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Abstract

In this paper, we use an anonymous and time-invariant progressive labor in-
come tax system to implement the constrained social optimum in a setting
where workers privately experience both persistent ability shocks and transient
productivity shocks. We propose a framework to capture the interplay between
welfare policies and firms’ contractual choices. In particular, we use the tax
system to achieve two goals: directly, to redistribute the life-cycle income be-
tween workers of different ability types; indirectly, to induce firms to absorb

transient productivity shocks through efficiency wage contracts.
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1 Introduction

A successful welfare policy should implement efficient outcomes with simple policy
instruments. At the first sight, these criteria seem to be conflicting because the
environment we face are quite complicated. For one thing, we experience varying
types of productivity shocks throughout our life cycles, some of which are frequent
but have temporary effects (e.g., traffic, unanticipated difficulty, unexpected delay
in inputs) whereas others are infrequent but carry long-lasting impacts (e.g., innate
ability, handicap, sectoral unemployment). For another, these productivity shocks
are often our private information. Together, these considerations suggest that the
implementation of any interesting outcome would require complex policies such as
personalized income tax systems that vary the tax rate from person to person and
history by history. Nevertheless, real-world welfare policies are much simpler, as they
are typically anonymous and considerably more stable than the changing environ-
ment in our daily lives. Does such simplicity come at the cost of efficiency? Put it
differently, can we implement the constrained social optimum with simple policies?
If so, under what conditions?

This paper provides affirmative answers to these questions in a setting where
workers privately experience a persistent ability shock a la Mirrlees (1971) and many
transient productivity shocks throughout their life cycles. The main result shows that
under certain regularity conditions, we can implement the constrained social optimum
with an anonymous and time-invariant progressive labor income tax system. Our
key contribution is to let firms play an active role in the implementation strategy.
Specifically, we use the labor income tax system to achieve two goals: directly, to
redistribute the life-cycle income between workers with different innate abilities; and

indirectly, to induce firms to absorb transient productivity shocks through efficiency



wage contracts, leaving only the ability shock for the policy maker to handle. That
is, the tax system induces the policy maker and firms to specialize in different shocks.

We begin with the case with only transient productivity shocks and take the labor
income tax system as given. In this setting, we consider a long-term employment re-
lationship between a firm-worker pair where the privateness of transient productivity
shocks creates moral hazard. Importantly, we show that when labor income taxes
are progressive, the firm incentivizes the worker with efficiency wage contracts that
penalize terrible long-term performances rather than with short-term bonuses that
vary with the concurrent output. Intuitively, the progressiveness of the tax system
makes the after-tax consumption a concave function of the pre-tax income because
as the latter increases, a larger portion of it is taxed away. Such concave relation-
ship costs the firm a tax premium if she were to incentivize the worker with varying
after-tax consumptions. In contrast, it increases the profitability of efficiency wage
contracts which save the tax premium by paying the same after-tax consumption
most of the time and provide near-optimal incentives by inflicting severe penalties
for terrible long-term performances. In the limit case where transient productivity
shocks occur infinitely frequently such that the long-term output becomes a perfect
measure of the worker’s long-term effort, incentive provision under the efficiency wage
contract requires no consumption variation on the equilibrium path. Judging from
the outcome, it is as if the firm absorbs all transient productivity shocks and avoids
the tax premium all together.

We next build this insight into the original setting where the coexistence of persis-
tent ability shocks and transient productivity shocks renders the policy complicated if
the social planner were to implement the constrained social optimum by itself. Never-
theless, we manage to simplify the implementation strategy substantially by modeling

explicitly the firm’s interplay with the tax system. Specifically, we consider a game



where the social planner proposes welfare policies before firms and workers form em-
ployment relationships through long-term contracts. In this setting, we propose an
anonymous and time-invariant labor income tax sytsem that leaves firms zero profit if
they offer efficiency wage contracts that specify the constrained optimal consumption-
effort profiles. Under certain regularity conditions that guarantee the progressiveness
of the tax system, such outcome is indeed an equilibrium of the market game. To
see why, notice that the tax system is designed purposefully to make the planner’s
envelope condition and the firm’s zero profit condition coincide. Consequently, from
the viewpoint of a firm who wants to attract a particular ability type while facing
the competition from the contracts offered to nearby types, the payoff that she needs
to deliver — which is ultimately pinned down by the planner’s envelope condition
— always yields a non-positive profit. Since the efficiency wage contract yields zero
profit, then it is necessarily optimal.

The rest of the paper proceeds as follows: Section [2f examines a setting with only
transient productivity shocks and investigates firms’ contractual responses to the la-
bor income tax systsem; Section [3| studies an environment with both persistent and
transient shocks and presents our core implementation strategy; Section [4| discusses
the related literature; Section [5| concludes; Appendix [A] proposes an alternative for-

mulation of the model in Section 2 Appendix [B]contains all the mathematical proofs.

2 Transient Productivity Shocks

Consider a long-term employment relationship between a firm-worker pair who inter-
act infinitely frequently on a finite time interval [0, 1] and take the labor income tax
system {7(-)} as given. At ¢t = 0, the firm proposes a contract which becomes binding

if the worker prefers to participate than to consume the outside option that yields a



flow utility u. At each instant ¢ € [0,1], the worker exerts a flow effort [; at a cost
v(l;) and produces a random output g, € {H, L} with P(g, = H|l;) = p(l;), where v(-)
and p(+) satisfy v(0) = 0,2'(-) > 0,2"(-) < 0 and p(-) € (0,1),p'(-) > 0 and p”(:) <0,
respectively. The firm observes the output but not the effort. After y; is realized, she
pays a pre-tax wage w; or effectively an after-tax consumption ¢; = wy(1 — 7(¢;)) ac-
cording to what the contract speciﬁesﬁ Throughout this section we assume that 7(c)
is strictly increasing in ¢ such that as the pre-tax income increases, a larger fraction
of it is taxed away and the corresponding after-tax consumption increases, too. The
worker’s flow payoff is u(c;) —v(l;) where u(-) > 0, v”(-) < 0 and lim.|_ u(c) = —o0.

In this setting, let us fix the effort [ that the firm wants to elicit and compare
two contracts: the bonus contract and the efficiency wage contract. To obtain the
sharpest comparison, we assume that the worker is risk-neutral with u(c) = ¢ and
leave it to the reader to verify that the result continues to hold when the worker is
risk-averse.

Bonus Contract  The bonus contract consists of a series of identical static con-
tracts. At each instant ¢, it delivers an after-tax consumption ¢(H) (or ¢(L)) ify, = H
(or L). The contract is incentive compatible if it induces the worker to exert [ at each

instant, i.e.,

Ele(@)l] = v(l) = Ele@)[l'] = v(l') (IC)

and is individually rational if makes the worker participate rather than consume the
outside option, i.e.,

Ele@)|l] —v(l) > u (IR)

'For notational convenience we write the tax rate as a function of the after-tax consumption
rather than the pre-tax income.



The optimal bonus contract that elicit [ solves

max [ [gj —

c(9)
na ol H s.t. (I0), (IR)

1—7(c

We investigate the implication of labor income taxes in two steps. We first argue
that to elicit a non-trivial effort, the optimal bonus contract should increase the after-
tax consumption with the output to satisfy (IC) and set the average after-consumption

to v(l) + u to make (IR) bind:

Lemma 1. Take an arbitrary l > 0. The optimal bonus contract that elicits | satisfies

c(H) > ¢(L) and Elc(9)|l] = v(l) + u.

We next quantify the cost of providing incentives under progressive labor income

tax systems. Specifically, let
v(l) +u
1 —7(v(l) +u)

be the firm’s pre-tax expenditure in the complete information benchmark with per-
fectly observable effort where it suffices to pay an after-tax consumption v(l) + u to
make the worker participate. Define the taz premium as the difference between the
pre-tax expenditure of the optimal bonus contract and its counterpart in the complete

information benchmark, i.e.,

() H_ o(l) +u
T=r(e@)| ]~ T +u)

Tax Premium = E [

In the next proposition we show that the tax premium is always positive for any non-
trivial target effort level. Intuitively, the progressiveness of the tax system means
that as the pre-tax income increases, a larger fraction of it is taxed away, leaving the

worker an after-tax consumption that is concave in the pre-tax income. This, together



with the consumption variation that is necessary for incentive provision, makes the

tax premium strictly positive—see Figure |2| for a graphical illustration. Formally,

al
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\

Figure 1: Tax Premium

Lemma 2. Take an arbitrary | > 0. Under the optimal bonus contract that elicits

l, the tax premium 1is strictly positive and the expected profit is strictly less than

~ v(l)+u
Byl - oo

Efficiency Wage Contract  The efficiency wage contract (c, u, B) consists of a
flow consumption ¢, a performance threshold p and a penalty B. Specifically, it
delivers a fixed after-tax consumption ¢ at each t € [0, 1] and computes the sample
average outputs fol yedt at t = 1. If the result exceeds the performance threshold pu,
then the worker passes. Otherwise he fails and experiences a large utility loss B as a
penalty.

Consider a special case where ¢ = v(l) +u, u = E[g|l]] and B > v(l). This case
is interesting for two reasons. First, the contract induces an equilibrium where the
worker exerts the target effort all the time. To see why, notice first that by using this
strategy, the worker pass for sure according to the Law of the Large Numbers (see

Sun| (2006))). In fact, this is the cheapest way to pass because of the curvatures of



p(+) and v(-). Finally, observe that the worker prefers to pass than to fail, because
in the case of failure, his total payoff is at most —B where this upper bound is
attained if he exerts no effort at all, and he is clearly better-off by exerting [ all
the time. Combindedly, these arguments establish that there exists a Bayesian Nash
equilibrium of the efficiency wage contract where the worker always exerts [ and passes
for sure.

Second, it is noteworthy that in such equilibrium, the firm incurs the same pre-
tax expenditure as in the complete information benchmark and pays no tax premium
at all. This is because the efficiency wage contract pools information over time to
obtain a very precise measure of the worker’s long-term effort and relies on infrequent
but severe penalties for incentive provision. In the continuous time limit, such mech-
anism is so powerful that incentive provision requires no consumption variation on
the equilibrium path. This allows the firm to avoid the tax premium all together.

Formally,

Lemma 3. Take any arbitrary | > 0. Under the efficiency wage contract (v(l) +
u, E[g|l], B), there exists a Bayesian Nash equilibrium where the worker exerts | all the

time and yields the same flow profit E[g|l] — 5 vl +u

T 0)te) in the complete information

benchmark.

Two remarks before we conclude this section. First, in the continuous-time limit,
the firm absorbs all transient productivity shocks through efficiency wage contracts.
Indeed, this is the key ingredient of our implementation strategy in the next section.
Second, the results will remain qualitatively the same as long as we can form a
precise estimate of the worker’s performance within a given time span. In Appendix
we formalizes this statement by analyzing a discrete-time finite-horizon model.

There we show that while the effciency wage contract is no longer frictionless, it still



provides near-optimal incentives at a negligible tax premium when the horizon is
longP] For convenience we will use the continuous-time model as the building block
of the subsequent analysis, but the reader should take the conclusions with a grain

of salt.

3 Persistent and Transient Shocks

We now allow the worker to experience to both persistent ability shocks and transient
productivity shocks. Specifically, suppse that at t = 0, the worker privately draws an
ability type 6 from a distribution F(-) with support © = [#, 00). At each t € [0, 1], he
exerts a flow effort [, and yields the same output distribution as before, but his flow
payoff is now wu(c;) — v(ly, ) where v; > 0, vy > 0,v9 < 0 and vy < 0.

We proceed in two steps. We first derive the constrained optimal allocation from
a relax program of the social planner and argue that it requires a personalized and
history-dependent labor income tax system for the planner to implement this alloca-
tion by itself. We next argue that such allocation is indeed implementable by a simple
progressive labor income tax system when we introduce firms to the framework and

model explictly their contractual responses the labor income tax sytem.

3.1 The Planner’s Problem

For the time being, ignore the firm and consider the problem of a social planner who
wants to maximize the weighted life cycle utilities of all types of workers (use A(6) to

denote the Pareto weight of type 6 worker), subject to the information constraint that

2We also establish that the performance of the efficiency wage contract is robust to contracutal
frictions such as private saving, discounting and limited liability in a certain range of parameters.



it observes effort, the output but not the ability type,ﬁ and the resource constraint
that it must collect a revenue R over [0, 1]. Given the stationarity of the production
technology and the curvature of worker’s utility functions, the problem boils down
to solving the menu of consumption-effort profiles {c(6),1(#)} that maximizes the
weighted flow utility of all types of workers, subject to the truth-telling constraint
that each type of worker selects the profile that matches his true ability type and the

resource constraint that the flow revenue is at least R, i.e.,

max /@ A(0)(c(0) — v(i(6),0))dF(6)

{c(0),1(0
s.t. u(e(8)) — v(l(0),0) > u(c(8)) —v(l(6),0), V6,0

/@ " E[I0)] — c(6)dF(6) > R

This is a standard screening problem and can be solved by applying the Envelope
Theorem of Milgrom and Segal (2002]). We characterize the solution {c*(),1*(0)} in
the next lemma—readers who are interested in the details should consult Appendix

for the proof:
1E] p

Lemma 4. {c¢*(0),1*(0)} satisfies
u(c*(8)) = v(l*(6),0) — /000 ve(I*(s), s)ds + U(0) (ICFOC)

where U(0) is the utility of type 8 worker, and

Jo (A(s) — m)dF(s)
f(0)

3 Again, the result of this relaxed program is an upper bound for what could be implemented. As
we will see soon, such result is indeed implementable.

vip(I°(0),0) = w[p" (I7(0)) (H — L) — v, (I"(0), 0)]
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for some p > 0.

The central research question of this paper concerns the implementation of {¢*(8),*(6)}.
Before we present our core implementation strategy, it is useful to observe that if the
social planner were to implement this allocation by itself through labor income taxes,
then it should adopt a personalized tax system that varies the tax rate from person
to person and shock to shock such that two workers with different ability types 6, 6’
are subject to different tax rates %*(9), %*(0/) even when they produce the same

output y. Such solution is rather complicated and will face a lot of challenges when

it comes to implementing it in reality.

3.2 Implementation with Firms

We now present our core implementation strategy. Consider a game involving a social
planner, a continuum of firms indexed by i € [0, 1] who observe only the output but
not the ability type or the effort, and a continuum of workers whose ability types are
drawn i.i.d. from F'(-). Time evolves as follows. At t = 0, the social planner specifies
an anonymous and time-invariant labor income tax system {7(-)}. Then each firm
i proposes a menu of contracts {{c;+(-;0),li+(-;0)}+}o that consists of consumption-
effort plansﬁ for all types of workers, and each worker opts into the contract that
maximizes his expected life cycle utility. Then the contract becomes bindingﬂ and
production takes place on [0, 1].

We say that {7(-)} implements {{{ci+(-;0),l;:(-;0)}:}o}i if there exists a Bayesian

Nash equilibrium where

e Each firm ¢ finds {{c;:(-;60),li+(-;0)}+}o optimal given other firms’ contracts

4These plans depend on the output history which is written as “” for notational convenience.
5This is not a restrictive assumption. Indeed, the result continues to hold even if we allow for
recontracting after the worker’s type and output history is publicly revealed.
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{{{cje(:0),1;4(-, )} }o} s and workers’ strategies;

e Each type 6 worker opts into {c;.(-;6),l;+(-;6)} for some i and exerts the rec-
ommended effort {l;;(-;6)} on [0, 1].

In words, this means that the tax system induces an equilibrium where each firm pro-
poses the optimal contract menu given other firms’ contracts and workers’ strategies,
whereas each worker opts into the optimal contract that matches his ability type and
exerts the recommended effort throughout his life cycle.

Consider a tax system {7%(-)} defined as follows:

if ¢ = ¢*(0) (T)

Intuitively, such system yields zero profit to all firms if it implements an outcome
where the contract attracting each type 6 worker is an efficiency wage contract that
specifies the constrained optimal consumption-effort profile (¢*(6),*(6)). The main
result of this paper asserts that such outcome is indeed an equilibrium provided
that certain regularity conditions that guarantee the progressiveness of {7%(:)} are

satisfied. Formally,

@] - @)’ (c* () (H-L)

E[
Theorem 1. Suppose that () v (17(0),0)

. Then {1*(-)} is progressive

and implements the following outcome:

(i) Each firm i offers an efficiency wage contract (¢*(0),E[g|l*(0)], B(0)) to a cer-
tain ability type 0 and a contract that yields a lower life-cycle wutility than
(c*(0),E[g|l*(0")], B(0")) to any other ability type 0';

(i1) Type 0 worker self-selects into (c*(0),E[g|l*(0)], B(6)) and exerts I*(0) every-
where on [0, 1] for all 6;

12



(111) All firms earn zero flow profit everywhere on [0, 1].

Figure [3.2] illustrates the key idea behind Theorem [T} where the worker’s indiffer-
ence curve is colored in blue whereas the envelope condition (i.e., (ICFOC)) of the
planner’s problem and the firm’s zero profit curve are colored in red. Crucially, the
tax system is designed purposefully to make the last two curves coincide. Albeit sim-
ple, this observation has important implications for the firm’s equilibrium behavior.
To see why, let us consider the problem of firm ¢ who wants to attract type 6 worker.
Clearly, she can do so by offering (¢*(8), E[g|l*(0)], B(f)) and earn zero profit, but
can she do better? The answer is negative. To see why, notice that to attract 6, the
payoft that ¢ needs to deliver is pinned down by the equilibrium payoffs of nearby
types which, by construction, are determined by the envelope condition of the plan-
ner’s problem. Then it follows the tangency between 6’s indifference curve and the
envelope curve (and thus the zero profit curve) that any attempt to extract a positive

profit from # will cause him to opt into the contracts offered to nearby types.

°A
\ 1Cq)
ICy:
c*(6) _____E_g )_ (ICFOC)
\ : (ISp=0)
1
1
\ 1
1
? .
0 ) /l

Figure 2: Implementation with Firms

An immediate corollary of the above argument is that {7*(-)} continues to im-
plement the outcome stated in Theorem (1| even if after the initial contracting stage,

workers’ ability types become public information parties are allowed to recontract at
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any time. Again, this is because the tax system and the interaction between firms
at the initial contracting stage have already driven the flow profit from each ability

types to zero.

Egl-@)] - p/@(@)u'(c(O)(H-L)

0) o0 0).9) To obtain a

{7*(-)} is progressive if and only if

heuristic interpretation of this condition, let us restrict attention to the case of risk-
neutral workers such that u’(c¢) = 1, where it follows by Lemma {4 that the previous

condition is equivalent to

E[g]!(0)] <14 Jo (1= A(8))dF (s) |uig(1(6),0)]
v(l(6),0) — [ ve(i(s), 5)ds 1f(9) u(1(6),0)

For this condition to hold, we need the right hand side to be large, which happens
if A\(0) is small for large 6 and (or) if |vy| is large. Intuitively, the first situation
happens if the social planner does not care too much about high ability workers and
therefore is willing to tax them heavily, whereas the second situation occurs if the
complementarity between ability and effort is strong enough such that high ability
workers still prefer high-effort-high-pay jobs despite that they are being taxed heavily.

To summarize, the progressive labor income tax system in this section plays two
roles: to redistribte the life-cycle income between workers of different ability types,
and to induce firms to absorb transient productivity shocks through efficiency wage
contracts. It is carefully designed such that in the resulting market equilibrium, each
firms optimally hires a certain ability type and all firms earn zero expected flow profit.
By exploiting the interaction between the tax system, the firm’s contractual choice
and the interaction between firms, we manage to implement the constrained social

optimum by a simple welfare policy that is commonly observed in practice.
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4 Related Literature

5 Conclusion

We use an anonymous and time-invariant progressive labor income tax system to
implement the constrained social optimum in a setting where workers privately expe-
rience a persistent ability shock and many transient productivity shocks throughout
their life cycles. Our implementation strategy builds upon the interplay between the
tax system and firm’s contracutal choices. In particular, we show that when labor
income taxes are progressive, firms overcome the moral hazard problem caused by
transient productivity shocks with efficiency wage contracts which — in the limit
case where shocks are infinitely frequent — completely absorb these shocks on the
equilibrium path, leaving only the persistent ability shock for the policy maker to han-
dle. Based on this insight, we design an anonymous and time-invariant progressive

income tax system to attain the socially optimal redistribution.

A Appendix: Alternative Formulation

A.1 Long-Term Contracting with Moral Hazard in a Discrete

Time-Finite Horizon Model

In this section we establish the counterpart of Lemma |3 in a discrete-time finite-
horizon model with moral hazard.ﬁ] The employment relationships lasts for 7" periods,
t=1,2,...,7, and there is no discounting. The worker has the same utility function

and has access to the same production technology as before, where p(-), u(:),v(-) are

6The argument in this section continues to hold when the worker privately observes the produc-
tivity shock before choosing the effort.
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assumed to be smooth in their arguments. The firm observes the output but not
the effort. At the outset, she takes the progressive labor income tax system {7(-)}
as given and proposes an efficiency wage contract (cr, u(l) — br, Br) which becomes
binding if the worker prefers to participate than to consume his outside option that
yields a per-period utility u.

The efficiency wage contract delivers a fixed after-tax consumption ¢r in period
t =1,2,---,T and computes the sample mean of outputs mean of outputs ur =
%Zthl Y at the end of period T'. If the result exceeds the threshold (1) — by where
(1) = E[g]1] and by ~ O(T~2%<) for some arbitrary ¢ € (0,1), then the worker passes
and nothing happens. Otherwise he fails and experiences a utility loss Br = av(l)T
for some arbitrary a > 1.

The contract induces a dynamic game, where y* = (y1,- -+ ,y;) and I = (Iy,- -+ , 1)
denote a t-period output history and a t-period effort profile, respectively. Without
loss of generality, let us restrict attention to public strategies o = {0y : {H, L}'"! —
R}, where o(-) maps the (t—1)-period output history to the period-t effort choice.
The solution concept is Bayesian Nash equilibrium.

The main result of this section states that when the horizon is long, the effi-
ciency wage contract yields a per-period expected profit that is arbitrarily close to its

counterpart in the complete information benchmark. Formally,

Theorem 2. Take an arbitrary . When T 1is large, there exists a Bayesian Nash

equilibrium o2 of the efficiency wage contract (cr, (1) — by, Br) where
(i) The worker rarely fails: Pt (up < u(l) — by) ~ O(br);

(it) The per-period expected effort cost is close to v(l): |E°7[+ ST o(l)] = v(l)] ~
O(bT>7'

16



(i1i) The per-period expected profit is close to its counterpart in the complete infor-

mation benchmark:

1 *
—E°T
7

Zy i 1——<>] B |7 ) |~ 000

The key to the proof of Theorem [2|is to define a critical event and to characterize
its necessary properties. Specifically, for any T-period effort profile I, define ét(lt) =
9 — 1(1;) as the period-t productivity shock and £(I7) as the event where the sample

mean of productivity shocks are bounded around its theoretical mean 0 by bz, i.e.,

SbT}

We make two observations about &(I7). First, since {&(l;)} are bounded independent

E(") - {(&(zm--- ORI

random variables, it follows by McDiarmid (1989))’s concentration inequality that
there is a uniform upper bound for the probability of £¢(IT) that shrinks exponentially

fast as 1" increases:

Lemma 5. Take an arbitrary IT. Then
(i) P(E(IT)) >1—2exp <—(;T_—b;f)2> for every T';
(ii) P(E(IT)) ~ o(br) as T — oo.
Second, if the worker passes the test at £(I7), then the total effort cost must be suf-
ficiently close to v(1)T" because otherwise there exists a mixed effort profile that yields

more or less the same revenue as the target effort [ and yet is significantly cheaper,

contradicting the smoothness assumption on the production technology. Formally,
Lemma 6. At E(IT), if ur > u(l) — by, then %Ele v(ly) ~v(l)(1—O(br)) when T
18 sufficiently large.
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1 T

7 ) =1 l+- Then it follows by the curvature

Proof. Proof by contradiction. Define [ =
of v(+) and p(-) that

Now suppose to the contrary that + ST o(ly) < v(l) = O(br) when T is large. Then

it follows by the assumption pr > u(l) — by that

1
=K
T

ZgthT] >P (5 (ZT)) (u(l) —br)+P (8c (lT)) L= p(l) — O(br)
and hence that [ satisfies

u (z) = u(l) — O(by) and v (z) < o(l) — O(by)

Now since both u(-) and v(-) are smooth, then the fact that

implies that

a contradiction. O

Given Lemma [5] and [6] we now state the proof of Theorem [2}

18



Proof. Part (i): use F to denote the event where the worker fails the test. Define

= Pr(NP (£ (1) P(FIT,E ("))
wp(Fe) =Y PP (€ (")) B (FT,E (1))

lT

and notice that 1 — mp(F) — mp(F¢) < 2exp (—%) ~ o(br).

In equilibrium, the worker’s expected payoft is bounded from above by
Tu(er) — [mp(F)Br + np(F) (v(l)T — O(Thr))]

Now suppose that he exerts the target effort [ all the time instead, then his expected

payoff is bounded from below by

Tu(cr) — To(l) — 2exp (—(;T_—bzz)Z) Br

Subtracting the second expression from the first one yields an upper bound for the

net benefit of the equilibrium strategy:
To(l) [ (o — D)mp(F) 4+ o(br)] + O(Thr)

In particular, if 70 (F) > O(br), then the above expression is strictly negative when
T is large, implying that the worker is strictly better-off by exerting [ all the time, a
contradiction. Now that 7r(F) ~ O(br), we can bound the equilibrium probability

of failure from above by

P77 (F) F) + Z]P"’T (TP (& (I7)) ~ O(br) + o(br) ~ O(br)
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Part (ii): first, bound the equilibrium per-period effort cost +ET [Zthl v(lT)]
from below by
mr(F9)(0(l) — O(br)) ~ v(l) = O(br)

Second, notice that if this cost exceeds v(l) + O(br), then the worker’s equilibrium
per-period payoff is less than u(cr) — v(l) — O(br) and he is better-off by exerting [

all the time, a contradiction. Therefore, we have

lEﬂ%
T

ZvuT)] - (0| ~ 00

Part (iii): since the worker’s equilibrium per-period payoff is bounded from below
by u(cr) — v(l) — O(br), it suffices to pay cr ~ v~ (v(l) + u + O(br)) to satisfy his
ex-ante participation constraint. Therefore the firm’s equilibrium per-period profit is
bounded from below by

uT () +u)
I—7(u () +uw)

7w (FO) (1) —by) + (1 — 7w (FO) L — — L o (i)

1—1(ep) —O(r)

A.2 Private Saving

We show that when the worker has access to private savings, the efficiency wage
contract continues to provide near-optimal incentives and to absorb most transient
productivity shocks provided that the worker’s desire for consumption smoothing is
moderate. The results suggests that private market may still attain near-efficient
outcomes even in the presence of unobservable trades.

Formally, let us modify the setting in the previous section by allowing the worker
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to store the after-tax consumption at zero interest rate and consume it at any time in
the future. Then the efficiency wage contract induces a dynamic game where a typical
t-period history of efforts, outputs and consumptions are denoted by 1%, 3, 4!, respec-
tively. The worker’s strategy is now o = {l;(-),%:(-)}, where [, : R\-! x {H, L} x
R*~! — R, maps the (¢ — 1)-period histories of efforts, outputs and consumptions to
the period-t effort, whereas 1, : R}, x {H, L} x R""" — R maps the ¢-period histories
of efforts and outputs and the (¢ — 1)-period history of consumptions into the the
period-t consumption, subject to the budget constraint that Zizl Yy < 22:1 cs for
all t and (I, y', 9.

In this setting, a slight modification of Theorem [2]yields the following performance

bound for the efficiency wage contract:

Corollary 1. Consider an efficienc wage contracts (cr, u(l) — by, Br) where by ~
O(T~=%) for some arbitrary e € (0,1) and By > v(1)T. When T is large, if (cr, Br)

satisfy

(a) u(er) > v(l) + u+ O(br) (1 + %);

(b) u(er) —wu ((Tfl)cTJr”_Tl(u(cT)*BT)) = aw(l) for some arbitrary o > 1;
(c) exp (—%) % ~ O(br)
then there exists a Bayesian Nash equilibrium o} where

(i) The worker rarely fails: P°r(F) ~ O(br);

(i) The per-period effort cost is close to v(l):

4B [SLolin)] = ol0)] ~ Or):

(iti) The worker is willing to participate: FET[u(c;) — v(ly)] > u;

(iv) The per-period profit is at least u(l) — —% O(br).

1—7(cr) -
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In particular, if limp_, cp = v(l) + w, then the contract yields a near-optimal profit

1 ok | C ~ uw (v u
i $E7 (51— =8| = Bl - =

Proof. Part (i): the worker’s equilibrium per-period payoff is now bounded from above

by

(1 =77 (F))uler) — 77 (F) (1) = O(br)] + mr(F)u ((T — Der +u (uler) — BT))

T

whereas his per-period payoff from exerting [ all the time and saving nothing is

bounded from below by

u(er) = v(l) — 2exp (_%) B

By assumption, the net benefit of the equilibrium strategy is bounded from above by

o (F) [u (<T — Der + “;MCT) - BT)) — uler) + v(l)} +2exp (—%) % + Oby)

~ —mp(F)(a = Dv(l) + O(br)

Thus, if 70 > O(br), then the above expression is negative and the worker strictly
prefers the deviation strategy to the equilibrium strategy, a contradiction. Therefore,
we have P°7 (F) = w7(F) + o(br) ~ O(br).

Part (ii): follows by Theorem [2] (ii).

Part (iii): the worker’s per-period equilibrium payoff is bounded from below by

uler) = (ol0) + OCbr)) = Olbr) - = uler) = (D) + OCr) (14 57

By assumption, the RHS is greater than u and thus the worker’s ex-ante participation
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constraint is satisfied.

Part (iv): obvious. O

Condition (b) illustrates how private saving increases the cost of incentive provi-

sion. To see why, notice that the LHS is bounded from below by

uler) — u (<T ~ Dor +a-uler) - BT>)

u'(u(er)) —u”(u(er) — Br)
=u(er) —u (CT — T )
- u'(cr) Br
= Wl uder) = Br)) T
< 1,7Tin cp

where the coefficient in front of % is strictly less than one and is increasing in cr.
This implies that Condition (b) is (1) less likely to hold than its counterpart when
there is no saving whereby the per-period utility of consumption between success and
failure differ simply by BT—T, and (2) is more likely to hold when ¢ is large such that the
difference in the marginal utility of consumption between success and failure is small.
The intuition behind this result is straightforward: saving destroys the incentive to
supply effort because it makes failure less painful; to discourage saving at the lowest
cost, the firm increases the baseline consumption in the efficiency wage contract until

the deterrent power of the penalty is restored.

A.3 Other Contractual Frictions

Certainly, the performance of the efficiency wage contract is undermined by contrac-
tual frictions such as discounting and limited liability. If workers care little about
the future because of job mobility or macroeconomic uncertainty, or if they cannot

be severely penalized because of the bankcruptcy law or a malfunctioning court sys-
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tem, then the firm’s capacity of penalizing terrible long-term performances is severely
limited. A partial remedy to this problem is to divide the employment relationship
into relatively short blocks and to apply the efficiency wage contract in each block.
Nevertheless, such remedy comes at a cost because the precision of the statistical test
decreases as the observations per block shrinks, resulting in an increase in type I error
whose welfare implication is beyond the scope of the current analysis. The relevance
of contractual frictions depends the nature of the job, too. For example, if the job
generates many data points on employee performance within a short time span, then

the aforementioned constraints are not as binding as they seem.

B Appendix: Omitted Proofs

Proof of Lemma [T

Proof. (IC) implies that (p(l) — p(I')(c(H) — ¢(L))) > v(l) — v(l') for all [,I'. Since
p(+),v(+) are strictly increasing, then we must have ¢(H) > ¢(L).

Meanwhile, (IR) must bind under the optimal contract, i.e., Elc(g)[l] = v(l) + u,
because otherwise there exists € > 0 such that {c(H) — ¢,¢(L) — €} yields a strictly
higher profit without violating (IC) and (IR). O

Proof of Lemma 2

Proof. By assumption, 1_—i(c) is strictly convex in ¢. Then it follows by Lemma [I| that

(5) Ec@l] o) +u
. [ H 1= E®e@)  1— (D) +u)

Proof of Lemma Bl
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Proof. See the proof sketch in the main body of the paper. O]
Proof of Lemma [

Proof. Tt follows by Milgrom and Segal (2002) that {c*(0),1*(0)} satisfies the truth-

telling constraint of ability if and only if

w(c(9)) = v(I*(0), 0) — / " wlI(s), $)ds + U(6) (ICFOC)

0

where U(#) denotes the reservation utility of the lowest type worker. Thus, rewrite

the planner’s problem as

max /@ A0)(c(0) — v(i(6),0))dF(6)

{e(0),1(0
s.t. (ICFOC) and / TE[IO) — (0)dF(0) > R

Let p be the Lagrangian multiplier of the revenue constraint and transform this

problem into the following unconstrained optimization problem:

i — /9 D) /9 vo(1(3), $)dsdF (6)-+ 1 /9 E[j11(0)]—v(1(0), 0)+ /9 vo(1(s), s)dsdF (0)

Apply Fubini’s Theorem and further simplify the objective function to

Uit /eoo —AB)uo(1(6), 0) + (E[guwn —o(i(0),0)+ L= L0

{10)35=5> Jo

where A(0) = W. Finally, pointwise optimization with respect to ((6) yields
the result. O]
Proof of Theorem [I]
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Proof. First, we assume that {7*(-)} is progressive such that firms will optimally
offer efficiency wage contracts. In this setting, we verify that the outcome stated in

Theorem (1] is indeed an equilibrium. The proof has three steps:

e First, it follows by (ICFOC) and (T) that type 6 worker will indeed opt into
(c*(0),E[g|l*(0)], B(#)) and exert [*(0) at all t € [0, 1].

e Second, given the equilibrium contracts offered to ' # 6, the equilibrium payoff

of type 6 worker is at least

lim u (¢*(0")) — v (I*(¢'), 0)

0’—0
6/
— lim u (¢*(8) — v (I*(8)),6) + lim / v (), 5) ds
00 00 J,
9/
= lim U(Q)—/ vg(l*(s),s)ds]
0’—0 0

=u(c"(0)) = v(l*(6),0)

Based on this observation, we argue that the equilibrium efficiency wage con-
tract that attracts 6 is (¢*(0), E[g|l*(0)], B(#)). To see why, notice that first that
such contract does attract € and yield zero profit. To establish its optimality,
compare it with a different efficiency wage contract (¢, E[g|l], B) that yields the

same payoff to 6 such that
0
u(c) —v(l,0) = u(c*(0)) —v(l*(9),0) = —/9 ve(1*(s), s)ds
Define 6(1) by 1*(6(1)) =1 and let ¢(I) = ¢*(0(l)). Then we have

o(l)
u(e(l)) —ov(l,6(1)) = —/ ve(1*(s), s)ds

>
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Subtracting the second equation from the first one yields

o(l)
ule) = uleld)) =v(1,6) ~ oL O@) + [ wall().5)ds
0
o(1) (1)
= —/0 vg(l(s),s)ds+/9 ve(I*(s), s)ds
o(l)
:/0 ve(I*(s),s) — vg(l, s)ds

where the assumption vy, < 0 (which implies that [*(-) is strictly increasing)

implies that the last line is strictly negative as long as [ # [*(#). Consequently,

c c(l)

That is, (¢, E[g|l], B) yields a strictly lower profit than (¢*(0), E[g|l*(0)], B(9)).

e Third, observe that firms are indifferent between all ability types because they

all yield zero flow profit.

Second, we provide sufficient and necessary conditions for {7*(-)} to be progressive.

Since

/ c* c(0)p' (I (0)) (H — L) =0 _ g [5)1*(0
ey =t e COVTONE Dy ~ Ei0)

(0) B (0)] EZ[j1*(0)]
and

di-(g) Lo L _ d(e(9)
der(0) P ot (0), 075 + v0(1°(0),6) — vs((6),0)] - u*(0).9)
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we conclude that 7*'(-) > 0 if and only if

E[GIr©@)] _ A O) PO (),
() <p'(I"(0))(H l;)dc*(é) = 060D (H — L)
O
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