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Abstract

In this paper, we propose a Vuong (1989)-type model selection test for conditional moment in-
equality models. The test uses a new average generalized empirical likelihood (AGEL) criterion
function designed to incorporate full restriction of the conditional model. We also introduce a new
adjustment to the test statistic making it asymptotically pivotal whether the candidate models are
nested or nonnested. The test uses simple standard normal critical value and is shown to be asymp-
totically similar, to be consistent against all fixed alternatives and to have nontrivial power against
n~Y2]ocal alternatives. Monte Carlo simulations demonstrate that the finite sample performance of

the test is in accordance with the theoretical prediction.

JEL classification: C12, C52

Keywords: Asymptotic size, Model selection test, Conditional moment inequalities, Partial identi-
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1 Introduction

Conditional moment inequality (CMI) models have been increasingly recognized as a convenient and
useful statistical formulation of many nonstandard economic programs. Such models are shown to
arise naturally in models with missing data (e.g. Manski and Pepper (2000)), in games with multiple
equilibria (e.g. Ciliberto and Tamer (2009)), in large scale dynamic games (e.g. Pakes, Porter, Ho
and Ishii (2007)) and in differentiated product demand models with measurement error (Gandhi,
Lu and Shi (2012)). Methods for parameter inference for such models have become abundant by
now, however, there has been no method available to assist practitioners to choose between different
CMI specifications. This paper fills in this gap by proposing a Vuong (1989)-type model selection
test that allows one to choose between two CMI models according to their distance to the true data
distribution. We show that the test has correct asymptotic size no matter the candidate models are
nested, overlapping or strictly nonnested, is consistent against all fixed alternatives and has nontrivial
n~1/2]ocal power.

Our test is set up in a CMI context allowing for partial identification, but it is worth noting that we
do not require partial identification. In fact, our test has general applicability to the problem of model
selection among partially identified CMI models, point identified CMI models, partially identified
conditional moment equality models and point identified conditional moment equality models, as
well as selection across these four types of models. To the best of our knowledge, our test is the first
model selection test available for any of these model selection testing scenarios.

From a technical point of view, this paper builds upon the empirical process arguments in Shi
(2009a). However, the conditional models are substantially different from the unconditional models
studied in Shi (2009a). In particular, we face two new challenges. First of all, the exponential tilting
criterion function used in Shi (2009a) allows only finite number of moment inequalities and thus
does not apply to the CMI models, where the CMI’s imply infinite number of unconditional moment
inequalities. Instead, we propose a new criterion function, namely the average generalized empirical
likelihood (AGEL) criterion function. To form the AGEL function, we first transform the CMI’s into
equivalent infinite number of unconditional moment inequalities following Andrews and Shi (2013;
AS hereafter), and then take a weighted average of the generalized empirical likelihood of the models
defined by each (set of) unconditional moment inequality (-ies). The weighted average defines the
AGEL function and preserves the full model restriction of the CMI model.

Secondly, an essential feature of the unconditional moment inequalities transformed from the
CMTI’s is that many of the moment functions have variance arbitrarily close to zero. This creates new
challenges in proving the convergence rate of the GEL nuisance parameters (which is a necessary
step in deriving the asymptotic distribution of our test statistic) that is not faced in Shi (2009a). We

deal with this by introducing a careful truncation of the weighted average.



One challenge that we share with Shi (2009a) is the possible degeneracy of the asymptotic dis-
tribution of the pseudo-likelihood ratio statistic. We propose a different solution than Shi (2009a).
Specifically, we introduce a new adjustment to the pseudo-likelihood ratio statistic, making it asymp-
totically pivotal (in fact, standard normal) under the null regardless of the true data distribution or
the relationship between the candidate models. As a result, our test simply uses the standard normal
critical value and achieves asymptotic similarity. The adjustment simplifies the split sample idea of
Yachew (1992) and achieves the same purpose as the latter.

Besides Shi (2009a), this paper is related to a large literature on model selection test following
Vuong (1989). A literature review can be found in the introduction of Shi (2009a). We only note here
that none of those papers deal with conditional moment (either equality or inequality) models. This
paper is also related to the empirical likelihood approaches for parameter inference in conditional
moment equality models proposed in Donald, Imbens and Newey (2003) and Kitamura, Tripathi and
Ahn (2004). Our AGEL criterion function differs from both. We choose the AGEL criterion func-
tion primarily for tractability in the context of (potentially) partially identified conditional moment
inequality models.

The rest of the paper is organized as follows. Section 2 presents the model selection problem of
our interest and gives several motivating examples. Section 3 establishes the AGEL criterion function
to measure the distance between the CMI models and the true distribution. The model selection
test is proposed in Section 4. Section 5 summarizes the uniform asymptotic size property of our test
and and Section 6 summarizes the power properties against fixed alternative and local alternatives.
Section 7 discusses possible extensions in three different directions. Section 8 presents Monte-Carlo
simulation results for a missing data example and Section 9 concludes. All mathematical proofs are

contained in the Appendix.

2 Model Selection problems

We consider two conditional moment inequality/equality models P1 = Uy, co, P16, and P2 =
U92€@2 P2 6,, where Py g, and Pa g, are the set of distributions that are consistent with the moment

conditions for parameters 61 and 65, respectivelyﬂ

Pro, =

P :Eplmy;(W,01)|X] =0 as. [Py] for j =1,...,p1,
Ep[my;(W,01)|X] >0 as. [P] for j =p1 +1,..., k1.

P:E (W, 62)|X] =0 as. [P] for j =1,..., pa,
%:{ plm2j(W,0:)|X] = 0 as. [P2] for j P2 } 1)

Ep[mlj W, HQ)IX} >0 a.s. [Px] for J=p2+1, .. ko

"We start with models with the same conditioning variables and later extend our theory to allow the conditioning

variables to differ.



In the above equation, {W; = (Y/, X!) € W}!_ | is a random sample generated from Py, a generic
true distribution on W. Also, Y; € Y C Rdy, X, e X C Rdm, W =Y x X. The notation Ep denotes
the expectation under the distribution P and P, the marginal distribution of X implied by P. The
true distribution P may or may not belong to either model. For s =1 and 2, ms = (ms1, ..., M p, ,
Mg pot1,--y Mgk, ) are RFs -valued moment functions known up to the finite-dimensional parameters
0, € ©, C R%s. Model P, is called correctly specified if Py € P, and is called misspecified
otherwise. The parameters 65 may or may not be point-identified.

The goal of this paper is to compare models P; and P2 and select the one that is closer to the
true distribution Py in terms of a pseudo-distance measure. Let dz(Ps, Py) be the pseudo-distance

measure that will be defined later. We want to construct model selection tests for the null hypothesis

Ho : de(Pr, Bo) = de(Pa, Po). (2.2)

Now, we give a few illustrative examples of model selection problems in the context of conditional

moment inequalities. The examples extend those in Shi (2009a).

Example 1 (Interval Outcome in Regression Models). Consider the regression models with
interval outcomes from Manski (2005). It is of interest to select different regressors or functional
forms for the regression functions. To be more specific, let Y be a latent random variable (e.g.
wealth or income) that is not perfectly observed. Instead, we observe an upper bound and a lower
bound on Y, say Y and Y, respectively. For a vector of covariates X and a function 71 (X, 0;) that
is known up to a finite-dimensional parameter 0, let Y = r1(X,0;) + €. Suppose Z is a vector of

instrument variables such that E(¢|Z) = 0 a.s. [P,]. Then, the model P; is

Py =A{P:EplY —ri(X,01)|Z] >0 as. [P.] and
Ep[ri(X,01) —Y|Z] >0 as. [P.], 6, €0} (2.3)

The distribution P are defined on the space of the observed random variables (Y, Y, X, Z). For
model Py, the 71(X,0;), 61 and ©; in (2.3)) are replaced with r9(X, 62), 62 and O, respectively. A

model selection test is to determine whether P; or Ps is closer to the true distribution.

Example 2 (Interval Regressor in Regression Models). Consider the regression models with
interval regressors from Manski (2005). Let Y be a dependent variable and X be a set of covariates.
Also, let v be a regressor that is not observed perfectly but we observe an upper bound and a lower
bound on v, say U and v. Assume that E(Y|X,v) = f(x,v,6), where f is a function known up to the
finite-dimensional parameter . Manski (2005) assumes that f is weakly increasing in v, and obtains

the following moment inequality model:

Py ={P :EplY — f(z,v,601)|X] >0 as. [P,], and



Ep[f(l‘,ﬁ, 91) — Y|X] >0 a.s. [Px], 0, € @1} (2.4)

The distribution P are defined on the space of the observed random variables (Y, 7, v, X).
On the other hand, if we assume that f is weakly decreasing in v, we have a different moment

inequality model:

Py ={P :EplY — f(z,v,02)|X] <0 and
Ep[f(l’,ﬁ, 92) — Y|X] <0 a.s. [Px], 0, € @2} (2.5)

By comparing models P; and Ps, one can determine which model is closer to the true data distribu-
tion. If one has the prior information that one of the model is true, the test then helps one determine
the sign of df/0v.

Example 3 (Entry Game — Cross-firm Effect). Consider the entry game model from Andrews,
Berry and Jia (2004) and Ciliberto and Tamer (2009). Consider a 2 x 2 entry game with the following

payoff matrix:

Firm 2
0 1
Firm1 00,0 0, X482 — 3
1| XiB1—e1,0 | X161 + a1 — €1, Xobo 4 ag — 2

The observable random variables are the market characteristics X = (X1, X2)' and the game outcome
Y. The variable Y may take four values: (0,0), (0,1), (1,0) and (1, 1), where the first number in the
parenthesis is the equilibrium action of firm 1 and the second number, the equilibrium action of firm
2. The coefficients 81 and (32 are the marginal effects of the characteristics X on profits, and €; and
g9 are the unobserved components of the firms’ profits. The parameters a1 and ao are the cross-firm
effects, which are the effects of the firms on their opponents’ profit when they are on the market at
the same time.

Let F;, (-, -;0:) denote the joint c.d.f. of &1 and €2, F; (-; ;) the marginal c.d.f. of ¢;, and
F.,(+;0-) the marginal c.d.f. of 5. The c.d.f.s are known to the econometrician up to the finite-
dimensional parameter S.. Assume that the firms have full information about their own and their
opponents’ payoffs and play a simultaneous-move Nash game.

Andrews, Berry and Jia (2004) assume a; < 0 and as < 0 and obtain the following moment

inequality model:

P1={P:Ep[p;j(X,0h) - 1(Y
Eplpj(X,01) = 1(Y =

7)|X] =0, for j =(0,0) or (1,1),
J)|1X] >0, for 5 =(0,1), or (1,0) a.s. [Py,



61 = (81, By, a1, a2, B.) € O1.} (2.6)

where
p(O,O)(X7 01) == F51 (Xiﬁlv 06) - F€2 (Xéﬁ2758) + F€1 €9 (X1017X5627 96)7
p(O,l)(Xv 01) = FEQ (XQBQMBE) - E1,€2(X161 + a/17X2/82a 66)
p(l,O)(Xv 91) = FE1 (Xlﬁl,/gs) - E1,€2(X161a X262 + az; 66)
pa)(X,01) = Fey oo (X181 + a1, X502 + ag; Bc). (2.7)

If we assume the cross-firm effects have different signs as in Andrews, Berry and Jia (2004), we

obtain a different moment inequality model:

Py ={P :Ep[p;(X,0) — 1(Y = j)|X] >0, for j = (0,0) or (1,1),
EP[pj(Xa 92) - 1(Y = J)’X] =0, for j = (07 1)7 or (170) a.s. [PA,
92 = (ﬁi?ﬁévalaa%ﬁ::) € @2} (28)

where p;, j = (0,0), (1,1), (0,1) and (1,0) are defined in (2.7).

A model selection test comparing the two models can determine which sign of the cross-firm
effects is more consistent with the data. Such test is useful especially when there are reasons to be
unsure about the signs of a; and as in some markets. For example, in a shopping center, one retail
stores may worry about the other store stealing its business, but on the other hand may benefit from
the casual shoppers that the other store attracts to the shopping center. The overall sign of the

cross-firm effect then becomes an empirical question.

3 Preliminaries

3.1 Pseudo-distance Measure

To define our pseudo-distance measure, we first use AS’s method to transform the conditional mo-
ment equality /inequality to infinitely many number of unconditional moment equalities/inequalities
without loss of information. That is, we choose a collection of instrument functions G = {g; : X —

[0,1] : £ € L} for an index set £ to make sure, for s = 1,2, and every 5 € O,

o P: Eplmg;(W,05)g¢(X)] =0as. forj=1,---,ps (3.1)
o0s Ep[ms ;(W,05)ge(X)] > 0 as. for j =ps+1,--- ks, forall ¢ € L. '

AS give a list of G sets that can ensure that the above equation hold. Here, we impose an assumption

on X and focus on two types of G for simplicity.



Assumption 3.1 X is a Cartesian product of compact intervals, X = H?il[:cgj,xuj] and without

loss of generality, we assume X = H?il[(), 1].

The first G we consider is the indicator functions of countable hyper cubes:

Gecube = {ge(-) = 1(- € Cy) : £ = (x,7) € L cube} , Where
Cy= (x;lil[xj,xj + r]) N X and

Lecube = {(x, (2q)_1) : 2¢-2€{0,1,2,--- ,2q — 1}d””, and ¢ =qo,q0 + 1, - } , (3.2)

where ¢p is a natural number. Note that for each q, {Cy : £ € Lecupe and r = (2¢)71} forms a
partition of X'. The set G..cupbe is an example given in AS and Lemma 1 of AS guarantees that it
satisfies equation (3.1))

The second G that we consider is the indicator functions of a continuum of hypercubes:
Geube = {90(-) = 1(- € Cp) : £ € Lewpe} , where Loype = {(z,7) 1 2 € [0,1 —7]% 7 € (0,7]}, (3.3)

for some 7 > 0. The set Geupe is similar to AS’s Gy except that all edges of a hypercube in Geupe
are of the same length. Note that G cupe is a subset of G.upe. Therefore, Geupe also guarantees (3.1))

We will define the pseudo-distance from Ps to Py to be the infimum of the pseudo-distance from
Ps o, to Py over 0, € O4. Thus, we need to define the latter distance first. To do so, we first define
the /-th supermodel of P, g as

P: Eplms;(W,05)g,(X)]=0as. forj=1,---,ps
P&esl_{ Pl (W, 05)90(X)] J p } 5.4)

Epims;(W,05)9¢(X)] > 0 as. for j =ps+ 1, , ks,

for each ¢ € £. The term “supermodel” is used to indicate the fact that Psg, C Psg, . Then, for
each 0, € O©4 and each £ € L, Psp, ¢ is an unconditional moment inequality model covered in Shi
(2009a).

Like in Shi (2009a), we can define the GEL distance from Ps g, , to Py

d(Psy,.0. Po) = ¥ ( Sulza )EPO [m(vims(X, 9s)ge(X))]> , (3.5)
FYSEFS S

where k(-) : K — R is a strictly concave function defined on a subset K of R, ¥(-) : R - R is a
strictly increasing function and I's(6,) = {ys € RPs X Ris_ps :yimg(x,05) € K for all x € X}. The
functions s (-) and ¥(-) are user chosen and determine which of the GEL distances one is using. The
common choices of the GEL distances include the empirical likelihood (EL), the exponential tilting
(ET) and the continuous updating GMM (CUE), which corresponds to (k(y) = log(l —y), K =
(=00, 1), W(k) = ), ((y) = 1—e¥, K = R, W(x) = —log(1—x)), and ((y) = (1— (y+1)?)/2, K =



R, ¥(k) = k), respectivelyﬂ Other choices can be used as well, as long as the following assumption

is satisfied:

Assumption 3.2 (i) k(-) is strictly concave, three times continuously differentiable with x(0) = 0,
and k'(0) = "(0) = —1.
(i) W(-) is strictly increasing and is twice continuously differentiable with W(0) =0 and ¥'(0) = 1.

We then define the pseudo-distance from Py, to Py to be a weighted average of d(Psg, ¢, Po)

across ¢ € L:
de(Pug.. o) = /E A(Psg, 1 Po)dF (D), (3.6)

where F(¢) is a probability measure whose support contains £. Because the new pseudo-distance
is an average of the GEL distances, we refer to it by the average generalized empirical likelihood
distance (AGEL). Finally, we define the distance from Ps to Py as

Ae(Py, Po) = inf d(Pyg,, Po) = inf /[, d(Py g0, Po)dF(0). (3.7)

Note that different choices of F'(¢), k(+) or ¥(-) will produce different pseudo-distance measures. If
both P; and Py are misspecified, different choices of the pseudo-distance measures do not necessarily
agree on which model is closer to Py. On the other hand, in Lemma in the appendix, we show
that dz(Ps, Py) > 0 and dz(Ps, Po) = 0 iff Py € Ps. This holds for general choices of F'(¢), k(-) or
U(-). This implies that if Py € Py and Py & Pa, then 0 = dp(P1, Py) < de(P2, Py), i.e. Py is closer
to Py than P2 no matter what F'(£), x(-) or ¥(-) to use. This is an important property because it
means that the model selection test can determine (up to statistical error) which model is correctly

specified when one has the prior information that one of them is.

3.2 A Uniqueness Assumption

Next we introduce a uniqueness assumption that extends the unique pseudo-true distribution as-
sumption in Shi (2009a). This assumption allows the model selection test to be of a simple form.

Let the optimal value of Lagrange multiplier + for each ¢ and each 6 be

Verp(0s) = arg_max  Ep [k(vims(W, 05)g0(X))]. (3.8)
'Ysers(as)

Assumptions that we impose later for our main results will guarantee that v}, 5 (0s) exists (that is,

is finite) and is unique, for every £ € £ and 65 € ©,. With 7;‘1(95, Py) defined, we can write

de(Pyg., Py) = /E k(12 5y (B2 (W, 6)g6(X))dF (£). (3.9)

2In the CUE case, the distance measure is equivalent to the the GMM criterion function with the continuously

updating weighting matrix being the inverse of the non-recentered covariance matrix.



Our assumptions will also guarantee that dz(Psg,, Fp) is continuous in 05 € ©, and that Oy is
compact. Given those, the following set is well defined:

O:(Py) = arg emiél dz(Pse,, Po)- (3.10)
<€

We call this set the Pseudo-true Set as an analogue to the “pseudo-true value” in potentially mis-
specified point identified models. If the model is correctly specified, that is, if Py € Ps, then ©%(Fp)
is the identified set. One of the important features of conditional moment inequality model is that
their identified set can contain more than one point. We respect this feature and allow (but do not
require) ©%(F) to contain more than one value.

While we allow the pseudo-true set to be multi-valued, one uniqueness condition is needed to
give the model selection test that we propose in the next section a simple form. This uniqueness

condition is stated below:

Assumption 3.3 v, p (05)'ms(W,05)g9e(X) = 7 4 5, (05)'ms(W,07)ge(X) a.s. [Po] for alll € L and
05,05 € ©5(F).

Assumption [3.3]is similar to and serves the same purpose as the unique pseudo-true distribution
assumption in Shi (2009a), although it is difficult to give it a pseudo-true distribution interpretation
in the conditional models here. Like the unique pseudo-true distribution assumption, Assumption
is automatically satisfied if the model is correctly specified (still partially identified) because
Vie.p,(0s) = 0 for all 65 € O©F(F) and for all £ € £ in that case. It is also automatically satisfied
when (a) the model is misspecified and ©%(Fp) is a singleton, and (b) ©%(F) is not a singleton, but
we can reparametrize the model so that the new parameter has a unique pseudo-true value.

Because Assumption is automatically satisfied in the above cases, it is innocuous in the

following important model selection testing scenarios:

e conventional nested testing, in which the correct specification of the bigger (less restrictive)

model is maintained,

e nonnested testing in which one has the prior knowledge that one of the models is correctly

specified,

e nested or nonnested testing in which the conditional moment inequality models are point iden-
tified. Point identified CMI models are important special cases of CMI models, and their use
has been studied in Moon and Schorfheide (2009), among others, and

e nested or nonnested testing for point identified conditional moment equality models.

In the cases other than those, Assumption can be restrictive, and we discuss a way to relax

this assumption in Section
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4 Model Selection Test

In this section, we introduce our model selection test. The test is based on the pseudo-likelihood
ratio statistic and uses a standard normal critical value. We introduce both a 2-sided version and a
1-sided version of the test.

The pseudo-likelihood ratio statistic is the sample analogue estimator of LRp, := dz(P1, Py) —
de(Pa, Po): [

LRy = dc(Py, Po) — de (P, o) (4.1)
where

5 — oo —1 N / : ‘

e(Per ) = g [ |7t S (00 me Wi ) (X)) | (1) (4.2

with £,, ={¢ € L:r >r,} for r, being a positive sequence that converges to zero as n — 0, and

Asen(0s) =arg  min 07ty w(yims(Wi, 05)ge(Xi))- (4.3)

veeRps xR

Notice that in dz(Ps, Py), the integrations is over £,, instead of £. We use the trimming argument

to control the estimation accuracy of 45/, (-) when the last element of ¢ is small. We pick r, to

balance the estimation accuracy of 4, and the approximation quality of dz, (Ps, Fy) for dz(Ps, Fo).
The pseudo-likelihood ratio statistic LR,, can be shown to satisfy n'/ 2(ﬁn—LR p,) —a N (0, WIQDO)

under regularity conditions for
wl%o = Ep, (A}M)Q, where
o = [ (WO ) [5O3 0 OV, 00)90(X)) = M )
= (M3, p,) [5(75.0,p, (03) M2 (W, 03)90(X)) — M3 4 ] }dF(ﬂ), for

My p, = Eny [5(7: 0,5, (02) ms(W, 07)g0(X))], and
0% € ©(PRy), for s=1 and 2. (4.4)

This weak convergence result can be used to build a hypothesis test when two additional problems

are solved.

The first problem is standard — the asymptotic variance w%o needs to be estimated and used to

studentize LR,,. To estimate wl%o, we use W2 = SUDy 8. s—19 @2 (01,09), where
s s,ny S=1,

~

O, = arg min / \Il[]/\/[\57g7n(95)]dF(€), and
Lo,

0s€05

3Notice that here the population “pseudo”-likelihood ratio has the opposite interpretation as the likelihood ratio in

a parametric model in that here LRp, > 0 means Model 2 is better (closer to Py) than Model 1.
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n

W2(01,02) = 1 Z [/ﬁ \1’/(1\//-711,71(91))[R(’?1,e,n(91)/m1(Wi,91)9@(Xi)) - ]\//-71,4,71(91)]

n -
=1 Tn

2
— V(Mg (62)) (5 (F2,0n (02) ma (Wi, 02)g0(X5)) — J\//T2,1z,n(92)] }dF(ﬁ)} , for

—

Mipn(0s) =071 K(3s,0m(05) ms (Wi, 05)g0(X3)), for s = 1,2. (4.5)
=1

The set és,n is not necessarily singleton, which is why we define &2 to be a supremum over points in
@l,n X égm. However, we note that in theory, we can use d)i(él,n, élm) as (2)721 for any ésm S C:)S’n. In
practice, different points (0],65) € él,n X @g,n typically produce the same &2 (61, 65).
The second and trickier problem is the possibility that w1230 = (. This possibility happens when
o = 0 a.s., in particular, when both models are correctly specified. When it happens, the noise in the
estimation of ©%(FP) will dominate and cause the studentized Z}\Bn not to have a simple asymptotic
distribution. This problem is the same as that studied in Shi (2009b) in regular point-identified
models, but unfortunately does not have a neat solution as that in Shi (2009b) due to the partial
identification and the inequality constraints.
Our solution to this problem is to introduce some extra randomness to Eﬁn so that the noise in
the estimation of ©%(FP,) will be dominated by this extra randomness when ""1230 = OE| Specifically, we
introduce an auxiliary random variable, U ~ N (0, 1), which is independent from the original sample,

and let our test statistic be
T = (@2 +62) " Y2(VnLRy + 6,U), (4.6)

where &, is a data-dependent scalar that is asymptotically independent of \/ﬁ(ﬁn — LRp,), wy, and
U. The scalar 6, should be bounded away from zero in probability when w%o = 0 and converges to
zero when wl%o > 0. A suitable choice is given in at the end of Section |5| below.

In the next section, we show that under Hy and regularity conditions and with suitable choices
of 6, T, =4 N (0,1). Thus, our model selection test uses the N(0,1) quantile as critical value.

Specifically, our two-sided model selection test of level « is defined as
@1 (0) = LIT| > 2012}, o

where z, /5 is the 1 — /2 quantile of N(0,1). We select Model 1 if @xsided (o) = 1 and T}, > 0 and

n

select Model 2 if @2®ided(q) = 1 and T, < 0. Our one-sided model selection test of level o (for Hy

4The use of extra randomness works in a very similar fashion as the sample-splitting technique used in Yachew
(1992), but instead of implicitly add noise to the test statistic by sample-splitting, we add the noise explicitly. The
advantage of our approach is that the amount of noise added can be easily controlled and in particular can be made to

vanish with sample size when it is not needed, that is when wfpo > 0.

12



vs. Hy :dg(P1, Po) — drp(Pa, Py) > 0) is defined as
(p%—sided(a) — 1{fn > Za}- (48)

The one-sided test should be used when one has prior knowledge that LRp, > 0. One notable

example where such prior knowledge is available is when it is known that Model P2 nests Model P;.

5 Asymptotic Size

In this section, we show that the model selection test we proposed above has correct asymptotic size,
that is

AsySZ(a) = limsupSZ,(«) := limsup sup Eppp(a) = a, (5.1)

n—o00 n—oo PeFy

where (o) = p2519¢d(q) or pl-sided(q) and Fy is the set of true data distributions under which Hy
and regularity conditions hold and is defined in Assumption below. In fact, we will show that
our test is asymptotically similar, that is, not only AsySZ(a) = a but also

liminf inf FEpp, = a. 5.2
iminf inf Epep () =« (5.2)

n—oo

To begin, we need additional assumptions. The first assumption is on the parameter space and

the moment functions:

Assumption 5.1 For s =1,2, assume that:
(i) ©4 is compact, and

(ii) for allw € W, mg(w,0s) is three times continuously differentiable in 0.

Next, we impose regularity conditions on the data generating process. These conditions will
specify the set Fp on which the asymptotic size is defined. To introduce the regularity conditions,

some additional notations are needed. Let

MS!,PO (787 98) = EPOK’(’YL/?m(Wi? HS)gZ(XZ)) (53)

Let eigmax(A) denote the biggest eigenvalue of a matrix A. For a positive number M, let I'}, denote
Nar(0g, )N (RPs x Ri‘“_p *), where Nps(0g,) is a closed ball in R*s centered at the origin with radius M.
Let ¢s = (72,6%)". Let “A” and “V” denote the minimum and the maximum operator, respectively.
Let Ne(©3(F0)) = Ug,co:(py) Ne(ls). Let ppy e = Ep,(g¢(X)) for all £ € L, which is the probability
of X in Cy under Py. Finally, let the left Hausdorff distance from a subset A; of a Euclidean space
to another, Ay, be defined as

pin(A1, Ay) = sup inf |la —d'|]. (5.4)
acA a’€Az
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We call it the left Hausdorff distance because the symmetrized version of pyj, is the Hausdorff distance:
pr(A1, A2) = max{pin (A1, A2), pin(Az2, A1)}

Assumption [5.2| summarizes the regularity conditions that we hold as the maintained hypothesis,
and Assumption defines the null hypothesis.

Assumption 5.2 For positive constants M and 6, the set F is the set of Py such that for s = 1,2,
Assumption holds, and

(i) {Wi}i, is an i.i.d. sample drawn from Py,
(ii) dz(Ps, Po) — di(Ps.. Po) < =6 - (p3,(0s, O%5(Po)) A ),
(iii) vims(w,Os) € K for allw € W and for all ¢ € TS, X O,
(iv) supg,ce, er 172 0,p, (0s)Il < M =6,
97507}

(v) infy,ers, x0, €igmax (EPO [M‘Xb < =6, a.s. [Py

(vi) almost surely in [Py 4],

Ep, [¢> Gf‘lslpx@ {"f(’Y;ms(W, 95))\2+5 Han(y;n;;(w, 0s)) H2+5
st M s )
2 / g ks X /
Ha K(g;zg<¢s798)> H2+5 ‘8 Ig(;ﬁgfg;zs)) H} ‘X] <M

(vii) Ep, (OJ;O]-A*POJ;)2+5 <M, if wp, >0, and

(viil) Py is absolutely continuous on X w.r.t the Lebesgue measure with density f(x) such that
6 < f(z) <M foralzeX.

Assumption 5.3 The set Fo = {Py € F : dg(P1,Py) = ds(Pa, Po)}-

Assumption [5.2[(ii) is a global identifictaion condition, which can be weakened at the expense
of more stringent condition on the adjustment factor 6,. Assumption (iv) basically requires the
models to be not too misspeciﬁedﬂ Assumption (V) is a full-rank condition, which is needed for
’y; 0P (05) to be uniquely defined. This assumption is standard in the GEL literature, although it is
not standard in the moment inequality literature. Assumption viii) will make sure that py p, is
proportional to the volume of Cy, which is useful for us to characterize the effect of the truncation.

Assumption (viii) requires that all covariates be continuous. However, at the expense of additional

5This does not mean that we do not allow for global misspecification, but rather means that the global misspecifi-

cation cannot be unbounded.
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notation, we can deal with the case where X has both continuous and discrete components. We
present two ways to do so in Section [7}
The next assumption is on the measure on £ used in the integral, and on the truncation of £. In

the assumption, L¢ for a subset L of £ denote the complement of L relative to L.
Assumption 5.4 (i) /nr&tt =0, \/nr& — oo asn — oo, and
(ii) The support of F(£) is L and [,. dF({) = O(ry).

For Leupe, any F(¢) with bounded density satisfies Assumption [5.4{ii). For Lc.cupe, one F(€) that
satisfies Assumption (ii) has a probability mass function: f(x,r) oc 73, where o stands for “is
proportional to” E|

Under the assumptions above, we can characterize the asymptotic behavior of fl\%n and @,. The
result is summarized in the following lemma. In the lemma, t, = (n!/2r%=+1) v (n=1/2p~d=) By the

assumption above, t, — 0 as n — oo.

Lemma 5.1 Suppose Assumptions and hold. Then for any subsequence {a,}

of {n} and any sequences {P,, € F} such that t;?w}, — vs € [0,00],

(a) if Voo € [0,00), then t;'/@n(LRa, — LRp, ) = Op(1), t7202 —p oo, and
(b) if Voo = 00, \/@n(LRa, — LRp,,)/wp,, —a N(0,1) and &2 juw?, D 1.

From Lemma we see that the asymptotic behavior of fﬁn and &2 depend on the speed
at which wl%an converges to zero. These different behaviors suggest the conditions that extra noise
introduced in fn should satisfy. In particular, when w%an converges to zero faster than tgn, we can
only derive rate at which /a;, (ﬁan — LRp, ) and @,, converge to zero. In this case, we would like
0q, to dominate these terms so that we will still have Tan converging to the N(0,1) distribution.

The assumption below summarizes the requirement on &,;:

Assumption 5.5 (i) d,, € [0,1] and is independent of U, and for any subsequence {an} of n and

any sequence {P,, € F}n>1 such that taffw]%a — Voo € [0, 00],

(ii) if voo € [0,00), we have G4, —p 1, and

(iii) if veo = 00, we have Prpan(\/an(ff\z — LRp, )/wp,, < |64,)=p®(x) for all z € R and
Prp, (lwp,, /@a, — 1| > €[6q,) —p 0 for all e > 0, where ®(x) is the cdf of N(0,1).

Now, we are ready to show that the model selection test we propose in the previous section is
asymptotically similar: that is, for any sequences {P,, € Fo}, lim, 00 Ep,on(a) = a for ¢, (a) =

(p%—sided (a) or @}{Sided (Oé) .

2r Y2r 1-1)

i)z o r,t, where the first o< follows from Cauchy’s

SWith such an F'(£), one can show that fLr dF(f) < 1—
proof for the Basel problem.
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Theorem 5.1 Suppose Assumptions and hold. Then for ¢n(a) =
@2sided (o)) or plsided (o) (a) equation (5.1) holds, and (b) equation (5.2)) holds.

We conclude this section by giving a data-dependent choice of &, that satisfies Assumption [5.5
For a positive integer by, let w; be estimated according to based on a subsample of size b,.
To be more specific, we first re-estimate ’YZ,Z, PO(GS) according to (4.3]) using the subsample. Then re-
estimate O4(Py) according to the first line of with the r,, replaced with 7, accordingly. Finally,
compute w; according to the second line of with those re-estimated parameters and using the
subsample. We define

On = exp(—thQ(cDZ‘n)2). (5.5)

The following lemma shows that &, defined this way satisfies Assumption if the subsample size

grows with n but at a slower rate than n.

Lemma 5.2 Suppose Assumptions and hold.. Also suppose b,/n — 0. Then
0n defined in equation (5.5)) satisfies Assumption .

6 Power Properties

In this section, we show that our model selection test is consistent against all fixed alternatives and
it has nontrivial power against all n~'/2-local alternatives.

First, we show the fixed alternative result. Theorem below shows that our model selection
test rejects Hy with probability approaching one under a fixed data distribution such that Hy is

violated.

Theorem 6.1 Suppose Assumptions [3.1], 3.2] and hold. Then for any Py €
F\Fo, we have lim,, o0 Ep, on(a) =1 for o, (a) = 25194 (q) or plsided(q).

1/2_Jocal alterna-

Next, we show the local power result. The following assumption specifies the n™
tives we consider. Without loss of generality, we assume that the model P; is closer to the sequence

of true distribution than the model Ps.

Assumption 6.1 The sequence of true data distribution {Py, «}n>1 satisfies P, . € F\Fo for all
n>1, (i) wp,, >0 foralln>1, wp,, = we >0, and (ii) nLRp,, — h1 > 0.

Theorem below shows that our test has non-trivial power against n~/2-local alternatives
satisfying Assumption It is also straightforward to see from the theorem that when the local

alternatives approach the global alternatives in that hy — oo, the asymptotic power increases to one.
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Theorem 6.2 Suppose Assumptions and hold. Then,
(a) liminfy oo Ep, 0259 (a) > 1 = ®(24/0 — h1/v/wi + 1) + ®(—24/9 — h1//wk + 1) and
(b) liminfy, 00 Ep, , o9 (a) > 1 — ®(2q — h1/\/wi +1).

7 Extensions

In this section, we extend our method in three different directions: (i) to allow for discrete variables
in the conditioning sets, (ii) to allow the conditioning sets in competing models to be different, and
(iii) to relax Assumption

7.1 Discrete Variable in Conditioning Set

Here we discuss two methods to deal with discrete conditioning variables. For both methods, we
discuss the case where there is only one discrete conditioning variable and it is a binary variable
taking values in {0, 1}. More general discrete variables can be incorporated similarly.

Let W = (Y, X, Z) where Z is a binary variable and X are continuous variables. Let the condi-

tional moment inequality/equality models be Ps = (Jy cg_ Ps. for s =1 and 2

b, _ {p . Ep[me;(W,0,)|X, Z] = 0 as. [Pp.] for j =1, ..., ps, } 1)
e Ep[msj(W,05)|X,Z] > 0 a.s. [Py,] for j =ps +1,..., ks
where P, is the marginal distribution of (X, Z) implied by P.
The first method we consider is as follows. Define the instrument functions as gy .(X,Z) =
90(X)-1(Z = z) where z € {0,1}, and g¢(X) and ¢ are the same as before. Then P; g, can be written

as ﬂ€e£,ze{0,1} Ps 0s.0,25 Where

P : Eplmg;(W,05)g0.(X,Z)] =0for j =1,...,ps,
PS,OS,E,Z = ) (72)
Epms;(W,05)g0.(X,Z)] > 0 for j =ps+1,.... ks.
and £ can be L¢ cube Or Leube. Then all the results discussed above can be extended to this case with
suitable modification of the regularity conditions.
In the second method, we treat the two values of Z as argumenting the number of conditional

moment restrictions, that is, we write
Pro. — { P : Ep[ms;.(W,0,)|X] =0 as. [P,] for j =1,...,ps, and z = 1,2, } 73)
7 Eplms ;. (W,0,)|X] >0 as. [Py for j =ps+1,..., ks, and z = 1,2,
where my j .(W,0s) = mg j(W,05) - 1(Z = z) . Transform the conditional moment restriction into

unconditional ones, and we can again write P, g, = [\, Ps,0.,¢, where

P { P: Eplms;.(W,0,)g/(X)] =0for j=1,...,ps, and z = 1,2, }
5,050 =

7.4
Ep[ms;.(W,05)g/(X)] >0 for j =ps+1,..., ks, and 2 = 1,2, 74
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and £ can be L. cube OF Leube- Then all the results discussed above can be extended to this case

easily with suitable modification of the regularity conditions.

7.2 Competing Models with Difference Conditioning Sets

In the sections above, we require that the competing models have the same conditioning set. Here we
show that with suitable modification, our method can easily allow for the cases where the conditioning
sets for competing models are different.

For s =1 and 2, consider Ps = UOSGG)S Ps 0, where
P P : Epimgj(W,05)|X,] =0 as. [Py,] for j =1, ..., ps,
s,0s — .
Ep[ms;(W,05)|Xs] > 0 as. [Py,] for j =ps+1,..., ks
In the above equation, W = (Y, X1, X) is generated from Py where X, € X; C R%. The conditioning

(7.5)

variables X; and X5 can be the same, nest each other, overlap but be nonnested, or be disjoint.
Let £y = (x4,7) € [0,1]% x R and define G, = {gy,(Xs) : s € Ls}. Define distance from P, to Py

as

dr,(Ps, Py) = Oigg) ; d(Ps,p,.0,, Po)dFs(Ls). (7.6)

where Fi(/,) is a probability measure whose support contains £y and d(Ps., ¢, Fo) is defined as in

(3.5). Define My, (75, 05), Mago (s, 05) Vg py Fsitums Lsran» and M7, p - accordingly.
Define ¢, , = nt/2y ds+1 v~ Y2y ds and t, = t1,,Vta . Assume that 7y, satisfies Assumption [5.4for

s = 1,2. With suitable modification on the regularity conditions, under all sequences {P, € F}°° ,

we have

Vn(LR, — LRp,) = ZAPM (tn), (7.7)

A};n,i:/ﬁ \IJ/(Migljpn)[f@(’}/ighpn(eip)m1<Wz,01)gZ1( )) Mlzlpn]dFl(gl)
1

_/5 V' (M3, p,) [5(V3.0,.p, (03) ma(Wi, 03) 90, (X)) — M3 4, p, | dFs((2), for
2
0% € ©%(P,), for s=1and 2.

Define &2 = SUP g1 g1y @2 (01,62), where

eél,n Xé2,n

@Z(01,09) (7.8)

:% Z [/ﬁ U/ (M 4, 1(00)) [ (51,000 (01) 10 (Wi, 00) g1y (X)) — Mgy 0 (61)]dF (1)

INETY
2

- /L U (M g, 1(02)) [ (32,000 (02) 1o (Wi, 02) gy (X)) — Mo,y (62)] dFa(£o)

2,790

Then all the results discussed in the previous sections can be extended to this case easily.
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7.3 The Uniqueness Assumption

First, we explain why the uniqueness assumption, Assumption [3.3|is useful. From Lemma we

see that when Assumption [3.3]is satisfied, we can establish that

n
n'?(LR, — LRp,) =n""?> " Ap i+ 0p(1). (7.9)
i=1
If Assumptionis not satisfied, A, ; will not be well-defined. Instead, we can only define a function
A%, :(07,03), which takes different values for different 07 € ©3(F). Consequently, Lemma will
establish

n'2(LR, — LRp,) =n~ 2" Ap, (05 ,,.05,) + 0p(1), (7.10)
=1

where 0;% is the closest point in ©%(F) to és,m for the és,n used in constructing ﬁn The ran-
dom sequence 603, may not converge, and is correlated with the data that forms A}O7i(-, -), causing
n=1/23n Ap, (07 ,,,05,,) not to have a normal asymptotic distribution. Losing the asymptotic
normality destroys the simple structure of our test.

One way to preserve the simplicity of the test without the unique assumption is to estimate @s,n
from a separate sample, and then use a random point és,n from that set estimator to construct ﬁn,
wy, and &,. Because the ésm is from a separate sample, its closest point in ©3(F), 05, will be
independent with the data that forms Aj;’o,i(" -). Then all our derivations in the previous section can
be done conditional on és,n.

The natural way to come up with a separate sample is to split the original sample into two equal

halves. One half is used to estimate the parameters and the other to construct the statistics.

8 Monte Carlo Simulation

In this section we report Monte Carlo results for a missing data example. Let Y; be a binary variable

that is observable only if a selection variable D; = 1 and is missing if D; = 0. Let Y; = Y;D; + (1-D;)

and Y, = Y;D;. Then by definition Y; € [Y;,Y,]. Let X1; and Xo; be two covariates. Suppose two
candidates models are both Probit models but disagree on which of the two covariates is relevant.
That is, for j = 1,2:

Pj = {P : Ep[‘b(@l + GQin) _Xi‘X1i7X2i] > 0, and
Ep[Y; — ®(61 + 02X,i)| X1, Xoi] > 0}, (8.1)

where ®(-) is the standard normal cumulative distribution function (cdf).
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Consider the following data generating process:

Vi = 1{1 4 1.5Y2(021 X1; + 029X 2) + u; > 0},
Di = 1{1.5 4+ 0.5(X1i + Xo5) + v}, (s, 05) ~ N(0,[1,0.5;0.5,1]), (8.2)

where Xp; and Xy; are generated as follows: Xy; = Z1,9(Z), Xoi = Zoy®(Z1;) with (Z14, Zo;) ~
N(0, I5). The parameter (o1, 622) determines which covariate(s) is (are) relevant for Y in the data
generating process. When 6031 = 092, the two candidate models are equally good. In particular when
021 = 099 = 0, the two candidate models are both correctly specified. When 051 > 695 > 0, model P,
is better than model Py and when 0 < 51 < 699, model Ps is better than model P;. We consider four
configurations to investigate the size and the power properties of our test. The four configurations
are: (6a1,022) = (0,0),(1,1),(0,1),(1,1.5).

To implement our method, we first transform the variables Xi; and Xs5; to the unit interval.
Define (X7;, X5;) = @(2;1/2 < (X14, X2;)"), where 3, is the sample covariance matrix of (X1, Xo;)’
and ® is the standard normal cdf function applied element by element. Then we treat the trans-
formed variables X7; and X3, as the conditioning variables. Finally we use the countable hypercube
instrumental functions on the new conditioning variables:

by b1 +1 by by +1
=<1 T xy — — :b1,b0=0,1,...,2¢g—1 = .
g { ((1'1,1'2) € |:2q7 2q :| X |:2qa 2q :|) 1,02 Oa ) y 24 y 4 q0, 7611}

(8.3)

We use qp = 1 and ¢g; = 2 for all the settings we consider. The probability measure on Ge.cupe gives
equal probability to the b’s given each r and gives each ¢ a probability proportional to 1/¢2. For &,
we use b, =n/log(n) and t, = n(1/2-(d+1)/Qds+1)) — p=1/10,

The results are reported in Table The two numbers in the parentheses are respectively the
probability of rejecting the null and selecting model P; and that of rejecting the null and selecting
model Py. As we can see, the selection probabilities (first two rows) for either model is close to 5%
when the two models are equally good (the first two rows). It is worth noting that this is the case
even when both models are correctly specified (the first row), in which case w? = 0. The selection
probability of the better model is bigger than 5% and grows with the sample size when there is a

better model among the two (the last two rows), suggesting that the test is consistent.

9 Conclusion

To sum up, we propose a model selection test for conditional moment inequality models. The
test can be applied when the competing models are nested or nonnested. In all cases, the test is
asymptotically similar, consistent against fixed alternatives and has non-trivial power against n~/2

local alternatives. This is the first such test for conditional moment inequality models.
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Table 1: Null and Alternative Selection Probabilities (o = 10%)

(21,025) n=250  n=>500 n=1000
(0,0) (.063,.049) (.053,.049) (.039,.054)
(1,1) (.063,.056) (.057,.055) (.056,.067)
(0,1) (.011,.249) (.003,.323) (.001,.454)
(1,1.5)  (.007,.340) (.000,.575) (.000,.823)

APPENDIX

A Auxiliary Lemmas

In this section, we collect all the auxiliary lemmas used to prove the main results in the text. The proofs of
these auxiliary lemmas are deferred to Appendix [C]

To begin, we first introduce some new notation. Let ¢s denote the combined parameter vector (v.,6%)’.
Let &, =T, x O, for s =1 and 2. For any two sets A and B, let AAB={z:x € A,x € B, but = ¢ ANB}.

Define a pseudo metric on L as
pe(l1,€2) = N(C, ACy,) /2, (A.1)

where Cj is defined in the second line of (3.2)) and A(:) is the Lebesgue measure. Define a pseudo-metric on
d, x L as

ps((9s1,41), (Ps2,€2)) = l|ds1 — P2l + pe(la, £2), (A.2)

for (¢517£1)7 (¢52762) € (I)s X ﬁ
For s =1,2, let

M., (V5 0s) = Ep,i(vem(Wi, 05)g¢(X;)), and

M\sén ’Ysa s = 12"{ WZ,H g@( )) (A3)

Lemma [A7T] below shows some basic properties of stochastically equicontinuous empirical processes. This

result is not new in the literature, but we state and prove it here for easy reference.

Lemma A.1 Consider the triangular array of empirical processes {v,(t) : t € T2 . If (i) (T, p) is a totally

bounded pseudo-metric space, (ii) v,(t) is stochastically equicontinuous w.r.t. p and (iil) for every t € T,
()]l = Op(1), then supyer [[vn(9)|| = Op(1).

Lemma below shows the stochastic equicontinuity of several empirical processes that form different

parts of Tn .

21



Lemma A.2 Suppose Assumptions and hold. Then, under any sequence {P, € F}°,, for
s=1and 2,

(a) the triangular arrays of empirical process:

{Vg,n(¢s>€) 1/2( s,0 n(¢s) - s 2, Py, (¢s)) : ¢s € (bsv te 'C}’

1s stochastically equicontinuous w.r.t. the pseudo-metric ps defined in (A.2)),

(b) Sup¢be¢b’ge£ |n / s Vi n(¢s) - S 2, Py, (¢5))| = OP(1)7
(¢) the triangular arrays of empirical processes

(V! 0 (0e,0) 1= 02 (OM 0.0 (6)/0s — aMs 0.5, (65)/0¢s) : ¢ € B, L€ L} and
{12 ,1(5,0) 1= 02 (0> M 0,0 (65) /06500, — P Mo 0., (65)/06:08.) : 6 € By, L€ L}

are stochastically equicontinuous w.r.t. the pseudo-metric ps,
(d) SUDPg, cd, teL Hn1/2(aMs 0,P, (¢S)/a¢s - 3./\/15 4, Py, (¢s)/3¢5|| = Op(l); and
SUDg. cd, teL ||n1/2(82 5,0 n(qj)S)/a(bsa(b/ M A, Py, (¢5)/3¢58¢;) H = O:D(l)}
(e) for any random mappings {qﬁs,n, qﬁs,n £L— @s}nzl such that supyc o ||¢217)1(€) — ¢§22L(£)|| = 0,(1), we have
sup | M 0.0 (#.(6) = Mt p, (63, (0)] =5 0

el

325||82A78,e,n<¢§?z<6>>/a¢sa¢;762 6.0, (02(0)) /00500 || = O

Lemma below shows the consistency of ¥s.n,(0s) for 77, p (6,) under drifting sequences of data
distributions P,,.

Lemma A.3 Suppose Assumptions and hold. Under any sequence {P, € F}2,, we
have for s =1 and 2,

(a) SUPg_co,,teL,, 195,60 (05) — Ay Pn( )H —>p

(b) SUPg, co,,teL,, p&nH'AVs,Z,n(es 752 P, H = 1/2 ), and SUPg eo, teL,,
Op(n=1 21 ),

(c) for any two random sequences {egl,l}go 1 and {0(2)}n 1 such that ||0(1,)L — ngr)LH = 0,(1), we have that
SUPge H% ¢ Pn(e(l)) Veep, (0 H = Op([[0s.n G- 9(2 ), and

(d) for the two random sequences in part (c), we have supycp, H’?s,g,n(eg}%) — i, PW(QSQT)L)H -5 0

, (05) ’Ysep H =

Lemma [A74] below shows that under our assumptions the effect of the truncation of £ is small.

Lemma A.4 Suppose Assumptions and hold. Uniformly over Py € F and 05 € O, for
s=1,2,

rode=l / U[Ms.0,p, (V2 0, (05), 05)|dF (£) = Op(1) (A4

Lemmabelow shows a full-rank condition for each super model P; o9, of P ,. This full-rank condition

guarantees that 77 , p (05) is uniquely defined for every 05 and every /.
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Lemma A.5 Suppose Assumptions and hold. Under any Py € F, for all £ € L and for
all s € Py,

eigmax (B[ (Voms(W, 05))ms(W, 05)ms(W,05) ge(X)]) < —ppye -8 for s=1 and 2. (A.5)
Lemma below shows an important property of our pseudo-distance measure: the pseudo-distance is

zero when and only when intuitively it should be zero, that is when Py belongs to the model, or in other words,

the model is correctly specified.
Lemma A.6 Suppose Assumptions and hold. For any Py € F, then Py € Ps iff
dre(Ps, Py) =0 for s =1,2.

Lemma below establishes the convergence rate of @1,TL and @2)71 w.r.t. the left Hausdorff distance.
Lemma A.7 Suppose Assumptions and hold. Then, under all sequences {P,, € F}2 4,
we have maxs—1 2 plh(@s,n; O%(P,)) = Op(n_1/2r;dm/2).

Lemmabelow shows a linear representation of \/ﬁ(ﬁn — LRp,) under a sequence of data distributions

{P,}. This lemma is a crucial step for establishing Lemma

Lemma A.8 Suppose Assumptions and hold. Then, under all sequences {P, € F}52,,
— 1 <&

Vn(LR, — LRp,) = NG Y Ap, i+ Op(tn), (A.6)
i=1

where A is defined in (4.4) and t,, is defined above Lemma .

The following three lemmas prove a Kuhn-Tucker condition that is used repeatedly in the proof of our
main results. These lemmas are taken from Chong and Zak (2001) with minor modification. Consider the

following problem:
maximizef(x) subject to g(x) >0, (A.7)

where f: R? - Rand g: R? — Rmﬂ Let 2* satisfy g(z*) > 0 and define J(z*) = {j : g;(2*)} which is the
set of the index of active inequality. We say that =* is a regular point if the vectors dg;(z*)/0x for j € J(x*)
are linear independent. We say that x* is a feasible point if g(z*) > 0. Define

L(a®,w7) = 83:830 Z K 63:830 ’ (A-8)
T(x", 1) = {y : 9g; (2" )/aw cy=0,j€J(x", 1)}, (A.9)
J(a*, %) = {5 g; (%) = 0, p7 > 0}, (A.10)

It is obvious that J(z*, u*) C J(z*).

"Note that here, f (z), g(x) and z here refer to some generic functions and their argument and do not refer to the
same things as similar or the same symbols defined in the main sections of this paper. Since these new definitions only

apply locally from here to the end of this section, there should be no confusion caused by this abuse of notations.
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Lemma A.9 Karush-Kuhn-Tucker Theorem. Let f(z) and g(x) are once continuously differentiable on
x. Let x* be a reqular point and a local maximum for the problem defined in . Then there exists p* € R™
such that

1. p* >0,
2. Of(x*)/0x + Y771, pj - Dgj(a*)/dx = 0, and

3. gla*) - u*=0.

Lemma A.10 Second-Order Sufficient Conditions. Suppose f and g are twice continuously differentiable

in x and there exists a feasible point x* € R and p* € R™ such that
Lop* >0, 0f(x*)/0x + 3751, pi; - 9g;(x*) /0x = 0, g(z*)" - u* =0, and
2. For ally € T(z*,u*) with y # 0, we have y' L(z*, u*)y < 0.

Then, x* is a strict local maximizer of problem defined in (A.7)).

Lemma A.11 Suppose in problem (A.7), f and g are once continuously differentiable in z. Suppose g; for
j = 1,...,m are concave in x. If there exists a feasible point x* € R? and p* € R™ such that p* > 0,
Of(x*) /0 + 3770 pf - 0gj(x*)/0x = 0, and g(x*)" - p* = 0, then Of (z*)/0x - (x — a*) <0 for any x such that
g(x) = 0.

B Proof of Main Results

Proof of Lemma Lemma is stated in terms of subsequences {a, }52 ;. For notational simplicity, we
prove it for the sequence {n}. All the arguments go through with {a,} in place of {n}.
For (a), t71\/n(LR, — LRp,) = O,(1) follows simply from Lemma [A 8 and the CLT.

For 202, observe that

1 1 —

@2 = o, (n) + = Z [/ﬂ \I/’(M\l,é,n(él,n))[ (1., 2 (010) ma (Wi, 01,0)9e(X i) — M &)

2
—‘I’/(/\//\lze,n(ézn))[ (’Yzen(92 n) m2(W1792 n)ge(X )) M”n]}dF(é)}
Nri [ (VML) KO ar, (01, (V. 0)00(X0) = M3,
— WM 0 p, ) [6(35.0,, (05 ) ma(Wis 03,)ge(Xi)) = M g p, ] }AF(0)
b [ RO [ Orn 1 Wi, ) e (0)) = MO
L
WM ) [5(0 p, (85,) ma (We,6,)06(X0)) = M 1.p, ] F ()

—/£ {\P/<M\2,€7n(é2,n)>[ (32,60 (B2,0) M2 (Wi, 02.)90(X3)) — Ma,e.p, (02.0)]

Tn

2
V(M) [0 ., G5 a2 8,)00CX0) = M 5, 1)
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n

1 1
=0p () +- > A%~ Cri+ Coi — Caal?, (B.1)

i=1

for some QAS’n € @S,n and some 07, € ©3(PF,), for s =1,2. By (B 7 we have

o ol o
202 = th; > A%~ Crit Coi — Caal* +op(t*n )

=1
1 « 1 « 1 « 1 «
< 4(t;fﬁ > (Ap, )7+ t;zﬁ Yoot + t;ﬂa >3+ t,fﬁ > C§) +0,(t;2n7Y), (B.2)
=1 =1 =1 =1

because [Z - al] <k- ZZ L a? for any finite k. Therefore, to show (a), it is sufficient to show that all the
four terms in the parenthesis in the last line of are Op(1). Note that t,°n~' Y71 | (A} ;)* —p Voo by
Assumption [5.2(vii) and Ep, [t,2n~ " Y21 (A} ;) ] =t 2w} — Vs < 00. Next, note that

Cul=c [ { s pebimi 00+ swp  InGhma(Wi,62)] J4F(0)

$1€T, xO1 $2€0%, X O3
<Cona( swp  RGIm W)+ s In(agma(Vi.00))). ®3)
¢1€F}VI><@1 ¢2€F%V[><92

where C' is a generic positive number not dependent on P,. The first inequality holds because for all ¢,
[k (vim1 (Wi, 05)ge( X)) < |k(vima(W;,05))| and \I/’(./T/l\s7g7n(é1,n)) < C by assumptions. The second inequality
holds by Assumption ii). Therefore,

1 n
—2 2
Ep, |:tn - ‘2—1 01,1}
<Cor2.% Ep, [ sw  ROEm (W 00))P 4 sup  |s(vhma (Wi, 62)) ]
$1€%, X0 $2€T2, X0
0, (B.4)

where the first line follows and (a + b)? < 2a? + 2b%. The last line follows from the definition of ¢,, and
Assumption |5.4(i). Equation (B.4) implies that ¢,*n~' 31" | C7, = 0,(1). Also, for all £ € L, ,

U (M0 (01,0) (5 (31,0 (01,0) ma (Wi, 01,0) 9o (X)) — M ]

- \III(MLZ,PTL) ['f(’h,e P, (01,) ml(Wi791)gf(X‘)) - Mip, ]

= V' (Mygn) = UM g, [5(1.0n Or0) 1 (Wi, 01,0)00(X2)) = M)

+ U (M5 p ) [E(Aen (01,0) M (W5, 01,0)90(X2)) — 5(750.p, (05 ) ma (Wi, 05)ge(X3))

— V(M gp,)(Muen = Migp,)

= Canip + Co2,i,0 — Cas e (B.5)

For any l € L, ,

|M1,E,n - MT,Z,Pn |
< |M1,e,n —Miep, (ﬁl,z,n(él,n),él,nﬂ + |M1,£,Pn (’71,2,n(91,n)791,n) - Mi,p,

oMy ep, (51,01.) ‘
0

< ‘Ml,l,n — Miep, (’?1,[,n(é1,n)7é1,n)‘ + H
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xowum@u»—vnp<%mm+nﬁep@un—vnp(ﬁnm+n&ﬂ—ﬁﬂ®
p(nY2) 4 0y (n712) + Oy (/201512 4 Oy (=212
(/2 da/2) (B.6)

because

|M\l7€,n —Mip, (&l,gm(élm)’ 01.,) = Op(n_1/2)7
H aMLK’Pn (’?1751,70

| IBr.en@in) =35 o.p, Orn)]

o5,
_1[|OM e, (A1, 010 . - . - _ _
= | PELTOD |5 B10) =5, Brn)] = O Oy~ = Oy ),
8M Y 79~ n * O * *
| PMerCubrad | oz (Br) ~ i, (85,0
o6,

= 0,(1) - Op(||01, — 01 ]l) = Op(n= /2, 2/2),

oM Y1, 000) || s ) 12, -
[ A N R e} )
09 ’
Similarly,
U/ (Mign) = U (M5 gp, )| = [0 (M gn) - (Mign = Mg p,)| = Op(n 2 4/2), (B.8)
Next,
21 Zn: C3,
n n P 2,1
—‘ / / t_ 021 ity +Co240, — Cazi0,) - (Cot,ie, + Caziey — C23,i,£2)}dF(£1)dF(€2)‘
1 3 3
/ / t 2Z Z Z |Cajiitr  Conit| }dF(fl)dF(@)-
i=1 j=1k=1

To show ¢, *n~t 3" | C3, = 0,(1), it is sufficient to show that ¢, >n~1 3" | |Cojie, - Cori 5] = 0p(1) for all
J,k =1,2, and 3 uniformly over ¢1,¢5 € L,,. We have ¢,;2n=* 31" | ‘02171)51021,“@2’ = 0,(1) by

n

1
t;QE Z |Ca1,i,0, Co1,i,0 |

i=1

(W' (My ) = ' (Mi g, p, {—Zj £ (5,00 (01,0 3 (Wi, 01,90, (X)) = Mg, 0]

—_

=t

3

[ (’Yl £, 77,(01 n) ml(Wla 01 n)gég( )) Ml La,n ] }(\Ij (/\71,22,”) - \III( T,ZQ,PW,)) ’
=172 0,(n"YV2r;4/2) . 0,(1) - Op(n~Y2r /2y = O, (n " r % t2) = 0,(1), (B.9)

where \I//(./(/l\ljl,n) —U(Mi,p) = Op(n*1/2r;dz/2) by || and the sample average is O,(1), and the
last equality follows from Assumption and the definition of ¢,. Similar arguments as above show that
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£ 3 [Conie Cosies | = 0p(1), 8707 300 [Casiey Conies| = 0p(1), and 207 350 [Cosiey Coiives| =
op(1). Also, note that

1 n
QQE Z |Ca1,1,0, Co2i. 0|
i=1
=t (5311, (Br,) 103 (Wi, 0110) g, (X2)) = M, ]

=1
X (O (M5 g, o) [0 (01,0) ma (Wi, 01,0) 9, (X0)) — (V. p, (070 ma (Wi, 05 ) g2 (Xz'))]}’

S|

(W' (M) = WM, )

n

— 1 &
e (W/(Ml,&,n) - \I'/(Mf,él,Pn)){E ["i(:yl,&, (91 n) my (Wi, 91 n)gh( )) Ml fl,n]

1
Ok (F1ma (Wi, 01)ge, (X5))

X [0(Mig, ) 1} @160 (B1.0) = 61001, (65,0)

)
= 1,2 Op(n™2r /2) (0, (n™12) + Oy (= 2r, %/%)) = 0, (1), (B.10)
where ¢%, p (0s) = (vi,p,(0s),0;)", the second equality holds by a mean-value expansion and the last

line holds by similar arguments in the proof of Lemma |A.7] E and in . By similar arguments, we have

tin Tty ’022,i,610217i,€2| =o,(1), t,;2n 130, ‘022 i,01C23.i 52’ =op(1),and t,;*n 131, ’(123 i,01C22.5 ez‘ =
op(1). Last, we have

1 n
2
t, — E |022,i,€1022,i,£2|
n “
=1
n

1 A A
=t,” { S VM 4y )BT m (01.0) 10 (Wi, O1.0)ge, (X3)) = £V 4, (05 ) ma (W3, 07)ge, (X)) ]
=1

n

$ [0 (M gy ) [5G B0 03 (Wi, O1,) 902 (X)) = (3 gy, (0F.0) 11 (Wi, 0792, (X))

A . " Ok (Fma (Wi, 01)ge, (X)) 1/
2| ) (G Oun) — 61, 05)){ & 3 (2 1) (),
i=1
ok ~jm1 Qs ~1 2 i n n * * /
(2 O W0 I (5, 81) 651, 050))
= 1,2 Op(n~"r, %) = 0,(1), (B.11)

where the second equality holds by a mean-value expansion and the last line holds by similar arguments in the
proof of Lemma These results hold uniformly over (1,0, € L,, and they imply that t;21 3"  C3, =
op(1). Similarly, ;2L 3" | €3, = 0,(1). Part (a) follows.

For part (b), note that under Assumption [5.2(vii) and by Lyapounov central limit theorem, we have
w;nlnlm(fﬁn — LRp,) =n~ V230 1wP1AP it op( ) =4 N(0,1). Next, by similar argument for part (a)
with w,,? in place of ¢, 2, we have wpfw,% = wPf Iy (AR, )2 +0,(1). And by the fact that t,%w} — oo.
Also, w;fn_l it (A, ;)* — 1 by the law of large number. Therefore, (b) follows.H

Proof of Theorem To show both part (a) and part (b), it suffices to show that for any subsequence
{an} of {n}, and any {P,, € F},>1, there exists a further subsequence {u,} of {a,} such that

lim Ep, on(a)=a, (B.12)

n—oo
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for ¢, (a) = p?19¢d(q) or pl-sided(q). By the completeness of the real line, there is always a subsequence {h,, }

of {u,} such that t,:fw?ph — Vs for some v € [0, 00]. We discuss two cases below.

Case 1: vy € [0,00). In this case, we have

7 VRaLBu, +3n,U _ 03 VLR, +U

ho
4’?3;,” +07 &gfaz,%n +1
—q4 U ~ N(0,1), (B.13)

where the convergence holds by Assumption ii) and Lemma [5.1}(a). Thus, in this case, (B.12) holds.

Case 2: v5, = co. In this case, by Lemma b) and Assumption (iii)7 we have Prp, (vhy (f]\%— LRp, )<
x|6p,) — ®(x) Vo € R, a.s. and Prp, (|@n, /wn, — 1| > €|64,) — 0,Ve > 0 a.s.. Define the subset Qg of the
underlying probability space as

3

Q== {o € Q:Prp, (Vhn(LR— LRp, ) < alén, = o1, (0) = B(x) Vo € R, and

Prp,, (1&n, /wh, = 1] > €ldn, = on,(0) = 0,ve > 0.} (B.14)
and
Yo = {{o’hn 1 {on, tn>1 = {6n, (0)}n>1 for some o € QO}. (B.15)
Clearly, P(Q) = 1. Thus, it suffices to show that for any point {0, }n>1 € o and any real number z,

lim Prp, (Th, < |6n, = on,) = ®(2). (B.16)

n—oo
By the property of limits, it suffices to show that for any subsequence of {h,, }, there exists a further subsequence
{¢x} such that the above equality holds with {h,} replaced by {(,}. We prove this sufficient condition next.
Note that for any subsequence of {h,}, there exists a further subsequence {(,} such that o¢, /wp. —
c € [0,00]. By definition of €y and Yo, Prp, (\/C,(fl\%cn — LRp, )/wp., <xloe, =o0¢,) — ®(x) Vo € R and
Prp. (@, /wp, — 1| > €l6¢, = o¢,) — 0, > 0.

If ¢ € [0,00), then by the continuous mapping theorem

\/Cn(Lch — LRPC” )/OJP% + UCnU/wPCn, <
\/L:)gn /(JJ}%{H + O-g" /wlszn

Z +cU
— Pr (m < x) = d(z), (B.17)

where Z ~ N(0,1) and Z is independent of U. Then the sufficient condition mentioned above holds.

Similarly, if ¢ = oo,
Prp, (Tc, < xlé¢, = a¢,) — Pr(U < z) = ®(). (B.18)

Then the sufficient condition also holds.
Therefore, in case 2, (B.12) holds as well.ll
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Proof of Lemma It is trivial to see that d,, is independent of U and &,, € [0,1].

To check Assumption ii) note that if t_Qw%, — Vs € [0,00), then tb?n w%ﬂn — 0 and by Lemma
(a), we have tb_fn (@p, )2 =, 0 and this implies that Ga, = exp(—t, 2 " (@, ) ) — 1. Therefore, 6,, satisfies
Assumption ii).

To check Assumption [5.5(iii), first from Lemma

*

Van(LR, — LR 1 S Ah
an( an Pan)_ Z Pan,z+0p(1)

wp,

an Vn i=1 WP,

a * ba *
1 n Ap 1 L Ap, i
- AL ==+ op(1)
Van i=g+1 WP, Van ; WP, '
=: Ay, + Aoy, (Blg)

Ap, i \/a,,L(fEanfLRpa )
where Ay, = 30 St and Ay, = E et g,

Note that

an

Z ;"” r FZ 2t = o(1) - Op(1) = 0,(1), (B.20)

Thus, Az, —, 0. This implies

PI‘pa” (|A2n| > €|&a") —p 0 Ve > O, (B21)

by an application of the Markov inequality.

Because A1, and 6,, are computed from separate samples, they are independent to each other. Also by

Lemma [A-§[i), we have
A1, — N(0,1). (B.22)

Thus, Prp, (A1, < #|64,) = Prp, (A1n < 2) — @®(x) Vo € R. Combining this with (B.21)) and using an

arguments similar to those that prove the continuous mapping theorem, we get

Van(LR,, — LR
Prp, ( an(LRa, Puy) < x|&an> —p @(z) Vz € R. (B.23)
wp,,,

Hence, the first statement of Assumption |5.5((iii) is proved. The second statement of Assumption |5.5(iii) follows

from similar arguments. W

Proof of Theorem [6.1] -: Let w, and ps denote wp, and LRp, respectively. We need to consider two cases:
wyx > 0 and w, = 0. We first consider w, > 0. When w, > 0, we have iy, 2w2 — oo and by Lemma
tbn2wbn — oo and this implies that 6,, = 0 because &, = exp(—t, wb ). Also, t; 2w? — 00 and by Lemma

@n/ws 5 1. Therefore,

LR, +n26,U
—i:n — on” B o/ wi >0,
o2+ 62

SO fn — oo. This implies that Ep, ¢, () = 1.

n_1/2fn =
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Second, we consider w, = 0. When w, = 0, t%w? = 0, then by Lemma (aL)7 @2 = o0,(1). Also, by
Assumption ii), we have 62 —, 1. Therefore, \/nji./\/@2 + 62 —, co. Also, by the same argument for
the Case 1 of Theorem we have

\/ﬁ(ﬁn - M*) + &nU

/N2 52
wr + oz

—qU = Op(l).

Therefore,

T V(LR — pi) + 6,U + \/>U*

This implies that Ep, ¢, (a) = 1. This completes the proof.l

Proof of Theorem Since part (b) follows from similar arguments as part (a), for brevity, we only show
part (a).
Let {u,}n>1 be a subsequence of {n} such that

lim Pr (|T,,|> Zo/2) = lim mf g’r (1T > Za)2)- (B.24)

n—00 Py, «

Note that such {u,} always exists by the definition of liminf. By the completeness of the real line, there is
always a subsequence {a,} of {u,} such that t,%w} — v for some vy € [0,00]. We discuss two cases

below.

Case 1: v € [0,00). In this case, we have

7 Van(LR,, — LRp, )+ \/anLRp, .+ 63U

on /62 462
P, apn
6o \f@nLRa, + 67 \/anLRp, . +U

Ga w2 +1

—p h1 + U (B.25)
where the second equality holds by Assumption ii) and Lemma a). Thus,
Jim Prp, (ITa,| > 2a2) = Pr(|U + hi| > 2a/2)
— ®(20y2 — M/ VWl +1) + &(—20/2 — i /V/WE + 1), (B.26)
where the second equality holds because w2, = 0 by [ w% — Voo < 00.

Case 2: vy, = 00. In this case, we follow similar arguments as those in Case 2 of the proof of Theorem
First let the sets Qg and Xy be defined as in (B.14]) and (B.15|), respectively. It suffices to show that for any
point {O'an}nzl S 20,

lim Prp, (\f .

n—oo

=04,) 2 1= ®(2q/2 — hi/Vwi + 1) + ®(—24/2 — h1/\ /Wi + (B.27)

By the property of limits, it suffices to show that for any subsequence of {a,, }, there exists a further subsequence

{¢x} such that the above equality holds with {a, } replaced by {¢,}. We prove this sufficient condition next.
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Note that for any subsequence of {a,}, there exists a further subsequence {(,} such that o¢, — 0o and
o¢, /wp, — c for some oo € [0,1] and ¢ € [0,00]. By the definition of Qg and Xy, PrPgn<\/C>n(fRCn -
LRp. )/wp, <wx|6¢, =o0¢,)— () Vz € R and Prp._ (|0, /wp., — 1| > €|d¢, = 0¢,) — 0,¥e > 0.

If ¢ € [0,00) and wy, > 0, then by the continuous mapping theorem

Prp., . (IT¢,| = zay2l0¢, = 0¢,)

VG(LRe, = LRp,)/wp,, + VG LRe,, [wp,, +0c,Ulwr,
\/djg" /wIQDCn + Ug" /wIQDCn

Z 4 hi/weo + CU‘ >

— Pr > 2q

(' V142 =T

> 1= B(za/2 — b/ T 1) + B(~zays — b /v 1), (B.28)

where Z ~ N(0,1) and Z is independent of U and the last equality holds because h;/(wsV1+ %) =
hi//w2 + w2 and 2w < 1 because it is the limit of o¢, . Then (B.27) holds.

If ¢ € [0,00) and ws, = 0, then

= PrP{n,* > Za /2 &Cn = 0¢,

Prp, . (ITc,| = zap2léc, = 0¢,) = 1, (B.29)

which also implies (B.27).

If ¢ = 0o, we must have we, = 0 because c is the limit of ¢, /wp, and o¢, < 1. And

Prp., (ITc,| > zay2ld¢, = 0c,)

VG (LR¢, — LRp, )/oc, + VG LRp,, Joc, +U

= 2 zzam‘&cn = ¢,
V@i /o8, +1

= PrPCnr* ‘

— Pr (|h1/ooo +U| > za/g)
> Pr(|hy +U| > z4/2)
=1-®(zq72 — hi/Vws + 1) + O(—24/2 — 1 //wk +1), (B.30)

which also implies (B.27)).
Therefore, in case 2, the desired result holds as well.H
C Proof of Auxiliary Lemmas

Proof of Lemma Lemma [A.1]is the same as in Shi (2009a).1H

Proof of Lemma Let F, abbreviate Fp . For s =1 and 2, define new pseudo-metrics gy and gs1 on
d, x L as:

050((¢s1,01), (Ps2,£2))
= sup|E}, [V, (W, 051)ge, (X)) — K(7ams, (W, 652) g2, (X))] ]2, (C.1)
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0s1((ds1,41), (D52, £2))

= Sgg[En‘|8ﬁ(7;1ms(m 051)9¢, (X)) /075 — Ok(iams(W, 852)ge (X)) /052, (C.2)

where (¢51,€1), (¢52,€2) € d, x L.

For (a), it is sufficient to show that the empirical process is stochastically equicontinuous w.r.t. g5o because
ps dominates ps9. Note that

050((Ps1,01), (ds2,£2))

= ilili[En (H(’Yélms(m 931)931 (X)) - ’{(V;Qms(vva 952)9@2 (X)))2]1/2

< sup {En2[f€(7;1ms(W, 051)ge, (X)) — K (yeams (W, 0.2)ge, (X))

£ 2k(y e (W, 0.)gey (X)) — Koy (W Bea)grs (X2}

n>1

< VEsup { B, 63 ma (W, 0.1)g6, (X)) — w(aLama (W, ), ()}

+Va2sup {En [ (Yaams (W, 052) g, (X)) — K(Vigms (W, 052) ge, (X >”2}U2~

(C.3)

The first inequality holds because (a + b)? < 2(a? + b?). The second inequality follows because (a + b) <

(v/a + v/b)? when a,b > 0, and sup,,>1(an + by) < sup,,>1 apn + sup,,>q b, for any two sequences. Note that

sup { Buli(ym (W: 0)g0, (X)) — w2 Lama (W, 0.2)g0, (X))}

n>1
/ / 2 1/2
= sup {Engel (X)[E(ve1ms(W, 051)) — £(viams(W, 052))] }

< sup { B (s (W, 0,0)) = 5(3Lama (W, 0,207}

n>1

= sup { B (601 — 622)(OR(3,m (W, 9s>>/8¢s>)2}1/2

- ~ 27 1/2
< 6 = duall - sup { B [0 (3}mo(W.0) /004 } < 3261 — Do (C.4)
where (5.,6.) lies on the line segment joining ¢s; and ¢. Note that go(X) is an indicator function and
k(0) = 0, so k(vims(W,05)9:(X)) = go(X)r(vims(W,05)) and the first equality holds. The second equality
holds by a mean-value expansion. The second inequality holds by the Cauchy-Schwartz inequality and the last
inequality holds by Assumption vi). Note that (C.4) holds uniformly over ¢; € L. Also,

1/2

sup { (512 (W, 0,2)g0, (X)) = (s (W, 02)ge, (X))}

B [(90, () = 90, (X)) 20 gm (720202}

Ps€Ps

{
Ssufi{E” [(gel(X)—gez(X))2 sup H(Wémsm”as))z}}l/z
{

1/2
B |96, (X) = 96 (X)) B sup (ol (,0,)%( 1]}
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s 172
< M*Y?sup {En(gél (X) = ge,(X)) }
n>1

_ 1/2 _ 1/2
= M*/=sup § En|ge, (X) — ge, (X)] < Mpy(ly, £2). (C.5)

n>1

The first inequality follows by taking supremum over ¢, € ®,. The third equality holds by law of iterated
expectations. The second inequality holds by Assumption vii). The last equality holds by the fact that

ge, and gy, are indicator functions. The last inequality holds because
Bl (X) = 96 ()] = [ 19 (2) = g0 )] o)
— / Ful@)dz < MA(Co, AC) = Mpe(6r, )7, (C.6)
Cey ACy,

where the first equality follows from the fact that P, has density f,(z), the second equality holds by the fact
that |ge, (x) — ge, (z)| = 1(Cy, ACYy, ), the first inequality holds by Assumption viii), and the last equality

holds by the definition of py. Also, (C.5)) holds uniformly over ¢ € ®,. Therefore, (C.3), (C.4) and (C.5)
together imply that

050((9s51,01), (hs2,02)) < KMY?|pg1 — doall + K Mpy(£1,£s)
< C(|gst — ds2ll + pe(l1,€2)) = C - ps((Ds1,41), (Ps2,42)), (C.7)

for some C > 0.

To show the stochastic equicontinuity w.r.t. gs0, we apply the results in Andrews (1994). Recall that
K(vims(W,05)ge(X)) = ge(X)k(vims(W, 05)). Because G = {g¢(:) : £ € L} is a class of functions of Vapnik-
Cervonenkis sets, then G is a type I classes of functions with envelope function 1. {k(vims(-,05)) = ¢s € Py}

is a type II class because @, is a bounded subset of the Euclidean space and k(y.ms(-,05)) is Lipschitz in ¢s:

E(Yarmas (-, 0s1)) = K(7:2'ms (-, 0:2))] < B()[[ds1 — 2, (C.8)

where B(-) = supy_cq, |0k(7sm(-,05))/0¢s|. Hence, by Theorem 2 of Andrews (1994), {s(v;ms(-,05)) : ¢s €
k(vims(+,05))| vV B(-). Hence,
by Theorem 3 of Andrews (1994), {k(vims(W,05)ge(X)) = go(X;) - k(ms(W,05)) : ¢s € $s, ¢ € L} satisfies

Pollard’s entropy conditional with envelope function F(-). Note that

@} satisfies Pollard’s entropy condition with envelope F(-) = 1V sup,_cq,

lim sup En[1V sup |s(vims(W,0,))| Vv B(X))>T°

n— 00 Ps€Ps
<lim sup E,[1+ sup |k(v.ms(W,0,))] + B(X)]**°,
n—00 Ps €D
<C- En[l+ sup |k(vims(W,0,))>"°] + Eu[ sup [[0k(vim(W, 0,))/0¢s[*T°] < oo (C.9)
¢Se¢s ¢Se¢s

for some C' > 0. The second inequality holds by the convexity of the function f(z) = 227° and the last in-
equality holds by Assumption vi). Therefore, by Theorem 1 in Andrews (1994), 12, (¢, ) is stochastically

equicontinuous w.r.t. gs-

For (b), it is sufficient to show that the metric space (5 x L, p,) is totally bounded and 12, (¢, €) is 0, (1)
for all (¢s, ) € g x L. To show that (P4 x L, ps) is totally bounded, it suffices to show that both (P, ||-||) and
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(L, pe) are totally bounded. (®s, || -||) is totally bounded because ®; is compact set with Euclidean metric. To
see that (L, p¢) is totally bounded, let {X; : ¢ = 1,...} be a sequence of 7.i.d. uniform random variables over
X. Then the triangular array {f,:;(w,f) = g¢(X;)/+/n} satisfies the conditions of Functional Central Limit
Theorem of Pollard (1990, Theorem 10.6) and pseudo-metric on L is

A(Co, ACy,)

1/2
NX) ] =K - po(l1,02) (C.10)

[B(ge, (X) — gey (X)) = [

for K = A(X)/2. That is, [E(ge, (X) — ge,(X))?]"/? is equivalent to p¢(¢1, £2). By Theorem 10.6 (a) of Pollard
(1990), (£, [E(ge, (X) — ge,(X))?]/?) is totally bounded and this implies that (£, p¢) is totally bounded.

V2, (¢s,€) = Op(1) for each (¢, () € D, x L because

sn(¢57 = \/*Z mS W’He )gf( )) _En“<7;ms(m es)gé(X))]] (Cll)
:En(li(/ysms(m es)gZ(X)) - En’%(’ygms(vvv QS)QZ(X))2 (012)
<E,k(vims(W,0,))* < oo, (C.13)

where the second equality holds by the i.i.d. assumption and the last inequality holds by Assumption Vi).
The proofs for (¢) and (d) are similar to (a) and (b) respectively, and we omit them for brevity.

For (e), we show that sup,c, \Msgn( (1)(6)) Mep,( (2)( 0))] —p, 0 and the proofs for other three

convergence results are similar. The proof is done by showing that

sup  [Maen(0s) — Mie,p, (65)] = 0 (C.14)
PsEPLEL
SUP |Ms 4,Py ((15(1) ( )) Ms,Z,Pn (¢§%(f))| —p 0. (C'15)

To show (C.14), we use the uniform weak law of large number in Andrews and Shi (2011, Lemma E2).
Consider the triangular array of processes {g¢(X)r(vims(-,05)) @ ¢s € 5,0 € L3 < n,m > 1}. From
part (a), it is manageable w.r.t. the envelope functions F/(-) = 1V supy_cqe, £(7sms(:,05)) V B(-) such that
Sup,> Tt Yo EnFijé < 0o. Therefore, by Lemma E2 of Andrews and Shi (2011), holds.

To show (C.15]), note that

[Ma.e,p, (¢s1) = Msg.p, (652)] = |Enlge(X)(viams (W, 1)) — ge(X) 6 (vipms (W, 0s2))]
< Enlge(X)R(vims(W, 051)) — ge(X)k(viams (W, 052))]
= En|ge(X)[5(vayms (W, 051)) — £(vams (W, 052))]|
< En|k(vams(W,051)) — K(viams (W, 0s2)|
= En|(0r(75ms(W,0,))/0¢5) ($s1 — ds2))|
< g1 — dsell - Bull (Or(7ims(W. 65))/0) |
< llgs1 = @sall - B sup [[(9k(vems(W, 05))/0¢s) |

s€EPs

< c- ||¢31 - ¢s2||7 (016)
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for some 0 < C < oco. The first equality holds by the definition of Mj ¢ p,, the second equality holds by the
fact that |E,Y| < E,|Y| for any random variable Y, the second inequality holds because gy is an indicator
function, the third equality holds by a mean-value expansion, the third inequality holds by the Cauchy-Schwartz
inequality and the last inequality holds by Assumption vi). holds uniformly over ¢ € L, so
follows.H

Proof of Lemma Let &ﬁ,’n(@s) = argmax,,ers, /T/l\&g,n('ys,ﬁs). For Lemma ), it is sufficient

to show that supy ce, rer,. \|'7S%7n(95) —Yi0.p, (0s)]] = 0p(1) because by Assumption vi) M en(7s,0s) is
strictly concave in 5 and by Assumption (v) 17 e.p, (05)]| < M —6 . Also, define gf)s ( s) = (”ys 1.:n(05),05)
First, for all £ € L,

MS,Z,Pn ((Z)Q/[En (95)) - MS,Z,Pn (¢:,E,Pn (95))

OMs,p, (0500, (0))\ s .
- ( 8’}/9 )(Ws,f,n(e\?) - ’YS,Z,P,I (68))

82/\45 L ~n7 98 A ‘
0P, (7 >)(7£§’n(95) —Ys.0,p, (05))

+ 27 (32 1 (60,) = e, (0))

97507,
—1/~ * / 82/\/‘5, Py, '777,795 ~ *
< 232000 ~ 150, 0) (ORI 62 (6 <5, 00)

< =27"ppye - 8 A2 (0) = Venp, (05)17, (C.17)

where 7, lies between 42} | (65) and 77, p (5) and § is in condition Assumption 5.2(vi). The first inequality
holds by By Lemmasand which apply because v} , p (65) is the solution to max, cr, 0,) Ms,e,p, (Vs 0s)-
The second inequality holds by Lemma and the fact that
32./\/157571:-” (:Ym 95)
07507,

= EPO [H//(:Y;Lms(vvv os))ms(VVa Qs)ms(W; GS)IQE(X)] . (C.18)

For any € > 0,

Pu( s 32000 = i, (05)] > ¢)

0:€0,,LeLr,
152, 2 (Bun) = Vi 2 (0] > €)
Ms,én,Pn(Qgg/Iémn(os,n) — M, P, (D54, P, (0sn)) < —27117130,%,@”552)
=P (Mot 2 (8% (0.0) sen,n<éﬁﬁn,n<ew>>
+ /(/l\s,@n,n(% 0y mOsn)) = Mo, (D50, b, (0sn))
+ Mot (@t 0, Osin)) = M2, (B, p, (0un)) < =2 "Dy 0,02°)
<Pu (VMo 2, (0 a(O0)) = Mot (0¥ 1 (00)))
VI Motn(D 0, Bsn) = Mot p, (90, (B0)) < =27 Vb 0, 8- 27)
—0. (C.19)

<P,

AA/—\

IN

Py,

)
) -
) -
)

The first inequality holds after we pick a sequence {{, € L, ,0:n € O:}3%, such that |3},  (0.n) —
rysm(es) — 7%4(05)]l = 27" The second inequality holds by (C.17) and

VS,IZ,L,PH (Os,n)ll > SUPg, co, tcL,

™n
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the third inequality holds by the definition of &‘%mn(es’n).The convergence holds by the fact that the Lh.s.
term in the last P, (-) is O,(1) by Lemma (b) and the r.h.s. term diverges to negative infinity by Assumption

and \/npp, 0, > /nCri.
For Lemma ), let {6, € Ly, 05, € O35, be a random sequence such that PPy tn

Vi .o Osn)l = sUDg_ co, ver, PPy ellVsen(0s) =75 0nn(0s) —27". Then,

s, (O5,n) =

0 < <M\s,€n,n(qgs,€n,n (es,n)) - M\s,en,n(qS:’en’Pn (Qs,n)))

< <8M5,€n,n(¢:,€n,PR (es,n))
s

)Gt Bon) = V., Os.n)

4 azﬂsﬁ n(:}/n 05 n)
Ae n asn - een ( s ’ : :
+ (¥s.60m(0sn) = Vi e, p, (Osn)) e

OMapn(Drg p(0s)  OMa, n(@Ey p (Bsn)
< . 1Ny n _ 7 ey n 2 _ *
< ( 9, 3’}/; (’)’s,fn,n(es,n) Vs, Py (es,n))

) (’3/57571,7”(057") - 'V:JH,P,,, (gsm))

azﬂs,fn,n('?na as,n)
750,

+ Gt Oan) = 1o, O ( ) Gt (Osn) = iy, (o))

Sop(n_l/Q)||'A78,€mn(98,n) - 'Y:,Z,,L,P,,L (987n)|| — PPyt g H'Ays,én,nwsm) - 'Y:,Z,,L,Pn (es,n)||2

+ Op(pPo,n,Zn 0 H'?s,émn(es,n) - 'V:,zn,Pn (95,,1)”2). (C~20)

where the first inequality holds by the definition of %, ¢, »(0s,») and the second inequality holds by a second
order Taylor expansion. The third inequality holds by applying Lemmas and to the problems
max. er, (6,.,) Ms.t,.n (Vs 0s,n) and max, cr_(.) /(/I\S,gmn(%, 0s.n). For the last inequality, the Op(n_l/g) term
follows from Lemma [A.2(d). Also, by Lemma e),

1 82M\s,ln,n('~ynaas,n) o 1 (aZMs,Zn,Pn (:Ynaes,n)
Ppy,e, 8’738’}/; Ppy,e, 8788’7;

= By K (5ms (W, 000 (W, O )ms (W, 0,0 | X € o, | 4 0,(1), (C21)

+0,(n"17%))

where the o0,(1) follows from the fact that \/npp, ¢, diverges to infinity by the same argument for .
Finally, by Lemma and (C.29)), the last inequality follows. Then, pp, ., ¢, |9s,,,n(0s,n) = Ve0, p, (Osn)ll =
Op(n_l/ 2) and this completes the proof. For the second part, note that it is straightforward to see that
rde sup ¢ Lo pl_polm , < 6, ! where §, is defined in Assumption viii). Therefore,

n

rar o sup |Asen(0s) = viep, (05)] (C.22)
0.€0,,LeL,,

< swp ppyllsen(8s) = A2, (05)] = Op(n ™), (C.23)

 0.€0,,leL,,
and this shows the second part.

For Lemmac), let {¢,, € £}32, besuch that ||v;, (9§,1n)—’y;gmpn (9&2,)1)” > SUPger, 17z e, . p, 08—
Vi, P (9§2,1)|| — 27", Then, similar to (A.19) of Shi (2009a), we have

0<—=ppye, 6 |[Vie P, (eg,ln) —Vst,.P, (322)”2
00 Op(|72e b (O0) =7 p (0] - (|65 — 62)])- (C.24)
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implies that sup,c, H’V:,Z,Pn (921%) ~Yiep, (QEQT)L)H = OP(HHS% - 99)1”)
Lemma [A-3](d) is implied by Lemma a) and Lemma[A:3(b). M

Proof of Lemma The following proof holds uniformly over P € F and we simplify the notation by
deleting the dependence on P. For example, we have M, = M, p and 7 ,(0s) = 75, p(0s). Recall that
M .0(Vs,0s) = Epy[ge(X)k(vims(W,05))]. As a result,

M 0(95.0(05)) = Ppy  B[R(V50(05) ms (W, 05))| X € Co]. (C.25)
By a mean-value expansion, we have
0< \I/[Ms,é(gb:,é(es»] = \IJ/(MSI) 'Ms,€(¢:,€(98))

= V' (My0) - proc - B[k (72 4(05) ms (W, 0,))|X € Cf < Cre, (C.26)

where MS’[ is a value between 0 and M ( :’4(95)), and Ms,z is bounded uniformly over £ € £ by Assumptions
[.2(iv) and (vi), and the second inequality holds due to this, the continuity of ¥’(-), and Assumptions (viii).
This implies that

0< pdet /L W[ Mo (65,0(02))]dF(0) < C, (C.27)

where C' is a positive number not dependent on 65 and Fy. Note that the extra r, comes from the fact that

the total weight of F'({) over Ly, is of order r,. B

Proof of Lemma [A.5t Note that

Ep,[K" (vims (W, 05)ge(X))ms (W, 05 )ms (W, 05)']
=Ep, [9e(X)E" (vsms (W, 05))ms (W, 05 )ms (W, ;)]
=PPy L EPO [H”('ygms(I/V, 05))ms(W; as)ms(Wa GS)I|X S CZL (C28)

where the second equality holds by the law of iterated expectations and the last equality follows from the

definition of the conditional expectation. Hence, it suffices to show that
€igmax (Epo (K (7oms (W, 65)yms (W, 0, )ms (W, 6,)' | X € cg]) < -4, (C.29)

because for all a > 0, eigmax(a - A) = a - €igmax(A).

Suppose not, i.e., eigmax(Ep, [k (Vims(W, 05))ms (W, 05)ms (W, 0,5) | X € Cy]) > —J. Let A be the eigenvec-

tor associated with the maximum eigenvalue and |[A|| > 0, then
N Ep, [K" (vims (W, 05))ms (W, 05)ms (W, 05)'| X € Ce] X > —6]|A||*. (C.30)
However, this contradicts to the following:

N Ep, [ (vyms (W, 05))ms (W, 05 )ms (W, 05)| X € CoA
=Ep, [N & (vms (W, 05))ms (W, 05)ms (W, 0,)' | X € C]
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=B, [N B[R (2m, (W, 0,))m (W, 0,)m (W, 0,)| X]A|X € €]

<Ep, BN X € Ci| < =31 (C.31)

The second equality holds by law of iterated expectations and the inequity holds because of Assumption V).
Lemma follows.l

Proof of Lemma We first claim that Py € Ps g, ¢ iff d(Ps, ¢, Po) defined in is equal to 0. Note that
Ep, [n('ygms(X, 95>g[(X)>] = 0 when 75 = 0. Therefore, it is straightforward to see that d(Psg,.¢, Po) > 0.
Also, by Lemma Ep, [r(vims(X,05)g¢(X))] is strictly concave on I'}M and by definition, I'y(6,) is convex,
so the solution to is unique. As a result, to show that Py € Ps g, ¢ iff d(Ps0,.¢, Po) = 0, it is equivalent
to show that Py € Ps g, ¢ iff 75 = 0 is the solution to .

First, we show that if 75 = 0 is the solution to 7 then Py € P, 0. Note that for j =1..., ks,

OEp, [k (Yims(X,0,)90(X))]
07s,;

o = —FEp [ms ;(X,05)g:(X)]. (C.32)

It is obvious that v, = 0 is a regular point. By Lemma if 7, = 0 is the solution to (3.5)), then there exists
p e Rff*ps such that

DEp, [k (vims(X,0,)g0(X))]

97, o 0, forj=1,...,ps (C.33)
O wOams X )0 s 0, for = pat Lo (C.3)
07s,; ye=0 | ITPs
This implies that
Ep,[ms j(X,05)g¢(X)] =0, forj=1,... ps, (C.35)
Epy[ms (X, 0:)g0(X)] = pj_,, >0, forj=ps+1,... ks, (C.36)

i.e., P() c 'Psﬂs’g.

We show the other direction. We apply Lemma to show that if Py € Psg, ¢, then v, = 0 is the
solution to (3.5). Let u; = Ep, [Ms p.+;(W, 05)] which is greater than or equal to 0 because Py € Ps g, ¢

Therefore, we have

By (W, 0,)] = 2Em [0 (X, 0)90(X))

=0, forj=1,...,ps, (C.37)

s, 75=0
. OEp, |k (ysms(X, 05)g:(X) . )
—Ep,[ms ;(W, 65)] + Wy, = 0[ ( Do )] o +uj_p, =0, forj > ps. (C.38)
S,7 Eha

On the other hand, the L(Ag, ) for our case is

825(’)/;77713 (Xa eé)g@(X))
0507’

L(vs, 1) = Ep, [ | = Ep 1" (vims (X, 05)ge(X))ms (X, 05)ms (X, 05)]. (C.39)

Therefore, L(0, u*) = Ep,[—g¢(X)ms(X, 65)m,(X, 65)")] and €igmax(L(0, 1*)) < 0 by Lemma As a result,
the condition 2 of Lemma holds. This implies that v, = 0 is the solution to (3.5) and d(Ps g, ¢, Po) = 0.
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Next we show Py € Ps iff dz(Ps,Py) = 0. First, if Py € Py, then there exists 0% € O, such that
Py € Psp-. This is equivalent to that Py € P+, for all £ € L and it follows that d(Ps g, Po) = 0.
Therefore, dﬁ('PS,a;,PO) = 0. This implies that dL(Ps, Po) = infy,co, dg(P&es,Po) =0.

We show the other direction. Suppose dg(Ps, Po) = 0, then there exists a sequence {5, € O5}52; such
that dz(Pse, .., Po) < 1/n. Since O, is a compact set, there exists a subsequence k,, of n such that 0, — 05 €
O as n — oo. We first claim that dz(Ps e+, Po) = 0 and it is sufficient to show that d(Ps ., Fo) is continuous
in 05. Note that M ¢ p, (7vs,0s) = Ep,[k(7ims(W,05)ge(X))] is uniformly continuous on I'j; x ©,. By Lemma
A.3(c), ;i ,(0s) is uniformly continuous in 0; € ©5. These imply that for each £ € £, Mo p, (7 4(05),05)
and d(Ps.,.0,Po) = Y[ Mo p, (7;5(03),03)] is continuous in #5. Hence, for any sequence 6 ,, that converges
05, d(Ps.p, .0, Po) converges to d(Ps.g, ¢, Po) for each £ € L. By Assumptions iv) and (vi), d(Ps,0,.0, Po) is
bounded above uniformly in ¢ and ;. Finally, by the dominated convergence theorem, it follows that for any

sequence 0, — 05, de(Ps.o,.,., Po) — dc(Ps,o,, Po). This shows the continuity of dz(Ps.,, Po) in 6,.

Next, we show that Py € P, ¢-. Suppose not, then there exists £* such that Py & Ps o= ¢« and d('Ps’ez’g* , Py) >
0. Next, by the same argument for Theorem 3 of AS, there exists 7 > 0 such that for all £ € Nz(¢*), Py & Py 9= ¢+
and d(Ps o+ ¢+, Po) > 0. Finally, it follows that dz(Ps g, Po) > fN;(Z*) dF(£)(Ps,p+ ¢, Po)dF(£) > 0. This com-
pletes Lemma [A.G|H

Proof of Lemma E Let Pr,, abbreviate Prp . For simplicity, ignore the subscript s.

We first show the consistency, that is for arbitrary sequence {6, € @n} -, and arbitrary € > 0, we have
Prn(plh(én, 0*(P,)) > ¢) — 0. Note that Assumption (11) implies that for all € > 0, there exists . > 0 not
dependent on P, such that

inf Py, Py) > de (P, P,) + 6. C.40
eee\ler(le*(Pn)) £(Po, Pp) > dr( )+ (C.40)

Let 67 be the point in ©*(P,) that is (approximately) closest to 6,,, that is to say ||, —0%[|> < p3, (6, ©F)+27".

Then, the consistency is proved by the following derivation:
Prn(plh(ﬂm@ (Pn)) >¢)

<Pr,(de(Py , P) — de(Po:, Pa) > 02)

=Pr, ([dﬁ(Pénan) —dc,, (P, Po)] + [dc., (P Pa) — dc,, (Pj, , Pa))]
+ [de,, (Pa, Pu)) = dz,, (P, Po)]
+ [dz,, (Pos, Pn)) — de,, (Pos, Po))] + [dcrn (Pos, Pn)) — de(Pos, Pn)] > 6 )

=Pr, (0p(1) +0,(1) + [de,,, (Py, . P)) = de,,, (Poz Pa))] +0,(1) + 0,(1) > .

SPrn( (1) + 0p(1) + 0p (1) + 0p(1) > 55) -0, (C.41)

where the first inequality holds by (C.40)), the second equality holds by Lemma and Lemma b) and
the second inequality holds by the definition of @n

Next, we show the convergence rate. Let 6, and 0 be the same as above. And for any measurable subset
A of L, let dA (Pg, Pn) = [, ¥( ./\/lgn (3¢,n(0),0))dF(¢). Let MAn (0*(0)) = [, ¥( ./\/lgn WP (0),0))dF(¢) and
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Mg n( = [, ¥(Men(Je,n(0),0))dF (£). Below, we show that

(1a) [dz,, (Pg, Pa) = Mz, (67 (6;))] = M, n(6(02)) — de,, (Po. Pu)]

= Op(n™ 1) + Op(n™172) 16, — 61| + 0,1 )-||0n—9i2||2
(16) [de,, (Pg, . Pa) = Me,, n(6"(6;))] < Op(n~'r; %) (C42)
(1) M, n((6n)) = de,, (Poy, Pa)] 2 Op(n~try %) 8- (|6 — 6,117 —27") A 4),

where 0 is the positive number in Assumption The three conditions in (C.42)) imply that

Op(n~1ry %) 20, (= 12) - |6 — 05| + 0,(1) (116 — 6311)
' ((Hén - 0:;”2 - 2_n) A 5))’ (C'43)

and this further implies that |6, — 02| = O, (n="/?r, .0 /2)
We first show that (1a) holds. First, we have the Lh.s. of (1a) equals

[ {0 Fnn@a))) = ¥ (Ve (5.r, 071)]

— [ (Mo (Ben(8n))) — ¥ (Mep, (6 5, (67)))] }e

_ /L [ ($1(6.) 07 5, (8))

'on 8M\ n i 9; , aM P, * 9;
¥ (M6 0, 03) ( e )) - 0 (Mo 61, 070) (2L ”)] +

(9r00) — 615,02 (8 M ur(fen)) 2 W‘f‘;;g;;f‘%”) (0.0(0,) — 63 5, (82)) YaF (1)

(C.44)

by a second order Taylor expansion, where (Z_ﬁgvn is some values lying on the line segment joining gﬁgn(é) and
¢7.,(0,). Together, the first summand of the expression inside the integral in the r.h.s. of (C.44)) is

Op(n™ ) de,n(0r) — &7, p, (03] (C.45)

due to a combination of Lemma [A.2(b) and (d), twice-continuously differentiability of ¥(-) and Assumptions
5.2{(vii)-(viii). Now note that

6.0 (8n) = 67 p, ()| <[1Ae.n(0n) = Vi, (B3] + 16 — 65
<[00 (8n) =% p, 0n) | + 17, (0n) = Vi, (O3] + 1162 — 67,
=[19¢.0(0n) = 77.p, 0) | + Op([161 = 6511) + 116 — 65|
=0p(n ™2 %) + Oy (10n = 03 11) + 105 — 07
=0y (n™"2r,%) 4 0y (110 — 63, (C.46)
where the first two inequalities hold by triangular inequalities, the first equality follows by Lemma ¢) and
the second equality follows by Lemma b).
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Now we study the second summand of the expression inside the integral in the r.h.s. of (C.44). Using the
first three lines of ((C.46)), we have that the absolute value of this second summand is bounded by

U (Myn(ben)  0*U(Myp, (dr.0))

K - | éen(0n) = 67.p, (07| - |

DO B D0
= (0p(n ™11 2%) + Oy (/10 — 0317)) Op(n=1/2)
= Op(nilT;dz) + Op(nil/Q)Op(Hén - 0;:”2)7 (C.47)

where K is a positive constant, the first equality holds by and Lemma d) and the twice continuous
differentiability of ¥(-), and the second equality holds by Assumption

The O, and o, terms in the above three displays are uniform over ¢ € L,,. Thus, together, they imply
that condition (1a) in [C.42] holds.

For (1b) in (C.42)), we have that the Lh.s. of the condition equals

/L {W(ﬂé,n(éé,n(én))) - \P(M\Z,n(¢z,Pn (9;’1))) }dF(é)

Tn

< / {0 (Mo (D10 (07))) = ¥ (Mo (67, (63))) bF(0)

n

= [ ) (R 0) = M0, (972)) JaF ) (C.48)

n

where the first inequality holds because és,n is a minimizer of the problem and the second equality holds by

mean-expansions. Note that

M\&n(éf,n(ezn - M\Z,n((bZ,Pn (92))
_ {W\qem(ﬁ,m(o;))

| Ben @) = 7, 03]

oy
! 82M\S n b N * * *
+ Ben07) =i, 00 [0 1 02) =, 0
= [PMenlOFOD s, 07) i, 030) 4 O
OMin(61p,(02)  OMep (D1 O o
< [ - T B0 — 2 e, 03,0)] + Oy )
= O,(n"try %)+ Op(n~tr %) = Oy (n~tr, %). (C.49)

Given that ¥/(M,) = O,(1), is sufficient for (1b).

For (1c) in (C.42)), we first have that the Lh.s. of this condition equals
Me,, n($(0n)) = dz,, (Py . Pa)l = [dz,, (Py, . Pu) = de,, (Po;, Pu)]
= [Me,, n(6(6n) —dez,, (s, Pu)] = [dc(Py, , Pa) — de(Poy, Po)]

+[dee (Pg, . Pn) — dee (Poy, Pn)
> (Mg, w($(00)) = de,, Py, P +6 - (10 — 05 +27") A 4]
+ Mg n(6(0n)) — dee (Po:, Po)]

TV
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= Op(n™ %) 8- (100 — 0517 +27") A6+ Mg (97 (B)) — dics, (Poy, Pu)l, (C.50)

where the first inequality holds by Assumption iii) and the second equality holds by similar arguments as
those for condition (1b) in (C.42). Also,

s, (Pa, P) = des, (Pas Pl = [ {0(Mop, (65,5, (0))) = ¥(Ma, (65, (67))) }aF (O

Tn

=/C V' (Men)[Me.p, (9 p, (00) — Me,p, (6] p, (6;))dE (£)

Tn

= [ O@)0(10, — Ol AF(0)

Le
=0(ry ™) - O (16 — ;)
=o(n™"%) - Op(|l6 — G711, (C.51)

where the second equality holds by a mean value expansion. The third equality in (C.51]) holds because for
each ¢ € LS

Tn

(Mo (61, 02)) = Ma., 6., 0] = [ 22624 67 1, 6,) = 67, 03]
= a6, (0) — 61, 01)
= 0,(1)- 0() - Oy — ). (©52)

where the first equality holds by a mean-value expansion, the O, (1) in the last equality holds by Assumption
m(viii), pen = O(rde) for all £ € L& and

165 b, (0n) — &5 b, O < 117 b, Ben) — 72 b, (O3] + 1100 — 0]
= 0y ([|6n — 051 + 1|0 — 6%l = Op (116 — 62])) (C.53)

where the last line holds by Lemma c¢). The fourth equality in (C.51) holds because the total weight of
F(£) over Ly is O(ry) by Assumption and the last equality in (C.51]) holds by Assumption Therefore,
(1c) holds.H

Proof of Lemma Rewrite /n(LR, — LRp, ) as
Vn(LR, — LRp,)

vl / [0 (K0 (1,00 000) ) — 0 (Mo (B0(82.0)) | dF () — LR,

= [ (Mo (6.0, 010)) = V0L 0p,) = ¥ (R (3, 05,))) + ¥ (M5 0,) | 4P (O

—Jn e {\I/<A71,2,n(¢f,e,Pn(9T,n))) —\I/(./(/l\g,gyn(@l’])n(g;yn)))]dF(g)
+vn {\If (.K/l\l,é,n (qglén(éln))> - \I’(./T/I\Lgm (6% 0.p,( In)))}dF(é)
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[ [ 050) -~ 8{an GO0
—A, - A; Ay + Ano. (C.54)
Re-write A° as
e [0 (M (010, 05,))) =¥ (Mo (65,5, 03,0) )| aF (0
= [ 8 (P61, 05,0)) = (Mo 81, 01,0 a0
V[ [ (P (0300,03,0)) ~ ¥ (Mo (83.05,05,0)) Ja0)

+vn e [\I’ (Ml,é,Pn (7.6, ( Tn))) - W(Mz,z,Pn (650, (Hgn)))} dF(¢)
=A5 ) — AL+ A (©.55)

By Lemma 4 AL n,3 Op(n nt/ 2 d=+1). For An 1, by mean-value expansions,
1‘_‘/ (M) (Mun((bup( 2) = Maiep, (87 0p, 07, )))dF(E)‘

<C - Vn ‘Mu,n (0100, (07,) — Muep, (63 4p,(07 ) ’ dF ()
0, (1) = Op(n1/27,gl;g+1)7 (C.56)

where M\,Mm is between /\//\ll,z’n ((;5*1‘74713” (65 .,,)) and My 4 p, (QST,@,Pn (0% .,.)). The first inequality holds by the fact
that W/(M, 4.,,) is uniformly bounded with probability approaching 1, the quantity \/ﬁ‘./(/l\l,g)n (9% 0.p, (07 ,,)) —
Mip, (¢>1F,IZ,P" (Qi‘n))| is Op(1) uniformly over ¢ by b), and the total weight of F'(¢) over Lf is O(ry)
by Assumption The last equality holds because n'/?rd= — oco. Similarly, A%, = o,(n!/?rd=*1). These
together imply that

AS = 0, (nt/?rdatl), (C.57)

For A, 1 and A, 2, observe that they are n'/? times the Lh.s. of (1b) in equation (C.42)) specialized to
model P; and model P, respectively. The three conditions in (C.42]) combined with Lemma show that

Api = O0p(n Y278 and A, 5 = O,(n~Y 2 %), (C.58)
It is left to discuss A,. Recall that
By =i [ [9(M100 (61 0, (01,))) = ¥(Mi 0, PO
G / Min (6., 03.) = ¥ (M) |dF (0
- v(M;e,pnNﬁ(Ml,e,n (61,05, (01.0)) — M., )AF (D) + Opn7?)

- /ﬁ W (M3 0., W (Mot (63.0.p,(05,,) = Mig.p, )dF(0) + Op(n™"2)
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fz JAY M) [5G, O (72, ,)00(X0) = (M)
= WM p,) 505 0.0 (03,0) M2 (Wi, 05,)96(X0)) + (M3 g p, )] }AF(0) + Op(n™11?)
_L - * —-1/2
—\/ﬁ;APn,¢+0p(n )- (C.59)

The second equality holds because Fy, € Fo. The third equality holds by Taylor expansions and the last
equality holds by expressing ./T/l\Lgm (QSI,&PR(HT’H)) and M\Q’g,n (¢3,€,P,,, (Hi’jn)) and by changing the order of
summation and integration.

The lemma is proved by combining (C.54), (C.57), (C.58) and (C.59).

Proof of Lemma This is identical to Theorem 20.1 of Chong and Zak (2001).H

Proof of Lemma This is identical to Theorem 20.3 of Chong and Zak (2001).H

Proof of Lemma By assumption, pj = 0 if g;(z*) > 0 for j = 1,...,m, we just need to consider
those j’s such that g;(z*) = 0. Note that g; is concave and g;(z*) = 0, so

0 < gj(x) < g;(z*) + Ja(x )-(as—x): ]B(x )(a:—ac) (C.60)
This implies that
of(x") . . 0g;(z*) .
Az — = — - (x— <0. .
e (x —2") jil ; O (x—2")<0 (C.61)

This shows Lemma [A-T11H
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