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Abstract

We study the diversification benefits of REIT preferred and common stock using a utility based framework.
Taking the view of a long run investor, we conduct our analysis using data from 1992 to 2012. We examine
optimal mean-variance portfolios of investors with different levels of risk aversion given access to different
classes of assets and establish two main results. First, REIT preferred and common stock provides significant
diversification benefits to investors. REIT common stock helps low risk aversion investors attain portfolios
with higher returns, while REIT preferred stock helps high risk aversion investors by providing a venue for
risk reduction. Both asset classes receive material allocations over plausible levels of risk aversion. Second,
while REIT preferred stock appeats to behave somewhat like a hybrid debt/equity asset, its risk/return
profile appears to not easily be replicated by those asset classes. When given the opportunity, investors will

reduce allocations to REIT common stock and investment grade bonds and invest in REIT preferred stock.
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1 Introduction

We employ a utility based approach to examine the diversification benefits of REITs. In the standard
Markowitz (1952) setting where investors are unconstrained in their portfolio formation and can long and
short the risk free asset, all investors hold portfolios that are a combination of the risk free asset and the
market portfolio. In this setting maximizing the Sharpe Ratio of the market portfolio is equivalent to
maximizing utility. Any asset that increases the Sharpe Ratio of the market portfolio is valuable to investors.
However, we know investors do face constraints and cannot borrow at the risk free rate. Importantly, when
investors are constrained, the way we think about diversification benefits also changes. Investors no longer
hold portfolios comprised of just the risk free asset and the market portfolio. Their portfolios differ based on
their risk preferences. In this setting, the question is not whether an asset provides diversification benefits?
But, to whom does the asset provide diversification benefits?

Our motivation for employing a utility based approach to examine diversification is twofold. First, we know
investors face constraints. They can’t short all assets or borrower at the risk free rate. And as we show, this
has material implications for how we should judge the diversification benefits of an asset. Second, using the
standard Markowitz framework typically employed in the prior literature,? it is unclear that REITs provide any
diversification benefits to investors when they are given anything but a very restricted set of assets to invest
in3 It is possible that REITs are important to investors, we have just been examining the issue in a
framework that fails to detect these benefits.

To examine the benefits that the REIT industry may provide to investors, we include both REIT common
stock and REIT preferred stock in our analysis. To our knowledge we are the first study to examine the
benefits of REIT preferred stock to investors. While preferred stock has received some attention in the
academic literature, these papers tend to focus on either why firms choose to issue preferred stock over other
classes of securities,* the role of preferred stock in the capital structure,® or on the pricing of preferred stock.6
The issue we examine in this paper is why investors might choose to hold these securities. This is important
because preferred stock forms a significant portion of REIT capital structure. In equilibrium, for REITSs to be
able to raise capital through preferred issuance, this asset class needs to offer attractive risk-return
characteristics for investor portfolio formation and diversification.

To make our results as general as possible, we give our investor access to global and US large cap stock
indices, US small and mid-cap equity portfolios, US small and mid-cap growth and value portfolios,
investment grade and high yield bond indices, an equity REIT index, and a REIT preferred stock index. We
conduct our analysis using data from the largest time series available, with our data spanning the period
November 1992 to November 2012.7

2 Sa-Aadu, Shilling, and Tiwari (2010) is an exception.

3 See Chiang and Lee (2007) for a discussion.

* See, Boudry, Kallberg, and Liu (2010).

5 See, for example, Ott, Riddiough and Yi (2005), and Heinkel and Zechner (1990).

¢ See, for example, Bildersee (1973), Sorensen and Hawkins (1981), Emanuel (1983), and Ferreira, Spivey, and Edwards
(1992).

7'This sample period covers the modern REIT era. While REITSs have existed since 1960s, our sample period is the most
relevant for a current REIT investor. Given that our methodology relies on return dynamics and there are large
structural differences between the old and modern REIT eras, it is sensible to confine our interest to the latter time
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We find two main results. First, both REIT common and preferred stock provide diversification benefits, but
they provide these benefits to different sets of investors. In our utility based framework under realistic
constraints, investors separate based on risk aversion. Investors with different levels of risk aversion will hold
materially different portfolios. REIT common stock allows investors to form portfolios with higher total
return. This is beneficial to low risk aversion investors who seek to form such portfolios. On the other hand,
REIT preferred stock is a venue for risk reduction. This is prized by high risk aversion investors who allocate
heavily to preferred stock. This view of REIT preferred and common stock is quite different to the one that
is obtained using the classical unconstrained Markowitz framework. In that setting REITs provide little
benefit. Adding realistic constraints to the investor’s optimization problem materially changes how we should
judge the benefits of the REIT sector to investors.

Second, REIT preferred stock play an important role in portfolio formation. While the common perception is
that preferred stock is some kind of hybrid between common stock and investment grade bonds, our analysis
indicates that preferred stock is actually preferred to a combination of those asset classes. That is, when an
investor is given access to REIT preferred stock, they will reduce their allocation to REIT common stock and
investment grade bonds. This helps explains why REITs choose to issue these securities: there is a set of
investors out there who prefer REIT preferred stock over holding a combination of REIT common stock
and investment grade bonds.

Overall our results are relevant to both academics and practitioners. First, they suggest that we need to get
away from judging diversification benefits simply using Sharpe Ratios and correlations. Investors face
constraints and these constraints materially change how we should judge the benefits of asset classes. This is
especially true for the REIT sector, because based on Sharpe Ratios, the REIT sector provides no real
benefits to investors. Once we impose those constraints we observe the benefits that these securities provide.
Second, they also suggest that investors, especially those with high risk aversion who focus on equity
portfolios, would be well served by investing in REIT preferred stocks. Doing so would be beneficial to the
risk adjusted performance of their portfolios.

The remainder of this study is organized as follows. Section 2 provides a review of the literature, while
Section 3 describes our empirical methodology and data. Section 4 presents our results, and Section 5
provides our conclusions.

2 Literature Review

The literature that this paper is most closely related to is the literature examining the role of real estate in
mixed asset portfolios. This literature applies the Modern Portfolio Theory framework of Markowitz (1952)
and Merton (1972) to examine the benefit of holding real estate (both direct and securitized in the form of
REITS) in mixed asset portfolios.

Beginning in the early 1980’s a series of papers demonstrates that positive allocations to real estate produce
superior risk-adjusted returns to portfolios that omit real estate, especially for risk sensitive investors. These
studies rely on the NCREIF index of real estate returns, a database of private real estate returns or an index
of returns from comingled real estate funds. Using this data, Miles and McCue (1984) find that real estate acts
as an inflation hedge and that there are other intriguing properties of real estate returns, notably the low
correlation with stocks and bonds; Ross and Zissler (1991) estimate allocations in the range of 9 to 13 percent
while Folger (1984) makes the case for a 20% allocation using these data. Ibbotson and Siegel (1984) confirm
the findings of Miles and McCue (1984) and Folger (1984), but also show that the pricing of real estate reacts
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to very different stimuli than stocks and bonds; real estate prices are shown to be sensitive to residual risk and
factors such as taxes, marketability and information costs that are not captured in the traditional measure of
risk as represented by market or beta risk.

An early critique of these studies is that they rely on appraisal based returns indexes, which are known to
understate the volatility of real estate returns, called appraisal smoothing. Corgel and deRoos (1999) correct
for the understated volatility and find significant allocations to real estate in the ranges found by previous
authors. While the correction for appraisal smoothing adds volatility to real estate returns, thus reducing the
allocation, the correction also makes real estate less correlated with stocks and bonds, increasing the
allocation. Kallberg, Liu, and Greig (1996) find support for allocations of approximately 9% to real estate, but
in addition, find a “size effect,” that is, small properties tend to bring much larger diversification benefits to
mixed asset portfolios than large properties due to their lower correlation with other financial assets while
maintaining a similar risk/return profile as large properties.

Starting in the mid-1990’s, real estate researchers added REITs to the NCREIF return series, allowing an
exploration of both public market real estate returns in addition to the private market returns. Gyourko and
Nelling (1996) explore the impact of different property types and location in real estate portfolio allocation
and find that diversification by location and property type is independent to market based diversification
measures. Kallberg, Liu, and Trzcinka (2000) find that REIT mutual funds have petsistent positive net alphas,
a significant finding. Combining the conventional wisdom that real estate provides diversification and an
inflation hedge, Lin and Yung (20006) find that REIT returns affect REIT equity market flows, not vice versa,
meaning that the market demand for REIT equities is closer to horizontal than downward sloping.

Some papers have questioned the benefits of REITs in mixed asset portfolios. Most notably, Chiang and Lee
(2007) demonstrate using spanning tests that the diversification benefits of REIT common stock is very
sensitive to the set of benchmark assets. In many cases REIT common stock is spanned by the test assets and
as such provides no diversification benefits.

More recently, Sa-Aadu, Shilling, and Tiwari (2010) examine the performance of real estate in mixed asset
portfolios in a conditional asset pricing framework and find that real estate is one of two asset classes that
deliver portfolio gains during bad times; that is, when investors really care about returns. They argue that
investors may underweight real estate due to this misunderstanding of real estate return behavior in bad
times.

3 Data and Methodology
31 Methodology

In the standard Markowitz (1952) setting where investors are unconstrained in their portfolio formation and
can long and short the risk free asset, all investors hold portfolios that are a combination of the risk free asset
and the market portfolio (two fund separation). The composition of the market portfolio (relative weights of
different risky securities) is independent of investor preferences. In this setting diversification benefits
provided by a given risky asset can be measured by a Sharpe ratio and the improvement in the Sharpe ratio is
independent of investor risk preferences. However, when investors face constraints and cannot borrow at the
risk free rate there are important changes. Two fund separation no longer holds and the way we think about

diversification benefits provided by a given risky asset also changes. Investors no longer hold risky assets in



the same proportion, their portfolio holdings depend on their risk preferences. We now develop this case in
more detail.

To illustrate the role of constraints, consider a simple constrained portfolio problem. Let there be two risky
assets, with returns jointly normally distributed with expected returns fy, U, standard deviations 0y, 05, and
correlation p.? Without loss of generality assume that 4y < y, and g; < g,. Consider investors with negative
exponential utility of wealth, U(W) = —e~ %W where a; > 0 is risk aversion for investor i. An investor is
endowed with initial wealth, Wy, and maximizes expected value of terminal wealth. When there is no risk-free
asset and no short sales of risky assets, an investor chooses investments in the two risky assets, w; and w, to

maximize expected utility,

~ . _ . 2
max E[UW)]= max —e %up=05aioy)
Wi, W2 w1, Wy

W120, W220 W120, W220
Wi+wy =W, witwz=Wy

where {, and 0y, are the expected return and standard deviation of the portfolio with w; invested in asset
one and W, invested in asset two. The equality obtains because a linear combination of normally distributed
variables (assets) is normally distributed (portfolio), and by taking the integral of negative exponential
distribution with respect to the probability density function of a Normal distribution. To solve this
maximization problem, we need to solve

max  (up — 0.5 05)

w120, w20

wi1t+w; :WO
Let A; and A, be the Lagrange multpliers for the two inequality constraints, and ¢ the Lagrange multiplier
associated with the budget constraint. Forming the Lagrangian and differentiating it with respect to Wy, Wy,

the solution to the problem is:

1. Corner solution, with all wealth in the first risky asset: wy = Wy, wy, = 0,4 = 0,1, = g — ppy —
aiWo(of — payoy), ¢ =1+ py — a;Wyof.

2. Corner solution, with all wealth invested in the second risky asset (symmetric to the first case above):

wy = 0,wy = Wo, Ay = —py + ptp — aiWo (03 — p0y0y), 2 = 0,9 = 1+ pip — a;Woo3.
3. Intetior solution (both risky assets held in positive quantity): 4; = 0, 4, = 0,

t — Ug + a;Wo (07 — poy0y)
407~ 2p0,0, 7 o)

Wi =

e a;Wo(of — po,03)
YT T a6~ 2p0i0, + )
ai\o; po,03 T 03

9 The results in this section hold for the general case of n risky assets with expected returns vector g and covariance
matrix X. The two asset case is described for tractability and is without loss of generality. Dybvig (1984) studies the
shape of efficient frontiers under constraints but does not include investor preferences.
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=2+ +updpooy + (1 + py)og + (1 + pp)of — a;Wooioi (1 - p?)

2 2
of —2poi0, + 05

Consider the interior solution. What types of investors invest more in the first asset than in the second asset?
That is, for what values of risk aversion a;, is w; > w,? Note that the denominator in the expressions for wy
and w, is positive, because risk aversion is positive (a; > 0) and (62 — 2pa,0, + 6Z) > 0 because this is
the variance of the portfolio that invests one in the first asset and minus one in the second asset. Then,

Wi > Wy © Wy — iy + a;Wo (05 — poy0y) > —py + iy + a;Wo(0f — poy03)
& aiWo(03 — poy0y) — aiWo(of — poy0y) > 2(up — 1)
& aW, (03 — po10, — of + po1az) > 2(4z — py)

2(uz — )
S >
Wy (o5 — of)
Recall that the two assets are ordered so that gy < U, and 0y < 0;,. Therefore, there exists sufficiently high
level of risk aversion, so that investors with risk aversion above this level of risk aversion hold more wealth in
the less risky asset, than in the more risky asset.

This case shows that in the presence of constraints (and no risk free asset) investors no longer hold risky
securities in the same proportion. This case also shows that investor preferences (risk aversion) affects the
composition of the portfolio. Because different investors hold risky assets in different proportions,
diversification benefits of a given risky asset will be different for different investors. Below we show that this
intuition holds when a risk-free asset is a part of the investment opportunity set but investors cannot borrow
at the risk free rate.

3.1.1 Constrained investment in the riskless asset

Now consider a case where risk free asset paying the rate of interest 7 is a part of the investment opportunity

set, but investors cannot borrow at a risk-free rate W,y = 0). The utility maximization problem is now

~ . _ L2
max Elu(w)] = max —e~%Hp=05aiop)
W1, Wa, Wy Wi, W2, Wryr
W120, W220, WTfZO W120, W220, erZO
W1tWa+Wy =Wy W1+Wo+Wr =Wy

Form the Lagrangian,

L(Wl,Wz, Wrr, A1, 42, A3, (p)
1
=1 +p)wy + (L + p)w, + (L +1)wyp — Eai(lealz + w33 +2wiwyp010)
-4 (=w; —0) —A,(—w, — 0) — /13(—er —0) —p(w; +wy + Wrp — W)

Differentiating the Lagrangian and equating the derivatives to zero, we obtain characterization of the solution
(detailed characterization of the solution is given in the Appendix). The solution consists of seven cases: (1)
Interior solution, positive investment in the risk-free asset and both risky assets. (2) Corner solution: All
money is invested in the risk-free asset. (3) No investment in the first risky asset, positive investment in the
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second risky asset and risk-free asset. (4) Corner solution: all funds invested in the second risky asset. (5) No
investment in the second risky asset, positive investment in the first risky asset and risk-free asset. (6) Corner
solution, all funds invested in the first risky asset. (7) Portfolios with zero investment in the risk free asset and

non-negative investment in the risky assets.

It is shown in the Appendix that cases (2), (3), (5), and (6) are dominated by case (1). The important cases are:
(1) portfolios with investment in the risk free asset and both risky assets; (7) portfolios with no investment in
the risk free asset and positive investment in the two risky assets; and (4) all funds invested in the second risky
asset. We now discuss these cases.

Case 1. Interior Solution: Positive investment in the risk-free rate and both risky assets:

W = 201(0y — pay) —r(af — 2poy0; + 03) + a; W, (p* — 1ot 65 + wy0,(0; — poy)
rf —

a(p? — 1)aic?

(U —7r)oy — (up —7)poy - (uz — 1Yoy — (U — 1)po,
aoto,(1-p a; 020, (1 - p?)

Wi =

Tangency portfolio (the tangency of the straight line with the origin at the risk-free rate and the efficient
frontier curve) is characterized by zero investment in the risk free asset. The weights of the two risky assets in

the tangency portfolio are:

(H2p0y = ny0, +7(0;, = poy)) o,
O (r —u)of + (s + 1y — 2r)poy0, + (r — y)o?

Wi Tangency =

(—t201 + puyo, + (07 — pay))oy
(r — up)of + (uy + pp — 2r)poyo, + (r — uy)og

W2 Tangency = Wy

As investor risk aversion increases, the investor holds more in the risk free asset. As risk aversion decteases,
investment in the tangency portfolio increases. This case is the closest to the canonical unconstrained
portfolio problem where two fund separation obtains. An important distinction, however, exists. In the
canonical unconstrained problem the two fund separation covers a4/ optimal portfolios and therefore applies
to all investors. In the constrained case we consider, this is only part of the efficient frontier, and it applies
only to investors with sufficiently high risk aversion.

Case 7. Zero investment in the risk free asset and positive investment in the risky assets,

U1 — U + aiWo(sz2 — p0103)
a;(of — 2po,0; + 03)

Wi =

—— + Uy + aWo(of — poy0,)
, =

a;(of — 2poy0; + 03)

The composition (relative investment in the risky assets) of the portfolios in this segment depends on
investor risk aversion, a;. As risk aversion decreases, a higher proportion of funds are invested in the riskier

asset.



Case 4. This is simply a corner solution with all funds invested in the risky asset with the highest expected
return (the second risky asset).

The efficient frontier in the standard deviation (x-axis) - return (y-axis) space is characterized as follows (the
derivation is in the Appendix):

Segment 1 - Straight line with the origin at the risk-free rate, ending at the tangency portfolio. Portfolios on
this segment are characterized by the case 1 and include investment in the risk-free asset and in the tangency
portfolio. Investors with sufficiently high risk aversion hold portfolios on this segment,

(r — pz)of + (g + py — 2r)poy o, + (r — py)oZ
a; > _ 2\~ 2 -2
Wo(=1+ p?)oia;

Segment 2 - A curve beginning at the tangency portfolio and ending at the risky asset with the highest
expected return (the second risky asset). Investors whose risk aversion satisfies the inequality below hold
portfolios located in this segment,

Mo — Uq (r — pz)of + (uy + py — 2r)poyo, + (r — piy) 03
<a; < N2 2 .
Wy (oz — poy)o, Wo(=1+ p?)ofa;

Segment 3 - Corner solution, with all wealth invested in the second risky asset. Investors with sufficiently
low risk aversion hold this allocation,

Uz — Uy
O0<a; < .
' Wy (o, — poy)o,

What is crucial to observe is that the composition of the optimal portfolio along the overall frontier (the
relative amount invested in the risky assets) depends on investor risk preferences. Investors with sufficiently
high risk aversion will hold portfolios on segment 1; investors with lower risk aversion will hold portfolios on
segment 2, with all portfolios on this segment having different composition of the risky assets; and finally
investors with sufficiently low risk aversion will hold a corner solution (segment 3).

In this setting, asset characteristics of different assets, or in other words, diversification benefits of different
assets, affect different segments of the frontier. Because risk aversion separates investors across segments of
the frontier, diversification benefits will be different for investors with different risk preferences. This is our
main conclusion. It implies that investor characteristics must be taken into account when measuring and
discussing diversification benefits of various asset classes in the investment opportunities set.

3.1.2 A Utility-Based Framework for Measuring Diversification Benefits: Compensation Ratios

When investors face constraints the relative compositions of their optimal portfolios depend on risk
preferences. Diversification benefits of a risky asset, then, need to be measured taking into account investor
preferences. In other words, a utility-based framework for measuring diversification benefits is needed. To
assess diversification benefits of different assets to different investors we employ compensation ratios.

Consider an investor with initial wealth Wy solving an expected utility maximization problem with a risk free
asset (no borrowing), and n risky securities (the unrestricted set). The investor achieves derived utility of

wealth,



Va(Wo) = E[U(W)],

where the subscript 1 denotes that investor had access to unrestricted asset set with n risky assets. Now,
restrict the investor from investing in one of the risky assets.! Namely, the asset whose diversification
benefits are being assessed. The investment opportunity set now contains (n — 1) assets and the investor

achieves derived utility of wealth under the constrained set (denoted by the subscript (n — 1)),
Vai(Wp) = E[U(W)].

Wealth compensation, AW}, is the additional wealth required when asset k is removed from the investment
opportunity set to restore utility to the level achieved under the unrestricted risky asset set, and is the solution
to the equation,

Vooa (W + AWL) =V, (Wp).

Wealth compensation is measured in terms of time zero (initial) wealth. To evaluate the impact of different
assets in the investment opportunity set, consider compensation ratio -- a ratio of compensation required for
removal of asset k relative to compensation required for removal of asset j,

Wi

Compensation Ratio = ——.

7

This approach can be applied to individual assets, as well as to collections of assets. For example, we examine
compensation ratios (as a function of risk aversion) of the wealth required to compensate an investor for
losing access to REIT preferred stock (or REIT common) dividend by the compensation required to
compensate them for losing access to both REIT common and preferred stock. In this sense the ratios
measure the relative importance of REIT preferred stock and REIT common to an investor over different

levels of risk aversion.

3.2 Data

We collect monthly returns from November 1992 to November 2012 from four sources. Datastream
provides returns on the Barclays Investment Grade Corporate Bond Index, the Barclays High Yield
Corporate Bond Index, the MSCI World Ex-US index, the Russell 2000 index, the Russell 2000 growth index,
the Russell 2000 value index, the Russell Mid Cap index, the Russell Mid Cap growth index, and the Russell
Mid Cap value index. From SNL we collect the SNL US Equity REIT index. MSCI provides the MSCI REIT
Preferred Index. From CRSP we obtain returns on the 30-day T-Bill and the returns on the S&P500.1!

All of the data we use in the analysis is quite standard apart from the MSCI REIT Preferred Index, so some
discussion of that series is warranted. REITs are one of the few industries that issue large quantities of
preferred stock. According to NAREIT, from 1992 through 2012 equity REITSs raised $52.4 billion through
preferred issuance, a number larger than the $41.3 billion raised in REIT IPOs, and approximately one fifth

10 Ukhov (2000) studies changes in the frontier caused by addition and removal of assets from the opportunity set.

11" The one asset class we do exclude from the analysis is private real estate. The reason for this is that it isn’t apparent

that an investor can easily obtain these returns. NCREIF appraisal based returns have well known statistical issues that
would be particularly problematic in a mean-variance setting and Boudry, Coulson, Kallberg and Liu (2013) show that
transactions-based returns can’t easily be replicated by investors.
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of all the public equity issued by REITs.!2 The typical REIT preferred stock has a fixed dividend rate, is
issued at par, and is callable after 5 years. In terms of dividend priority, preferred stock dividends take priority
in payment to common dividends, and also typically count towards the dividend payout requirements of the
REIT.13 The MSCI REIT Preferred Index consists of non-convertible preferred stock issued by US equity
and hybrid REITs. The preferred stock must be traded on the NYSE, AMEX, or NASDAQ. 4

Table 1 reports descriptive statistics for the indices used in our analysis. Panel A reports means and standard
deviations, while Panel B reports correlations. The average annualized return for REIT preferred stock over
the sample period was 10.3% with a standard deviation of 11.4%. This compares to an average return of
12.9% for REIT common stock, which was the asset class with the highest average return in our sample. The
S&P 500 also performed well over the sample period with a mean return of 9.2%. As would be expected over
a long sample, investment grade bonds had the lowest average return of 7.1%.

Turning to the correlations in Panel B, we observe some noticeable characteristics. First, preferred stock is
most highly correlated with high yield bonds with a 68% correlation, but also shares significant co-movement
with REITSs. Second, an examination of the correlation between REIT common stock and the other equity
indices shows that REITs are more highly correlated with small and mid-cap stocks than large cap, but also
that REITs appear to have a significant value component to them.!> For both the mid-cap and Russell 2000
universes, REITs are more highly correlated with value stocks than growth stocks.!¢ Finally, the asset class
that appears to be least correlated with the others is investment grade bonds. It has high correlations with
only the high yield bond index and REIT preferred stock index.

Figure 1 reports the current value of a dollar invested in each asset class in 1992. Some clear patterns emerge
regarding the time series behavior of the asset classes. First, consistent with the average returns observed in
Table 1, REIT common stock was the best performing asset class by the end of the sample period. Notice
however, that this was not always the case. Prior to 2000 REIT common shares were nearly always the worst
performing equity index and up to that time had a total return nearly identical to high yield corporate bonds.
In fact prior to 2002, REIT common stock and preferred stock had remarkably similar performance. Second,

12 Lee and Johnson (2009) report that 20% of NYSE firms, 15% of AMEX firms and 175 of NASDAQ firms have
preferred stock in their capital structure; Yaman (2011) reports that that slightly more than one-third of all non-IPO
equity raised by U.S. firms was preferred equity over the 1985-1999 timeframe, with the U.S. public market for preferred
stock reaching $193billion in 2005. Kallberg, Liu and Villupuran (2013) report that U.S. firms used preferred equity to
raise over 47% of all equity capital from 1999 — 2005, including IPOs; further preferred equities were almost 60% of all
non-IPO equity raised during this period.

13 See Boudry (2011) for a discussion of the dividend payout requirements of REITs.

14 We are able to obtain the constituents of the MSCI REIT Preferred Index from 2005 on. An examination of these
constituents shows that the index is extremely broad based. There are over 100 constituents in the index at any time and
no individual constituent is more than 2% of the index. We are also able to obtain daily REIT preferred stock prices and
trading volume from 2000 on and observe that most REIT preferred stock trades at a daily frequency. This suggests that
although they are less liquid than there common share counterparts, they are liquid enough for an investor to be able to
form portfolios.

> See Ambrose, Lee, and Peek (2007) for a discussion of REIT co-movement after index inclusions.

'® Notice that this is unlikely to be driven by REITSs being components of midcap and small cap indices for two reasons.
First, these are very broad based indices. Second, the Russell 2000 value index has a 97% correlation with the
small/value Fama French portfolio that by construction does not include REITs. The REIT common index also has a
cortelation of 73% with the small/value portfolio. In this sense it appears that REITs ate highly cortrelated with small
and midcap value indices not because they are part of those indices, but because they tend to be small and midcap value
stocks. We use the Russell indices in our analysis instead of Fama French portfolios simply because an investor is far
more likely to hold a Russell index than a portfolio of stocks they created with size and book to matket sorts.
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from 2002 to 2007 we observe a marked increase in the performance of midcap, small and midcap value, and
REIT common shares. The close relationship between REIT common shares and midcap value stocks
become quite apparent in Figure 2 when we plot just the REIT common and preferred shares, the S&P 500,
and the mid cap value index. Finally, the effects of the global financial crisis, subsequent recession, and
recovery are evident in the latter part of the sample. We observe all risky asset classes declining significantly
during the crisis and rebounding during the recovery. This V-shaped pattern being quite pronounced in both
the REIT common and preferred shares.

4 Results

4.1 Classical Analysis

We begin our minimum-variance analysis using the standard mean-variance framework of Markowitz (1952)
where the investors are unconstrained in their portfolio formation and can freely borrow and lend at the risk
free rate. In such a framework, the diversification benefits of any given asset can be measured by its
improvement in the Sharpe Ratio of the tangency portfolio. Table 2 shows the characteristics of the market
(tangency) portfolios created with different mixes of equity and debt asset classes. The left columns are for
the case where bonds are excluded from the analysis and the right columns refer to when bonds are included
in the investor’s opportunity set. Panel A is the most inclusive opportunity set and includes all equity classes.
Panel B removes the value and growth portfolios but leaves the investor access to size portfolios. Panel C
gives the investor access to size and value/growth portfolios. Panel D is the most restrictive set and give the
investor access only to the S&P 500 and the World-Ex-US portfolios. In each case we use excluding both
REIT common and preferred stock as the base case and then compare improvements in the Sharpe Ratio
when either REIT preferred stock, or REIT common, or both is added to the opportunity set.

A few results are apparent from Table 2. REIT common stock is really only valuable when the investor is
given a very limited opportunity set. This is evident in the left columns of Panel D where the Sharpe Ratio
improves by 28.62% (from 0.1202 to 0.1546, 0.4164 to 0.5418 annualized)'” when the investor is given access
to REIT common stock. However, notice that this effect is mitigated if the investor is given access to bonds
(Panel D right columns) or value/growth portfolios (Panel C). In this sense REIT common appears to be
spanned by a value/growth factor and a fixed income factor, at least in this standard setting. This is
important, because numerous studies do not give investors access to debt or value/growth portfolios. It is
also supportive of the results of Chiang and Lee (2007) who find that the diversification benefits of REIT

common stock is sensitive to benchmark portfolios.

The second result from Table 2 is that REIT preferred stock appears to be very much like a bond substitute.
Investors who are constrained to invest only in equity asset classes always find access to preferred stock
beneficial.!® The magnitude of the improvement ranges from 8.13% when all other equity asset classes are
included (Panel A left columns), to 63.39% when the most restrictive set of equity classes is considered (Panel
D left columns). In fact nearly all the benefit to equity investors from the REIT market comes from access to
their preferred stock, not their common stock (compare the first and third row in each panel). Once

17 To obtain annualized returns, monthly returns should be multiplied by 12; to obtain annualized standard deviation,
monthly standard deviation should be multiplied by square root of 12. Sharpe ratio is defined as (7’ - Tf) /0. Thetefore,
the annualized Sharper Ratio is obtained from Shatpe Ratio based on monthly numbers by multiplying it by v12.

*® The economic significance is similar in magnitude to the benefits from diversifying internationally by UK equity
investors as reported in Goetzmann and Ukhov (2006).
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investors have access to bond indices, the benefits of preferred stock are reduces quite dramatically. This is
evident from the reduced increases in Sharpe Ratios reported in the right columns of Table 3. In the most
inclusive case, REIT preferred stock improves the Sharpe Ratio by only 0.28%.

Taken together the results of Table 2 suggest that REITs potentially provide little diversification benefit to
investors. If an investor is given access to easily tradable portfolios of value stocks or bonds, then Sharpe
Ratios are not improved greatly by also giving the investor access to REIT common or preferred stock. This
leads one to question why investors should hold REIT' in their portfolios.

4.2 Constrained Analysis

We start our constrained analysis by considering the simplest case where there is no risk free asset and the
investor cannot short the risky assets. While this scenario may be extreme, it provides a base to understand
how constraints affect investors and is easily extendable to more realistic cases.

4.2.1 No Risk Free Asset and No Bonds

Figure 3 reports efficient frontiers and indifference curves for the case of constrained risky asset portfolio (no
shorts) and no risk free asset. In Panel A, the dashed lines represent the case where preferred stock is
excluded from the opportunity set and the solid lines represent the case where they are included. Black lines
are the mean-vatiance frontier, while red lines are indifference curves for the high risk aversion investor and
blue lines are indifference curves for the low risk aversion investor. In Panel B we repeat the exercise, but
dashed lines represent the case where REIT common stock is excluded from the opportunity set and the
solid lines represent the case where they are included. In both cases the investment opportunity set includes
all the other non-REIT equity classes.

Examining Panel A, we observe that the addition of preferred stock has a dramatic effect on the mean-
variance frontier. Preferred stock provides a venue for significant risk reduction. This is evident in the shift to
the left of the frontier from the dashed curve to the solid curve. This risk reduction is most beneficial to the
high risk aversion investor. The high risk aversion investot’s tangency portfolio changes quite dramatically
and they are able to obtain a higher indifference curve (solid red line lies above the dashed red line). However,
notice that the addition of preferred stock does little for the low risk aversion investor. Their tangency
portfolio remains essentially identical (solid blue and dashed light blue lines lie on top of each other.) This is
the sense in which one needs to be specific about which set of investors benefit from access to a given asset.
Preferred stock is highly beneficial to high risk aversion investors, but of little consequence to low risk
aversion investors.

Turning to Panel B, we observe that the addition of REIT common stock has a different effect on the mean-
variance frontier. Including REIT common stock allows investors to form portfolios with higher total return
than they otherwise would have been able to attain. That is, the solid efficient frontier (including REIT
common) lies above the dashed efficient frontier curve (excluding REIT common) with this difference being
most pronounced for high return portfolios. In this case it is the low risk aversion investor who benefits.
Their optimal portfolio changes and they are able to obtain a higher indifference curve when given access to
REIT common stock (solid blue indifference curve is above the dashed light blue indifference curve.) Notice
that this is true even though the investor already has access to both size and value/growth tlted portfolios.
Examining the high risk aversion investor, we see that they are largely indifferent to access to REIT common
stock (the solid red and dashed red indifference curves lie on top of each other.) This once again
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demonstrates how an asset class can have different benefits to different investors. REIT common stock

benefits low risk aversion investors, but is of little consequence to high risk aversion investors.

To further examine the benefit of REIT common and preferred stock to investors with different risk
aversions, in Figure 4 we plot compensation ratios for investors with different levels of risk aversion. The
compensation ratio is measured as the wealth required to compensate an investor for losing access to
preferred stock (red line) or REIT common (blue line) dividend by the compensation required to compensate
them for losing access to both REIT common and preferred stock. In this sense they measure the relative
importance preferred stock (red line) and REIT common (blue line) to an investor over different levels of risk

aversion.

Both the blue and red lines confirm what we observed in Figure 3 for only two levels of risk aversion. The
benefit of access to REITs both in the form of common and preferred stock is dominated by preferred stock
for high risk aversion investors (blue line declines with risk aversion.) Examining the red line (that excludes
preferred stock), for high levels of risk aversion the compensation ratio moves towards one. This indicates
that for high risk aversion investors, nearly all the compensation they require for losing access to the REIT
market is because of the lack of access to REIT preferred stock. If we examine the blue line (no REIT
common) we see the opposite is true for low risk aversion investors. Most of the compensation for losing
access to the REIT assets is due to losing access to REIT common stock.

To provide some economic significance to our analysis, in Figure 5 we plot the weights in the optimal
portfolio of REIT preferred stock (blue), REIT common stock (red), and all other equities (green) for
investors of different risk aversion. In both Panel A and Panel B, the heavy solid line represents the base case
for the analysis where the investor has access to all the equity asset classes including REIT common and
preferred stock. For extremely low levels of risk aversion, we observe that the investor’s optimal portfolio is
dominated by REIT common stock. This allocation declines as risk aversion increases, although is non-zero
for many levels of risk aversion that would be considered plausible in the literature.!® Turning our attention to
preferred stock, we observe that low risk aversion investors put very little weight in preferred stock, but this
allocation grows quite markedly as risk aversion increases. For high levels of risk aversion we observe that the
investor’s portfolio is dominated by preferred stock. While such an allocation is economically unreasonable
for what we observe in practice, in this scenario the investor doesn’t have access to either risky or riskless

fixed income securities.

The dashed lines in Panel A represent the case where the investor is not given access to REIT common stock
and we examine how the investor allocates their portfolio over different levels of risk aversion. At low levels
of risk aversion, the investor’s allocation to preferred stock is slightly increased compared to the case with all
equity asset classes. The gap left by not having access to REIT common stock is filled by increasing the
allocation to the other non-preferred equity classes. This suggests that REIT preferred stock is not a great
substitute for REIT common stock.

In Panel B we repeat the analysis but in this case the dashed line represents the case where the investor
doesn’t have access to REIT preferred stock. In this case we observe that while the allocation to other equity
classes increases for all levels of risk aversion, so does the allocation to REIT common, especially for higher
risk aversion investors. This suggests that REIT common may provide some bond like characteristics that the
risk averse investor seeks, but can’t obtain in other equity classes.

19 See Bliss and Panigirtzoglou (2004) and Blackburn, Goetzmann, and Ukhov (2009) for a discussion.
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4.2.2 Long Only Risk Free Asset and No Bonds

We now extend our analysis by giving the investor access to a risk free security. Importantly, we allow the
investor to freely invest, but not borrow at the risk free rate. This matches the realistic constraint that
investors’ face in practice. In Figure 6 we plot the mean-variance frontier and indifference curves as in Figure
3. In Panel A the solid line refers to the case with REIT preferred stock and the dashed the case without
REIT preferred stock. In Panel B the solid line refers to the case with REIT common stock and the dashed
the case without REIT common stock. Red indifference curves relate to the high risk aversion investor, while
blue indifference curves are for the low risk aversion investor. Because we have introduced the risk free asset,
the investor is no longer constrained to portfolios that sit on the mean-variance frontier. The mean-variance
efficient portfolios (black lines) are made up of the line starting from the risk free rate and extending to the
green tangency portfolio. The efficient frontier then traces along the upper portion of the mean-variance
curve.

Examining Figure 6 Panel A, we can determine the usefulness of preferred stock to investors. Once again the
inclusion of preferred stock shifts the mean-variance frontier to the left. This allows high risk aversion
investors to attain a higher indifference curve (solid red indifference curve lies above the dashed red
indifference curve.) As was the case without the risk free rate, access to the preferred stock has little effect on
the low risk aversion investor. Their portfolio and level of utility remain unchanged (solid blue and dashed
blue lie on top of each other.)

Turning to Figure 6 Panel B, we examine the effect of giving the investor access to REIT common stock. As
was the case without the risk free asset, including REIT common stock allows investors to form portfolios
with higher total returns (the solid efficient frontier lies above the dashed frontier curve.) This is once again
beneficial to the low risk aversion investor. They are able to attain a higher indifference curve when they have
access to REIT common stock (solid blue indifference curve is above the dashed light blue indifference
curve.) The high risk aversion investor is unaffected by the inclusion of REIT common stock. They hold the
same portfolio and attain the same level of utility they did when they did not have access to REIT common
stock.

Taken together, the results of Figure 6 show that giving an equity investor access to invest in the risk free rate
has not changed their preferences towards REIT common and preferred stock. High risk aversion investors
still benefit from access to REIT preferred stock, and low risk aversion investors still benefit from access to
REIT common stock.

Unsurprisingly, when we examine the compensation ratios in Figure 7, we observe a similar relationship to
the one seen in Figure 4. High risk aversion investors still require the majority of their compensation for
losing access to REIT preferred stock, while low risk aversion investors require relatively more compensation
for losing access to REIT common stock.

Examining the optimal portfolio weights in Figure 8, we observe that both REIT common and preferred
stock still form an economically significant portion of investor portfolios. In Figure 8, the red line represents
the weight in REIT common stock, the blue line is the weight in REIT preferred stock, the green line is the
weight in the other equity asset classes, and the black line is the allocation to the risk free asset. Panel A is for
the case where the investor has access to all equity asset classes, while Panel B is the case where the investor

no longer has access to REIT common stock, and Panel C is the case where the investor no longer has access
to REIT preferred stock.
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Contrasting Figure 8 Panel A to Figure 5, we observe the main effect of introducing the risk free rate is to
dampen the allocation to preferred stock for high levels of risk aversion. Highly risk averse investors
substitute out of REIT preferred stock and into the risk free asset, while allocations to REIT common and
the other equity classes remain similar to before. This makes intuitive sense because as the investor’s risk
aversion increases they are slowly holding a portfolio that is dominated by the risk free asset.

If we remove the investor’s ability to invest in REIT common (Panel B) we observe, like before, that the
investor allocates slightly more to REIT preferred stock at lower levels of risk aversion and substantially more
the other risky asset classes. If we remove the investor’s access to REIT preferred stock (Panel C) we observe
that the investor allocates more heavily towards REIT common than they did before, but now with access to
the risk free asset, they also start investing in the risk free asset at lower levels of risk aversion. They also
invest substantially more in the risk free asset at extremely high levels of risk aversion. In this sense the
investor appeats to be attempting to replicate REIT preferred stock as a combination of REIT common
stock and the risk free asset.

4.2.3 Long Only Risk Free Asset Plus Bonds

The final case we consider is when the investor has access to all the equity asset classes, can invest in the risk
free asset, and also has access to investment grade and high yield debt. This represents the most realistic
investment opportunity set that an investor might have. And remember from Table 2, it is also the case where
at least in the classical Markowitz setting, that REIT common and preferred stock appeared to provide little if
any benefit to investors.

Figure 9 reports mean-variance frontiers and indifference curves for the case with investment grade and high
vield bonds, investment in the risk free asset, and access to all the equity securities. The high risk aversion
investor’s indifference curves are in red, while low risk aversion investot’s indifference curves are in blue. In
Panel A, the solid lines are for the case where the investor has access to all securities, while the dashed case is
when the investor does not have access to REIT preferred stock. In Panel B, the dashed lines refer to the
case where the investor does not have access to REIT common stock. As was the case in Figure 6, efficient
portfolios are those that extend from the risk free rate to the green tangency portfolios, and then trace the
upper portion of the mean-variance frontiers.

Examining Panel A first, the most notable effect of including investment grade and high yield debt into the
investment set is that REIT preferred stock no longer dramatically shifts the mean variance frontier to the
left. In fact, inclusion of REIT preferred stock only marginally expands the frontier. While the expansion isn’t
as dramatic as before, it is still beneficial to highly risk averse investors who are able to attain a higher
indifference curve. Low risk aversion investors are unaffected by access to REIT preferred stock, with their

portfolios and utility remaining unchanged.

In Panel B, we obsetrve that the inclusion of investment grade and high yield bonds has not changed the
effect of REIT common stock on the frontier. Once again, REIT common stock allows the investor to create
portfolios with higher returns than they otherwise would have been able to form. This benefits low risk
aversion investors, allowing them to attain higher utility levels than before. Notice that REIT common stock
providing investors some benefit when the investor has access to both bonds and value portfolios is quite
different to the conclusion from the standard case. When we introduce realistic constraints into the portfolio
maximization problem, we find that REIT common and preferred stock do play a beneficial role in investor
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portfolios. It is just that they benefit different investors. Low risk aversion investors benefit from REIT
common stock, while high risk aversion investors benefit from REIT preferred stock.

Consistent with what we observed for the case with no bonds, high risk aversion investors still require the
majority of their compensation for losing access to REIT preferred stock, and low risk aversion investors
require the majority of the compensation for losing access to REIT common stock. This is evident in the
compensation ratios reported in Figure 10.

In Figure 11 we report optimal portfolio weights over different levels of risk aversion. The assets are REIT
preferred stock (blue), REIT common stock (red), other equity classes (green), investment grade bonds
(brown), high yield bonds (orange), and the risk free asset (black.) Panel A reports the case where the investor
has access to all asset classes, while Panel B removes REIT common stock, and Panel C removes REIT
preferred stock.

In Panel A we observe that for low risk aversion investors, REIT common stock plays a dominant role in
their portfolio. As risk aversion increases, REIT preferred stock starts increasing in importance, and for very
high levels of risk aversion the optimal portfolio consists of investment grade bonds, the risk free asset, and
10% allocations each to REIT preferred stock and other equity asset classes. Interestingly, in this scenario, the
investor makes no use of high yield bonds. Overall, for plausible levels of risk aversion we observe investors
holding significant amounts of both REIT common and preferred stock.

When we remove access to REIT common stock in Panel B, the investor allocated slightly more to REIT
preferred stock at low levels of risk aversion, and considerably more to the other equity asset classes.
Allocations to investment grade bonds and the risk free rate remain similar.

In Panel C, where we remove access to REIT preferred stock, we observe that investors allocate more heavily
towards REIT common equity and start to invest in investment grade bonds at lower levels of risk aversion.
Notice that if we compare Panel C to Panel A, we can observe an interesting relationship between REIT
preferred stock, REIT common stock, and investment grade bonds. While access to REIT preferred stock
only expanded the frontier modestly in Figure 9 when the investor also had access to investment grade bonds,
the allocations to preferred stock in the optimal portfolio suggests that at least for some investors preferred
stock and investment grade bonds are not substitutes. If an investor does not have access to preferred stock
they will invest more heavily in investment grade bonds and REIT common stock (especially at moderate
levels of risk aversion.) Suggesting that REIT preferred is some combination of REIT common stock and
investment grade bonds. However, if you give the investor access to REIT preferred stock, they will use them
instead of the combination of REIT common stock and investment grade bonds. In this sense REIT
preferred stock provides the investor with some unique risk return profile that they couldn’t otherwise
replicate in their portfolio. It also explains in part why REITs issue preferred stock — there is at least some
subset of investors to whom they provide benefits that can’t be easily replicated using other securities.

5 Conclusion

We study diversification benefits of REIT preferred and common stocks using a utility based framework.
Employing a utility based framework allows us to examine the diversification benefits of different asset
classes, while taking into consideration realistic constraints that investors’ face. Being unable to short risky
assets or borrow at the risk free rate has a material impact on how investors’ should gauge the benefit of

different asset classes. In our utility based framework, investors separate based on risk aversion. That is,
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investors no longer hold the market portfolio and a long or short position in the risk free asset. This means
that standard metrics of diversification benefits, such as Sharpe Ratios, are no longer valid measures of utility

maximization.

Taking the view of a long run investor, we conduct our analysis using data from the largest time series
available, with our data spanning the period November 1992 to November 2012. We allow the investor to
choose from a wide variety of asset classes: the World Ex-US stock portfolio, the S&P 500, midcap and small
cap indices, midcap and small cap value and growth portfolios, investment grade bonds, high yield bonds, and
the risk free asset. We establish two main results. First, REIT common and preferred stock do provide
diversification benefits, they just provide them to different investors. REIT common stock allows investors to
form higher return portfolios. This is beneficial to low risk aversion investors who seek to form such
portfolios. REIT preferred stock is beneficial to high risk aversion investors. REIT preferred stock allows
investors to form portfolios with lower risk. This is particularly true if the investor doesn’t have access to
investment grade bonds. Over realistic levels of risk aversion, we find both REIT common and preferred

stock forming substantial portions of an investor’s optimal investment portfolio.

Our second main result sheds some light on why firms issue preferred stock. Conventional wisdom is that
preferred stock is either a bond substitute or a hybrid security of debt and equity. If this is true, then investors
shouldn’t change their portfolio allocations when given access preferred stock, if they already have access to
these other asset classes. We find that this is not the case. When given access to REIT preferred stock,
investors reduce their allocation to investment grade bonds and REIT common stock quite substantially.
They are also able to attain higher levels of utility when they have access to preferred stock. In this sense,
while the conventional wisdom is true, preferred stock is a hybrid asset, the reality is that the exact risk return
characteristics of preferred stock can’t easily be replicated by the two other asset classes. Investors would still
rather have the ability to invest in preferred stock than be constrained to just common stock and investment

grade debt. This is especially true for high risk aversion investors.

17



APPENDIX

To derive the efficient frontier in the standard deviation (x-axis)-return (y-axis) space trace the frontier by
comparing expected utility under different cases. Case 2 (corner solution with all money invested in the
riskless asset) is dominated by Case 1 (with positive investment in the risk-free asset and both risky assets).

Case 1. Interior Solution: Positive investment in the risk-free rate and both risky assets: 44 = 1, = 43 = 0,

W = 201(0y — poy) — r(af — 2poy0; + 03) + a; Wy (p* — 1ot 65 + wy0,(0; — poy)
f a(p? — 1)aic?

(uy —7r)oy — (uz —7)poy - (uz — 1Yoy — (U —7)po,
Gwtnd-p 2T qeled-pD)

W1=

The Lagrange multiplier associated with the budget constraint: ¢ = 1 + 7.

The investor who hold all his wealth in the tangency portfolio has zero investment in the risk free asset. Risk

aversion of this investor can be found by solving wy.r = 0 and equals,

_(r—- 1ot + (g + pp — 2r)paya, + (r — uy)og
@rangency = Wo(—1 + p2)o?o?

The allocation to the risk free asset is increasing in risk aversion. To show this, consider the derivative of the
allocation to the risk free asset with respect to risk aversion,

owyr (=)ot + (uy + pp — 21)poyoy + (r — puy)og
da; a?(—1+ p?)oto;

awrf 6wrf

Comparing the above expression for 7a

> 0.

with the expression for Argngency > 0, it follows that .
i i
Therefore, allocation to the risk-free asset is increasing in risk aversion.

Case 2. Corner Solution: All money invested in the riskless asset.
Wrp=Wo, Ay =1 — g, =7 =y, 0 = 1+71,43=0,w; =0,w, =0.

Under the maintained assumption 7 < py < Uy, for all positive levels of wealth, Wy > 0 and for all positive
levels of risk aversion a; > 0, the expected utility under this solution is lower than the expected utility under
case 1 (holding of the risk free asset and both risky assets). This case is therefore dominated by case 1.

Case 3. No investment in the first risky asset, w; = 0, positive investment in the second risky asset and risk-

free asset (A, = 0,43 = 0),

r— (u, — r)po -r
er=W0+_‘l;2,11:7‘_‘ul+u’W2:u2 2,(p=1+r
a;o; % a;o,;

To determine when this case yields higher expected utility than case 1, consider the following inequality,
Expected Utility Under Case 1 > Expected Utility Under Case 3
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_ (r — pp)?of = 2(r — p)(r — pp)poy o, + ((r — py)? — 2a;(1 + MWy (=1 + p?)of) o3
2a;(-1+ pHofa;
(r — up)?
2a;0?

>A+r)W, +

Under the maintained assumptions 0 <7 <y < pp, a>0,Wy>0, 0<0; <0y, —1<p<1, the
expected utility under case 3 is always smaller than the expected utility under case 1 (the above inequality
holds) and case 3 is dominated by case 1.

In particular, for non-positive correlation, —1 < p < 0 the above inequality always holds under the
maintained assumptions 0 <71 < py < lp, a > 0,Wy > 0, 0 < 0y < 0;,. The above inequality also always
holds for the case of all correlations, —1 < p < 1 when the Shatpe ratio of asset two is lower than the

. -r -r . . . . .
Sharpe ratio of asset 1, ,uz_ < BT Other cases can be considered similarly with the conclusion that case 3

2 01
is strictly dominated by case 1 in terms of expected utility for all cases, except the unique case when y, =r +

(1, — )0y /poy (ot, equivalently, p = (u; — 1),/ [(y — r)01] when case 3 coincides with case 1.

Case 4. All wealth is invested in the second risky asset, wy = 0,w, = Wy, wyr = 0. The Lagrange
multipliers are: A; = —pq + py + a;Wo(poy — 6,)05, A, =0, A3 = py — 7 — a;Wy0%, and the Lagrange
multiplier for the budget constraint is ¢ = 1 + u, — a;Wyo2.

The second case is preferred to case 7 only for investors with sufficiently low risk aversion,

Uy — Hq
Wy (o, — poy)oy

ai<

Case 5. No investment in the second risky asset, w, = 0,4, = 0,43 =0, =1+,

Lt (=7 + u)po, Uy —T
WTf_WO+a-_12’ /12:T—[,12+ o y, W = a.o_lz
i i

To determine when this case yields higher expected utility than case 1, consider the following inequality,
Expected Utility Under Case 1 > Expected Utility Under Case 5

Under the maintained assumptions 0 <7 < py <y, a>0,Wy > 0,0 < 0y < 05, —1 < p <1, the above

inequality always holds and case 5 is dominated by case 1.

Case 6. Corner solution, all funds invested in the first risky asset, wy = Wy, 44 =0, w, =0, w,r =0,

Ay = Wy — py + aiWoo,(poy — 01), A3 = g — 1 — a;Woof, @ =1+ py — a;Wyo?.

Under the maintained assumption 7 < py < U, when is this solution dominated by case 1 (holding of the
risk-free asset and both risky assets)?

(Actually, it is possible to have a risky asset with expected return less than the risk-free rate, 4y < r, and can

consider this case separately).

Case 1 dominates this case when
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tp1 — 0.5 a; 651 > e — 0.5 a; o6
1 2.2 2,2
A+ pdwy + A+ pdw, + (L + 1wy — Eai(W1 o1 + 2wiw,p0,0, + w3 o3)
> (14 u)W, — 0.5a;Wia?

Under the maintained assumptions 0 <7 < iy < t,a > 0,Wy > 0,0 < gy < 05, —1 < p < 1, the above

inequality always holds and case 6 is dominated by case 1.

Case 7. No investment in the risk free asset, W, = 0, positive amounts of the two risky assets held (4; =

/12 = 0)

U1 — U + aiWo(sz2 — p0107)
a;(of — 2poy0; + 03)

Wi =

I + Uy + a;Wo(af — pay ;)
, =

a;(of — 2poy0, + 03)

1 = (05 = pa1a,) + i (0f — poyay) — aWeaf oz (1 - p?) _
3 o — 2po,0, + o2

=2+ py +ux)poyo, + (14 1)os + (1 + up)of — a;Woafay (1 — p?)
o — 2po,0, + o2

Comparing expected utility under case 1 with expected utility under case 7, we conclude that for risk aversion
that satisfies

(r —up)of + (uy + pp — 2r)poy o, + (r — py)o?
a; > 2 > 2
Wo(=1+ p?)of o;

case 1 is preferred to case 7. That is, investors with sufficiently higher risk aversion hold portfolios described
by case 1 and investors with sufficiently low risk aversion hold portfolios described by case 7.

Comparing case 7 (investment in both risky assets) with case 4 (investment in the second risky asset only),

shows that investors with sufficiently low risk aversion,

Uy — g

a; < :
' Wy (o, — poy)o,

achieve higher expected utility under case 4.

The expressions for portfolio weights Wy and Wy are the same as in the case when risk-free asset is not a part
of the investment opportunity set.. This case is analogous to the case of no risk-free asset. Therefore, there

2(pz2—Hq)

5, so that investment in the first (less risk) asset is
Wo(0%-0%)

exists a sufficiently high risk aversion level, a; >

larger than the investment in the second (more risky) asset, Wy > w,.
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Figure 1.
Performance of Asset Classes
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Figure 2.
Performance of Select Equity Asset Classes

$9.00

$8.00

$7.00

$6.00

$5.00

$4.00

$3.00

$2.00

$1.00

¢10¢/T/0T
c10¢/Tly
T10¢/T/0T
T10¢/TlY
0T0¢/T/0T
0T0C/TlY
600¢/T/0T
600¢/T/Y
800¢/T/0T
800¢/TlY
L00¢/T/0T
L00¢/Tly
900¢/T/0T
900¢/Tly
G00¢/T/0T
S00¢/TlY
¥00¢/T/0T
¥00¢/T/v
€00¢/T/0T
€00¢/TlY
¢00¢/T/0T
c00¢/Tly
100¢/T/0T
T00¢/TlY
000¢/T/0T
000¢/T/y
666T/T/0T
666T/1/v
866T/T/0T
866T/T/Y
L66T/T/0T
L66T/TIY
966T/T/0T
966T/1/Yv
G66T/T/0T
S66T/T/Y
¥66T/T/0T
v66T/T/¥
€66T/T/0T
€66T/T/Y
¢66T/T/0T

S&P 500

Mid Cap Value

——REIT Common

——Prefs

24



Figure 3: Equity Only and No Risk Free Asset

Figure displays mean-variance frontiers (black) and indifference curves for high (red) and low (blue) risk aversion
investors. In Panel A, the dashed line represents the case where the investor has access to all equity asset classes but
excludes REIT preferred stock, while the solid line presents the case where REIT preferred stock is also included. In
Panel B, the dashed line represents the case where the investor has access to all equity asset classes but excludes REIT
common stock, while the solid line presents the case where REIT common stock is also included. Data are monthly and
span the period November 1992 to November 2012.
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Figure 4: Compensation Ratios

Figure reports compensation ratios over different levels of risk aversion. Compensation ratios ate calculated as the dollar
compensation required to compensate the investor for losing access to REIT common stock (blue) and REIT preferred
stock (red) divided by the compensation required to compensate the investor for losing access to both REIT common
and preferred stock. The investment opportunity set is the same as in Figure 3.
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Figure 5: Optimal Portfolio Weights

Figure reports optimal portfolio weights over different levels of risk aversion. Red is the weight to REIT common stock,
blue is the weight to REIT preferred stock, and green is the weight to all other equity asset classes. Solid lines present the
weights when the investor has access to all equity classes plus REIT common and preferred stock. In Panel A, the
dashed line presents weights when the investor loses access to REIT common stock, and in Panel B the dashed lines

presents weights when the investor loses access to REIT preferred stock.
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Figure 6: Long Only Risk Free Asset and No Bonds

Figure displays mean-variance frontiers (black) and indifference curves for high (red) and low (blue) risk aversion
investors. In Panel A, the dashed line represents the case where the investor has access to all equity asset classes but
excludes REIT preferred stock, while the solid line presents the case where REIT preferred stock is also included. In
Panel B, the dashed line represents the case where the investor has access to all equity asset classes but excludes REIT
common stock, while the solid line presents the case where REIT common stock is also included. The investor has
access to the risk free asset and tangency portfolios are given by green circles. Data are monthly and span the period
November 1992 to November 2012.
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Figure 7: Compensation Ratios

Figure reports compensation ratios over different levels of risk aversion. Compensation ratios ate calculated as the dollar
compensation required to compensate the investor for losing access to REIT common stock (blue) and REIT preferred
stock (red) divided by the compensation required to compensate the investor for losing access to both REIT common
and preferred stock. The investment opportunity set is the same as in Figure 6.
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Figure 8: Optimal Portfolio Weights

Figure reports optimal portfolio weights over different levels of risk aversion. Red is the weight to REIT common stock,
blue is the weight to REIT preferred stock, green is the weight to all other equity asset classes, and black is the allocation
to the risk free asset. Panel A presents weights when the investor has access to all assets. Panel B, reports weights when
the investor loses access to REIT common stock, and Panel C reports weights when the investor loses access to REIT
preferred stock.
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Figure 8 ctd...

Figure reports optimal portfolio weights over different levels of risk aversion. Red is the weight to REIT common stock,
blue is the weight to REIT preferred stock, green is the weight to all other equity asset classes, and black is the allocation
to the risk free asset. Panel A presents weights when the investor has access to all assets. Panel B, reports weights when
the investor loses access to REIT common stock, and Panel C reports weights when the investor loses access to REIT
preferred stock.
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Figure 9: Long Only Risk Free Asset Plus Bonds

Figure displays mean-variance frontiers (black) and indifference curves for high (red) and low (blue) risk aversion
investors. In Panel A, the dashed line represents the case where the investor has access to all equity asset classes and
investment grade and high yield bonds, but excludes REIT preferred stock, while the solid line presents the case where
REIT preferred stock is also included. In Panel B, the dashed line represents the case where the investor has access to all
equity asset classes and investment grade and high yield bonds, but excludes REIT common stock, while the solid line
presents the case where REIT common stock is also included. The investor has access to the risk free asset and tangency
portfolios are given by green circles. Data are monthly and span the period November 1992 to November 2012.

Panel A

LowRA

-‘.l‘l|lll

0.010

0.008

0.006

0.004

0002

001 002 003 0.04 0.05 0.06

Panel B

LowRA

0010 |

High RA
LowRA

0008
0006
[

0004

0002 |-

001 002 003 004 005 0.06

32



Figure 10: Compensation Ratios

Figure reports compensation ratios over different levels of risk aversion. Compensation ratios are calculated as the dollar
compensation required to compensate the investor for losing access to REIT common stock (blue) and REIT preferred stock (red)
divided by the compensation required to compensate the investor for losing access to both REIT common and preferred stock. The

investment opportunity set is the same as in Figure 9.
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Figure 11: Optimal Portfolio Weights

Figure reports optimal portfolio weights over different levels of risk aversion. Red is the weight to REIT common stock,
blue is the weight to REIT preferred stock, green is the weight to all other equity asset classes, brown is the weight in
investment grade bonds, orange is the weight in high yield bonds, and black is the allocation to the risk free asset. Panel
A presents weights when the investor has access to all assets. Panel B, reports weights when the investor loses access to

REIT common stock, and Panel C reports weights when the investor loses access to REIT preferred stock.
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Figure 11 ctd...

Figure reports optimal portfolio weights over different levels of risk aversion. Red is the weight to REIT common stock,
blue is the weight to REIT preferred stock, green is the weight to all other equity asset classes, brown is the weight in
investment grade bonds, orange is the weight in high yield bonds, and black is the allocation to the risk free asset. Panel
A presents weights when the investor has access to all assets. Panel B, reports weights when the investor loses access to

REIT common stock, and Panel C reports weights when the investor loses access to REIT preferred stock.
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Table 1: Returns and Correlations

Table reports descriptive statistics of monthly returns on 13 indices between November 1992 and November 2012. Panel A reports means and standard deviations,
while Panel B reports correlations. Pref is the MSCI REIT Preferred index, IG Corp is the Barclays Investment Grade Corporate Bond index, HY Corp is the Barclays
High Yield Corporate Bond index, World Ex-US is the MSCI World Ex-US index, REIT is the SNL Equity REIT index, MidCap is the Russell MidCap index, MidCap
Growth is the Russell MidCap Growth index, MidCap Value is the Russell MidCap Value index, Russ2000 is the Russell 2000 index, Rus2000 Growth is the Russell
2000 Growth index, Rus2000 Value is the Russell 2000 value index, and SP500 us the S&P 500 index.

Panel A

Pref IG Corp  HY Corp  World REIT MidCap  MidCap  MidCap  Rus2000  Rus2000  Rus2000  SP500

Ex-US Growth Value Growth Value

Monthly
Mean 0.009 0.006 0.007 0.007 0.011 0.010 0.009 0.010 0.009 0.008 0.010 0.008
Std 0.033 0.016 0.026 0.049 0.058 0.049 0.062 0.046 0.057 0.067 0.050 0.044
Annnalized
Mean 0.103 0.071 0.083 0.078 0.129 0.115 0.107 0.118 0.103 0.091 0.115 0.092
Std 0.114 0.055 0.090 0.170 0.201 0.168 0.213 0.160 0.196 0.233 0.174 0.151
Panel B: Cotrelations
Pref 1.00 0.54 0.68 0.40 0.62 0.47 0.34 0.52 0.42 0.34 0.49 0.38
1G Corp 0.54 1.00 0.54 0.29 0.31 0.28 0.21 0.31 0.19 0.16 0.22 0.27
HY Corp 0.68 0.54 1.00 0.63 0.61 0.68 0.60 0.66 0.63 0.59 0.63 0.62
Wortld Ex-US 0.40 0.29 0.63 1.00 0.54 0.82 0.75 0.77 0.75 0.72 0.72 0.82
REIT 0.62 0.31 0.61 0.54 1.00 0.65 0.47 0.75 0.65 0.52 0.77 0.56
MidCap 0.47 0.28 0.68 0.82 0.65 1.00 0.93 0.93 0.93 0.89 0.90 0.93
MidCap Growth ~ 0.34 0.21 0.60 0.75 0.47 0.93 1.00 0.74 0.90 0.95 0.76 0.85
MidCap Value 0.52 0.31 0.66 0.77 0.75 0.93 0.74 1.00 0.82 0.72 0.91 0.88
Rus2000 0.42 0.19 0.63 0.75 0.65 0.93 0.90 0.82 1.00 0.97 0.94 0.81
Rus2000g 0.34 0.16 0.59 0.72 0.52 0.89 0.95 0.72 0.97 1.00 0.83 0.78
Rus2000v 0.49 0.22 0.63 0.72 0.77 0.90 0.76 0.91 0.94 0.83 1.00 0.79
SP500 0.38 0.27 0.62 0.82 0.56 0.93 0.85 0.88 0.81 0.78 0.79 1.00
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Table 2: Optimal Portfolios: Unconstrained Case

Optimal portfolios are constructed using different investment opportunity sets. For each opportunity set four cases are considered: (a) Both preferred index and REIT Common index
are included; (b) REIT Common index is included, but preferred index is not; (c) Preferred index is included, but REIT Common is not; (d) Neither preferred index not REIT Common

are included (no real estate). The table reports expected return, standard deviation, the Sharpe ratio of the market (tangency) portfolio, and the percent improvement in the Sharpe ratio

relative to the benchmark case (d) when no REIT common or preferred stock is included. The data is monthly for the period November 1992 through November 2012. The average
monthly risk-free rate (1 month T-Bill) is 0.00255. Equity indices are (1) MSCI REIT Preferred Index; (2) MSCI World Ex-US Index; (3) SNL REIT Index; (4) S&P 500 Index; (5)
Russell Mid Cap Index; (6) Russell Mid Cap Growth Index; (7) Russell Mid Cap Value Index; (8) Russell 2000; (9) Russell 2000 Growth; (10) Russell 2000 Value. Bond indices are the
Barclays Investment Grade Bond Index and the Barclay’s High Yield Bond Index.

Market Market Sharpe Increase Market Increase
Expected St.Dev. Ratio In Sharpe Expected Market Sharpe In Sharpe
Return (%) Return St.Dev. Ratio (%)
Equity Only Equity and Bonds
Panel A: All Equity Indices
Including Prefs & REITS 0.01315 0.0404 0.2622 8.26% 0.0089 0.02203 0.2881 0.38%
Including REITSs, No Prefs 0.01715 0.05988 0.2438 0.66% 0.0088 0.02176 0.2872 0.07%
Including Prefs, No REITSs 0.01327 0.04093 0.2619 8.13% 0.00894 0.02221 0.2877 0.24%
No REITSs, No Prefs 0.01729 0.06085 0.2422 Base 0.00884 0.02189 0.287 Base
Panel B: S&P 500, World Ex-US, MidCap, Russell 2000 (No Midcap V/G, No Russell 2000 V/G)
Including Prefs & REITS 0.01179 0.04158 0.2223 19.58% 0.00789 0.02096 0.2546 1.56%
Including REITSs, No Prefs 0.01651 0.07029 0.1986 6.83% 0.00776 0.0206 0.2528 0.84%
Including Prefs, No REIT's 0.01162 0.04087 0.2219 19.37% 0.00783 0.02077 0.254 1.32%
No REITSs, No Prefs 0.01714 0.07847 0.1859 Base 0.00758 0.02007 0.2507 Base
Panel C: S&P 500, World Ex-US, MidCap V/G, Russell 2000 V/G (No MidCap, No Russell 2000)
Including Prefs & REITS 0.01255 0.04139 0.242 10.50% 0.00831 0.0208 0.2766 0.44%
Including REITSs, No Prefs 0.0172 0.06656 0.22 0.46% 0.00824 0.02059 0.2759 0.18%
Including Prefs, No REIT's 0.01275 0.04235 0.241 10.05% 0.00835 0.02103 0.2757 0.11%
No REITs, No Prefs 0.01729 0.06728 0.219 Base 0.00829 0.02083 0.2754 Base
Panel D (Most Restricted Set): S&P 500, World Ex-US (No MidCap, MidCap V or G, Russell 2000, Russell 2000 V or G)
Including Prefs & REITS 0.00894 0.03238 0.1973 64.14% 0.00682 0.01794 0.2376 3.85%
Including REITSs, No Prefs 0.01026 0.04987 0.1546 28.62% 0.00663 0.01741 0.2343 2.40%
Including Prefs, No REITSs 0.00872 0.03138 0.1964 63.39% 0.00671 0.01763 0.2358 3.06%
No REITs, No Prefs 0.00804 0.04568 0.1202 Base 0.00634 0.01654 0.2288 Base
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