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Abstract

This paper studies the selection of valid and relevant moments for the generalized method of
moments (GMM) estimation. For applications with many candidate moments, our asymptotic
analysis accommodates a diverging number of moments as the sample size increases. The pro-
posed procedure achieves three objectives in one-step: (i) the valid and relevant moments are
distinguished from the invalid or irrelevant ones; (ii) all desired moments are selected in one step
instead of in a stepwise manner; (iii) the parameters of interest are automatically estimated with
all selected moments as opposed to a post-selection estimation. The new method performs mo-
ment selection and efficient estimation simultaneously via an information-based adaptive GMM
shrinkage estimation, where an appropriate penalty is attached to the standard GMM crite-
rion to link moment selection to shrinkage estimation. The penalty is designed to signal both
moment validity and relevance for consistent moment selection. We develop asymptotic results
for the high-dimensional GMM shrinkage estimator, allowing for non-smooth sample moments
and weakly dependent observations. For practical implementation, this one-step procedure is

computationally attractive.
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1 Introduction

In many applications of the generalized method of moments (GMM), the number of candidate
moment conditions is much larger than that of the parameters of interest. However, one typically
does not employ all candidate moment conditions due to two concerns. First, some moments may
be invalid, which cause inconsistent estimation if included. Second, some moment conditions may
be redundant. A redundant moment condition does not contain additional information to improve
estimation efficiency and results in additional finite-sample bias. Therefore, it is important to
identify the valid and relevant (non-redundant) moment conditions, especially when both concerns
are elevated in the presence of many candidate moments. This paper proposes a procedure that
consistently selects all valid and relevant moments in econometric models where the number of
candidate moments is allowed to increase with the sample size. This type of asymptotic framework
reflects the complexity of the problem and the computation demand associated with a large number
of candidate moments.

Our method achieves consistent moment selection via an information-based adaptive GMM
shrinkage estimation. Assuming there exists a conservative set of moment conditions that iden-
tifies the parameter of interest, the moment selection problem is embedded in a penalized GMM
(P-GMM) estimation and a novel penalty is designed to incorporate information on both moment
validity and relevance for adaptive estimation. This penalized GMM estimation not only consis-
tently selects all valid and relevant moment conditions in one step, but also simultaneously and
efficiently estimates the parameters of interest by incorporating all valid and relevant moments
and leaving out all invalid or redundant ones automatically. Asymptotic results provide bounds on
the penalty level to ensure consistent moment selection and efficient estimation. We analyze these
bounds as a function of the sample size and the number of moments, and provide an algorithm for
practical implementation of our procedure.

This paper develops asymptotic results for the high-dimensional GMM shrinkage estimator in a
general framework, allowing for: (i) an increasing number of candidate moments; (ii) an increasing
number of nuisance parameters; (iii) non-smooth moment functions; and (iv) weakly dependent
observations. High-level assumptions are first provided to capture the main characteristics of the
problem, followed by primitive sufficient assumptions. We develop results on consistency, rate
of convergence, super efficiency, and the asymptotic distribution of the high-dimensional GMM
shrinkage estimator. A linear instrumental variable (IV) model with independent and identically
distributed (i.i.d.) observations is studied in detail to illustrate the general results.

Our paper contributes to the study of moment validity and relevance, and extends it to a high-

dimensional framework. There is a long history on the study of moment validity, starting from



Sargan (1958), Hansen (1982), Eichenbaum, Hansen, and Singleton (1988). More recent papers
include Berkowitz, Caner, and Fang (2012), Conley, Hansen, and Rossi (2012), Doko Tchatoka and
Dufour (2012), Guggenberger (2012), Nevo and Rosen (2012), and DiTraglia (2012), among others.
There are moment selection methods in the literature which select moment conditions based on
their validity. In a seminal paper, Andrews (1999) proposes a moment selection criterion, based on a
trade-off between the J statistic and the number of moment conditions, and downward and upward
testing procedures. Andrews and Lu (2001) generalize these methods and study applications to
dynamic panel models. Hong, Preston, and Shum (2003) study moment selection based on the
generalized empirical likelihood estimation. Liao (2013) proposes a GMM shrinkage procedure for
selection of valid moment conditions. These moment selection methods only take the moment
validity into account and they assume that the number of the candidate moments is fixed.

On the moment relevance, Breusch, Qian, Schmidt, and Whyhowski (1999) discuss that, even
though a moment is valid and useful by itself, it becomes redundant if its residual after projecting
onto an existing set of moment conditions does not contain additional information. For example, in
the linear IV model, an IV is redundant if it does not improve the first-stage regression. Im, Ahn,
Schmidt, and Wooldridge (1999) study efficient estimation in dynamic panel models in the presence
of redundant moments. Hall and Peixe (2003) study the selection of relevant IVs through canonical
correlations and conduct simulations to demonstrate the importance of excluding redundant IVs
in finite samples. Hall, Inoue, Jana, and Shin (2007) propose a moment selection criterion that
balances the information content and the number of moments. This procedure can be applied to
select relevant moments, after all invalid moments are left out in the first step. For applications
to DSGE models, Hall, Inoue, Nason, and Rossi (2010) propose two moment selection criteria of
this sort to select all valid and relevant impulse response functions for matching estimation. There
are moment selection methods in the literature which select IVs or moments via different criteria,
such as the mean square error or the coverage of confidence region of the estimators of structural
parameters, see, e.g., Donald and Newey (2001), Donald, Imbens, and Newey (2009), Kuersteiner
(2002), and Inoue (2006). These selection procedures assume that all candidate moments are valid.

This paper also complements a growing literature on the application of high-dimensional meth-
ods to the IV and moment based econometric models. Most papers in this literature investigate
efficient estimation in the presence of many valid IVs. Belloni, Chernozhukov, and Hansen (2010)
and Belloni, Chen, Chernozhukov, and Hansen (2012) apply Lasso-type estimation to linear models
with many IVs and show that the optimal IV is well approximated by the first stage shrinkage esti-
mation. The boosting method is suggested for IV selection by Bai and Ng (2009). Carrasco (2012)

studies efficient estimation with many IVs by regularization techniques. Shrinkage estimation for



homoskedastic linear IV models is considered by Chamberlain and Imbens (2004) and Okui (2011).
Gautier and Tsybakov (2011) propose a Danzig selector based IV estimator in high dimensional
models. Kuersteiner and Okui (2010) recommend using the model averaging methods to approxi-
mate the optimal IV in the first-stage regression. Caner and Zhang (2012) study adaptive elastic
net GMM estimation with an increasing number of parameters. Caner, Han, and Lee (2013) study
the valid IV selection and variable selection in linear IV models. Fan and Liao (2011) investigate
P-GMM and penalized empirical likelihood estimation in ultra high dimensional models where the
number of parameters increases faster than the sample size and provide a different type of as-
ymptotic results. Our paper contributes to the literature by combining the selection of valid and
relevant moments with efficient estimation, proposing a new information-based adaptive penalty,
and considering a general nonlinear GMM estimation with possible non-smooth moment conditions
and temporally dependent observations.

The rest of the paper is organized as follows. Section [2| describes the three categories of moment
conditions, provides heuristic arguments on how shrinkage estimation distinguishes moments in dif-
ferent categories, and introduces the P-GMM estimator and its information-based penalty. Section
derives asymptotic results for the P-GMM estimator, including consistency, rate of convergence,
super efficiency, and asymptotic distribution, and discusses their implications on consistent mo-
ment selection. Section 4] applies the main theory of this paper to a linear IV model. Section
analyzes the asymptotic magnitudes of the information-based penalty and provides suggestions for
practical implementation of the procedure. Section [6] provides finite-sample results through simula-
tion. Section [7] concludes and discusses related topics under investigation. The Appendix contains
all the technical proofs. A separate online Supplemental Appendix contains additional supporting
materials and is available on the authors’ websites.

The notations are standard. Throughout the paper, C' denotes some generic finite positive
constant; [|-|| denotes the Euclidean norm; A’ denotes the transpose of a matrix A; p,..(A) and
Pmin(A) denote the largest and smallest eigenvalues of a matrix A respectively; for d; x 1 vector
function f(z): R% — R% we use 8(];73(;) to denote the dj X d2 matrix whose i-th row and j-th
column element is ag"ix(jz) where f;(-) and x; are the i-th component in f(-) and j-th component in
x respectively; for any square matrix A, A > 0 means that A is a positive semi-definite matrix;
for any positive integers ki and kg, i, denotes the ki x ki identity matrix and Og, x, denotes the
k1 x kg zero matrix; A = B means that A is defined as B; a,, = 0p(b,) means that for any constants
€1,e2 > 0, there is Pr(|a,/by| > €1) < € eventually; a, = Op,(b,) means that for any ¢ > 0,
there is a finite constant C¢ such that Pr(|a,/b,| > C¢) < € eventually; “—,” and “—4” denote

convergence in probability and convergence in distribution, respectively; and w.p.a.1 abbreviates



with probability approaching 1.

2 An Information-Based GMM Shrinkage Estimator

2.1 Three categories of moment conditions

There exists a vector of moment functions g(Z,0): R% x © — R*» for the estimation of 6, €
© C R%, where {Z; : i = 1,...,n} is stationary and ergodic, Z is used generically for Z; and dy
is a fixed positive integer. We allow the number of moments k,, to increase with the sample size.
In particular, we are interested in applications where k, is much larger than dy. In this case, it
is not restrictive to assume that there exists a relatively small sub-vector of g(Z,6), denoted by
gs(Z,0) € R*_ for the identification of 8, by E[gs(Z,0,)] = 0, where E[-] denotes the expectation
operator taking with respect to the distribution of Z. We assume that kg is a fixed positive integer
with kg > dy. Typically, these are the moment conditions one would use without further exploring
the validity and relevance of other candidate moments. They are a “conservative” set of moment
conditions to ensure identiﬁcationﬂ Given the identification of 6,, this paper proposes a moment
selection procedure that explores all other candidate moments and yields the largest set of valid
and relevant moment conditions.

Let gp(Z,0) denote all of the moments not used for identification, where “D” indicates the

“doubt” on the validity and/or relevance of these moments. Without loss of generality, write

gS(Zv 0)

7.0) =
WEO=1 e

(2.1)

We also use S and D to denote the sets of indices of all moments in gs(Z,0) and gp(Z, 0) respec-
tively. Let g¢(Z,0) denote an element of g(Z,0) indexed by ¢. Given the order of the moment
conditions in , we know that S = {1,...,ko} and D = {ko + 1,...,k,}. A moment is valid if
E[g¢(Z,60,)] = 0 for £ € D. Given its validity, a moment is considered to be relevant if adding it
yields a more efficient estimator than the one based on E [gs(Z,0,)] = 0.

By the criteria of validity and relevance, the set D is divided into three mutually disjoint sets

D =AUB, UBqy, (2.2)

'Because 6, is unknown, the conservative set of moment conditions is needed not only for the identiciation and
consistent estimation of 6, but also for defining the valid and invalid moment conditions. For example, we may have
E[g¢(Z,01)] = 0 and E[g¢(Z,0,)] # 0 for some moment function g¢(Z,6). In this case, E[ge(Z,0)] = 0 is a valid
moment for #; but invalid for §,. The conservative set of moment conditions uniquely identify 6, and hence define
valid and invalid moment conditions in g(Z, ). The consistent estimation of 6, makes it possible to select the valid
moments when the moment function is evaluated at 6,.



where A indexes the set of valid and relevant moments, B; indexes the set of invalid moments and
By indexes the set of valid but redundant moments. Moments in sets A and By are both valid,
but only those in A are relevant. Our objective is to consistently estimate the set A, leaving out
all moments indexed by the set B = B; U By. We use da, dp, dp,, and dp, to denote the number
of moment conditions indexed by the sets A, B, By and By, respectively. Our general theory on
consistent moment selection allows d4 and dp, to increase with the sample size n and dp, to be
bounded from above by some large but fixed integer. The theory only restricts the relative rates

of k, and n and this condition is discussed as the theory progresses.

2.2 Heuristic arguments for shrinkage-based moment selection

For the purpose of moment selection, a slackness parameter 5 and its true value 3, are introduced:
B=E[gp(Z,0)] and B, =E[gp(Z,0,)]. (2.3)

By the definition of 3, all candidate moments, regardless of their validity, can be transformed to

moment equalities and stacked into

gS(Z7 00)

—0. (2.4
gD(Z7 00) - Bo )

This set of moment conditions identifies both 6, and [, and enables their joint estimation. Our
moment selection strategy is based on the estimation of 3,. For any ¢ =1, ..., k,, we assume that
|ﬂ o, A < C. Below we first list all desired properties of the estimator for consistent moment selection,
then propose an estimator of 3, that satisfies all of these properties.

Let Bn denote an estimator of 3, with sample size n. Let B,mg and 3, , denote the estimator
and true value of the slackness parameter associated with moment £ € D. We estimate the desired

set A based on the zero elements of Bn, ie.,

~ ~

Ay ={0: B, =0} (2.5)

For consistent selection of all valid and relevant moments in D, the estimator @L has to satisfy

~ ~

Pr(B,,=0,¥¢ € A) — 1 and Pr(8,,=0,v/€ B) — 0

as the sample size n — oo.

Table 2.1 summarizes the properties of the slackness parameters and their estimators for all



Table 2.1 Moment Selection Based on Shrinkage Estimation

Category True Value Estimator Desired Property
A — valid and relevant Bose =0 Pr(B,,=0) — 1 super efficiency
By — invalid Bos # 0 Pr(Bmg =0)—0 consistency
By — valid but redundant Boy =10 PI‘(Bn7£ =0)—0 no shrinkage effect

three categories. First, for the valid and relevant moment (in A), 3, , is 0 and we need its estimator
to be 0 w.p.a.1. This super efficiency type of property can be achieved by shrinking the estimator
of B, to be 0 for £ € A. Second, for the invalid moment (in Bj), the estimator of j3,, differs
from 0 w.p.a.1 provided that it is consistent, because j3,, is different from 0 in this case. Heavy
shrinkage of 3, , toward 0 for £ € B causes estimation bias not only to 3, but also to 6,. To
ensure consistent estimation of 6, and 3,, the shrinkage effect on the estimator of 3, , has to be
controlled for ¢ € B;. Third, for the redundant moment (in By), 3,, is 0 because the moment
is valid. However, its estimator is required to be different from 0 in order to leave out redundant
moments. This is completely opposite to the requirement for set A, although 3, , = 0 in both cases.
For ¢ € By, the shrinkage effect has to be controlled to prevent the estimator of 3,, from having
point mass at 0.

To sum up, consistent moment selection requires a sparse estimationﬂ of the slackness parame-
ters, however, the shrinkage effect has to be reduced when the moment is either invalid or redundant.
Such requirements motivate the information-based adaptive shrinkage estimation proposed in this
paper. We propose a P-GMM estimation that incorporates the measure of validity and relevance
for each moment. The resulting P-GMM estimator is shown to satisfy all the requirements above

and yields consistent moment selection.

2The sparse estimation means that the resulting estimator may have sparse solutions. That is, when the true
parameter [, has zero elements, the estimator of 8, may contain components which are identically zero in finite
samples.



2.3 Information measure and penalized GMM estimation

For the ease of exposition, we define o = (#', ') and introduce the following notations

m(Z,0) = 95(2,6) 9(Z,a) = 95(2,9)
9p(Z,0) gp(Z,0) — B
m(0) = E[m(Z,0)] 9(a) =E[g(Z, a)]
mn(0) = 5 31y m(Zi, ) Gn(e) = £ 300, 9(Zis )
mg(0) =Elgs(Z,0)] I's(0) = 0mgs(0)] 00 € RFoxde (2.6)
mp(0) = Elgp(Z,0)] Tp(0) = dmip(0)/ 00 € RFn—ho)xds
s (0) = 5 i1 95(Zi,0) mpn(0) = & iy 9p(Zi, 0)
| Ts(0) Oy (kn—ko) _ B 9s(Z,0)
o= Lp(0) Ik, ko sral®) =8 9a(Z,0)

By definition, the parameter space of ais A, = © X By X - -+ x By, _k,, where B; = {8; : 8; =
Mjik,(0) and 0 € ©} for j = 1,...,k, — ko. The efficient estimation and moment selection are

simultaneously achieved in the P-GMM estimation

ap = argmin |7, () Wag, (@) + An Y wae|Byl| (2.7)
acAn teD

where W, is a k, x k, symmetric weight matrix, )\, € R" is a tuning parameter that controls

the general penalty level, and w, ¢ is an information-based adaptive adjustment for each moment

¢ € D. This is a LASSO type estimator that penalizes each individual slackness parameter 3, using

its £1-norm. The ¢1-penalty is particularly attractive in our framework because both the GMM

criterion and the ¢;-penalty function are convex in 3, which makes the computation of the P-GMM
estimator easy in practice.

The novelty of the P-GMM estimation in lies in the individual adaptive adjustment w,, ¢

which incorporates information on both validity and relevance. This individual adjustment is crucial

because consistent moment selection requires different degrees of penalty for moment conditions in

different categories, as listed in Table 2.1. To this end, define

Wnye = :uzl,g |Bn,€|_T2v (28)

where fi, , > 0 is an empirical measure of the information in moment ¢, 3, , is a preliminary
consistent estimator of 3,,, and r1, ro (with 71 > rg) are user-selected positive constants. Be-

fore discussing the construction of f, , and Bmg, we first list the implications of this individual



adjustment on consistent selection of valid and relevant moments.

First, when data suggest the moment /¢ is relevant, the empirical information measure will be
large, which leads to a heavy shrinkage of 3,, toward 0. In contrast, redundant moments (Bjy)
are subject to small shrinkage because fi, , is asymptotically 0 for £ € By. This information-based
adjustment [, , differentiates the relevant moments from redundant ones.

Second, when data suggest the moment ¢ is likely to be valid, the magnitude of the preliminary
estimator | Bn7£| will be small as Bn’g is consistent, which leads to a large penalty w,, ¢ and hence, a
heavy shrinkage of 3, , toward 0. In contrast, invalid moments (B1) are subject to small shrinkage
toward 0, avoiding estimation bias. This validity-based adjustment |Bn’z| differentiates the valid
moments from invalid ones. The application of | BH,A for adaptive shrinkage resembles the adaptive
LASSO penalty proposed in Zou (2006).

Combining f,,  and Bmg, wn,¢ provides a data-driven adjustment that separates the valid and
relevant moments (A) from the rest. The constants 71 and ro (with r1 > r3) are introduced to ensure
that wy, ¢ is small when the moment ¢ is redundant. Roughly speaking, the individual adjustment
wn ¢ is large only when the corresponding moment condition is valid and relevant. In consequence,
Bo, is estimated as 0 w.p.a.1 only for £ € A, yielding a consistent moment selection procedure.

Next, we discuss the construction of the empirical information measure /i, ,. For this purpose,
we first define its population counterpart p,, which is associated with the degree of efficiency im-
provement by adding the moment condition indexed by . When the moment conditions mg(6,) = 0

are used for GMM estimation of 6,, the asymptotic variance of the optimal GMM estimator is

1 T'5(0,)' Q5" (05)T5(6,), where

1 n
n"2 Y gs(Zi,0o)

=1

Qs(0,) = lim Var

n—oo

. (2.9)

Let T'y(0) = W for any ¢ and any #. When another moment ¢ € D is added, we can define
a new variance Vg;, analogously to Vg but with E[gs(Z,0)] replaced by E|[gs4¢(Z,0)], where
9s+¢(Z,0) is a vector that stacks gs(Z,0) and g¢(Z,0) together, i.e.,

/

FS(HO)
FE(GO)

Qgig(&,) , where

—1
VS+€

n

_1

noz E 9s+e(Zi,0,)
=1

Qs+g(90) = lim Var

n—oo

. (2.10)

It is well-known that adding a valid (but possibly irrelevant) moment condition will not decrease



the efficiency of the GMM estimator. We next show that even if a moment condition is invalid,
including this moment condition in calculating the asymptotic variance of the GMM estimator does

not decrease the "efficiency" either ]|

Lemma 2.1 Suppose that Qs(0,) is positive definite and Qs1¢(6,) is an invertible matriz for any
te D. Then Vs > Vs and ppax(Vs — Vsye) >0 for all ¢ € D.

Because the matrix Vg — Vs is positive semi-definite, its eigenvalues are always non-negative.

Relevance requires that at least one of its eigenvalues is strictly larger than zero. Thus, we define

1 = Prmax(Vs = Vi) (2.11)

as the measure of information in the moment condition indexed by ¢ € D. When p, > 0, the

moment £ is considered to be relevant. A suitable consistent estimator f,, , is

fine = Pmax(Va,s = Vi, 544), (2.12)

where Vn,s and Vn s-+e are consistent estimators of Vg and Vg, 4, respectively.
N ./

To obtain ,an and fi,, , (for £ € D), we construct an initial GMM estimator &;, = (6,,,3,),
defined as

G = argmin |7, () Wag, ()] (2.13)
aEAn

where W, denotes a preliminary weight matrix (e.g., k, X kj identity matrix) which satisfies As-
sumption 1(iii) in the next section. The preliminary estimator fi,, , can be constructed using the
formula and the preliminary estimator 0, (see Appendix |C| for more details). It is clear that
this initial estimator ¢, can be viewed as a special P-GMM estimator by setting A\,, = 0 in for
all n. Hence, as long as the tuning parameter \,, = 0 satisfies the sufficient conditions provided in
the next section, the properties of the P-GMM estimator, e.g., consistency and rate of convergence,
also hold for the initial GMM estimator c,,.

In the online Supplemental Appendix, we provide primitive sufficient conditions under which the
convergence rates of Bn,f and f1,, , are derived. These stochastic properties are listed in Assumption
below as high-level assumptions. Under these high-level assumptions, the stochastic properties
of wy, ¢ are studied in Lemma For the theoretical analysis in Section [3|below, we derive general

bounds on the tuning parameter ), as an implicit function of w,,. Given the stochastic order

3Note that we do not suggest estimating 6, using possibly invalid moments here. In practice, the variance matrix
Vsjrle is calculated as if the moment ¢ was valid, but the estimator of §, used for this calculation is based on the
conservative moment conditions S.

10



of wy ¢, these bounds for A, only depend on the sample size, the number of moments, and some
constants. For readers who would like to see the practical choice of )\, directly, the rate of A\, is

provided in (5.5 and a practical choice is suggested in (5.8]).

3 Asymptotic Theory

3.1 Consistency and rate of convergence

We first state and discuss the assumptions for the consistency of the P-GMM estimator §n

Assumption 3.1 (i) mgs(0) is continuous in 0 and for any € > 0, there exists some 6. > 0 such
that

inf g (0)]| > b
oeo: 11La 50y T8O > O

(i) suppee [[mn () —m(0)]] = 0p(1);
(iii) W, is a real matriz with C~1 < po (W) < prax(Wa) < C w.p.a.1;

(iv) the tuning parameter A, satisfies A\n Y pcp, Wne = 0p(1).

Assumption [3.1](i) is a standard identifiable uniqueness condition for 6,. Assumption [3.1]ii)
is essentially a uniform law of large numbers (ULLN) and it requires uniform convergence of the
sample moments to the population moments. Assumptions (iii) imposes regularity conditions
on the weight matrix. Assumption (iv) imposes an upper bound on \,, which ensures that
the penalty is small enough such that it does not cause inconsistency of the estimator En By
construction, the P-GMM criterion has two parts, where the former is a quadratic form minimized
by the true value of the parameter asymptotically and the latter is minimized by 8 = 0. When the
penalty is too large, it shifts the estimator of §,, towards 0 for all £ and causes estimation bias
for 3, # 0 and hence for ¢,. For this reason, the upper bound required by A, > scp, Wne = 0p(1)

only involves the invalid moments in Bj.
Lemma 3.1 Under Assumption we have /H\n —p 0.

Next, we derive the rate of convergence of the P-GMM estimator a,,, whose dimension increases

with the sample size. Let w, p, denote a vector that collects w,, ¢ for all £ € By and

b = A\ ||lwn,B, || - (3.1)

11



Assumption 3.2 (i) There exist a sequence of constants T, — 0 with 7, = O(n %) and a fived

constant 61 > 0 such that

sup  ||m,,(0) —m(0)| = Op(Tn);

[10—0||<61
i) m(0) is continuously differentiable for any 0 in the local neighborhood of 0,;
111) C < Pmin [FS(HO),FS(GO)] and Pmax [F(GO)/F(GO)] S C"

iv) maxy<,, SUp|jg_g,||<s, ITe(0) — Le(6o)[| < Cda for some 62 > 0;

(
(
(
(v) VEnbn, = 0p(1) and \/kn7y, = 0(1).

Assumption (1) is a high level condition on the convergence rate of the empirical process
indexed by moment functions. When the number of moment conditions is fixed, Assumption i)

holds with 7,, = Tf%, following standard empirical process results; see e.g., Andrews (1994). Here,

the sequence of constants 7,, is introduced to allow for an increasing number of moments. Lemma

in the Appendix |§| provides sufficient conditions under which Assumption (1) holds with
Tn = \/kn/n. Assumptions (ii), 3.2(iii) and (iv) impose standard regularity conditions on
the first order derivative of the population moments. Assumption v) imposes restrictions on
the dimension of the moment functions k, and the tuning parameter \,. Assumption [3.2(v) is a
sufficient condition for Assumption (iv) because

A S e [Bosl < VAl Il = VVeubi, (3.2)

leB;

by the Cauchy-Schwarz inequality and |3, ,| < C for any £ € D.
For some models, it is easier to verify Assumption below, which is a high level assumption

that can replace Assumptions and in conjunction with Assumption [3.1({ii).

Assumption 3.3 (i) There exists a sequence of constants T, — 0 with 7, = O(n%) such that

[Mn(00) — m(0,)|| = Op(Tn)Q
(i) for any oo € Ap, C7 1l — | < [[g,() — Gp(o)|| < Clle — ao| w.p.a.1.

If the data are i.i.d. and the second moment of g;(Z,0,) is bounded from above by some finite
constant uniformly over ¢, Assumption (1) is satisfied with 7,, = \/ky,/n. When the number k,, of
moment conditions is fixed, Assumption (1) holds by the central limit theorem with 7, = n-2.
Assumption (ii) essentially requires that the GMM criterion has a quadratic approximation.
Assumption [3.3]is easy to verify in the linear IV model, as illustrated in Section [4]

12



Lemma 3.2 (a) Suppose Assumptions and hold. Then,
[an — a0l = Op(Tn + bn);

(b) Part (a) holds with Assumptions and replaced by Assumptions [3.1)(ii1) and [3.3]

Remark 3.1 If \,, = 0 for all n, then \/k,b, = 0 for all n. Hence, if Assumptions (i)—(iii), 3.2 (1)-
(iv) and k,72 = o(1) hold, Lemma [3.2(a) immediately implies that the initial GMM estimator cv,
defined in satisfies that

ldn = aoll = Op(7n)- (3-3)

If alternative Assumptions [.1fiii) and [3.3] hold, Lemma [.2b) implies the same result. The con-
vergence rate of the initial GMM estimator ¢&;, is useful to construct the adaptive penalty and the

tuning parameter, as illustrated in Section

Applying Lemma [3.2] we can show that the invalid moment conditions are not selected w.p.a.1
when the slackness parameters 3, , for any £ € By are bounded away from 0 or converge to zero
at a rate slower than 7,,. We consider the possibility that 3,, converges to 0 as the sample size

increases because the number of moments in By can diverge. To see this, first define

dy, = gggi ‘5075’ . (3.4)

We have d,, > 0 by definition. If d,, > C' > 0, i.e., slackness parameters for invalid moments do not

converge to 0, then using Lemma [3.2] we deduce that

Pr <e%1911 1Bl > 0) > Pr (;ggi [\BO,A — Bne — Bo,z|] > 0>

> Pr(d, — B, —
Z I'T ( ?El%)f ‘/Bn,f /Bo,f > 0>

> Pr(C —||an —aol| >0) — 1, as n — o0 (3.5)

which immediately implies that our method does not select the invalid moment conditions w.p.a.1.
From the last inequality in , we see that the lower bound restriction minsep, | ﬁo’g‘ > (' can
be relaxed by applying the convergence rate of a,,. Specifically, if ||a, — a,|| = Op(7y) and the
slackness parameters (3, , for any £ € By satisfy 7, = o(d,), using the same arguments in , we
have

~ d &, —
Pr <min\ﬁne| >O> > Pr (n > M) — 1, asn — oo. (3.6)
LeBy ’ Tn Tn

Results in (3.5)) and (3.6) immediately yield the following corollary.
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Corollary 3.1 (Invalid Moments) (a) Suppose Assumptions and hold. If we further have
dn > C for all n, then

Pr (Uze31 Brg = 0) — 0 as n — oo;

(b) Part (a) holds under Assumptions by, = Op(7y) and T, = o(dy);
(c) Parts (a) and (b) hold with Assumptions[3.1] and[3.9 replaced by Assumptions[3.1|(iii) and[3.5

Remark 3.2 Corollary implies that the probability that the P-GMM estimation selects any
invalid moment condition goes to zero. Part (a) is implied by the consistency of the P-GMM
estimator when the magnitudes of the slackness parameters f3,, for any ¢ € B are uniformly
bounded from below. Part (b) indicates that the invalid moment conditions will not be selected
w.p.a.1l even when the magnitudes of the slackness parameters 3, , for any £ € By converge to zero

at certain rate.

3.2 Super efficiency

In this section, we show that the valid and relevant moment conditions are selected w.p.a.1. The

following restrictions on A, are needed.
Assumption 3.4 )\, satisfies that (i) b, = Op(7y); (i) A, 7 maxpeaw), ) = 0p(1).

Assumption [3.4(i) ensures |G, — || = Op(7r). Assumption [3.4{ii) imposes a lower bound on
Apn. Assumption (ii) only involves the valid and relevant moment conditions because only /3, for
¢ € A is desired to be penalized heavily. This is a key condition to achieve the super efficiency on

moment selection.

Theorem 3.2 (a) Suppose Assumptions and hold. Then,
Pr (UEEA B = ()) — 1 asn — oo;

(b) Part (a) holds with Assumptions replaced by Assumptions [3.1)(ii1) and[3.3

Theorem shows that all valid and relevant moments are simultaneously selected w.p.a.1,
allowing for an increasing number of moments in A as n — oo. Corollary and Theorem |3.2] are
necessary but not sufficient to show that the set A is consistently estimated. For this purpose, it

remains to show that the redundant moments in By are not selected w.p.a.1l.
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3.3 Asymptotic normality

In this subsection, we establish the asymptotic distribution of the P-GMM estimator. Without loss
of generality for the asymptotic results below, write 8’ = (8, 8%), where 34 and S denote the
sub-vector of 3 that collects 3, for £ € A and ¢ € B, respectively. Let B An and B B, denote the
P-GMM estimators of 5,4 and Bp, respectively. Theorem shows B An = 0 w.p.a.l. It remains
to develop the asymptotic distribution of E B.n» together with the distribution of @n To this end,
define o’y = (¢', B3) which is a dy + dp dimensional vector. Now we stack all moment conditions

and define
9s(Z,0)
9(Z,ap) = 94(Z,0) ; (3.7)

9B (Zv 9) - BB
where g4(Z,0) denotes the valid and relevant moments and gg(Z, 0) denotes the invalid or redun-

dant moments. Because g(Z, ap) is linear in 3, the partial derivative of E [g(Z, ap)] with respect

to ap only depends on 6. Define

(aE[gs(lz,en )’ (BE[gAgz,en ) ! (aE[gB (Z,6)] ) !
L.(0) = 00 00 09 and Ty = To(6,). (3.8)

04 xko 04y xda —1Iyy

Note that the link between ¢g(Z, ap) and g(Z, «) is that if we treat 5, in « to be zero, then we
have g(Z,a) = g(Z,ap). Because the true value of 54 is 0, g(Z,a,) = g(Z,ap,) by definition.

Hence, the sample average of g(Z, ap,) can be written as g, (o).

Assumption 3.5 Let v,(0) = m,(0) — m(0). There exists a sequence of constants ¢, — 0 such

that

n(01) — v (0
sup on@0) =002l _ g, (3.9)
01,02€{0€0:]|0—0,]|<6,} n~2 + ||01 — 2|

for some sequence §,, which converges to 0 slower than T,.

Assumption[3.5]is a stochastic equicontinuity condition that accommodates non-smooth moment
conditions. Similar stochastic equicontinuity conditions are employed in Pakes and Pollard (1989),
Andrews (2002), and Chen, Linton, van Keilegom (2003), among others. Empirical process results
in Pollard (1984), Andrews (1994), and van der Vaart and Wellner (1996) can be used for the
verification. When the number of moments is fixed, to ensure the root-n consistency of the GMM
estimator, it is sufficient to show Assumption holds with op(1) on the right hand side.

A specific convergence rate ¢, associated with the empirical process v, () has to be derived

in (3.9) to accommodate an increasing number of moments. Lemma in Appendix |§| provides
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primitive sufficient conditions under which Assumption holds with ¢, = \/ky/n.

Define the variance of the sample moments as
Q, =nVar[g,, ()] - (3.10)

For i.i.d. observations, this variance matrix is simplified to E[g(Z, a,)g(Z, a,)'] for all n.

Assumption 3.6 (i) For any v,, € R and |v,| =1,
_1
VG (c0) —a N(0,1);

(11) 0_1 S pmin(Qn) S pmax(Qn) S C fOT all ny
(iii) C7! < ppin(ThTa) for all n.

Assumption [3.6{1) assumes a triangular array central limit theorem (CLT) for scalar random
sequences. Assumption (ii) requires that the variance matrix €2,, is positive definite and bounded
for all n. Assumption (iii) imposes similar regularity condition on I',T,,.

Assumption 3.7 The tuning parameter A, satisfies that A\, |lwn Bl = op(n_%).

Assumption imposes an upper bound on A,, which ensures that a weighted linear com-
bination of the P-GMM estimator has a mean-zero asymptotic normal distribution. Because

1 . . . . .
n~2 = O(1,), we see that Assumption implies Assumption (1) Moreover, when k, = o(n),
Assumption |3.7| implies v/k, b, = 0,(1) in Assumption (V)

Assumptions and can be combined with Assumptions and to show the
asymptotic normality of the P-GMM estimator. Alternatively, they can be used together with

Assumptions [3.1(ii), and below for the same result.
Assumption 3.8 E[¢(Z, a1 5) — 9(Z,0a0,5)] = Ta(o,B — a2 ) for any aq p and ag p.

When the moment functions are linear in 6, Assumption [3.8 holds automatically.

Define

1

Sy = (D Wala)  (TWnQWala) (TAW,T0) (3.11)

Theorem 3.3 (a) Suppose Assumptions hold. If we further have \/k,72 = o(n_%)

and STy = o(n_%), then
1

\/R’Y;LET_LE(aB,n - O‘B,O) —q N(0,1)
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for any 7y, € R%T5 with ||, || = 1;

(b) Part (a) holds under Assumptions (z'z'z'), and STy = o(nfé).

Remark 3.3 The asymptotic distribution of the P-GMM estimator is derived by a perturbation
technique on a local parameter space (see, e.g., Shen, 1997), which allows for non-smooth moment

functions and an increasing number of parameters.

Remark 3.4 Theorem (a) requires k,72 = o(n_%), which restricts the rate at which k,
diverges to infinity. When 7, = ¢, = \/m, which holds under the sufficient conditions in
Lemmas and in the Appendix, this condition holds provided k,, = o(n%), i.e., the number
of moment conditions increases at a rate slower than n3. On the other hand, Theorem (b)
only needs ¢, 7, = o('rf%), which is satisfied if k,, = o(n%), i.e., the number of moment conditions

. 1
increases at a rate slower than nz.

Remark 3.5 Theorem in conjunction with the Cramér-Wold device, yields the asymptotic
distribution of 6,. To see this, let Vndy = (Va0 0yy) Where vg, € R%. We have Vrdg @B = Vq,0

X 1/2 1/2 _
because o'y = (¢, 85). Let Vido = En/ ’YmdgHEn/ Yon,d || 1

Theorem we get

, which satisfies [|v}, ;.| = 1. Applying

(V.4,) VE Y2 (@B — ape) —a N(0,1)

which implies that
128 290 1|V, (B — 00) =4 N (0, 1). (3.12)

This asymptotic distribution can be applied to conduct inference for the parameter of interest 6,.

Let
1
Qgian=Var [n72» : (3.13)
=1 gA(Ziu 00)
a variance matrix that involves all valid and relevant moments. Suppose that W,, satisfies
Wt = Q|| = op(1), (3.14)

then we can use Assumptions iii) and (iii) to show thatﬁ

= 0p(1), (3.15)

Vrdy [En - (T,9, lfa)_l} Vody

4The formal proof is in the Supplemental Appendix of the paper.
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where

-1
i -1 Omsya(0,)\' - Omg1 (0o
oo (e T0) " v, =t | (P25 ) gl (P25 ®) | i a0

The matrix in the middle of the right hand side of (3.16]) is the variance of the infeasible “oracle”
estimator one would get with the complete knowledge of which moments are valid and relevant.

Hence, the P-GMM estimator of 6, is as efficient as the oracle estimator asymptotically.

Remark 3.6 When A\, = 0, by the same arguments used to show Theorem we obtain
1
Vv nEai (@ — o) =4 N(0,1) (3.17)

for any v, ,, € Réotkn wwith Hya’nH =1, where

1

Sam = [[00) Wal(0,)] " [L(00) WnQu Wal'(6,)] [L(0,) Wal'(6,)] " (3.18)

)

This together with Assumptions (iii), (iii) and C~! < p. [T(6,)'T(6,)] immediately implies

the root-n normality of the preliminary estimator 0,,.

Let v, € R%+4B he a selection vector such that V4B = B for any £ € By. Using arguments
similar to those employed to derive (3.12)), we can show

1587, 6|7 /1B, s —a N(0,1) for any £ € By, (3.19)

Because En’g has an asymptotic normal distribution for any individual £ € By, the probability that
Bn,@ = 0 approaches 0 for any individual ¢ € By. This result is particularly important for leaving
out valid but redundant moments, which is not covered by Corollary Corollary [3.4] states that

all redundant moments are left out w.p.a.1 by the moment selection procedure.

Corollary 3.4 (Redundant Moments) (a) Under the conditions of Theorem[3.3(a),

Pr (UZGBO B = 0) — 0 as n — oo;
(b) Part (a) holds under the conditions of Theorem[3.3(b).
Remark 3.7 Combining Corollary Theorem and Corollary we conclude that
Pr(A, = A) — 1 (3.20)
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as n — 00, where the estimator A, is defined in l) The P-GMM estimation achieves consistent

moment selection under assumptions and conditions specified above.

Remark 3.8 The assumption that By is a finite set is important for our argument to show Corollary

By the Bonferroni inequality, we have

I (UKGBO By = o) <Y Pr (BM - o) . (3.21)

{e By

As there are only finite many elements in By, to prove the result in Corollary it is sufficient to
have for any ¢ € By,
Pr (Bn,f = 0) — 0 asn — oo, (3.22)

which follows from (3.19) because a random variable with an asymptotic normal distribution put

zero mass at any given point W.p.a.l

Remark 3.9 Although the procedure can leave out moment conditions that are redundant to .S,
one potential limitation is that some moments in A might be redundant to the rest of A combined
with S. That is, there could be a subset Ay C A which contains the valid and relevant moments
to S, while the rest of the moments in A, defined as A§, are redundant to Ay U S H To deal with
this potential redundancy problem, we can use a two step procedure that selects A in the first step
and selects Ay out of A in the second step. The second step is similar to the first step but with a
sequential information measure that takes into account the potential redundancy to Ag U S. This

sequential information measure is defined as
147 = Pmax(Vsta, — Vsta,—0) (3.23)
for £ =1,...,d4, where
Ag={jeA:j<land p; >0 U{jecA:j>"(} (3.24)

Vs 4, is defined similarly to Vgie in (2.10) but with go(Z, 8) replaced by ga,(Z,6), and Vsya,—¢
is defined similarly to Vsia, but with g,(Z,0) taken out of ga,(Z,0). It is key that the set Ay

®The proposed method can be extended to consistent moment selection with an increasing number of moments in
By if one can derive the rate at which Pr(3,, , = 0) — 0 uniformly over £ € Bo.

Tt is clear that in the general scenario, the non-redundant set Ap in A may not be unique. However, any non-
redundant set in A can be uniquely determined by an order among the moments in A. That is, if we order the
moments in A and delete the redundant moments by investigating the moments from the first to the last, we get
a non-redundant set Ap determined by the order. We implicitly impose an order on the moments in A and our

calculation of the empirical information measure below follows this order.
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excludes those moments that are redundant to their predecessors. By definition, we set u; = 0 for
any ¢ € Af. Using the empirical analog of yj, the P-GMM estimation can be used to consistently
select Ag provided that Af is a finite setﬂ

4 Example: A Linear IV Model

In this section, we study a linear IV model to illustrate the general assumptions of the previous

section. Consider the model

}/;,' = X’ieo+ui,
ko 0o

Xi= Y mZu()+ Y mZ1i(d) + v (4.1)
Jj=1 j=ko+1

where Y;, X; are scalar endogenous variables and Z; ;(j) for j € Zy = {1,2,...} are the excluded
exogenous variables. For any vector Z, we use Z(j) to denote the j-th component of Z. We assume
that

E[u;Z1:(j3)] = 0 and E[v;Z;1 ;(j)] = 0 for all j. (4.2)

For example, equation (4.1)) can be obtained from the following conditional mean model
X; = h(wl) + v; with E [(’LLZ, Uz)‘ wi] = (0, 0). (4.3)

In this example, Z,(j) are the basis functions in the series expansion h(w;) = 372, m;p;(w:), i.e.,
Z1(3) = pj(w;) for j € Z. Moment conditions in are implied by the conditional moment
restrictions in model .

We assume that an econometrician has the first kg IVs ZF = (Z1,(1), ..., Z1,i(ko))’ to con-
struct moment conditions for identification of 6,. The valid and relevant IVs Z 1i = (Z1,i(ko +
1),..; Z1,i(ko + da))" are mixed with invalid IVs Z,; = (Z2,i(1), ..., Z2,i(dp,))" and irrelevant Vs

Zs3,; = (Z34(1),..., Z3,i(dB,))". For this linear IV model, we have moment functions

9s(Zi,0) = (Y; — X,0,) Z; (4.4)

"This is a heuristic argument based on proofs in this paper. A formal proof for this modified sequential procedure
is beyond the scope of this paper and left for future research. Also note that the two step procedure is needed to
ensure that moment conditions in Ag which may be redundant to the moments in B; will not be ruled out.
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for consistent estimation of 6, and the following moment conditions for selection

QA(Zia 0) = (Yz - Xieo) Zl,iv
9B, (ZZ, 0) = (1/@ - Xieo) ZQJ"
9By (Zia 0) = (Yz - Xieo) Zgﬂ'- (4.5)

Define Z; = (2, Z5,,Z3;). Let ky, = ko + da + dp, + dp, denote the number of all available
IVs when the sample size is n. In this example, we assume k,, = o(n%). We next provide sufficient
conditions for Assumptions [3.3] [3.5] 3.6 and [3.8| when the moment conditions are constructed from
this linear IV model.

Condition 4.1 (i) {Y;, X, Zf, Z,;}i<n is a triangular array of ii.d. process;
(i) B[ uz‘Z-* | < C and E| 2‘Z- ] < C for all n;

(iil) E[X}] < C, B[Z7(j)*] < C, and E[Z,()*] < C for all n;

(iv) E[Z;, Z( )Z1,:(k)] = 01 where &, denotes the Kronecker’s delta;

(

v) £5% 73 [XiZy,l|| < C, and ||B[XiZs,]|| = 0 for all n.

The triangular array assumption is imposed because the number of IVs may increase with the
sample size. Condition [4.1f(ii) requires that the conditional second moments of the error term u;
given the IVs are uniformly bounded. Condition [4.1fiii) requires that the fourth moments of the
endogenous variable X; and the IVs are bounded from above uniformly. Condition (iv) implies
that the valid and relevant IVs are orthonormalized, which is a normalization condition (see, e.g.,
Newey, 1997). Condition (V) contains three restrictions. The first restriction $% i1 7r] > 0 en-
sures that the conservative IVs Z can be used to identify and consistently estimate 6,. The second
restriction implies that the aggregated information contained in the invalid IVs Z,; is bounded

from above. The last restriction indicates that the irrelevant IVs Z3; contains no information

about the endogenous variable Xj;.

Lemma 4.1 Under Condition [{.1}

(a) 1M (60) = M(0)||* = Op(kn/n);

(b) [[9n () = g(@o)|I* < C[L + Op(kn/n) + Op(/kn/n)] |l — ||
(c) [gn(@) =g(ao)|I* = C[L + Op(kn/n) + Op(y/kn/m)] la — a||*;
(d) Assumption E is satisfied with ¢, = \/kn/n.

Lemma (a) implies Assumption (1) holds with 7, = \/kn/n. Lemmas (b) and (c)
and k, = o(n%) imply Assumption (ii). Because 1, = \/kn/n and k, = o(n%), Lemma (d)

implies that ¢,7, = k,n "' = o(n_%), which is required by Theorem (b)
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By definition, we write

0 -& ’LLiZZ-* ’LL7;Z;< _ QO,n Ql,n (4 6)
"= = .
UfLZZ - Bo UZZZ - Bo Qll,n 927"
where
wiZrzY| E[uizrZzy;]
QO,n = /7
2Z1 ZZ*/ E [%2&172‘11,1']
in = ( 21,77 BRZ_1Z) )
Qo = E U 1z 1ZZ 11] 53,0553,07 and Zl—l,i = (f’z,mfg,i)- (4.7)

Let QI = Qo — Q18,2 ,, and Q22 = Oy, — O, Q5 Q1 .

Condition 4.2 (i) E[u}| Z;] < C and E[u}| Z;] < C for all n;
(11) pmax(E[Z—l,iZ/—l,i]) < C fO?” all n;
(111) pmin(Q}zl) > 071 and pmin(Q7212) > 071 fO?” all n.

Condition [4.2](i) is stronger than Condition [4.1]i). The finite conditional fourth moment of the
error term is a regularity condition for showing asymptotic normality of plug-in series estimator
in conditional mean models, see, e.g., Newey (1997). Condition [4.2(ii) imposes a upper bound for

the largest eigenvalue of E[Z —LiZl—Li] which is also a mild condition. To see the intuition behind

Condition [4.2[(iii), we write
Qo — N0, , =B [U?(Zm — a0 Z 1) (21 — Ql,nﬂiil—u)'] (4.8)

where u; 21 ; — Ql,nQqulmuiZ—Li is the residual of the projection of u;Z1; on the space spanned by
u;iZ_q ;. Hence, Pmin(Q251) > C~1 implies that for any random variable 7/ Z1 ;u; generated by some
linear combination of Z; ;u;, the optimal mean square linear prediction error based on the set of
variables u;Z _1, 18 bounded from below by some fixed constant for all n. The similar intuition
applies to the restriction p;,(Q22) > C~'. Hence, Condition [4.2{iii) requires that the distance

between the Hilbert spaces generated by u; Z 1, and u; Z 1 is bounded away from zero for all n.

Lemma 4.2 Under Conditions[{.1 and[{.3, Assumptions[3.6 and[3.8 are satisfied.
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5 Selection of the Tuning Parameter

The asymptotic results established in previous sections provide restrictions on the tuning parameter
An. These restrictions are implicit in the sense that they depend on the individual information-
based adaptive penalties w, ; defined in , whose asymptotic magnitudes rely on the validity
as well as relevance of the moment condition ¢ by construction. In this section, we analyze these
individual penalties and provide an explicit formula for the tuning parameter A,,.

Specifically, we consider the case where

Sl
Nl

(5.1)

Tn=6Gn =kian 2.

These specific rates apply under the sufficient conditions in Lemma and Lemma [D.2] in the
Appendix. Our goal is to choose A, that satisfies the upper bound

1
M (0 wons]) = 0,(1), (5.2)
and the lower bound
1
A (kEnl2 ) =01 :
n ( n l}le%i{wn,f Op( )7 (5 3)

Under (j5.1)), conditions in (5.2) and (5.3]) imply Assumptions iv), (V), and

Assumption 5.1 (i) maxeep |ftn o — tos| = Op(Tn);
(H) maxee D ‘Bn,ﬂ - Bo,ﬂ’ = OP(T'IZ);
(ili) For any £ € Bo, |fins — tos] = Op(n_%) and ﬁ(BmZ — Boy) —a N(0,07) with o > 0;

(iv) maxge 4 |,u;£}\ < C, maxep, ‘uo,g‘ < C, and maxyep, ]6;;] <C.

Assumption (1) imposes a restriction on the convergence rate of the empirical information

measure. Assumption [5.1(ii) is implied by (3.3), because

max Bn,[ - 50,8 B — Bol|| < Hdn - O‘OH = Op(Tn)- (5-4)

leD

g

Assumption iii) is standard because the assumptions are on individual moments. The root-n
normality of Bmg is implied by and the Cramer-Wold device. Assumption (iV) imposes
bounds on WOA for ¢ € A and |5o,e‘ for ¢ € By.

Sufficient conditions for Assumptions (1) and iii) are provided in the Supplemental Ap-

pendix.
Remark 5.1 In Appendix we show that the tuning parameter specified in ([5.5)) below also allows
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minge 4 ‘Ho,e‘ and mingecp, ‘Bo7€| to go to zero at certain rate as k,, — 0o, which relaxes Assumption

B

Lemma 5.1 Suppose Assumption TU holds.
1 To—T
(a) The upper bound in is satisfied if Anking = o(1) and )\nn1+ = o(1);
1+4+7o +ro

(b) The lower bound in is satisfied if A;lknTnJ 77 = o(1).

1
Remark 5.2 By choosing r; > ro, Lemmas (a only requires that A\, kz n% = 0(1). On the other
1+7ro 147y
2

hand, Lemma (b) requires that A1k, 2 n~ "2 = o(1). To balance these two rates, we set

r2
1. —

1_r2
A =cCkptn 271

(5.5)

where ¢ is some finite positive constant.

Remark 5.3 Given r; and 19 and r; > 7o, we propose a plug-in loading constant based on the
argument in Liao (2013):
L
Crn = 2||W3i (O)I1,,]| for any £ € D (5.6)

1 .
where W7 (¢) denotes the ¢-th row of the matrix W,,, and II, is an estimator of the following matrix
1 _ 1
M, = Iy, — W2To (T, W,To) T W2 (5.7)

T2 r
based on a preliminary P-GMM estimation with A\, = 2k n~2~%. To sum up, we propose using
the tuning parameter

—~ 1 ~ re r
Ane = 2||W2 (OTL, |kt n~2 7 (5.8)

for the /-th moment condition in D.

6 Simulation

For finite-sample investigation, we consider a simple linear regression model
Y1 = Y50, + u, (6.1)

where Y7,Y> € R are endogenous and 6, € R is the parameter of interest. Valid and relevant
IVs Zg € R? are available for the identification of #,. In addition, a vector of candidate IVs
Zp = (Za,Zpy,ZB,) € RX are considered, where Z4, € R (dy = 2) are valid and relevant,
Zp, € R0 (dg, = K/2 — 1) are redundant, and Zg, € R%1 (dp, = K/2 — 1) are invalid. We
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consider K = 10, 30, and 50 in the experiments. The relationship between Y5 and (Zg, Z4) is
Y, = WZSZS + TFIAZA + v (6.2)

where mg and w4 are dg x 1 and d4 x 1 real vectors respectively.

The simulated samples are generated in the following way. First we generate
(Zs,Za, Zpy, Zp,,u,v) ~ N(0,%), where ¥ = diag(X 45, XB, Luv) (6.3)

where Y45, ¥p and ¥, are 4 x 4, (K — 2) x (K — 2) and 2 x 2 variance-covariance matrices
respectively. By construction, (Zg, Za, 2 BO,ZE) are all valid, but only Zg and Z4 are relevant
based on . The invalid IVs Zp, are obtained by contaminating Zp with the structural error
u. Specifically,

Zp,(£) = Zp, (€) 4 c¢ X u, (6.4)

where ¢ is a real constant, Zp, () and Zp (£) are the {-th element of Zp, and Z} , respectively.
The structure of indicates that the degree of endogeneity of an invalid IV varies with the
coefficient ¢y, which is given below.

Parameters in the data generating process are as follows: (i) 6, = 0.5; (ii) 7 = (7, 0.1)", where
the value m, = 0.1 or 0.3 to experiment different identification strength; (iii) 74 = (0.5,0.5); (iv)
Y45 is a 4 X 4 matrix with the (i,)-th element being 0.2/"~; (v) £p is an (K — 2) x (K — 2)
identity matrix; (vi) ¥, is a 2 X 2 matrix with diagonal elements (0.5, 1) and off-diagonal elements
(0.6,0.6); (vii) for ¢, =0.2 0or 0.5 and ¢ =1, ..., (K/2 — 1), the coefficients in (6.4]) are

(£ —1)(€—co)

K/2-1 (6:5)

Cy = Co +

where ¢ = 2.4 sets a large upper bound. A larger value of ¢, is associated with stronger endogeneity
of the invalid IVs.
For each specification of (7, c,, K), we generate i.i.d. observations with sample size n = 250,
n = 2,500 and n = 5,000. To construct the information-based penalty in , the user-selected
constants are r1 = 3 and ro = 2. The preliminary estimator f,, , is constructed by sample analogs
of the variance matrix and the preliminary estimator Bn,g follows from . The weight matrix
W, is defined as
IR : .
W, = - ;g(Z, &) g(Z, évy) (6.6)

where ¢, is defined in (2.13)) with identity weight matrix, g(Z, o) is constructed using the IVs
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(Zs,Za, ZBy,ZB,). The number of simulation repetition is 5,000. The projected scaled sub-gradient
method (active-set variant) method proposed in Schmidt (2010) is employed to solve the minimiza-

tion problem in the GMM shrinkage estimation.

Table 6.1. Performance of Moment Selection by GMM Shrinkage Estimation
m,=0.1, K =10
n=250 n=2,500 n=5,000
co=0.2 .011 .495 .482 .012 .000 .906 .092 .002 .000 .951 .049 .000
co=0.5 .002 .497 .489 .012 .000 .906 .092 .002 .000 .951 .049 .000

m,=0.3, K =10
n=250 n=2,500 n=5,000
c,=0.2 .001 .687 .184 .128 .000 .961 .027 .012 .000 .982 .014 .004
co=0.5 .000 .687 .184 .129 .000 .961 .027 .012 .000 .982 .014 .004

To=0.1, K =30

n=250 n=2,500 1n=5,000
co=0.2 021 .132 .834 .013  .000 .701 .297 .002  .000 .828 .171 .001
co=0.5 .007 .133 .847 .013  .000 .701 .297 .002  .000 .828 .171 .001

To =03, K =30

n=250 n=2,500 1n=5,000
c,=0.2 .00l .398 .467 .135  .000 .002 .086 .01  .000 .945 .051 .004
co=0.5 .000 .398 .468 .135  .000 .902 .086 .011  .000 .945 .051 .004

m, =0.1, K =50
n=250 n=2,500 n=>5,000
c,=0.2 .025 .052 .910 .013 .000 .558 .440 .002 .000 .731 .268 .001
co=0.5 .009 .052 .927 .013 .000 .558 .440 .002 .000 .731 .268 .001

To =03, K =50

n=250 n=2,500 1n=5,000
co=0.2 .00l 241 622 .136  .000 .849 .141 .010  .000 .918 .076 .006
co=0.5 .000 .241 .623 .136  .000 .849 .141 .010  .000 .918 .076 .006

Note: For each parameter combination, four numbers are reported. The first number is the probability of "selecting
any invalid IVs". The second number is the probability of "selecting all valid and relevant IVs". The third number is
the probability of "selecting all valid and relevant IVs plus some redundant IVs". The fourth column is the probability
of all other events.

Table 6.1 presents the finite-sample performances of the moment selection by the GMM shrink-
age estimation. We first look at the case with strong identification (7, = 0.3), strong endogeneity of
invalid IVs (¢, = 0.5), and small sample size (n = 250). In this case, the probabilities of any invalid
IVs being selected are small for K = 10, 30, and 50. Hence, the shrinkage procedure succeeds in

selecting only the valid IVs. The number of the moment conditions affect the probabilities of valid
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and/or relevant moment conditions to be selected. When K = 10, with a probability of 0.69, Z4 is
the set of IVs selected and with a probability of 0.19, Z4 plus some elements in Zp, are selected.
This implies that with a probability of 0.88, the shrinkage procedure selects all of the valid and
relevant IVs. When K increases, the probability of selecting Z 4 alone decreases and the probability
of selecting Z 4 plus some elements in Zpg, increases. For example, when K = 50, the probability of
selecting Z 4 drops to 0.24, while the probability of selecting Z 4 plus some elements in Zp, increases
to 0.62. When sample size is n = 2500, the probabilities of selecting Z 4 are 0.96 with K = 10, 0.90
with K = 30 and 0.85 with K = 50, whereas the probabilities of selecting invalid IVs are 0 and the
probabilities of selecting redundant IVs are as low as 0.14 even with K = 50. When sample size is
n = 5000, the probabilities of selecting Z 4 are larger than 0.90 and the probabilities of selecting
invalid or redundant IVs are close to zero. Reducing the degree of identification and reducing the
degree of endogeneity for the invalid IVs both make moment selection more challenging. In the
extreme case with relatively weak identification (7w, = 0.1) and weak endogeneity (¢, = 0.2), the
procedure is robust at not including any invalid IVs but tend to include some redundant ones. The
probability of including redundant IVs is reduced significantly when sample size increases.

The P-GMM estimator proposed in this paper produces an automatic estimate of 6, in the
shrinkage estimation. Table 6.2 summaries finite-sample properties of this estimator denoted by
“automatic” in Table 6.2, and compares it with several alternative estimatorsﬂ Some of the alter-
native estimators are infeasible, but serve as good benchmarks. To show the efficiency improvement
by using more relevant and valid IVs, we compare the “automatic” estimator with a “conservative”
estimator, which only uses Zg without further exploring information in other candidate I'Vs. This
comparison shows that the “automatic” estimator enjoys smaller standard deviation and root mean
square error (RMSE) than the “conservative” estimator in all scenarios considered. To show the
finite-sample improvement by excluding redundant I'Vs, the “automatic” estimator is compared to
a “pooled” estimator, which uses all valid IVs Zg, Z4, and Zp,. This comparison indicates that the
“automatic” estimator has smaller finite-sample bias. Note that this “pooled” estimator is actually
infeasible because it excludes all invalid IVs and include all valid IVs. Table 6.1 suggests that there
is a non-negligible probability that some valid and relevant IVs are not selected when the sample
size is moderate, which is why the standard deviation of the “automatic” estimator is slighter larger
than that of the “pooled” estimator for n = 250. This difference disappears for n = 2500. To show
the importance of excluding invalid IVs, the “automatic” estimator is compared to an “aggressive”
estimator, which uses all candidate IVs regardless of their validity. This comparison suggests that

including invalid IVs increases finite-sample bias as expected. The “post-shrinkage” estimator is

8We only present finite sample properties of various GMM estimators with K = 50 here. More simulation results
are available in the Supplemental Appendix of the paper.
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the GMM estimator uses all IVs selected by the shrinkage procedure. The difference between the
“automatic” estimator and the “post-shrinkage” estimator is small. Finally, an important com-
parison is between the “automatic” estimator and the infeasible “oracle” estimator, which uses
the desirable IVs Zg and Z4. This comparison indicates that the finite-sample properties of the
“automatic” estimator are comparable to those of the “oracle” estimator, even for a small sample
size, and the two are basically the same when the sample size is large.

In sum, the GMM shrinkage estimator proposed in this paper not only produces consistent
moment selection, as indicated in Table 6.1, but also automatically estimate the parameter of
interest. Table 6.2 shows that this “automatic” estimator dominates all other feasible estimators
and it is comparable to the ideal but infeasible “oracle” estimator in terms of finite-sample bias

and variance.

7 Conclusion

This paper studies moment selection when the number of moments diverges with the sample size,
allowing for both invalid and redundant moments in the candidate set. We show that the moment
selection problem can be transformed to a P-GMM estimation problem, which consistently selects
the subset of valid and relevant moments and automatically estimates the parameter of interest. In
consequence, the P-GMM estimator is not only robust to the potential mis-specification introduced
by invalid moments but also robust to the possible finite-sample bias introduced by redundant
moments.

An interesting and challenging question related to this paper is inference on the parameter of
interest #, when moment selection is necessary. Although the asymptotic distribution developed
in this paper can be used to conduct inference on 6, this limiting distribution ignores the moment
selection error in finite sample. As a result, a robust inference procedure with correct asymptotic
size is an important issue for the P-GMM estimator. This is related to the post model selection
inference problem investigated by Leeb and Pétscher (2005, 2008), Andrews and Guggenberger
(2009, 2010), Guggenberger (2010), Belloni, Chernozhukov, and Hansen (2011), and McCloskey
(2012), among others. Robust inference on the parameter of interest is beyond the scope of this

paper and investigated in future research.
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Appendix

In this appendix, for any two sequences a, and b,, we use a, < b, to denote that a, < Cb,

where C' is some fixed finite positive constant.

A  Proofs of Main Results in Sections 2 and (3

Proof of Lemma For the ease of notation, we write
FS = FS(HO), Fg = Fg(@o), QS = Qs(go) and QS+£ = Qs_,_g(eo). (Al)

By definition, we write

Qs Qgy
QSJrg = (AQ)
Qs

where Qg is the leading kg X kg sub-matrix of Qg44, € is the last diagonal element of 25,y and
Qge = le, g are corresponding sub-matrices of Qg .

By the inverse formula of a block matrix, we have

0 Q Qoo
Q5% i if Qghe = ° S (A.3)
Qs Qg Qg Oixk, O
which further implies that
_ -, 1
I's Qg Ok «1 I'g
1 —1 —1 S 0X
VS—i—Z -Vg = QSH -
i Fe ] 01Xk0 0 Fé
- 97
Is | .4 Qs Qs 4 | Ts
= Qgio | Qs — 1 Q51
I Iy | Qs Qps8ls Qg Iy
- o, _
r 0 0 T
_ S Qg}re koxko ko><171 Qg}rz S : (A4)
| e | | Ouxr, Q0= Q50 Qs L'y

where
n

Q — QsQ5' Qg0 = lim Var n"3 Z [96(Zi,00) — 95(Zi,0,)25" Qs] | > 0. (A.5)
=1

This implies that VS_JFIZ — VS_1 > 0 and hence Vg > Vgiy. The second result is an immediate

implication of the first. m
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Proof of Lemma Recall vy, () = my(0) — m(6). Note that v,(0) = 7, (a) — g(a) for any
a € A, and vy (0,) = g, (ao) because g(a,) = 0. Hence, by Assumptions [3.1](ii) and [3.1](iii), we get

T (@) Wiy (o) = vn(0,) Wpvn(0,) = op(1). (A.6)
The definition of @,, implies that

gn(an)lwngn(an) + A Z Wnt Bn,f < gn(QO)Iann(QO) + An Z Wn, ¢ ‘Bo,ﬁ‘ . (A.7)
leD eD

Let mn,s(ﬁn) and My, p (/én) denote the subvectors of mn(ﬁn) associated with moments in S and D,

respectively. The inequality in (A.7) implies

2

[05@)|| + [0.00) = B = 17@0) I = 0,0 (A8)

~

because (i) An D scp Wnye |Bne| = 0; (i) Gn(co)Wngn(ao) = op(1) by (A.6); (iii) 8,, = 0 for
€ ¢ By; (iv) A\ Y opep, Wne |Bos| = 0p(1) by Assumption (iv) and |3,,| < C for all £; and (iv)
Pmin(Wn) > C~1 w.p.a.1 by Assumption (iii).

Using the triangle inequality and result in , we have

op(1) = Hms@n) : (A.9)

> \Hms@n)

- Hm&n(@n) - mS@n)

which combined with Assumption (ii) implies that ng@n)H = 0p(1). Under Assumption (i),

[25(8,)|| = 0,(1) implies that 6,, —, 6,. =

Proof of Lemma We first prove part (a). Because Aywy, > 0 for all ¢, the triangle
inequality and the Cauchy-Schwarz inequality imply that,

)\n Z Wn o {/8076‘ - )\n Z Wn,t
le By

leB1

~

Bn,( /Bn_/Bo .

< by,

(A.10)

Combining the inequalities in (A.7) and (A.10) and using the fact that A,w, ¢ > 0 and 8,, = 0 for
¢ ¢ Bi, we obtain

~

gn(an)IWn§n<an) S bn 577, - /Bo +§n(a0)lwngn(a0>' (All)
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By Assumption iii) and g,,(c)' Wi, (o) = Op(72) under Assumption (i), we have

2
<b

Hms,n@n) 2+HmD,n(§n)—Bn <b, |3, - 8,| + 0,(72) (A.12)

w.p.a.l.
To derive the rate of convergence of /0\,“ we next study the two terms in the left hand side of

(A.12) and link them to H@n — 6,||. First, note that

]

= |[sin @) ~ s @) + 5 (0r) — s (6)
2

, (A.13)

where the first equality holds because mg(6,) = 0, the inequality follows from an expansion of the
quadratic term and the Cauchy-Schwarz inequality, the Op(7,) term in the last equality follows

from Assumption (1) and the consistency of @n By the mean value theorem,

715 (0n) — ig(00) = Ds(80) (0n — 00) + |Ts(0r) — rs(e,,)} (@, — 0,) (A.14)

where I's(6,,)" = {Fl(glm)’, U (Aéko’n)’} and Aégm is some value between 0,, and 0, for any £ € S.
By the Cauchy-Schwarz inequality, the consistency of @n and Assumption (iv),

2

H [rs(’é’n) . rs(eo)] @, — 0, < Hrs(b’n) — s\ [, — 05| < |6, — 6, (A.15)
w.p.a.l. Using Assumption (iii), we have
HFS(QO)(/én - 90) S /én -0, s (A16)

which together with 1) 1) the consistency of §n and the Cauchy-Schwarz inequality implies
that

—~ 2 —~ —~ —~ 2
Hms(e)n) —7s(0)|” = (B — 0,)T5(0,)T5(0) (0, — 00) + 0p(1) ‘ 0, — 0, (A.17)
The above equality combined with Assumption (iii) further implies that
‘ 9, -0, < Hms@n) —ms(8.)|| < 18, — 6, (A.18)
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w.p.a.l. Combining results in (A.13]) and (A.18), we have w.p.a.1,

~ 2 ~ 2 ~
Hmn(en) > 6, = 0. — 0,) |6, — 6] - (A.19)
To study the second term on the left hand side of (A.12)), we can write
mD,n(g\n) - Bn = [mD,n(/én) - mD(/én>:| + [mD(An) - Bn:|
= Op(ra) +mp(0a) — B,
= Qn— [Bn — B,|, where

Qu = [Mp(@a) = B,| +Op(ra) (A.20)

following the consistency of En and Assumption (1) Then,

~ ) PN ~ 2

bn ‘ B — Bo|| + Op(Tn) > HmD,n(en) = Bn
~ 2 ~

> |5 = Bo| +1QulP = 21Qull B = o, (a21)

where the first inequality follows from (A.12)) and the second inequality follows from (A.20) and
the Cauchy-Schwarz inequality. Reorganizing ((A.21]), we obtain

~

B — Bl = 21@ul +80) B — Bl - 1Qul? — 0,(2) <0 (A.22)

which implies

B — B + bp + Op(T1) (A.23)

using the definition of @, in (A.21) and 8, = mp(6,).
Combining the inequalities in (A.12)), (A.19)) and (A.23)), we get

S HmD(b\n) - mD(GO)

~

2 —~ —~
On — 00|l — Op(70) ||0n — 00| < bn ||iD(0r) — Tip(0,) || + Op(T2 + b2). (A.24)
By the mean value theorem,
7ip(0n) — T (0,) = [FD(EH) - rD(ao)] (@ — 0,) + Tp(00) (0, — 0,) (A.25)

where FD(@L)’ = Fk0+1(5k0+17n)’, I (5;@””)'} and Eg,n is some value between gn and 0, for any
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¢ € D. Note that Assumption [3.2{iv) implies that

~ ~ ~ 2
H [FD(en) - rD(e(,)} @0 — 0,)|| < VEn 00 — 0, (A.26)
~ 2 ~
Under Assumption (iii), we have HFD(GO)(Gn —0)|| < 1|0n — 0,]2. Therefore,
—~ —~ 2 —~
HmD(en) —71p(0,)|| < Ve |00 — 60| + 1[5, — 6, (A.27)

by the triangle inequality and the Cauchy-Schwarz inequality. Combining (A.24]) and (A.27) yields

~ 2 ~
[1 - Op(\/knbn)} By — 00| < Op(bn +7) |80 — 05| + Op (72 + B2). (A.28)
As Vkpby, = o(1), the inequality above implies
O — 0, = Op(bn + 7). (A.29)

Applying the results in (A.27)) and (A.29) to (A.23]), we obtain

where the last equality follows from +/ky (b, + 75,) = 0p(1) under Assumption (V) Combining
the results in (A.29)) and (A.30)), we get the result in part (a).

We next prove part (b). We first note that

B = Boll S Oplby +7n) + VEnOp(b2 + 72) = Op(bp + 74), (A.30)

?n(an)/ann(an) - gn(ao)/ann(ao)

= [gn(an) - §n<a0)], Wn [gn(an) - gn(ao)] +2 [gn(an) - gn(ao)]/ ann(ao)
I

Vv

197(@n) = G (@) [I” = [[gn(@n) = G (o) || [[gn (o)

~ 2 — o~
2 Man = o™ = [[gn (o)l lan — ol (A.31)

w.p.a.1l, where the first inequality follows from Assumption iii) and the Cauchy-Schwarz in-
equality and the second inequality holds by Assumptions (ii). Combining the inequalities in

(AT1) and (A31), we obtain
@ — oll® = [9n (@)l [8n — ol S bull@n — aoll, (A.32)

which together with Assumptions [3.3(i), implies ||Gn — a0l = Op(Th + by). ®
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Proof of Theorem Let e/ be a k,,-dimensional vector with the /-th entry being 1 and others

being 0. By the Karush-Kuhn-Tucker (KKT) optimality condition, //B\n’g =0 if

PR AnWn, 0
W@ < |mone]
Hence,
~ esWngn(an)| 1
P( :0,£eA)>P S nInlTn) | - 2
(B = b (| T <
To obtain the desired result, it remains to show
IW = (A
ma | L0 (@) | gy
leA )\nwn,g

Following Assumption [3.1](iii),
0<C < e’EWaneg <(C <

for any ¢ w.p.a.l. By the Cauchy-Schwarz inequality and the inequalities in (A.36)),

max WG, (an)
)\nwn,f

/ — oy~
max HeKWnH ( )H S ”gn(an)H 1
leA

< g (Q = maxw,
T lEA Apwny 15 (@ An teA Mt

w.p.a.l. By the triangle inequality,

v ()

[gn (@)l < [lg(@n)ll + ‘ = [lg(@n)ll + Op(7n),

where the equality follows from Assumption i). Note that

2

~

l9@)I> = [ms@) ~ms6a)] +|mo@n) B,

|75 @) — s 6.)

A

2
|

“ o @) ~ o)

~ 2
ﬁn_ﬁo

(A.33)

(A.34)

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)

which together with (A.18)), (A.27), Lemma VEkn(Trn +b,) = o(1) and b, = Op(7y,) implies that
9, (@n)|| = Op(7y). This combined with Assumption ii) and (A.37)) implies that (A.35) holds.

Next, we prove part (b). Under Assumption we have

IN

19 (@) = G (o) | + 195 (o)

S lan = aoll + 9, (o) || = Op(Tn),

[ (@)

(A.40)

where the first inequality follows from the triangle inequality, the second inequality is by Assumption
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[3.3(ii) and it holds w.p.a.1, the last equality is by Assumptions [3.3(i), [3.4|i), and Lemma [3.2|(b).
This combined with Assumption [3.4(ii) and (A.37) implies that (A.35]) holds. m

Proof of Theorem (3.3l  Let ¢, be a sequence of constants such that (i) e, = o(nfé), (ii)
M lwn. Bl = Oplen), (iii) spTyn = o(e,) (and (iv) VE,72 = O(ey,) for the proof of part (a)). Such
a sequence can be constructed because Ay |lwn gl = o(n™Y?), ¢u7 = o(n™Y/?), (and VE,7i =
o(n=1/2) for part (a)). Define

apn = OBy + Enly, (A.41)

where uf = (T, W,Ta) 175, 75 € R%+45 and ||v%|| < C. Because the smallest eigenvalues of W,

and T',T, are bounded from below by Assumptions [3.1(iii) and [3.6[(iii), ||u}|| < C. Hence,

lenup |l = €2 lunl® = Op(el) = op(n ™). (A.42)

~x*/

k!
Write &, = (02 ,BB.n), then

Ha};m — By ‘ = |lenuy,|| = Op(en) and (A.43)
|60 — aBol < 8Bn — aoll + lenuyl = Op(Tn). (A.44)
For any o’y = (¢, 8'5), we define
_ I8N _
gnlap) = Y 9(Zi,ap) and glap) = Elg(Z,ap)], (A.45)

i=1

where ¢g(Z, ap) is defined in (3.7). By the definition of ay,,

~ — oy~ > — o~k — o~k >*
gn(an)/ann(a’ﬂ> + An Z W, 571,( < gn(aB,n)/ann(aB,n) + An Z Wn,e ‘Bnl
teD leB

(A.46)

where B;Z is the element of aj,, corresponding to Bn’g for any ¢ € B. By Theorem the left
hand side of ({A.46)) satisfies

Tn (@) WaG (@) + A > it |Bre| = Tn(@.0) Wabin (@p0) + An > @it | B (A.47)

LeD leB
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w.p.a.1l. The triangle inequality and Cauchy-Schwarz inequality imply that

) < Anzwn,f B
leB

nen llwn,5ll |4 5| = Op(en), (A.48)

* ~
nt /Bn,f

/311,@

An Z Wn e ( Bn /| —
leB
- )\nen Z Wn,t }U:L,[ >~

leB

where uy, p = (U’Tl,d9+1’ ...,u;kl’dﬁdB)’ is the vector of perturbation on 35 and the O,(e2) follows

from [|uy, || < C and Ay, [|lwn,B|| = Op(en). Combining (A.46), (A.47) and (A.48) yields

In(@5.0) Wagn(@5.n) = Tn(@B0) WnGn(@B.n) = Op(er). (A.49)

We next prove part (a). Define

Il,n = Un(b\:,) - Un(an)- (A50)
Because ¢g(Z, ap) is linear in 3,
gn(ap) =g(ap) + v, (0) (A.51)

for any o/y = (¢, ). Applying the equality above, we obtain
9n(0B,) = Gn(@Bn) = 9(ap,) — (@B n) + I, (A.52)
which implies that
9 (@5.0) = Gu(@s.n)||* < 2(|5(@%,0) — 9@aa)|* + 2|1l (A.53)

By the mean value theorem,

19@5..) — 9@a)||° = (@hn —@pn) Tal0,)Tald,) (@5, — )

0
90) ( o) (O‘B n aB,n)
Fa a(eo)]/ [Fa(EZ) - Foc(HO)} (a*B,n - aB,n)

/
+2 (@5, — ) [ra - ra(eo)} Ta(6o) (@5, — O5n)  (A54)

(
= (a*B,n - aB,n) a(
+ (&*B’n CYBn / |:

i

where the first equality is a mean value expansion with 5:; between the first dy elements of aj ,

and apy, (5:; may vary element by element for the vector). Next, we show each term on the right
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hand side of the second equality of (A.54) is O,(¢2). Under Assumption (iii), we see that

YToIhy = (Y, 01, Vi) [L(00)T(00)] (Vs 001, 7)< C |12 (A.55)

for any v = (v,,7a,)" € Rde+de  which implies that pp.(T.Ta) < C. Under 1) and

|aB., — @Bl = Op(en), we have

(B, — aBm)’ra(eo)'Fa(eo) (@B, —apn) S ||k, — dBm }2 = 0,(e2). (A.56)

By the Cauchy-Schwarz inequality and k,72 = o(1), we have

* ok

@50~ @5n) [TalBl) = Tal0)] [Fa@) ~Tal00)] @5, — a5.0)
|85~ @pal” [Ta(@) ~ Ta(6o)|

= knOp(72) |00 — Apnl = 0p(c2) (A.57)

IN

where the first equality is by || (5:;) —T'a(0,)|] = Op(vVknTy), which in turn holds by Assumption
3.2(iv) and |]§Z —0,|| = Op(1y,). Using 1' the Cauchy-Schwarz inequality, Assumption (iv),

and k,72 = o(1), we have

*

o~ /
(@5 — @) [Lal@) = Tal0)] Talbs) (@5, — @5.0)

*

Fa@n) - Fa(QO)

IN

Hra (‘90)(a*}3,n - aB,n) H

&%~ G|

*

Ta(0,) = Ta(0o)
= VknOp(r) |@5, — Gpa|® = 0p(c2). (A.58)

AN

[, —

Combining the results in (A.54), (A.56)), (A.57), and (A.58), we deduce that

[5(@5.) —5@sn)|” = Oplen). (A.59)

Using Assumption H/H\; — || = Oplen), Tyt = O(n%), and ¢, 7, = o(ey), we have

1

1 T1nll = Op(n™ 26, + Encn) = Op(n™26,) = 0,(en), (A.60)

which together with (A.52)), (A.59)), and Assumption (iii) implies that

[?n(a*B,n) - ?n(aB,n)]/ Wn [?n(a*B,n) - gn(aB,n)] S.z }lgn(aE,n) - gn(aBm)HQ = Op(é‘%) (A61)

38



where the inequality holds w.p.a.1. We can rewrite the inequality (A.49)) to obtain

Op(gi)

IN

gn(a*B,n)Iann(a*B,n) - gn(aB,n)/ann(aB,n)
= [9.@5,) = 9.@8.n)] Wa [6.(@5,) — Ga(@B0)]
+2(9,(@%,) = Gn(@B.0)] WaGn(@5.n)- (A.62)

Applying the results in (A.61]) and (A.62)), we obtain

9.(@5.0) = G0 (@B.0)]) Wag,(@B,n) > Opleh). (A.63)
Define
IO,n = 'Un(/én) - Un(go)' (A64)
Then
9n(@Bn) = Gp(@) +9(@pn) — g(ao) + lon- (A.65)

Plugging (A.65)) into (A.63|) and using the definition of I 5, in (A.50) yields

Op(e2) < [9(@%,) — 9(@sn)]) Wa [Ga(c0) + G(@8n) — G(a)]
+A, + B, + C,, where
An = I, Wagn(@o) +9(@Bn) — g(ao)],
B, = [9(05,) — 9(@pn)] Walon,
Co = I} Walgn. (A.66)

We next study the terms A,, B, and C, one by one. By the triangle inequality and the Cauchy-

Schwarz inequality,

|An| < ‘I{,angn(OCO)‘ + ‘I{,an[g(aB,n) - E(O‘O)H
1 1
S ‘Ii,nwnjl,n| 2 |§n(a0)/Wn§n (OJO) ‘ 2
1 _ o _ 1
+ |ILanII,n‘ 2 H?(OZB,n) - g(ao)]/Wn[g(O‘B,n) - g(ao)] ‘ 2 (A67)
By arguments similar to those used to show (A.59)), we can show
[9(@50) — 9(a0)|* = Op(7h). (A.68)

Using Assumptions [3.1f(iii) and [3.2{i), the results in (A.60), (A.67), (A.68), and ¢,7n = o(cy), we
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have

|An| = Op(niégnTn) = Op(niégn)‘ (A69)

To study B, and C,, first note that
o nll = Op(n™26n + Tusn) = op(en), (A.70)

where the first equality follows from Assumption and |[0, — 6] = Op(Ty) and the second
equality follows from 7,1 = O(n%) and ¢, 7, = o(e,). By the Cauchy-Schwarz inequality, (A.59)

and (A.70),
1 1
|Bal < [9(@5,0) = 9(@B0) Wag(@5.0) — §(@nn)l|? |10 Walon|* = op(en)- (A.71)
By the Cauchy-Schwarz inequality, ({A.60|) and (A.70)),

1 1
Col < |1 Wi n|? |15, Walon|? = op(€2). (A.72)

Putting together (A.66), (A.69), (A.71), and (A.72)) and using &, = o(n~/?), we obtain

1

[9(@5.) = 9(@5.0)]" Wi [Gn(@0) + 5(@8,0) = G(c0)] = 0p(n”2ey) (A.73)

Next, we consider the mean-value expansions for g(ap,) — g(@p) and g(@pn) — g(e,) in

(E7T3). First,

~

g(a*B,n> - g(OéB,n> = Fa(en) (aB n— OB n)
= Tal60)(@5 — @5.0) + [Ta(@,) — Tal00)| (@5, — @5.)
Fﬂl(e )( Bn — aB,n) + Op(\/a'rngn), (A74)

where the first equality is a mean value expansion with 5:; between the first dy elements of aj,
and gy, (5:; may vary element by element for the vector), the second equality is obvious, and
the third equality follows from the Cauchy-Schwarz inequality, ||T' (5;) —Ta(00)]] = Op(VEnTn),
which in turn holds by Assumption (iv) and Héz — 05| = Op(7n), and ||ap,, — @pnl|| = Op(en).

Similarly, we have

G(@pn) — 9() = Ta0,) @0 — apo) + Op(V/knT2) (A.75)
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Plugging (A.74)) and (A.75) into (A.73), we obtain

Op(nil/%n) < (@pn — apn) Ta(06) Walgn(o) + Tal0o)(@pn — ap,o)] + D1+ Do

= (a*B,n - aB,n)Ta(HO)/Wn [Gn(v0) + Ta(bo)(@Bn — aBo)] + Op(n_%gn% (A.76)

because
D] = (@50 — @50) [TalBl) —Ta(00)] Walgu(00) +5(@5.0) — 5(00)
< Op(VknTnen) [||Fn(co) | + [9(@5.n) — Glao)]
= Op(V/knT2n) = 0p(n"22p), (A.77)
and

D] = |(@0 = @5.0) Ta(00) W [Ta(Bn) = Tal00)] (@50 — o)
= Op(en)Op(V/knT2) = 0p(n" 2y (A.T8)

for some 5n between the first dg elements of a*Byn and ag and 571 may vary element by element
for the vector. The first inequality in holds by the Cauchy-Schwarz inequality, the third
equality in , and Assumption (iii), the first equality in follows from Assumption
i) and (A.68), and the second equality in holds because k,72 = O(g,) and &, =
o(n_l/ 2), as stated at the beginning of the proof. Results in holds by similar arguments

Fa(gn) —Ta(8,)]| = Op(\/ETn)'

using [[@%,, — @l = Op(en), 50 — ol = Op(ra) and |

The results in immediately gives
0plEnn”2) < (@5, — 85.0) Ta(00) WalFa(@0) + Ta(00) @5 — ap,0)] (A.79)
which together with @%,, — apn = enup, = en (L Wnl'a) 17} implies that
T (CoWal'a) T DL Wa Vg, (ao) + vl (0o) (@Bn — ap,o)] = 0p(1) (A.80)

where 75, € R% 15 with ||v;|| < C. Next, define &%, = a4, —enu;, and using the same arguments

in deriving (|A.80)), we deduce that

’Y:;I(F;Wnroc)ilrgzwn[\/ﬁgn(a0> + \/ﬁra(GO)(aB,n —apo)] < op(1), (A.81)
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which combined with , implies that
Y2 (T W Ta) T W[V (o) + VT (00) (@0 — a.0)]] = 0p(1). (A.82)
The approximation in can be rewritten as
VIV @B — ap0) = =72 Ty WaT ') T WaQ3 [x/ﬁﬂn 5gn<ao>] T op(1). (A.83)

Let v,, € R%%45 be an arbitrary vector with ||, || = 1. Let

_1 _1 1
V=432 and F, = 4,5, 2 (T, W, Do) 1T W,Q2. (A.84)
It is clear that
_1 _1
¥all? = ¥ = V00 2 S0 2y, = 1 (A.85)
and
Vel = v = vty < C (A.86)

where the last inequality is by |v,| = 1, (A.55), and Assumptions [3.1f(iii), [3.6{ii), and [3.6[(iii).

Hence, we deduce that

1

_1 _1
VAaEn @ — apo) = [wmn 29n<ao>} T o0p(1) —a N(0, 1), (A.87)

where the weak convergence is by Assumption [3.6{1).
We next prove part (b). Using Assumption [3.3{ii) and (A.43), we get

19, (@5.n) = 9n(@B.0)|| = Op((|G5, — GB.al]) = Op(en) (A.88)
which together with the expression in (A.62) implies that

yn(a*B,n),ann(a*B,n) - gn(aB,n)/Wnyn(aB,n)
= 2 [gn(a*B,n) - §n<aB,n)]/ ann(aBﬂl) + OP(EEL) (A89)

By Assumption [3.8]

9n(@Bn) = Gn(@Bn) = 9(a5,) —9(@8n) + Iin = Ta(@pn — @Bn) + I (A.90)
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and similarly,
In(@Bn) — Gnlao) =g(apn) —g(ape) + Lo =Ta(@Bn — aBo) + lon. (A.91)
By Assumption ||§Z —§n|| = Op(en), H/én — 0o|| = Op(1y), and ¢, 7, = 0(ey,), we have
11nll = Op(n™260) amd o]l = Op(snTn) = oplen). (8.92)

Applying (A.90), (A.91), and (A.92), we have

[gn (a*B,n) - gn(aB,n)]/ ann (aB,n)
= (@Bn —Bn) TaWal[dn(ao) + Ta(@pn — apo)l + (@5, — Gpn) TaWalon
+I{,an [Gn(0) + Ta(@pn — apo)] + I:,l,anIO,n

= (OB, —aBn)ToWalg,(ao) + Ta(dpn — apo)] + op(n_%sn), (A.93)

following Assumption (iii) En = o(n_%) and O (n_%gnTn) = op(n_%en). Apply-
ing and { - m and using ap, — @pn = epty, = en(L,Wnl'a)~ Ly*  we obtain

Vo CaWnla) T LW lVig, (o) + vnLa(bo) (@pn — ap,o)] = 0p(1) (A.94)

as in (A.80). The rest of the proof is the same as that of part (a) and hence is omitted. m

B Proofs on Linear IV Model

Proof of Lemma By definition,
95(2,6) = (Vi — X,6) 2} and gs(Z.6) = (Vi — X.6)Z;. (B.1)

We write

122 11,(,1

n z 1u7JZ ﬂ
2

- w21 Wil
TlL Zz 1ulZ 50

1 n
— E uiZ;‘
n-

=1

m2(80) —m(6,) | =

+ wiZ; — B,

%
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Using Conditions - - 4.1{(ii), and 4 - 4.1{(iii), we get

. 1 & ool ko
Z“ZZ = gZE [\uz‘Zi ()] } <= (B.3)
j=1
and
1 & 2 1 k
HnZw%ﬂ% = =Y B[luz,G)?] < == (B.4)
=1 jeb

Using the upper bounds in (B.3|) and (B.4]), and the expression in (B.2]), we can invoke the Markov
inequality to deduce that

[ (00) — m(HO)HQ = Op(kn/n). (B.5)
This proves part (a).
For any «, we can write
LS XiZF 0 _ _
yn(a) _ En(a()) _ n1 Ez—l i ko (kn—Fko) (Oé _ ao) = I‘n(a _ Oéo)- (Bﬁ)
T 21 XiZi L,k
Moreover, we get
_ _ = =
19 () = Fn(@o) [ = (@ = @) T, Tl = o). (B.7)

Define I'), = E [fn] Then

-1
R P R I e (B.8)
IS VX Zi A BIXaZi] Ok, ko) x (kn—ko)

Using the Hoélder inequality, the Cauchy-Schwarz inequality and Conditions [4.1](i) and [4.1fiii), we
get

Sy Xz sz ZE [1X:2; () ~ BLX:Z; )]

] \E X4 Z VEIZ () C’ko'

(B.9)

1
H;EW%<
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Similarly, we have
1 < ? 1

SN xZ-R(x 2 | =2 E{Xiz. N —BIX,Z.(j 2]
T xRN | =3B (X0 - Hx)

9y ()N
_ \/mzjes E(Z;(5)% . C:n' (B.10)

E

< S E[xZG)P]

jeD
Using the upper bounds in (B.9) and (B.10) and the expression in (B.8)), we invoke the Markov
inequality to deduce that
= 2
[T = Tn|” = Op(kn/n). (B.11)
Define
Fl,n =E [XZZZ*] and Fgm =E [XZZZ] . (B.12)
Then,
v - | BEZBXZ]+BXGZ)B[XZ) BX:Z]
n-n —
— Fll,nrlm + FIQ,TLPQ,” F,2,n (B 13)
Fom Tk, —ko
O e

Dal1in Ors(hn—ko)

Iy, — ko Lop  Ipy—ko

1 F/2,TL
O(kn—ko)x1

Ok —ko)x1  Lkn—ko

By Conditions (iv) and (v), we know that I , T'1 , > 0, and hence I'; T, is positive definite
Let Ap« be a eigenvalue of I'),T;, with A, » # 1. Then

/ / /
0 = det Fl,nrlyn + F2,nF27n - )\n,* FQ,n
FQ,TL (1 - )‘n,*)Ikn—ko
[ Fll’nr‘l,'rL+F/27nr2,7L7)\77‘,* FIQ,n
1-An x 1-Ap x kn—ko+1

= det Ty ’ (1= An) ot

n
1—)\,17* Ikn_ko

(B.14)

B /
I, -
LT 4 Th o Tom — Ana — — 20} (1= Ay )i ho,
5 ) 1 _ )\TL,*
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where the last equality holds by det(ABC) = det(A) det(B) det(C') with

1 1_‘,27” Fll,nr‘l,n‘i’rlg’nr‘ln*)\n,* FIQ,nFZn 0
A= TR | = ¢ and B = D T T? Otk
Ok —ko)x1  Lhkn—ko Ok, —ko)x1 Iy, ko
(B.15)
From (B.14]), we know that A, , satisfies
)‘7217* - (1 + Fll,nrlyn + FIQ,nFZn))‘n,* + Fll,nrl,ﬂ = 0. (B16)

The above equation has the following two solutions

I, + /112 — 4F1,nr’1,n
Ane = (B.17)

) 2 Y

where II,, = 1 + Fll,nFLn + F’me‘g,n. This implies that the eigenvalues of I} T';, are bounded from
below by min(Ay«,1) and bounded from above by max(A,4,1). Under Conditions [£.1iv) and

),

ko
Tl =B [XZ|BIXiZ]] =) (B.18)
j=1
and
ko+da
balon = B[XiZI|E(X:Z]= ) = +E[XiZy,;]E[XiZ,,]
Jj=ko+1
S 2 . 2
— Y w+ lim [[B[XiZy ]| (B.19)

Jj=ko+1

Using the results in (B.18)), (B.19)) and the inequality

I, + (/12 — 4T} Ty, < 10, + /112 = 211, (B.20)

we deduce that

A _ QFL”F/L’VL > Fll,nFl,n
n,*,— = =
I, + /T2 — 41 Ty, L+ Pialin + 15, o
ko 2
— = Z'jfl ! 5 as m — 00. (B.21)
143752 7% 4+ limy oo || B [XiZs,] ||

By E [X?] < C and Condition (iv), we see that Z;; W? < C, which together with 2?021 7r32~ >0
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and lim,,_,« HE [XZ- Z 271»] H2 < C implies that the smallest eigenvalue of I, T', is bounded from below
uniformly in n. Next, using the results in (B.18)), (B.19) and the inequality in (B.20]), we have

I, + /T2 — 4%, T, / /
= < 1+ Fl,nrlm + FQ,nrzan

Ay = 5

(0.)
= 14y m+ lim [[B[X2, ] (B.22)
j=1

which together with Z;; W? < C and limy— HE [X,ZM} H2 < C implies that the largest eigen-

value of T/ T';, is bounded from above uniformly in n. Hence, for some constant C,
C™ < Prin(ThT0) < Prax (T5T0) < C for all n. (B.23)

Using the inequalities in (B.23]) and

N

ITh(a— )|l = [(a — )T Ty (a0 — ao)] , (B.24)

we deduce that

lor = aol| S Tl — o)l < llor = ol - (B.25)

Note that

(o — o) T, Tl — ap) — (0 — 0o) T T — )

= (a—a)(Tn—Tn)(Th —Tp)(a—ay) +2(a — a,) Ty —Tp)Thla —a,).  (B.26)
Using the triangle inequality, the Cauchy-Schwarz inequality, (B.11)), (B.23]), and (B.25)), we obtain

(a — ozo)'f;fn(a — Q)

< (a0 —a,)ThTh(a — ap) + ‘(a — ao)'f;fn(a — ) — (a0 — o) T0 T — )

S lla— 040”2 + an - FHHQ o — O‘OH2 + lla = ao| an - FnH [T (e — o)l

~

S (14 Oplhkn/m) + Op(v/Ea/W)| o = ol (B.27)
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which proves the result claimed in (b). Similarly,

(a — ao)'ﬁfn(a — Q)
> (o — ap) T T — ap) — ‘(a - ao)'f:fn(a — ) — (a0 — )T T — ay)

Z lla— O‘0”2 - an - PnHQ oo = 0‘0”2 = [l = x| an - FnH [T (o = o)

~

2 |1+ Op(hk/n) + Op(v/EaW)| o = ol (B.28)

which proves the result claimed in (c).
Finally, we verify the claim in part (d). For any 61, 02 with |61 — 03] < &, we can use the
Cauchy-Schwarz inequality to deduce that

[on(61) — vn(B2)] = (62 — 01)

v i XiZ; — BIX:Z))
[T = T| 161 = 62]] (B.29)

LS X7 - BIX,Z]

IN

which together with (B.11)) implies that

01) — v, (0
vy @) @)
01,02€{0€0O:||0—-0,]|<0n} M 2 + ||91 — 92”
[Tn = Ta[ 161 — 65
sup
01,056 {0€0:(|0—0,]|<5n) 101 — 02

= |IT% = Tu]| = Op(VEin /). (B.30)

IN

This finishes the proof. m

Proof of Lemma We first show that Assumption [3.6ii) is satisfied. Under Conditions
ii) and (ii), for any v € R417950 we have

Yoy =B [u}NZ 1,2 17 — (VBpo)? S CVE[Z_ 1,2 1] < Cvy

which implies that py.,(Q2,) < C. Similarly, using Conditions [.1fii) and [£.1[iv), we have
Pmax(£20.n) < C. Using Aronszajn’s inequality (see, e.g., Theorem II1.2.9 in Bhatia, 1997 or Theo-
rem 1.2 in the Supplemental Appendix of this paper) and the fact that €, is positive definite, we
know that

pmax(QTl> S pmax(QU,'fl) + pmax(QQﬁl) S C (B?)l)
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By the inverse formula of partitioned matrix,

(@h — Q0 2 (2207
_(922)—1911 Qal (922)—1

0, =

n

(B.32)

Using the Aronszajn’s inequality, Condition [£.2iii), and the fact that €, is positive definite, we

have

Pmax(n ) < Pmax ()71 + pman ()71 < C, (B.33)

which implies that p,;,(Q,) > C~1. This together with (B.51) yields

which shows Assumption [3.6(ii).
To verify Assumption (i), we only need to check the Lindeberg’s condition of the triangular
array CLT. For this purpose, we define

1 _1
Gim =127, Q0 2 9(Zis o), (B.35)
where v,, € RF» with ||y, || = 1, and

g(Zi’ aO) =
wiZ; — Blu; Z,]

(B.36)

For any random variable U with finite fourth moment, we can use monotonicity of the expectation

operator and the inequality U21{U > 1} < U* to deduce that
E[U°I{U > 1}] <E[UY]. (B.37)

Using the inequality above and Condition i)

n

ZE [ ?,nl{(bz,n > 6}] = n€2E [(qsi,n/e)zl{(bi,n/e > 1}]
=1

LE ||antgz Zi o)
— 2B | |78 *9(Zi, a0)g(Zi, o) O,

IN

2] . (B.38)

As v,,7), is semi-positive definite with eigenvalues 0 and 1, we know that for any symmetric matrix
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A, there is
(Y A7)? = (VAT Y (VnA) < vh A%y, (B.39)

1

< VQLQE%E [[Q(Zi,ao)g(Zi,ao)’ﬂ Qn, %vwnﬁn Y- (B.40)

which can be applied to show that

_1 _1
’7%@” 2g(Z’i7 ao)g(Zl'a aO)IQn 2’7n

Under Assumption [3.6{(ii) (which has been verified above), we have

1

< [ [[9(2:, 00)9(Zi,00)1?]|| < B [l9(Z0 00)1] (B41)

1

7;19;2 (Z’La ao)g(Zu aO) Q ’Yn

l\)\»—'

E

where the first inequality is by (B.40), v/, 1y, < C, and the Cauchy-Schwarz inequality, the
second inequality is by the Jensen’s inequality and the Cauchy-Schwarz inequality. Next note that

E [l9(Zi 00)|'] = B [o(Zi. o) g(Zi, )]
= B [[W?272} + (wiZ; - B,) (wiZi — B,)|’]

S B[22y 7P + B [|(wiZ; - 8,) (wZ; - 5,)[*], (B.42)
where

E [\ (wiZ; = B,) (uiZ; — /80)’2:|
[} |

[ ui 71 zZl i ] +E DuZQZéngZ}Z] +E “ (uiZQ,i - 531,0), (uiZZi - BBl,o)

U Zl 7,Z1 it Z3 ZZ3 Z) (uiZQ,i - BBl,o)/ (uiZQ,i - ﬁBl,o)

2] . (B.43)

Combining the inequalities in (B.42)) and (B.43) and applying the Cauchy-Schwarz inequality, we
get

B {lg(Zs, 0]

ko+da dp dp,
N |4
g k Z 4Z11 +]<3 ZE 4Z3Z( +k ZE |:|u’LZQZ ) /BBl,o<.7)| :|
Jj=1 j=1
S ’fn(k'o +da +dp, +dp,) = ky (B.44)
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where the second inequality follows from Condition [1.2|i). The result in (B.44)), together with

(B.38) and (B.41)), implies that

n 2
S B[ {00n > 1] S 25 = ol0) (B.15)

=1

Hence the the Lindeberg’s condition holds in the linear IV model, which verifies Assumption [3.6[i).
Using the eigenvalue bounds in and the arguments used to show , we deduce that
Assumption [3.6[(iii) is also satisfied.
Finally, Assumption holds automatically in this linear model. This finishes the proof. m

C Proof of Results in Section [5l

When the data are i.i.d. we use the preliminary estimator 6,, in (2.13) to define

R N A I SIIE TN
Psn=—=) —F7— Qsn=— Ziy0n)9s(Zi, 0n)',
s, nz s, nZQS( )gs( )

/
=1 99 =1
. 0 (Zi, 0n) - 1 < : )
Lsion = Z gs+29/ s Qsen = > 9510(Zi,bn)gse(Zi, 0) . (C.1)
=1

The estimators of variance matrices Vg and Vg, are thus constructed as
ey g ) L B
Vis = UgnQg,Lsn and Vi s 0 =Tlgyy an+e Lsitn. (C.2)

The empirical information measure is defined using the above variance estimators and formula
(12.12)).
Proof of Lemma (a) By the definition of ||wy g, ||, the triangle inequality and the C,-

inequality,

2rq 2rq

Poy + |t o — Mo,e|

A llwn,, 12 = nA0 Y s 1B, 77 Sndl >

' _(03)
leBy teBy [’Bo,@’ - ’ﬂn,ﬁ - 60!‘]

which together with maxep, \Bmg — Bosl = Op(y) and |8, 4| = C~* for all £ € By, implies that

. 2
nA2 [lwn,z, |1 < nA2 Z |Bo,el 22 [Mgrel + [ fne = Hoy] Tl] (C.4)
leB;
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w.p.a.l. Using maxcp, ![ng — u074‘ = Op(7y), and the inequality above, we deduce that

2 — 2 — . 2
AL lwn s, 12 S ALY 1Boel 222 + 1AL Y 1Bo el T2 it — o]
LeBy teBy

< A2k, + X2k, 0, (72 = 0,(1), (C.5)

n

1
where the last equality follows from r; > 0 and n2ki\, = o(1). By the definition of |jwy, 5,|,

}\/ﬁ (/:”n,f - MO,E) }QTI
. 2rg
\/ﬁ (Bn,é - /30,4)

N oo =X 3 i3 (Bl 22 = AR
{eBy (e Bo

(C.6)

which together with maxsep, |fins — toe| = Op(n_%) and \/n (Bmg - Bo,€> —4 N(0,0?) implies

that
A [lwn, 5, [|* = 072720, (1) = 0,(1), (C.7)
14+r9—1r
where the last equality is by n~ 2 A, = o(1). The desired result holds because |lwn,BI[* =
[lwn,BolI? + llwn, 5, 2.

(b). By the definition of w,, ¢ and the triangle inequality,

. 2ro
_ .9
kn maXge A wn% kny, /Bnrj k, 5n7€ - BO,E
A2 £ _ — 7 1max oy < 7 nax . o
n n Ho 0 n }Mo,z - ’Mn,é - Ho,zH
kn 9 . 2rg
S g max | [T B — Boy (C.8)

n\; feA

w.p.a.l, where the last inequality follows from maxyc 4 ! fon e — Mot

= Op(1y,) and maxye 4 \,uo_ﬂ <C.

Using the inequality above, maxye4 |1, ;| < C and 1B, = Boll = Op(Tr), We have

272 kn

= 32
nA;,

knmaerAw;% kn, . i ,
S OpT™) = Oyl N 2hu2). (C9)

n

Bn_ﬁo

-2
max,
kpn ma: ZeAwnye
nA2

which together with 7, = \/k,/n, k:T72n=1772)~2 = o(1) implies that =0p(1). m

As discussed in Remark 5.1, the tuning parameter specified in (5.5)) allows for the case that
minge 4 ‘,uo’g‘ and mingep, ‘5075‘ go to zero as k, — oo. To see it, suppose Assumptions i), (ii),

(iii) hold and the following restrictions

1
1 = o(nik, 77 ), (C.10)
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are satisfied. Using the restrictions above and the arguments in the proof of Lemma [5.1] we deduce
that

_r2 1472 )
XL o Sl mae |8, = 0(1), (C.1)
1

when A, is as specified in (5.5)) and moreover,

2rg

kn, maxye 4 w;% k Bre = Bog 1472
2 < 2 max — : =0,(n" 2k, ?)max 21— o (1 C.12
n)\% ~ n>\i TeA |No,£|2r1 P( n ) reA |Mo,£| p( )7 ( )

which implies that the tuning parameter in (5.5 also ensures that the lower bound is satisfied.

D Some Sufficient Conditions

Let a.e. abbreviates almost everywhere. For any moment function ¢;(Z,0) and any 0 € ©, we

define gg¢(Z,0) = 99(2.9) By definition, gp¢(Z,6) is a 1 X dy vector with the i-th element being

a6’
a“ge((zi’)e), where (i) denotes the i-th element of § for any i = 1, ..., dg. We use ggg ¢(Z,0) denote the

dyp x dg matrix whose (i, 7)-th element being %, where 6(i) and 0(j) (4,5 = 1,...,dp) denote

the i-th and j-th elements of 6 respectively.

Lemma D.1 Suppose (i) the observations are i.i.d.; (i) g¢(Z,0) is differentiable in 6 a.e. for
0=1, ... kn; (iii)

max E [sup l9e(Z,0)|12 + sup 19902, 0)|2| < C (D.1)
I<kn |pcO 6cO

and (iv) © is compact. Then Assumption (z) holds with T, = \/kn/n.

Proof of Lemma [D.1. Define F = {¢,(Z,0) : 6 € ©}. By Lemma 2.13 of Pakes and Pollard
(1989), F is a Euclidean class with the envelope F' = supycg |9¢(Z, 0)| + C supyce ||96,¢(Z,0)|| for
some positive constant C' under assumptions (ii), (iii) and (iv) of Lemma For the definition
of Euclidean class, see (2.7) of Pakes and Pollard (1989). By the maximal inequality (Section 4.3
of Pollard, 1989), for any ¢ and any n

n 2
E [sup |n~"Y " gi(Z,0) —Blg(2,0)]| | <Cn. (D.2)
0cO i—1
Hence,
" I ok
E sup n_IZg(Zi,Q) _E[g(za 0)] < nv (D3)
0€O i—1 n
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which implies

sup
0O

" 9(Zi.6) ~ Blg(Z.0)
=1

‘ = 0y(v/Fuf1) (D.4)

by the Markov inequality. m

Lemma D.2 Suppose (i) conditions of Lemma hold; (ii) gi(Z,0) is twice differentiable in 6
a.e. for 0 =1,..., ky,; (iii)

E Z;, 0 D.
max [SUPngee( >u] (D:5)

Then, (a) Assumption holds with <, = \/kn/n; (b) ¢p7n = o(n~ 2) holds if k, = o(n %)

Proof of Lemma [D.2l Define
V() =11 ge(Zi,0) — Blge(Z,0)], (D.6)

which is continuously differentiable with respect to 0 a.e. Let 01,02 € © denote two different points

in ©. By the mean value expansion,

_ 8gg i 0n) OB |90(Z,0np)
Uf,n(el) Uén 92 ! Z - [ 89’ ] ((91 — 92) (D.7)
where &Lg is some value between 6; and 0. We have maxy<g, E[supgceo ]é)gé Z)H) ] < C for j =

1,...,dg by assumption (iii) of Lemma Hence, by the dominated convergence theorem, we can

exchange "I&” and ”0” to obtain

B 2.0) _ g [90iZ)

o0 20 ] for any 6 € O, (D.8)

which together with (D.7)) implies that

Ven(0h) — ven(02) = [ dez i 0n,e) — Elgo e(Zz,an)]] (01— 62). (D.9)

It follows that

llvn(01) _Un(02)||2 = Z ||U£,n(‘91) —W,n(az)H2 (D.10)
1<kn
2
< (Y| 1299@ i 0n0) —Blgoe(Zi, 0,.0]|| | 1161 — 02
0<kn
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by the Cauchy-Schwarz inequality.
Applying the proof of Lemma with ge(Z, 8) replaced by gg¢(Z,0), under assumptions (i),
(iii), (iv) of Lemma [D.1] and assumption (iii) of Lemma we obtain

2
n
0 90.0(Zi, 0n0) — Blgo.o(Zi, 0n0)]
| ¢
sup dez Zi,0) —Elgoe(Z,0)]|| | < — (D.11)
0cO n
for all n and ¢. It follows that
| ok
-1 7 n
E[Y |n Zgoz i:0n,0) = Elgoe(Zi, 0n0)]|| | < == (D.12)
0<kn,
which in turn implies
2
> et de ((Zi,0n0) = Blgoe(Zi, 0n0)]|| = Oplkn/n) (D.13)
{<kn
by the Markov inequality.
Combining (D.10) and (D.13]), we obtain
. o) O] o)~

01,00€{0€0:]|0—0,||<5,} N~ 3+ |01 — Oa] — 61.62€0 |61 — 05|

This verifies Assumption 3(i) with ¢, = \/kn/n. Part (b) holds because 7,6, = kn/n = o(n_%)

when k, = o(n%). ]
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