same for (a1,601) = (0.3,0.75). The estimates of all pa-
rameters except for (abyog, acy) are similar to those in Table 1. The estimates for
(aboog, acg) become larger to compensate for the faster convergence of the func-
tions {(c;(7),0;(7))}j=m,F to zero. The counterparts of the figures in Sections
IV.C and IV.D (not reported here) are similar.

Table C.4 reports parameter estimates and standard errors for the case where
K = 21 and p; includes US and German yields with maturities from one to ten
years and the Dollar-Euro log exchange rate. The parameter estimates are similar
to those in Table 1. The counterparts of the figures in Sections IV.C and IV.D
(not reported here) are similar as well.

3. Sensitivity Analysis

Table C.5 shows the derivatives of the elements of the covariance matrix A3 AAT
of innovations to the vector p; in the MLE estimation with respect to the thirteen
model parameters (0;fr, 057, OiHF, KiH s KiFs K8y Ky, Ocbin il OeliniF, aboo g, abe0, acg, ac).
The rows correspond to matrix elements and the columns to model parameters.
Since A AT isa b x5 symmetric matrix, Table C.5 is 15 x 13. We denote
elements of AX ;AT based on the corresponding observables. Consider, for ex-
ample, the element in the third row and second column of A AT (which is the
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TABLE C.2—ESTIMATED MODEL PARAMETERS FOR (aq,61) = (0.25,0.5).

Parameter Value Standard Error

OiH 1.163 0.076
OiF 0.882 0.058
OiH,iF 0.326 0.083
KiH 0.143 0.059
KiF 0.136 0.046
Kg 0.047 0.058
Koy 0.159 0.102
abckin il -159.5 123.4
abckiy iF 193.6 135.2
aboog 1079.0 222.3
ab.0 983.2 477.4
aop 14.68 6.659
ao, 80.47 38.74

same as the element in the second row and third column). That element is the
covariance between innovations to the home ten-year yield and the foreign one-
year yield, and is denoted by ygo)yg)' We express the derivatives as elasticities
by dividing by the matrix element and multiplying by the model parameter. We
highlight in red the elasticities that are within 80% of the maximum elasticity
in absolute value, and in yellow the elasticities that are within 50-80%. Table
C.5 indicates which elements of A¥ ;AT are the main determinants of which
parameters.

e The variance yg)yg) of innovations to the home one-year yield determines
oig because it is sensitive to only ;. Indeed, in the row corresponding
to yg)yg), there is a red in the column corresponding to o;x and no other
reds or yellows.

e The variance yg)yg) of innovations to the foreign one-year yield determines
o;r because it is sensitive to only o;r. Indeed, in the row corresponding to
yg) yg), there is a yellow in the column corresponding to o;r and no other
reds or yellows.

e The covariance yg)yg) between innovations to the home and the foreign one-
year yield determines o, ;r because it is sensitive to only o5y ;7. Indeed, in
the row corresponding to yg)yg), there is a red in the column corresponding
to o;g,ir and no other reds or yellows.

e The covariance yg)ygo) between innovations to the home one- and ten-year
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TABLE C.3—ESTIMATED MODEL PARAMETERS FOR (aq,67) = (0.3,0.75).

Parameter Value Standard Error
Oil 1.165 0.076
OiF 0.888 0.058
OiH,iF 0.322 0.082
KiH 0.149 0.061
KiF 0.138 0.046
Kg 0.055 0.058
Ky 0.158 0.104
abckin iH -162.9 124.5
abckiny iF 196.9 135.7
aboog 1472.0 307.7
ab.0- 989.4 476.9
aqyg 20.36 8.964
ac, 81.21 38.73

TABLE C.4—ESTIMATED MODEL PARAMETERS USING ALL YIELDS FROM ONE

TO TEN YEARS.

Parameter Value Standard Error
il 1.180 0.075
OiF 0.940 0.065
OiHiF 0.348 0.084
KiH 0.094 0.054
KiF 0.115 0.045
Kg 0.033 0.050
Ky 0.129 0.088
aBeiniyr  -145.4 120.6
aﬁemwp 178.7 134.9
aboog 729.1 155.7
afeo-, 946.4 472.2
ao 4.569 2.737
ao, 80.12 39.55
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yield determines x;g. Indeed, in the row corresponding to yg)ygo), there is
a yellow in the column corresponding to k;z and no other reds or yellows,
except for a yellow in the column corresponding to o; g, which is determined
above.

The covariance yg)ygo) between innovations to the foreign one- and ten-

year yield determines k;r. Indeed, in the row corresponding to yg)ygo),

there is a yellow in the column corresponding to x;g and no other reds or
yellows, except for a yellow in the column corresponding to o;r, which is
determined above.

The covariance yg)e between innovations to the home one-year yield and

the exchange rate determines aflok, ;. Indeed, in the row corresponding
to yg)e, there is a red in the column corresponding to aflr~;nz and no
other reds or yellows except in columns corresponding to parameters already
determined and except for a yellow in the column corresponding to afl.o.
The covariance yg)e between innovations to the foreign one-year yield and
the exchange rate determines aflck, ;r. Indeed, in the row corresponding
to yg)e, there is a red in the column corresponding to af.x~;r and no
other reds or yellows except in columns corresponding to parameters already
determined and except for a yellow in the column corresponding to afl.o.

The covariance ygo)e between innovations to the home ten-year yield and

the exchange rate, and its foreign counterpart ygo)e, determine x. Indeed,

in the rows corresponding to ygo) e and ygo)e, there is a red in the column

corresponding to k- and no other reds or yellows except in columns corre-
sponding to parameters already determined and except for a yellow in the
column corresponding to af.o.

(10) (10) (10) (10)
Yp

The variances y;; "y~ and yp of innovations to the home and foreign

ten-year yields, and the covariance ygo)ygo) of innovations between these

yields, determine g, afpog and acag. Indeed, in the rows corresponding to

ygo)ygo)’ ygo)ygo) and ygo)ygo), there are reds or yellows in the columns

corresponding to kg, atlhog and acg and no other reds or yellows except in
columns corresponding to parameters already determined.

The variance ee of innovations to the exchange rate, and the covariances be-
tween innovations to yields and the exchange rate, determine af.0 and acr.
Indeed, in the row corresponding to ee, there is a red in the columns cor-
responding to afl.o., and ee and no other reds or yellows except in columns
corresponding to parameters already determined. Moreover, in the column
corresponding to af.o., there are several other yellows, while in the column
corresponding to a, there are no other reds or yellows.
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The intuition for the determination of ac. and af.0 is as follows. The effect
of aa on the volatility of the exchange rate is particularly pronounced because
higher demand elasticity of currency traders causes both larger under-reaction
of the exchange rate to short rates and larger attenuation of currency demand
shocks. Both effects lower the volatility of the exchange rate. By contrast, the
effect of afl.0., on the volatility of the exchange rate is less pronounced and more
comparable to the effect on the covariance between the exchange rate and bond
yields. This is because higher volatility of currency demand shocks causes larger
under-reaction of the exchange rate to short rates, which tempers the effect of
the demand shocks’ higher volatility on the volatility of the exchange rate.

4. GMM

We use four sets of moments for GMM. A first set of moments concern one-
year yields. They are the standard deviation of one-year yields yji and of their

annual change Ay](-l) = ?J](lt)+1 — j(;), and the standard deviation of the one-year

yield differential ygz — ygt) between home and foreign.

A second set of moments concern the exchange rate. They are the standard
deviation of the annual (log) exchange rate change Aloge; = logeir1 — logey;

the correlation between Aloge; and the one-year yield differential ygz — ygt) ; the

(1)

correlation between Alog e; and the annual change ijt in the home and foreign

one-year yield; and the correlation between the five-year change in the exchange

rate A®) loge; = log er+5 — log e, and the five-year yield differential ?JSZ — yg’t).

A third set of moments concern yields across all maturities up to twenty years.
They are the standard deviation of yields y(? and of their annual change Ay(.T) =

J J
yJ(Tt)Jrl — J(Z); the correlation between the annual changes ij(-l) in one-year yields

and Ay](-:) in all other yields; and the standard deviation of yield differentials

ygt) - yg? for all maturities.

A final set of moments concern trading volume. They are the trading volume
of US government bonds with maturities between zero and three years, and with
maturities between eleven and thirty years, as a fraction of total US government
bond trading volume (denoted by V(0 < 7 < 3) and V(11 < 7 < 30), respec-
tively).

The total number of target moments is N = 12 + 7(Np — 1), where N is the
number of bond maturities (we subtract one to not double-count the one-year
maturity). With maturities going from one to twenty years in annual increments,
N7 equals twenty and the number of target moments is 145 (=12 4+ 7 x 19). We
refer to the twelve moments that do not depend on maturity as scalar.
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We estimate the model by choosing the model parameters that minimize

N
(Cg) L= an(mn - mn)27

n=1

the weighted sum of squared differences between the empirical moments {1, }n=1,.. n

and their model-implied counterparts {m, }n=1,. n. We set the weights w,, to one

for scalar moments and to JTIT for moments that depend on maturity, so that

each type of moment receives the same weight (for moments corresponding to the
one-year maturity, we use 1+ NLT)

To compute the model-implied moments of exchange rates and bond yields, we
first compute the unconditional covariance and autocovariance of the state vector
q:. Integrating the dynamics (1.7) of q; between —oo and ¢, we find

t
(C.10) Qi — q:/ e Tt=)3dB,.
—o0
Equation (C.10) implies that the unconditional covariance matrix of q; is
t
(C.11) Cov(qe, q; ) = / e Tty Te T 945 = 3,
—00

Differentiating (C.11) with respect to t and noting that the derivative is zero, we
find

(C.12) rs+3r’' =37,
which is a Lyapunov equation and has a unique solution 3 because the eigenvalues

of T" have positive real parts. The unconditional autocovariance matrix of q; is

t
COV(qt7q;|,—) = / e_r(t_S)EETe—I‘T(t/_s)dS

—00

t
_ [/ o T332 T (1=5) g | o~ T (F'—1)

—00

(C.13) = S TTE-1),
for ¢ > ¢, where the last step in (C.13) follows from (C.11).

Bond yields and log exchange rates in the model are affine functions of the
state vector q;. The covariance between two such affine functions Xq; + Xy and
Yqu + Yo for 1 x 5 constant vectors (X,Y), scalars (X, Yp), and ¢/ > ¢ is

(C.14) Cov(Xq; + Xo, Yar + Yy) = XCov(qy, th,)YT.
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Table C.4 reports parameter estimates and standard errors for GMM. The
GMM point estimates are similar to the MLE ones in Table 1. GMM also deliv-
ers estimates for (ap,6;), which are similar to the values (0.15,0.3) that we use
in Section IV. The counterparts of the figures in Sections IV.C and IV.D (not
reported here) are similar except for the confidence intervals for the UIP regres-
sions and the exchange-rate responses to monetary policy. These are significantly
wider under GMM because of the higher standard errors of the estimates for

(ee’i'y,iHy geﬁy,iFa aeea'ya aae)-

TABLE C.6—ESTIMATED MODEL PARAMETERS USING GMM.

Parameter Value Standard Error

OiH 1.429 0.148
OiF 0.751 0.140
KiFH 0.126 0.030
KiF 0.090 0.020
Kg 0.050 0.009
Ky 0.134 0.102
aﬁean -267.1 550.4
aﬁemwp 252.1 527.7
aboos 648.9 80.27
abeo, 762.7 1067.0
aop 4.740 3.302
ao 73.38 106.3
o1 0.144 0.031
01 0.374 0.014

5. Variance Decomposition

To compute the variance decomposition, we must account for the correlation
between the instantaneous innovations to the home short rate ig; and the for-
eign short rate ip;, which arises because of the off-diagonal element oy ;r of
the diffusion matrix 3. Attributing all the return variance that arises because
of the Brownian motion B;; to iy amounts to attributing to iz all the vari-
ance that arises because of its correlated part with ¢g;. To attribute the re-
turn variance due to the correlated part symmetrically across ig; and ig;, we
rotate the Brownian motions (B;g¢, Bipt) to new versions (Brimt, Brirt) that
render the diffusion matrix symmetric. We then compute the fraction of re-
turn variance that arises because of each Brownian motion in the rotated vector
Bgr = (BRth,BRZ-Ft,BWt,BgHt,BﬂFt)T and attribute it to the corresponding
element of q; = (ip, ire, Ve, Bre, Bre) -
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We denote the rotated diffusion matrix by 3. Since ¥ is symmetric and the
product of 3 times a rotation matrix R,

Sr¥r=3rEL = (ZR)(ZR) =ZRR'E" =3,

Therefore, Xp = (EET)%.

Since the log exchange rate and bond yields are affine in q;, the same calculation
as in (4.1) implies that the surprise component of a currency or bond log return
over a horizon At is A, j;HAt e T+At=5) 31 LB ps, where the 1 x 5 vector A, is

endogenously determined from the model parameters. The variance of the return
is A X AtA,T , Where

. t+At t+AL
S E/ efI‘(t+Atfs)ERzgefrT(tJrAtfs)dS :/ efI‘(tJrAtfs)EETefI‘T(z‘#Atfs)ds
t t

is the covariance matrix (computed in Section IV.A) of the innovations to q; over
horizon At. The return variance that arises because of the j’th element of the
vector Bp; is ATEAMATT , Where

t+ AL
A _ _ _ T _
EAt,j E/ e F(t+At 5)233‘7226 T (t-‘y—At S)dS
t

and J; is a matrix whose terms are zero except for the term (j,j), which is one.
The matrix X, ; satisfies the Lyapunov equation

- - _ 1T
T+ B, T =3Rd;SE — e TAERI;SRe T AL

The fraction of return variance generated by the j'th element of the vector By,
is

A Sp AT
A S AT

6. Correlations

The top left panel of Figure C.1 shows the correlation between changes to the
one-year and 7-year home bond yields as function of 7. The top right panel shows
the same correlation for foreign bond yields. The bottom left panel shows the
correlation between changes to the log exchange rate and the 7-year home and
foreign bond yields as function of 7. The bottom right panel shows the correlation
between changes to the 7-year home and foreign bond yields as function of 7. All
changes are quarterly. The empirical correlations are the red circles or brown dia-
monds. The model-implied correlations are the blue solid or purple dashed lines.
The black dashed or black dotted lines show the model-implied correlations when
arbitrageurs are risk-neutral. The model-implied correlations can be computed
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as described in (C.14).

Long/Short Yields (H) Long/Short Yields (F)

Maturity (years) Maturity (years)
Yields/Exchange Rate H/F Yields
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FiGure C.1. CORRELATIONS BETWEEN THE EXCHANGE RATE AND BOND
YIELDS.

The empirical correlations are close to the model-implied ones. The correlations
between long-maturity (10- to 20-year) home and foreign bond yields are around
70%. They are higher than the correlations when arbitrageurs are risk-neutral,
which are around 35%. When arbitrageurs are risk-neutral, a country’s bond
yields move only because of that country’s short rate. Therefore, the correlation
between bond yields across countries is equal to that between short rates. When
arbitrageurs are risk-averse, the correlation between bond yields is influenced also
by the bond demand factors, which generate positive comovement for the reasons
explained in Section IV.C.

The correlations between changes to the exchange rate and long-maturity (10-
to 20-year) bond yields are positive for foreign yields, negative for home yields,
and smaller than 20% in absolute value. They are significantly smaller in absolute
value than the correlations between home and foreign bond yields for the reasons
explained in Section IV.C. They are smaller in absolute value than the correlations
when arbitrageurs are risk-neutral because the bond demand factors become a
significant driver of long-maturity bond yields but do not generate comovement
between yields and the exchange rate.

The correlations between short- and long-maturity bond yields are equal to
one when arbitrageurs are risk-neutral because a country’s bond yields move
only because of that country’s short rate. When arbitrageurs are risk-averse,
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the correlations become significantly smaller than one because the bond demand
factors become a significant driver of long-maturity bond yields while generating
only small comovement between short- and long-maturity yields.

7. Predictive Regressions

Bilson (1981) and Fama (1984) perform the regression

1 €t (A1) (A7)
1 = P bue ( ) .
AT og (et—i-AT) Gy vre | Yy Y Ct+AT

The dependent variable is the rate of foreign currency depreciation over horizon
A7. The independent variable is the foreign-minus-home A7-year yield differ-
ential. Bilson (1981) and Fama (1984) assume that the horizon A7 is short
(monthly). ? perform the same regression for longer horizons. The coefficient
by of this regression depends on second moments of bond yields and log exchange
rates, and can be computed as described in (C.14).

Lustig, Stathopoulos and Verdelhan (2019) perform the regression

P(T—AT) P(T—AT)

1 Ft+AT Ci+AT 1 Hit+AT . (A7) (A7)

A log — . | A log — o | = I (Z/Ft — Yy )+€t+AT-
T Ppy et AT Py

The dependent variable is the return over horizon A7 of the hybrid CCT con-
structed using bonds with maturity 7. The independent variable is the foreign-
minus-home A7-year yield differential. Since log bond prices are affine functions
of the state vector q¢, the coeflicient b, s, of this regression can be computed as
described in (C.14).

Lloyd and Marin (2020) and Chernov and Creal (2021) perform the regression

ALT log (qi;) = QuippsTburre (y}AtT) - yl(rﬁT))+bmps [(yiff) - y%?) - (?Jg?t) -

The dependent variable is the rate of foreign currency depreciation over horizon
AT7. The independent variables are the foreign-minus-home Ar-year yield dif-
ferential and the foreign-minus-home slope differential between years 7 and 7o.
The coefficients byp, and by,p¢ of this regression can be computed as described in
(C.14).

Fama and Bliss (1987) perform the regression

(r—AT)
1 P; AT AT T—AT,T AT
E IOg % - y](t ) = Qpp + byp (f](t ™) y](t )) + et+Ar-
jt

The dependent variable is the log return over horizon A7 of the country-j bond

ygi)ﬂ +eryAr
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with maturity 7 in excess of the Ar-year spot rate (yield). The independent
variable is the slope of the country-j term structure as measured by the difference
between the forward rate between maturities 7 — A7 and 7, and the Ar-year spot
rate. Since log bond prices are affine functions of the state vector q;, and the

forward rate is
P
J
log p—A7)
(r—ArT) . jit

/5 AT ’
the coefficient by of this regression can be computed as described in (C.14).
Campbell and Shiller (1991) perform the regression

y](;;i:) - y](;) = Qcs T bcs,]_fiTAT (yj(:) - y](tA’r)) + etyAr-
The dependent variable is the change over horizon A7 in the yield of a country-j
bond with initial maturity 7. The independent variable is the difference between
the country-j spot rates for maturities 7 and A7, normalized so that b is equal
to one under the EH. The coefficient bos of this regression can be computed as
described in (C.14).

8. Monetary Policy Transmission

The top left and top right panels of Figure C.2 show, respectively, how the
cut to the home short rate described in Section IV.D affects arbitrageur bond
holdings at time zero as function of maturity, and how it affects their currency
holdings over time. The bottom left and right panels show the same for the cut to
the foreign short rate. Holdings of home bonds are shown in blue and of foreign
bonds in red. Holdings are expressed as fraction of US GDP.

Following the cut to the home short rate, aggregate holdings of home bonds
by arbitrageurs increase by 0.205% of GDP, as can be derived by integrating the
blue line over maturities. The sharpest increase occurs for maturities around three
years. Arbitrageur holdings of foreign bonds remain essentially unchanged—they
decrease by 0.001% of GDP. Arbitrageur currency holdings increase by 0.751%
of GDP following the cut, and then decline gradually to their pre-cut value. The
responses to the foreign short rate’s cut have similar magnitudes (with currency
holdings decreasing following the cut).

The top left and top right panels of Figure C.3 show, respectively, how the QE
purchases in the home country described in Section IV.D affect arbitrageur bond
holdings at time zero as function of maturity, and how they affect their currency
holdings over time. The bottom left and right panels show the same for the QE
purchases in the foreign country. The coloring and units are as in Figure C.2.

Following the purchases of home bonds, aggregate holdings of home bonds by
arbitrageurs decrease by 7.160% of GDP. Arbitrageurs thus sell to the central bank
bonds worth 71.6% (=7.16/10) of all the bonds that the central bank purchases
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FIGURE C.2. CONVENTIONAL MONETARY POLICY AND ARBITRAGEUR HOLDINGS
— SHORT RATE CUT.

(which are assumed to be worth 10% of GDP). The maturities that arbitrageurs
sell the most are around five years. Arbitrageur holdings of foreign bonds increase
by 1.105% of GDP, as they seek to partly replace the home bonds that they sell
to the central bank by foreign bonds. Arbitrageur currency holdings increase by
0.844% of GDP following the cut, and then decline gradually to their pre-cut
value. The responses to the purchases of foreign bonds have similar magnitudes
(with currency holdings decreasing following the cut).

Figures C.4 and C.5 are the counterparts of Figures 4 and 5 for subsamples. For
each of Figures C.4 and C.5, the left two columns correspond to the subsample
06/1986-12/2007 and the right two columns to the subsample 01/1999-04/2021.
Our results are reasonably stable when viewed in conjunction with the confidence
intervals in Figures 4 and 5.

Figure C.6 shows additional comparative statics of the effects of QE. We vary
the slope parameter g of bond demand, the slope a. of currency demand, and
the correlation parameter o;m,;r between the home and the foreign short rate.
All parameters except for the one that varies are set to their estimated values,
except in the case of o, ;7 where we also vary o;r to keep the standard deviation

UZ»QH T U?F of innovations to the foreign short rate constant. The estimated

value of the parameter that varies corresponds to one in the x-axis by normalizing
the units. The figure shows the ten-year yield and the exchange rate. Results
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FIGURE C.3. UNCONVENTIONAL MONETARY POLICY AND ARBITRAGEUR HOLD-
INGS — BOND PURCHASES.

in the top row are for g, in the middle row for a., and in the bottom row for
OiH,iF-

When «q increases, QE has weaker effects on domestic bond yields. This is
because bond investors require a smaller price increase to sell domestic bonds
to the central bank. As a result, arbitrageurs sell fewer domestic bonds to the
central bank, and adjust less their hedges in currency and foreign bonds. Because
of the arbitrageurs’ reduced trading, QE has weaker effects on the exchange rate
and foreign bond yields.

When «. increases, QE has weaker effects on domestic bond yields. This is
because arbitrageurs can adjust their hedge in currency with smaller price impact,
and thus become more willing to sell domestic bonds to the central bank. Because
arbitrageurs adjust more their currency hedge, they also adjust more their foreign-
bond hedge. As a result, QE has stronger effects on foreign bond yields. The
effects of QE on the exchange rate are non-monotone because on the one hand the
adjustment to the currency hedge is larger but on the other hand price impact in
the currency market is smaller.

When o;5,F increases, QE has stronger effects on domestic and foreign bond
yields, and weaker effects on the exchange rate. The intuition for foreign bond
yields is that arbitrageurs are better able to use foreign bonds to replace the
domestic bonds that they sell to the central bank, causing foreign bond yields
to decrease by more. The intuition for the exchange rate is that it becomes less
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FIGURE C.4. CONVENTIONAL MONETARY POLICY — SUBSAMPLES.

responsive to short-rate shocks. (In the limit of perfectly correlated short rates,
the exchange rate is fixed.) Therefore, currency becomes less valuable as a hedge,
and the exchange rate responds less to QE. The intuition for domestic yields is
as follows. On the one hand, domestic yields should decrease by less because
arbitrageurs are better able to use foreign bonds to replace the domestic bonds
that they sell to the central bank. On the other hand, domestic yields should
decrease by more because currency becomes less valuable as a hedge. Either
effect can dominate, and the second one does under our estimated parameter
values.

References for Online Appendix

Bilson, John, “The “Speculative Efficiency” Hypothesis,” Journal of Business,
1981, 54 (3), 435-451.

Campbell, John and Robert Shiller, “Yield Spreads and Interest Rate Move-
ments: A Bird’s Eye View,” Review of Economic Studies, 1991, 58 (3), 495-514.

Chernov, Mikhail and Drew Creal, “The PPP View of Multihorizon Cur-
rency Risk Premiums,” Review of Financial Studies, 2021, 34 (6), 2728-2772.



VOL. VOL NO. ISSUE PREFERRED HABITAT IN BOND AND CURRENCY MARKETS Ab51

Yield Curve Response to H Shock Exchange Rate Response to H Shock
0.0 | 1.00 |
SS—— | I
_os ,\ 0.75
050
-10
0.25 —\
0 10 20 30 0.0 25 5.0 75 10.0
Maturity (years) Time (years)
Yield Curve Response to F Shock Exchange Rate Response to F Shock
0.0 *\ 0.0 |
-03
— —02 ,/
-06 e |
oo L -0.4
12 , ~0.6 -
0 10 20 30 0.0 25 5.0 75 10.0
Maturity (years) Time (years)
Yield Curve Response to H Shock Exchange Rate Response to H Shock
N e
N 06 |
—0.2 7¥
04 |
-0.4 02 \
-0.6
0 10 20 30 0.0 25 5.0 75 10.0
Maturity (years) Time (years)
Yield Curve Response to F Shock Exchange Rate Response to F Shock
0.0 | 000 |
e S
72; [ = -0.25 —/
03 | \\ —0.50 |-
—o04 | -0.75 |
~os t] . . A -1.00 b . . . .
0 10 20 30 0.0 25 5.0 75 10.0
Maturity (years) Time (years)

FiGure C.5. UNCONVENTIONAL MONETARY POLICY — SUBSAMPLES.

Chinn, Menzie and Guy Meredith, “Monetary Policy and Long-Horizon
Uncovered Interest Parity,” IMF Staff Papers, 2004, 14 (3), 409-430.

Fama, Eugene, “Forward and Spot Exchange Rates,” Journal of Monetary Eco-
nomics, 1984, 14 (3), 319-338.

and Robert Bliss, “The Information in Long-Maturity Forward Rates,”
American Economic Review, Sep 1987, 77 (4), 680-692.

Lloyd, Simon and Emile Marin, “Exchange Rate Risk and Business Cycles,”
Bank of England Working Paper, 2020, (872).

Lustig, Hanno, Andreas Stathopoulos, and Adrien Verdelhan, “The
Term Structure of Currency Carry Trade Risk Premia,” American Economic
Review, December 2019, 109 (12), 4142-4177.



Ab52 THE AMERICAN ECONOMIC REVIEW MONTH YEAR

Yield Response Exchange Rate Response Yield Response Exchange Rate Response
(H Shock) (H Shock) (F Shock) (F Shock)
\ -0.05 B 025
o1 0.40 \\\ -0.10
o : -015 b/ -0.30
0.35 N
AN -0.20 /
-03 y
0.30 -0.25 =035
/
— - -0.30 /
0.4 025 ~_ /
= —-0.40
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
Counterfactual a, Counterfactual a, Counterfactual a, Counterfactual a,
Yield Response Exchange Rate Response Yield Response Exchange Rate Response
(H Shock) (H Shock) (F Shock) (F Shock)
0.65 /»* -0.18 N\ \
—-0.20 / ~0.20 —0.42 \“ B
~025 060 / -0.22 oas /
/ ~0.24
-0.30 0.55 /‘f _0.26 -0.48 /
[ \
0% 0.50 / 028 -051 \ )
/ -0.30 \ /
-0.40 / / - /
oas |/ -0z S o .
! / N
1.2 15 18 21 24 12 15 18 21 2.4 12 15 18 21 2.4 12 15 18 21 2.4
Counterfactual a, Counterfactual «, Counterfactual «, Counterfactual «,
Yield Response Exchange Rate Response Yield Response Exchange Rate Response
(H Shock) (H Shock) (F Shock) (F Shock)
-01 — 052 | ~ -0.40 /
\; —F /
-0.15 /
-0.2 0.50 -0.42 g
-0.20 %
0.48 —0.44 g
-03 ; oas
046 . -0.46
-04 AN -030 |
! I 044 i I I N ! I < . . .
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
Counterfactual o, ;- Counterfactual o, ;. Counterfactual o, ;. Counterfactual o, ;.

FIGURE C.6. ADDITIONAL COMPARATIVE STATICS OF EFFECTS OF QE.



