A Duality Approach to Continuous-Time
Contracting Problems with Limited Commitment*

Jianjun Miao' Yuzhe Zhang?

September 23, 2013

Abstract

We propose a duality approach to solving contracting models with either one-sided or
two-sided limited commitment in continuous time. We establish weak and strong duality
theorems and provide a dynamic programming characterization of the dual problem. The
dual problem gives a linear Hamilton-Jacobi-Bellman equation with a known state space
subject to free-boundary conditions, making analysis much more tractable than the primal
problem. We provide two explicitly solved examples of a consumption insurance problem.
We characterize the optimal consumption allocation in terms of the marginal utility ratio.
We find that neither autarky nor full risk sharing can be an optimal contract with two-sided
limited commitment, unlike in discrete-time models. We also derive an explicit solution for
the unique long-run stationary distribution of consumption relative to income.
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1. Introduction

Many empirical studies find that idiosyncratic variation in consumption is systematically re-
lated to idiosyncratic variation in income, rejecting the hypothesis of full risk sharing (e.g.,
Cochrane (1991), Mace (1991), and Townsend (1994)). Instead of assuming exogenous market
incompleteness, one important approach to reconciling this empirical evidence is to assume that
individuals have limited commitment (e.g., Kocherlakota (1996), Alvarez and Jermann (2000),
and Ligon, Thomas, and Worrall (2002)). This assumption is motivated by the fact that debt
repayments are costly to enforce. Debt collection, litigation, and income garnishment are costly,
and the debtor may default on debt. In this case, individual income risks are only incompletely
shared.

Although discrete-time dynamic models with limited commitment have been widely ap-
plied in economics and finance,' these models are typically difficult to solve analytically and
numerical solutions are needed. The main contribution of this paper is to propose a dual-
ity approach in a continuous-time setup, which permits analytical solutions. We consider a
consumption insurance problem between a principal and an agent analogous to the problems
analyzed by Thomas and Worrall (1988), Kocherlakota (1996), Alvarez and Jermann (2000),
Ligon, Thomas, and Worrall (2002), and Ljungqvist and Sargent (2004).2 The continuous-time
setup is analytically convenient and allows us to derive sharp and transparent results. We find
that the usual dynamic programming approach using the agent’s continuation value as a state
variable in the primal problem delivers a nonlinear Hamilton-Jacobi-Bellman (HJB) equation
with state constraints. The state space of the continuation value is endogenous in models with
two-sided limited commitment. Such a nonlinear HJB equation typically does not admit any
analytical solution and is difficult to analyze even numerically. By contrast, the dual problem
transforms the primal problem with participation constraints into an unconstrained problem,
which delivers a linear HJB equation subject to free-boundary conditions. Technically, it is an
instantaneous (or singular) control problem, similar to the problems analyzed in Harrison and
Taksar (1983), Harrison (1985), and Stokey (2008).

We study the link between the dual and primal problems and establish the weak and strong

'Other examples include applications to wage contracts by Thomas and Worrall (1988), sovereign debt by
Bulow and Rogoff (1989), Kletzer and Wright (2000), and Hellwig and Lorenzoni (2009), asset markets by
Kehoe and Levine (1993) and Alvarez and Jermann (2000, 2001), optimal taxation by Chari and Kehoe (1993),
business cycles by Cooley, Marimon, and Quadrini (2004), international business cycles by Kehoe and Perri
(2002), consumption inequality by Krueger and Uhlig (2006) and Krueger and Perri (2006), the welfare effects of
a progressive tax by Krueger and Perri (2011), political economy by Acemoglu, Golosov, and Tsyvinski (2011),
and asset bubbles by Kocherlakota (2008) and Miao and Wang (2011, 2012).

2The principal and the agent can be interpreted in different ways in different contexts. They can be two
households, a planner and a household, or a firm and a worker.



duality theorems. We provide a dynamic programming characterization of the dual problem
using the usual state variables (individual incomes) together with additional costate variables.
The costate variables are the cumulative amounts of the Lagrange multipliers associated with
the intertemporal participation constraints, starting from pre-specified initial conditions. These
costate variables are nonnegative and increasing processes. They are also the control variables
in the dual problem and rise whenever the participation constraints bind.

In the case of one-sided limited commitment, there is only one costate variable, which is
associated with the agent’s participation constraints. To facilitate discussion, we first consider
the case in which the principal and the agent have an identical discount rate. In this case,
the costate variable is also equal to the ratio of the marginal utilities of the principal and the
agent. The agent’s current income and the marginal utility ratio constitute the state variables
of the HJB equation for the dual problem. From the HJB equation, we derive a free boundary
using the agent’s binding participation constraints. The free boundary partitions the state
space into two regions: the jump region and the no-jump region. When the initial promised
value to the agent is higher than the outside value, the initial state of the marginal utility
ratio and the agent’s income must lie in the no-jump region. Subsequently, the marginal utility
ratio and the agent’s consumption remain constant in the interior of the no-jump region. They
rise instantaneously whenever the agent’s income increases and hits the free boundary. The
marginal utility ratio keeps the agent’s continuation value above the outside option value.

If the principal and the agent have different discount rates, then the solution is similar to
that in the case of equal discount rates except that we must adjust the costate variable by the
difference in the discount rates so that the adjusted costate variable is equal to the marginal
utility ratio. This ratio and the agent’s consumption are no longer constant in the no-jump
region. They rise (fall) over time when the agent is more (less) patient than the principal.

In the case of two-sided limited commitment, we suppose for simplicity that the principal
and the agent have an identical discount rate. There are two costate variables associated
with the principal’s and the agent’s participation constraints, respectively. These two costate
variables and the agent’s income constitute the state variables of the HJB equation for the
dual problem. We show that the HJB equation is linearly homogeneous and can be reduced
to a two-dimensional problem using the agent’s income and the marginal utility ratio as state
variables. The marginal utility ratio is also equal to a suitably defined ratio of the two costate
variables. From the HJB equation, we solve for the two free boundaries using the binding
participation constraints of the principal and the agent. The two free boundaries partition the
state space into three areas. The area between the two free boundaries is the no-jump region.

The other two areas are the jump region. When the initial promised value to the agent is higher



than his outside value and also not too large to push the principal’s value below the principal’s
outside value, the initial state of the marginal utility ratio and the agent’s income must lie
in the no-jump region. Subsequently, the marginal utility ratio and the agent’s consumption
remain constant. Whenever the agent’s income rises (falls) and hits the boundary determined
by the agent’s (the principal’s) binding participation constraints, the marginal utility ratio and
the agent’s consumption rise (fall) instantaneously. The state processes of the marginal utility
ratio and the agent’s income will never move out of the no-jump region.

Another main contribution of this paper is to provide two explicitly solved examples with
either one-sided or two-sided limited commitment. This contribution is important because, to
the best of our knowledge, our paper is the first one that derives explicit closed-form solutions
for dynamic models with two-sided limited commitment. Furthermore, our explicitly solved
examples exhibit different risk-sharing dynamics than those in the discrete-time models. In
particular, neither autarky nor full risk sharing can be an optimal contract in our examples.

The first example is a continuous-time version of the discrete-time models analyzed in
Thomas and Worrall (1988), Krueger and Uhlig (2006), and in Chapter 19 of Ljungqvist and
Sargent (2004). In this example, the principal is a risk-neutral planner and the agent is a
household with a constant relative risk aversion utility function. Only the agent has limited
commitment and may renege on the contract and enter autarky. We assume that the agent’s
income follows a geometric Brownian motion process and that the agent and the principal may
have different subjective discount factors. In their discrete-time model, Ljungqvist and Sargent
(2004) assume that the agent and the principal have an identical discount factor and show that
the agent will be fully insured in the long run when his income is a bounded independently and
identically distributed (IID) process.? By contrast, in our continuous-time model, the agent can
never be fully insured. We show that the log consumption-income ratio is a one-sided regulated
Brownian motion with a lower barrier (Harrison (1985) and Stokey (2008)). It has a unique
long-run stationary distribution with an unbounded support, if the agent’s income growth is
sufficiently large.

In the second example, we incorporate the principal’s limited commitment into the first

example. We suppose that the principal may also renege on the contract and take the autarky

®In a discrete-time model, Zhang (2013) allows the agent and the principal to have different subjective discount
factors and provides a stopping time characterization of the optimal contract. But his approach does not admit
an explicit solution.

4In Appendix C, we modify the second example by considering a symmetric setup in which both the principal
and the agent have an identical constant absolute risk aversion utility function. The agent’s income is modeled
as an arithmetic Brownian motion and the principal’s income is the negative of the agent’s income so that these
two incomes are perfectly negatively correlated. In this case, we show that the consumption-income difference is
a two-sided regulated Brownian motion with two barriers and has a unique long-run stationary distribution. We
also obtain a comparative statics result similar to that in the second example.



value of zero. This problem is a continuous-time version of the problems analyzed in Kocher-
lakota (1996), Alvarez and Jermann (2000), Ligon, Thomas, and Worrall (2002), and Chapter
20 of Ljungqvist and Sargent (2004). In a symmetric setup, Kocherlakota (1996) shows that
the agent’s consumption has a unique long-run stationary distribution when incomes follow a
bounded IID process. By contrast, in our continuous-time model with a geometric Brownian
motion income process, consumption itself has no long-run stationary distribution. But the
log consumption-income ratio has a unique stationary distribution with a bounded support.
The log consumption-income ratio is a two-sided regulated Brownian motion with two finite
barriers (Harrison (1985) and Stokey (2008)). We call the interval between these two barriers
the risk-sharing band. Under full risk sharing, consumption is constant and hence the band
becomes the real line. The wider is the band, the more is the risk sharing.

In discrete-time models, Kocherlakota (1996), Alvarez and Jermann (2000), and Ligon,
Thomas, and Worrall (2002) show that, depending on parameter values, there are three cases
for an optimal contract: full risk sharing, autarky (no risk sharing), and limited risk sharing. In
particular, Ligon, Thomas, and Worrall (2002) show that when the discount factor is sufficiently
small, autarky is the only sustainable allocation, and when the discount factor is sufficiently
large, full risk sharing can be achieved. By contrast, in our continuous-time model, only limited
risk sharing can happen. This result reflects the difference in the nature of shocks and the
difference in the continuous-time and discrete-time frameworks. In discrete-time models, the
state space of shocks is typically finite. In our model, the shock is driven by a Brownian motion.
Full risk sharing cannot be an optimal contract in our model because the unbounded Brownian
motion shock can cause the autarky value to exceed any constant utility level from full risk
sharing. This result also holds in a discrete-time model if the income process is unbounded.

Autarky cannot be an optimal contract in our model because the cost of staying in autarky
is so high that participating in risk sharing is always mutually beneficial no matter how heavily
the principal and the agent discount the future utility level.> This result is not due to the
nonstationarity or unboundedness of the income process used in our example because we show
that autarky is the only optimal contract in a discrete-time approximation of our model if the
nonstationary income process is not too volatile or the principal and the agent are sufficiently
impatient. In particular, we show that the net benefit from risk sharing depends on the length
of the time interval. Thus, time frequency matters for the optimal contract.

We also conduct a comparative statics analysis with respect to the agent’s risk aversion

parameter, the volatility of the income process, and the subjective discount rate. We find

5The intuition is subtle. See Section 6.5 and the proof of Proposition 3 for an analysis of a discrete-time
version of our model.



that the risk-sharing band expands when one of the following cases happens: (i) the subjective
discount rate falls, (ii) the volatility of the income process rises, and (iii) the agent’s coefficient of
relative risk aversion rises. This result is intuitive. When contracting parties are more patient,
cooperation and risk sharing are more likely to sustain. When either the income volatility or the
degree of risk aversion is high, the autarky value is low, thereby reducing the agent’s incentive

to renege.

Related Literature The usual approach to solving dynamic contracting models is to use
dynamic programming and adopt the agent’s promised utility (or the continuation value) as
a state variable. This approach is pioneered by Green (1987), Thomas and Worrall (1988),
Spear and Srivastava (1987), and Abreu, Pearce, and Staccheti (1990). DeMarzo and Sannikov
(2006), Biais, Mariotti, Plantin, and Rochet (2007), Sannikov (2008), and Williams (2009, 2011)
extend this approach to study continuous-time principal-agent problems with hidden action or
hidden information. Miao and Rivera (2013) and Strulovici (2011) introduce robustness and
renegotiation-proofness into this framework, respectively. Grochulski and Zhang (2011) apply
this approach to study a consumption insurance problem with one-sided limited commitment
in continuous time. They provide an explicit solution to the problem when the principal and
the agent are equally patient. However, their analysis cannot be generalized to more general
discount rates or to the case with two-sided limited commitment.

Our duality approach is closely related to that in the discrete-time setup proposed by Marcet
and Marimon (1992, 1998), who build on the early work of Hansen, Epple, and Roberds (1985)
and Kydland and Prescott (1980). The Marcet-Marimon approach has been extended by Mess-
ner, Pavoni, and Sleet (2011, 2012) in more general discrete-time contracting problems. Unlike
in the discrete-time setup, our continuous-time approach allows us to derive transparent results
and closed-form solutions. It requires different mathematical machinery and our results of the
weak and strong duality theorems are nontrivial.

Our duality approach is also related to the mathematical finance literature on portfolio
choice in continuous time (see, e.g., Xu and Shreve (1992), He and Pages (1993)). To the best
of our knowledge, our paper is the first one to apply this approach to dynamic contracting
problems with limited commitment in continuous time. Sannikov (2012) applies the duality
approach to analyze a moral hazard model in which the agent’s actions have long-run effects.
His dual problem reduces to a standard optimal control problem rather than a singular control
problem. As is well known, the duality approach is related to the maximum principle (e.g.,

Bismut (1973)). Williams (2009, 2011) applies the maximum principle to analyze the agent’s

SChapters 19 and 20 of Ljungqvist and Sargent (2004) provide an excellent introduction to this approach.



incentive problems in models with hidden action or hidden information. Neither Sannikov
(2012) nor Williams (2009, 2011) studies models with limited commitment.

Our characterization of the optimal consumption policy in terms of the marginal utility
ratio is similar to that of Thomas and Worrall (1988) and Ligon, Thomas, and Worrall (2002).
In a discrete-time model with two-sided limited commitment, they derive a simple updating
rule in terms of the marginal utility ratio. Each state of nature is associated with a particular
interval of possible ratios of marginal utilities. Given the current state and the previous period’s
marginal utility ratio, the new ratio lies within the interval associated with the current state,
such that the change in the ratio is minimized. The updating rule requires that the ratio
of marginal utilities be kept constant whenever possible. However, if full risk sharing is not
attainable, then the ratio must change to an endpoint of the current interval, and one of the
households will be constrained, i.e., its participation constraints bind. Although the updating
rule is intuitive, the discrete-time setup does not permit an explicit solution to the intervals of
marginal utility ratios. Thus, numerical solutions are needed and they get messy when there
are many states of shocks.

In our continuous-time model, the marginal utility ratio is also kept constant whenever
possible. There is a band for marginal utility ratios associated with each income level. When
the agent’s income is sufficiently high to hit a boundary such that the agent’s participation
constraints bind, the marginal utility ratio rises continuously. But when the agent’s income
is sufficiently low to hit another boundary such that the principal’s participation constraints
bind, the marginal utility ratio falls continuously. The marginal utility ratio always lies within
the band and moves continuously. The analytical power of our duality approach is that we are
able to explicitly characterize the two boundaries of the band and the stationary distribution
of consumption relative to income.

The remainder of the paper proceeds as follows. Section 2 presents a model with one-sided
limited commitment. Section 3 presents a duality approach to solving this problem. Section
4 provides an example with one-sided limited commitment. Section 5 generalizes the duality
approach to two-sided limited commitment. Section 6 provides an example with two-sided

limited commitment. Section 7 concludes. Technical proofs are relegated to appendices.

2. One-Sided Limited Commitment

Consider a canonical contracting model with limited commitment in a continuous-time infinite-
horizon environment. We fix a filtered probability space (Q, F AFi =0 ,P> on which is defined

a one-dimensional standard Brownian motion {B;},.,. The filtration {F;},. is generated by



this Brownian motion and JF{ is trivial. For ease of exposition, we shall refer to the two
contracting parties as the principal and the agent. The principal is risk neutral and discounts
future cash flows at the rate » > 0. The agent is risk averse and has an income process

Y = {Yi},5( satisfying the stochastic differential equation:
4Y; = p(Yi)dt + o(¥i)dBy, Yo =y,
where 1 : Ry — R and o : Ry — R,

Assumption 1 (i) For each y, there is a unique Ito process {Yi},~, satisfying the above
stochastic differential equation.” (ii) The expectation E [fooo e*”Y}dt] is finite for r > 0.

A consumption plan C' = {C;},. is a nonnegative process such that the present value is
finite,

E [ /O b e_”Ctdt] < . (1)

The agent derives utility from a consumption plan C' according to

Us (C) = E [ /0 T et () dt] , @)

where p > 0 is the subjective discount rate and « : Ry — R. His continuation utility at date ¢

is given by
Uz (C) = E, [ / e Py (Cy) ds] . (3)
t

Assume that u satisfies:
Assumption 2 v >0, v” <0, lim.jp v (¢) = 00 and lim v’ (¢) = 0.

By this assumption, there exists a strictly decreasing and continuously differentiable in-
verse function, I : Ry, — R, defined as I (z) = («/)"" (z), for all > 0. Define I (0) =
limg o 1 () = 0o and I (00) = limypo 1 (z) = 0.

The agent does not have access to financial markets. To insure himself again income risk,

he writes a contract with the risk-neutral principal. The agent hands in his endowment Y to

"Sufficient conditions are Lipschitz and growth conditions on p and o: there is a constant k such that for any
z and y in R,

(@) — p(y)| < kle —yl,  |p@)|< k1 +y7),
lo(z) —o(y)| < klz —yl, |o)|< k(1 +y%).

See Duffie (1996).



the principal, who then returns consumption C' to the agent. The principal can freely access

financial markets and derives utility according to

UP(y,C) = E [/OOO e (Y — Cy)dt | .

Note that we allow p # r in the model because when we interpret the principal as a
financial intermediary, his discount rate r is the interest rate. In a general equilibrium model,
the endogenously determined interest rate is typically lower than the agent’s subjective discount
rate p (see, e.g., Alvarez and Jermann (2000) and Krueger and Perri (2011)).

The key assumption of the model is that the agent has limited commitment. He can walk
away from the contract and take an outside value at any time after signing the contract. Suppose
that the outside value is given by Uy (Y;) at time ¢, where Uy : Ry — R is a measurable function.

One example is that the outside value is equal to the autarky value so that
[e.e]
Uy (Yy) = Ey [ / e Py (Yy) ds | . (4)
¢
To ensure that the agent does not walk away, we impose the following participation constraint:
U (C) 2Uq(Yy), Vt=0. (5)

In addition, we also impose the following initial individual rationality constraint or the promise-
keeping constraint:
Ug (C) = w, (6)

where w is an initial promised value to the agent. We call a consumption plan enforceable if it
satisfies (5) and (6). Let I' (y,w) denote the set of all enforceable consumption plans. By (5),
we must assume that w > Uy (Yp) throughout the analysis.

We can now state the contracting problem as follows:

Primal problem (one-sided limited commitment):

V(y,w)= sup  UP(y,C). (7)
Cel'(y,w)

We call this problem the primal problem and call V' the primal value function. The stan-
dard approach to solving this problem is to apply dynamic programming and use the agent’s
continuation value as a state variable (e.g., DeMarzo and Sannikov (2006), Sannikov (2008),
Williams (2009, 2011) and Grochulski and Zhang (2011)). Let Wy = Uf* (C') denote this state



variable. By the Martingale Representation Theorem, there is a process {UXV } +~p such that

{Wi},5 satisfies the following stochastic different equation:

dW; = (pW; — u (Cy)) dt + o}¥ dB;. (8)
The primal value function V satisfies the following Hamilton-Jacobi-Bellman (HJB) equation:
rV (Y, W) = cstlf;v Vi = G+ Vy (Yo, W) () + %Vyy (Y, W) 0® (V)

1 2
+Va (Y6, We) (0W2 = u (1)) + 5 Vi (Ve W) (07)” + Vo (Vi W) 07 0 (V).

subject to (8) and the participation constraint, W; > Uy (Y;).8

After optimizing with respect to C; and o}, the HJB equation reduces to a nonlinear partial
differential equation (PDE). Together with the participation constraint, the HJB equation is
difficult to solve both analytically and numerically.

In the next section, we will use the duality method to solve this problem. Before doing so,
we first present the solution to the first-best benchmark in which the participation constraint

(5) is removed. We make the following assumption:

Assumption 3 The integral fooo e Py (I (e(p*’")t)) dt is finite.® The initial promised value w

satisfies
ldi)f(r)l 000 e Py (I (e(p_r)t/qﬁ)) dt = @ <w < @ = ¢1>1TI<£10 000 e Py (I (e(p_r)t/¢>) dt.

By this assumption and Assumption 2, there exists a unique Lagrange multiplier ¢* >
0 associated with the promise-keeping constraint (6) such that the first-best consumption is

deterministic and is given by
CFB =1 (e@*”t/gb*) , forall t > 0.

For instance, if u (¢) = ¢*/a, 0 # a < 1, then

11—«

CcfP = Wﬁe%t, where ¢* = [70&”1('0 _ ozr)} :
—a

Assumption 3 is satisfied if and only if p > ar and aw > 0. In the first best, the risk-neutral
principal bears all uncertainty and fully insures the risk-averse agent. In particular, if p = r,
then the first-best consumption plan is constant over time. If r > (<) p, the agent is more (less)

patient than the principal so that the first-best consumption increases (decreases) over time.

®In models with two-sided limited commitment, there is also an endogenous upper bound on W;. See the end
of Section 5.2. for a discussion and the examples in Section 6 and Appendix C.

9This assumption implies that fooo e Pty (I (e(pfr)t/qﬁ)) dt is finite for each ¢ > 0.

9



3. Duality

We first set up the dual problem heuristically. We then study the relation between the dual
problem and the primal problem by proving the weak and strong duality theorems, respectively.

Finally, we provide a dynamic programming characterization of the dual problem.

3.1. Heuristic Derivation

In this subsection, we use informal heuristic arguments to derive the dual problem by ignoring
some technical issues. We will provide formal results in the next two subsections, with rigorous
proofs given in the appendix. First, similar to the Lagrange method in discrete time (e.g.,
Marcet and Marimon (1998) and Ljungqvist and Sargent (2004)), we write down the Lagrangian

in continuous time:

¢ - E [/Oooe"’t(Yt—Ct)dt} +¢<E [/O“"’e—psu<cs>ds] _w>
+E [/OOO e " (/too e Py (Cy) ds — Uy (n)) dt] :

where e ")\, > 0 is the Lagrange multiplier associated with the participation constraint (5)
at each time t > 0 and ¢ > 0 is the Lagrange multiplier associated with the promise-keeping
constraint (6). It must be the case that ¢ > 0 because raising the agent’s promised value would

increase the agent’s consumption and reduce the principal’s value.

Using integration by parts, we can compute that!?

E [ /O h e " ( /t " emrlamty, (Cy) ds) dt] —E [ /O h ( /0 t e(p’")s)\sds> e Pl (Cy) dt] .

Plugging this equation into the Lagrangian, we obtain

g = E[ / e (Y, — C)) dt} / e )\tUd(Y;)dt}
0 0

+EU (/ (p”)\ds—l—qﬁ)ept (Cy) dt} dw.
0 0
108 pecifically,

E VOOO e " (/too e Py () ds) dt} = E VOOO (/too e*'“u(cs)ds) d (/Ot e(P*”S,\SdS)]
- I K/too e_”su(C’s)ds) (/Ot e@—”SAsdsﬂ h

- E UOOO </Ot e(f’—”mds) e_”tu(C’t)dt] .

0



As in Marcet and Marimon (1998), we define a costate process X as the cumulative amounts

of the Lagrangian multipliers,
X, = /0 t P\ ds + ¢, t>0. (9)
This process is increasing, continuous, and satisfies
dX, = P\ dt. (10)

Using this process, the Lagrangian becomes

¢ = B [ / e’"tY}dt} —E [ / e, (Y3) dXt] (11)
0 0
+FE [/ et (Xte_(p_r)tu (Cy) — Ct) dt] — Xow.
0

To derive the dual problem, we first choose consumption to maximize £. Define the dual
function of u as'!

u(z) = I?BS({ZU (c) — ¢}, for z > 0. (12)

Since w is strictly concave, the solution is ¢* = I (1/z). We can show that I (1/z) is strictly
increasing in z and @ (2) is strictly convex in z.'2 Optimizing over C; in (11) yields
(e 9] [e.9]
L(X)=E [/ et (Yt ta (Xte*@*”t)) dt} —E [/ UL (V) dXy | — Xow.  (13)
0 0

We then choose the process X to minimize £ (X).

Dual problem (one-sided limited commitment):

nf LX), (14)

where Z denotes the set of all increasing, right continuous processes X with left limits and

starting at positive initial values such that

E UOOO o U, (V)] dXt} < oo, (15)

FE [/ et
0

"Note that this dual function is not the same as the following convex conjugate function often defined in the
literature:

U (Xtef(pfr)t) ‘ dt] < oo. (16)

i(y) = supu(z) —zy, y>0.
z>0

12T his result follows from
dl (1/z) -1 >0
dz 22w (I(1/2)) ’

and the fact that @'(z) = u (I (1/2)) increases in z.

11



Note that in this formulation of the dual problem, the set Z of feasible processes contains
all increasing and right continuous processes with left limits. A process X € T is generally
not absolutely continuous with respect to time ¢. Thus, equations (9) and (10) will not hold
in a rigorous mathematical sense. Our previous derivation is purely heuristic and will not be
used in our formal proofs.'? But without using a heuristic derivation, it is far from routine to
formulate the dual problem. We also emphasize that the infimum in (14) is taken with respect
to the whole sample path {X;}+>0, including the initial value Xy > 0. Finally, the integrability
conditions in (15) and (16) ensure that £ (X) is finite.

3.2. Weak and Strong Duality

We break up the dual problem (14) into two sub-problems. First, define

L(y,z,X)=E U et (Yt ta (Xte_(p_’")t» dt] _E U ePUL (V) dX |,  (17)
0 0
where the expectations are conditional on Xy = x and Yy = y. Define the dual value function
as
V(y,z)= inf L(y,zX) f >0, 18
(y, ) L (y,z,X) for any z (18)

where Z () denotes the set of all processes in Z starting at > 0. Second, we study the

problem:

;r;% V (y,x) — zw. (19)

The following property is useful.
Proposition 1 V (y,x) is conver in x.
Now, we study the relationship between the primal problem (7) and the dual problem (14).

Theorem 1 (weak duality) For every enforceable plan C' € T (y,w), every x > 0, and every
X € I (x), the following inequality holds:

Equality holds if and only if for all t > 0,

Xt (C) -1 = 0, (21)

[ erwe e - vivnex. = o (2)
0

13In fact, we will show later that the optimal X is a regulated Brownian motion which is not absolutely
continuous (Harrison (1985)).

12



This theorem shows that the objective function L (y, z, X ) —zw in the dual problem provides
an upper bound on the objective function UP (y,C) in the primal problem. An immediate

corollary is that the primal value function is weakly below the dual value function:
Vi(y,w) < ir;% V (y,x) — zw. (23)

This result is called weak duality.

Equations (21)-(22) give conditions under which equality in (20) holds. These conditions
are analogous to the Kuhn-Tucker conditions in the discrete-time model analyzed in Marcet
and Marimon (1998), Ljungqvist and Sargent (2004), and Zhang (2013). In particular, equation
(21) is the first-order condition for consumption, and equation (22) is a continuous-time version
of the complementary slackness condition for optimality.

The following theorem shows that a solution to the dual problem implies a solution to the

primal problem and hence the equalities in (20) and (23) hold.
Theorem 2 (strong duality) Suppose that X* € T is a solution to the dual problem (14). Let
Cr=1 <e</H>t /Xt*) . t>0.

If C* satisfies condition (1) and if condition (16) holds for the processes X° = X* + 6 and
X+ = X* (14 6) for some small § > 0, then C* is a solution to the primal problem (7). In
addition,

Vi(y,w) = 3131;% V(y,x) — zw.

The idea of the proof of this theorem is to first show that C* is enforceable and then show
that C* and X* satisfy (21)-(22). As a result, we can apply Theorem 1. To make this argument
work, we use perturbation around X*. The integrability conditions in the theorem ensure that
certain functions are integrable after small perturbations. These are simple sufficient conditions
used when we take limits in the proof. They can be easily verified in our examples presented
later.

Theorem 2 shows that after solving the dual problem, optimal consumption in the primal
problem can be completely characterized by the function I (e(”_r)t /Xt*) . By the previous anal-
ysis, this function is strictly increasing with e"~?!X*. By (21), this term is the ratio of the
marginal utilities of the principal and the agent. This result can be generalized to the case of
a risk-averse principal and to the case of two-sided limited commitment, as will be shown in
Section 5. Alternatively, we can interpret e(r_p)th* as the “temporary relative Pareto weight”
on the principal and the agent, as in Chapter 20 of Ljungqvist and Sargent (2004). In the next

subsection, we provide a dynamic programming characterization of the dual problem.
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3.3. Dynamic Programming

Since the exogenous state process Y in our model is assumed to be Markovian, we can provide
a dynamic programming characterization for the dual problem. We adopt the ratio of the
marginal utilities of the principal and the agent as a state variable. This ratio is equal to the

discount-rate-adjusted costate variable Z; = e~(P~")! X, and satisfies the dynamics:
dZt = Zt/Xtht — (p — T) tht, XO = Z() =z>0. (24)

We then rewrite the problem (18) as

J(y,z)= inf FE [/ e " Y+ (Zy)) dt] — E/ e P'U4 (Yy) dXy, (25)
Xel(z) 0 0

subject to (24). This is a singular control or instantaneous control problem in control theory
(e.g., Harrison and Taksar (1983), Fleming and Soner (2006), or Stokey (2008)), where X is

the control process and Y and Z are state processes. Note that J and V are related by
J (Yo, Zo) = V (Yo, Xo) .

We shall proceed heuristically to derive the HJB equation for the control problem (25).
Suppose that X satisfies (10). Substituting (10) into (24) and (25) and using the Principle of

Optimality, we derive a discrete-time approximation of the Bellman equation:

rJ (Y, Zy) dt = e +u(Zy) — MUa (Yo)] dt + Ey [dJ (Ye, Z4)]

inf
At >0
subject to

dZt = )\tdt - (p - T) tht, XO = ZO =Z.

It follows from Ito’s Lemma that

rJ (Yy, Zy)dt = /\in>f0 Y +a(Ze) — NUa (V)] dt + T (Ye, Zy) [N+ (r — p) Zi] dt
t—

1
+Jy (Ye, Zi) o (Yz) dt + 5w (Ve Z) o? (V) dt.
Cancelling out dt, we obtain the following partial differential equation (PDE):
. - 1
ATz (y,2) = Ua (y)] -

It must be the case that J, (y,z) > Uy (y), otherwise the above minimization problem is not

well-defined since A > 0 can be made arbitrarily large. The solution is given by

J.(y,z) =Uz(y) = >0,
J. (y,2) >Ug(y) = A=0.



Formally, the HJB equation is formulated in terms of a variational inequality:
min{y +a(2) + AJ (y,2), J.(y,2) —=Ug(y)} =0, (y,2) € Ry xRy, (26)

where

AT (y,2) = (= p) 2 (1,2) + 0y (1, ) 1 0) + 5y (022) 0> () 1 (7). (20)

The variational inequality (26) partitions the state space into two regions:

O = {(y,2) ERy xRy 1 T3 (y,2) =Ua(y)},
D = {(y,2) ERy xRy 1 L (y,2) > Ua(y)}-

A free boundary z = ¢ (y) defined by

(y)=inf{z' >0: 1. (y,2") > Ua(y)}

separates {21 and €)5. See Figure 1 in Section 4 for an illustration.
If initially (Yp, Zop) € Q1, then X should jump up immediately, such that Z reaches the
boundary. On the other hand, if (y, z) € Qo9, then

y+u(z)+ AJ(y,z) =0,

and X must stay constant. Thus, we call Q1 and 9 the jump and the no-jump regions,
respectively. If (Yy, Zy) starts inside the no-jump region, then X will be a process that regulates
Z so that (Y;, Z;) stays inside the no-jump region. The sample path of X at the optimum must
have the property that it increases only when (Y3, Z;) hits the free boundary, at which time the
participation constraints bind.

Following the standard dynamic programming theory, we shall state a verification theorem.

Theorem 3 (verification) Let J (y,z) be a twice continuously differentiable solution to (26)
such that for any Z in (24) and X € Z(z), (i) the process defined by

t
/ e " Jy (Ys, Zs)o (Ys)dBs, t2>0, (28)
0
is a martingale, and (ii)
: —rt _
Jim E le™"J (Yy, Zy)] = 0. (29)

Suppose further that Zf = e~ P~ X} where X* € T (2) and (y,z) € Qa, is such that (i)
Vit @ (Z5) + AT (Vi Z0) = 0, (30)
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for allt >0, (i) for allt >0,
¢

/ e P (I (Y, Z5) = Ua (Y5)) dXg = 0. (31)
0

Then X* is the optimal solution to problem (25) and J is the associated dual value func-
tion. Suppose further that J (y, z) is strictly convex in z on Qo, there exists z* > 0 such that
J. (y,2*) = w, and the conditions in Theorem 2 hold. Then X = z* is the optimal solution to
problem (19) and the primal value function is given by V (y,w) = J (y, 2*) — z*w. The optimal

consumption plan, continuation values, and the marginal utility ratio are, respectively, given by
Cr=T(/Z), Wi =J.0hZ), 2 =V (Vi WP). (32)

Equation (30) is a linear PDE, which is easier to solve explicitly, as illustrated in the next
section. Condition (28) is a technical condition used to verify the optimality of X* by the
martingale method. Condition (29) is the transversality condition that usually appears in
infinite-horizon control problems. Condition (31) indicates that X* increases if and only if
J. (Ye, ZF) = Ug (Yy). It is also related to (22) and may be interpreted as a complementary
slackness condition associated with the participation constraints. The solution X* is related to
the classical Skorokhod problem. As is well known (e.g., Harrison and Taksar (1983)), we can

express X* as

X/ = max {z*, max ¢ (Y5) e(pr)s} .
s€0,t]

In addition, X* also admits a local time characterization, which we will not pursue here.

Equation (32) shows that optimal consumption can be completely characterized by Z;, the
ratio of the marginal utilities of the principal and the agent, which, by the Envelope Theorem,
is equal to the negative slope of the Pareto frontier given an income level. Equation (32) also
shows that the agent’s continuation value is equal to the partial derivative of the dual value
function with respect to the marginal utility ratio, Z;, given an income level. Thus, optimal
consumption can be expressed as a function of the income level and the agent’s continuation
value, as in the literature (e.g., Ljungqvist and Sargent (2004)).

Since J, (y,¢ (y)) = Uy (y) on the free boundary, it follows from w > Uy (Yp) that

J. (Yo, Z5) =w > J. (Yo, (Y0))

When J is strictly convex in z on Qg, we deduce that X; = Z§ > ¢ (Yp), implying that the
optimal starting value of X* or Z* is inside the no-jump region. Thus, there is no jump in X*

or Z* and both processes are continuous.

16



4. Example I

We now introduce the participation constraint (5) to the example studied in Section 2. In
this case, the first-best allocation cannot be achieved. Thus, the agent must also bear income
uncertainty. To derive a closed-form solution, we assume that the agent’s income Y follows a

geometric Brownian motion:
dY; = pYidt + oYidBy, Yy =1y >0, (33)

where o > 0. We assume 7 > p + 02/2 so that the present value of income discounted at 7 is
finite. This assumption also allows us to check condition (28) in Theorem 3.14

Let u (¢) = ¢®/a for 0 # a < 1. The log utility case corresponds to a = 0. We assume p > ar
so that the first-best allocation exists. Suppose that the agent’s outside option is autarky so
that

Ua(y) = E [/000 e Pu(Yy)dt|Yy = y| = ky®, (34)

where we define
: (35)
R =
alp—ap—a(a—1)02/2)’

and assume that p > au + o (o — 1) 0%/2 to ensure a finite autarky value.

4.1. Solution

We can derive that
N l—a _1
u(z) = zT-a for z > 0,
«o

1
and the optimal consumption rule is ¢* = z7=o. In the no-jump region, equation (30) becomes:

2

o 1 (o2
2o + (r—p)ad. (y,2) + Jy (y, 2) py + 7y2Jyy (y,2).  (36)

rJ (y,z) =y +

This is a linear PDE. Given the two free-boundary conditions, J, (y, z) = Uy (y) and J.. (y,2) =

0 (often called the value-matching and super-contact conditions in the literature, e.g., Dumas

(1991)), we can derive the following general solution:!?
1—a)? 1 1-p
J(y7 Z) - Y + ( ) Zlze +Azliay67 (37)
r—p  (p—ar)a
14We will provide additional proofs for this example in Appendix B.
15For log utility, the dual value function is given by
Ty =L 2RO T2 gy,

r—p p p2
where A = ﬁ and b = e(—02/2=1)p~ =g 141
a— 0.

. The free boundary and consumption rule are the limits when
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where A is a constant to be determined and f is the positive root of the characteristic equation:

_ 2
r:(r—p)%+ﬂﬁ+%ﬁ(ﬁ_l)~ (38)

We can also show that 5 > 1. We rule out the particular solution corresponding to the negative
root because this solution makes J (y,z) converge to infinity as y | 0. But J(y,z) should
converge to the finite first-best value since the autarky value is so small that the participation
constraints will not bind when y | 0.

From (37) and the above two free-boundary conditions, we can derive that

1-— a 1-— a—p
<p—m>a”°‘+A1_§z”‘yﬁ = Ay
1 —1 1_Ba—,8 04*3_1
e YA a1 et ¥ = 0 (39)

Substituting the second equation above into the first one, we can derive the free-boundary,

z = by'~®, where

alp—ar)(f-a)k] =
Bl —a)

Here, the sign can be verified using the definition of x and the assumptions on parameter values.

b:

> 0. (40)

Substituting the free boundary z = by'~® into the super-contact condition .J.. (y,2) = 0 or
(39), we can derive
(1- a) pa
0= B8)(a—A)(p—ar)

We then obtain the no-jump region {(y, z) € R? Tz 2> byl_o‘} and the dual value function in

A=-— <0.

this region given in (37). In the jump region {(y,z) € R3, :z <by'~}, we use J; (y,2) =
Ua (y) and lim, 1o J (y, 2) = lim_ 41— J (y, 2) to derive that

J(y,2z) = (2 — bylfo‘) Ug(y)+J (bylfo‘,y) . for z < by!l™e. (41)

In Appendix B, we show that J (y, z) is strictly convex in z in the no-jump region. Using

equation, J, (y,z) = w, or

1 — o 1 — a=f
a 62 1= yf = w, (42)

(p—ra)a 11—«

we can derive a unique solution for z when w € [Uy(y),00) for a > 0 and w € [Uy(y),0) for

a < 0. This solution is used as the initial value for the processes Z; and X}
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z gl no-jump region o
*]z (ya Z) > Ud(y)

jump region €2
J=(y, 2) = Ua(y)
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Figure 1: The state space for Example I. The curve z = ¢ (y) = by'~® partitions the state
space into a jump region €21 and a no-jump region 2. Parameter values are given by p = 0.02,
oc=0.1, p=0.04, r =0.04, and v = —2.

4.2. Numerical Illustrations

Figure 1 plots the state space. The curve z = by'~® partitions the state space into the jump and
no-jump regions. Whenever the initial promised value w > Uy (y), the initial state (y, z) must
lie in the no-jump region. The optimal X* ensures that (Y3, Z;) will never leave the no-jump
region. Whenever Y; is high enough and hits the free boundary, X; will rise instantaneously to
make (Y3, Z) stay in the no-jump region.

Figure 2 plots the dual and primal value functions given three different values of y. The three
dots on the left panel of this figure indicate the points (y, bylf‘l) on the free boundaries. The
lowest promised value to the agent for each y is determined by win (y) = J, (y, byl_o‘) =Uyy(y),
which is indicated by the dots on the right panel. This panel shows the value function V' (y,w),
which gives the Pareto frontier conditional on g. This frontier is concave and decreasing. Note
that when w is small, the principal makes positive profits, but when w is sufficiently large, the
principal incurs losses. This gives the principal an incentive to renege on the contract if he
lacks commitment. In the next section, we will analyze this case.

Figure 3 plots the simulated paths of incomes Y}, optimal consumption Cj’, and continuation
values W} = J, (Y, Z/) . The optimal consumption plan is given by C; = (Z} )ﬁ , where

X/ = max {Xa‘,;él%?] bYslo‘e(pT)s} and Zf = e PTMXF, (43)
Since X* is an increasing process and rises whenever Y; is high enough to hit the free boundary,

C* also follows this pattern if p = r.
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J(y, =) V(y,w)

—15

n
1
o 1 2 3 —14 —-12 —10 —8 —6 -4

Figure 2: The dual and primal value functions for Example I. Parameter values are given by
uw=20.02,0 =01, p=0.04, r =0.04, and o = —2.

T

0 10 20 30 40 50 60

Figure 3: Simulated paths of consumption C*, incomes Y, the agent’s continuation values W*,
and the process Z*Y*~! for Example I. Parameter values are given by pu = 0.02, ¢ = 0.1,
p=0.04, r =0.04, and o = —2.
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4.3. Stationary Distribution

By Harrison (1985), the process In (C;/Y;) is a regulated Brownian motion with drift o2/2 —
p+ (1—a) ' (r—p) and volatility —o on [(1 — ) 'Inb, 00). By Proposition 5.5 in Harrison
(1985) or Proposition 10.8 in Stokey (2008), when (1 — a) ' (r — p) + 02/2 < p, In (C}/Y;) has
a unique stationary distribution with the density function:

—5e’* [ Inb )
p(.%') - , T &€ 1 , 00 |,

)
bi—a -

where § = (2(r—p) /(1 — ) + 02 —2u) /o*. This is in sharp contrast to the discrete-time
case analyzed by Ljungqvist and Sargent (2004), who show that the optimal consumption plan
converges to the first best in the long run if the agent’s endowment follows a bounded IID

process.

5. Two-Sided Limited Commitment

This section extends our methodology to the case of two-sided limited commitment. We extend
the model in Section 2 in two respects. First, we allow the principal to be risk averse. That is,

the principal derives utility according to
o0
.0 =B | [T ) - coar].
0

where uP : Ry — R satisfies (u?)’ > 0 and (u?)” < 0. When the principal is risk neutral
((uP)" = 0), we allow him to access financial markets so that his consumption can be negative.
Here, A(Y;) represents the aggregate endowment and C; is the agent’s consumption, where
A: Ry — Ry is a continuous and increasing function. Define the principal’s continuation value
as
o0
UP (A(Y)=C) = E, [ / eGP (A(Y,) — Cy) ds
t

For simplicity, we have assumed that the agent’s endowment, Y, is the only exogenous state
process, and that the principal’s endowment is A(Y) — Y.

Second, we allow the principal to have limited commitment. He can also walk away from the
contract and take an outside value, which is given by UZ (A (Y;) — Y;). The agent’s utility and
continuation value are still given by (2) and (3), respectively, and his outside option is denoted
as Uy(Y;). For simplicity, assume that p = r. We henceforth use p to denote the common

discount rate.
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A consumption plan C' is sustainable if both the participation constraints for the agent (5)

and the following participation constraints for the principal hold:
oo
E, [/ e PP (A(Yy) — Cy)ds| > UP (A(Y,) — Vi), Vt>0. (44)
¢

The initial promise-keeping constraint is given by (6).
Let @ (y,w) denote the set of all sustainable consumption plans. We can now state the

primal problem as follows:

Primal problem (two-sided limited commitment):

V(y,w)= sup UP(y,C). (45)
Ced(y,w)

This problem may be viewed as a continuous-time version of the contracting models stud-
ied by Thomas and Worrall (1988) and Kocherlakota (1996) and discussed in Ljungqvist and
Sargent (2004, Chapter 20). As in Thomas and Worrall (1988), we may interpret the principal
as a risk-neutral firm and the agent as a worker. There is a competitive spot market for labor
where a worker is paid Y; at time ¢. If the worker works for the firm, he is paid the wage C; at
time t. The worker is free to walk away from the firm at any time and works in the spot market.
The firm can also renege on a wage contract and buy labor at the spot market wage. Let the
firm’s net profit be Y; — C} and the outside value be zero. In this case, we set A(Y;) =Y;. In
Section 6, we will study an example of this type of models.

Following Ljungqvist and Sargent (2004, Chapter 20), we may alternatively interpret the
principal and the agent as two households. Both are risk averse and the aggregate endowments
A(Y;) = Y are constant. In this case, the endowments of the two households are perfectly
negatively correlated. The contract design problem is to find an insurance/transfer arrange-
ment that reduces consumption risk while respecting the participation constraints for both
households. In Appendix C, we will study an example of this type of models.

As in the case of one-sided limited commitment, we will solve the dual problem, and then

study its relation to the primal problem.
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5.1. Duality

As in Section 3.1, we first proceed heuristically to derive the dual problem. This heuristic

derivation will not be used in our formal proofs. We write down the Lagrangian as follows,

g = E [/OOO e PluP (A(Yy) — Cy) dt] +E [/OOO e PN (/too e Py (Cy) ds — Uy (Yt)> dt]
+E [ /0 T ety ( / T e (A(Y) — Cu)ds — U (A(Y;) — Yt)> dt}

t

vo(E| [T eyl - ).

where e Pt )\;, e Pn;, and ¢ are the Lagrange multipliers associated with (5), (44), and (6),

respectively. Integration by parts allows us to rewrite the Lagrangian as
¢ - E [ /0 T et (A (V) —ct)dt} B [ /0 T e, (Y;)dt] (46)
+E UOOO Xie Pu (Cy) dt] —¢w+ E UOOO Hie PP (A(Y;) — Cy) dt}
g | [T emmupam) - v ).

where the costate processes {X;};>0 and {H;};>0 are defined as

t t
Xt = / )\SdS + ¢, Ht = / 7’]8d8. (47)
0 0
Define a dual function as
iy, 2, ) = max (1+h)u (A(y) — ) +au (c). (48)

The concavity assumption on u and u? implies a unique solution to this problem, ¢*, which
satisfies the first-order condition:

v @) (A - )
1+h u (¢*) '

We can express ¢* as a function of y and =/ (14 h) :

cf=c x
Y1y

As in the one-sided case, we can interpret /(1 4+ h) as the ratio of the marginal utilities of the

principal and the agent (also see Ligon, Thomas, and Worrall (2002)). We can easily show that

¢(y,z/ (14 h)) increases with x/ (1 + h). It also increases with y if A is an increasing function
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of y. In addition, @ (y,x, h) is strictly convex in x and in h, respectively. It is also linearly
homogeneous in z and 1 + h.

Optimizing with respect to Cy in (46) yields
L(X,H) = E U e i (Yy, Xy, Hy) dt} -FE [/ e U4 (V) dXy (49)
0 0
-E [/ e P'UL (A(Yr) — Y7) dHt] - Xow.
0

For £ (X, H) to be finite, we impose the following integrability conditions:

E VO e |Ud(Yt)|dXt: < oo, (50)

E [/ e P UN(A (YY) — Yy)|dHy | < oo, (51)
0 .

E I:/(; e’ \ﬁ(Xt,Ht,Y})]dt: < o9, (52)

E [/ e (14 Hy) [uP(A (V)| dt| < oo (53)
0 J

We can now formulate the dual problem by suitably choosing sets of feasible choices.

Dual problem (two-sided limited commitment):

inf L(X,H), (54)
XeT,HeZ(0)

where Z (Z (0)) denotes the set of all increasing processes that satisfy conditions (50)-(53), are

right continuous with left limits, and start at positive values (zero).

We emphasize that in the dual problem, a feasible choice for X and H may not be absolutely
continuous with respect to time ¢ and hence equation (47) is purely heuristic and will not be
used in our formal analysis.

We solve the dual problem in two steps. First, we consider the following dual problem:

V (y,z,h) = inf L(y,xz,h, X, H), 55
(y, 2, h) P (y, x ) (55)
where L (y,z, h, X, H) is defined as
L(y,z,h,X,H) = E[/ e"’ta(Yt,Xt,Ht)dt}—E[/ e UL (YV}) dXy
0 0

5| [T erupam) - vy
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In this problem, we fix the initial value for the controls X and H at x > 0 and h > 0,
respectively. We then set A = 0 and select the initial value = > 0 by solving the following
problem:

glcr>1f0 V (y,z,0) — zw. (56)

As in the one-sided case, we can show that V (y,x,h) is convex in z by the convexity of .

We now examine the relation between the dual and primal problems.

Theorem 4 (weak duality) For all C € ® (y,w), X € Z(x), x >0, H € Z(h), and h > 0, the
following inequality holds:

L(y,x,h, X, H) x
U (y,€) = 1+h  1+h" (57)
Equality holds if and only if for all t > 0,

(1+ Hy) (uP) (A(Y2) = Cp) = Xpd (C) = 0, (58)

t
| erwie - vrpix. = o (59)

0
[ erwram - o) - vpam) v, = o (60)

0

Equation (58) is the first-order condition for optimal consumption. Equations (59) and
(60) are complementary slackness conditions associated with the agent’s and the principal’s

participation constraints, respectively. From (57), we can derive that

. V (y,z,h) x
< f — .
Viyw) < h>1({lx>0 1+h 1+ hw

Conditions (58)-(60) are crucial to establish equality in the above equation, which is the so-
called strong duality studied below.

Since 4 (y, x, h) is linearly homogeneous in (z, 1+h) in that @ (y,z,h) = (1 + h) @ (y, T O) ,
sois V (y,x,h), ie.,

V(y,z,h) = (1+h)V (y,z/(1+h),0). (61)

We can then define the marginal utility ratio, X;/ (1 + H;), as a state variable. This property
is useful to characterize the optimal contract.
The following theorem shows that the solution to the primal problem can be inferred from

the solution to the dual problem.

Theorem 5 (strong duality) Let X* € T and H* € Z(0) be a solution to the dual problem
(54). Let Zf = X}/ (1+ H}) and Cf = ¢(Ys, ZF). Suppose the following conditions hold:
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(i) UP (y,C*)~ < oco. (ii) Given H*, (52) holds for the processes X° = X* + 6 and X*° =
X*(1£06) for some small § > 0. (ii) Given X*, (52) holds for the processes H® = H* +§ and
H* = H*(1£6) for some small § > 0. Then C* is a solution to the primal problem (45) and

o Y/ _ : V(y,CC,h) £
Vi) =il Ves0) -me= el S

(62)

This theorem shows that, after we solve for the optimal ratio of the marginal utilities Z; from
the dual problem, optimal consumption in the primal problem can be completely characterized
by the function ¢ (Y, Z;). In addition, (62) provides the link between the primal and dual
value functions. In the next subsection, we use dynamic programming to characterize the dual

problem and derive the solution for the marginal utility ratio.

5.2. Dynamic Programming

We now proceed heuristically to derive the HJB equation for the dual problem (55). Suppose
that X and H are absolutely continuous with respect to time ¢ so that dX; = \dt and H; = n,dt,
where Ay, py > 0. If V is sufficiently smooth, then we can derive the HIB equation as

L ~ 1-
pV (y,fIf,h) = )\>Hlll’l U(y,(II,h) +Vy (vavh)ﬂ(y) + _Vyy (y,.’IJ,h)O'(y)Q (63)
>0,7>0 2

[V (1) = Ua ()] 40 [Va (g2 0) = UF (A () = )]
The solution satisfies

Vx(yvxvh)>Ud(y) = )‘:07
vx(yvxvh):Ud(y) = )‘>07

and

Vi (y,z,h) > UL (A(y) —y) = n=0,

Vi (y,2,h) =Uj (A(y) —y) = n=>0.
The variational inequality is
0= min{f/z (y,z,h) — U (y), Vi, (y,x,h) — Ug (Aly) —vy), u(y,z,h)+ AV (y,x, h)} , (64)

where

~ ~ 1 ~
AV (y’ xZ, h) = Vy (y’ €z, h) 12 (y) + §Jyy (y’ €z, h) g (y)2 - pV (y’ xZ, h) .
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Following Harrison and Taksar (1983), we construct an optimal policy as follows. There are

two free boundaries satisfying, respectively,

Vo (y,2,h) = Ug(y), (65)
These two boundaries partition the state space into two types of regions. The no-jump region

contains all states (y, x, h) satisfying

i(y,x,h) + AV (y,2,h) =0,
vx (y,.’L',h) > Ud (y)7 and Vh (y,fIf,h) > Ug (A (y) - y)7

and the jump region contains all states (y,x, h) satisfying

iy, a,h) + AV (y,a,h) >0,
VJ: (y,fIf,h) = Ud (y)7 or Vh (y,.’L',h) = Ug (A(y) _y) :

See Figure 4 in Section 6 for an illustration.
Because V is linearly homogeneous in z and 1+ h, we can reduce (64) to a two-dimensional
problem where the state variables are y and z/ (14 h). We can also express the two free

boundaries as
T T

on oW o
where 1 (y) and ¢2 (y) > o1 (y) are determined by the value-matching conditions (65) and

=2 (y),

(66), respectively, together with super-contact conditions as illustrated in Section 6.

If the initial state lies in the jump region, it jumps immediately to the no-jump region. Once
the state lies in the no-jump region, the processes X and H are regulators such that (Y, X, H)
will never leave the no-jump region. The process X stays constant within the no-jump region
and increases if and only if (Y, X, H) hits the boundary ¢ (Y;) at some time ¢. The process
H also stays constant within the no-jump region and increases if and only if (Y, X, H) hits the
boundary ¢ (Y;) at some time ¢.

Formally, we establish the following Verification Theorem analogous to Theorem 3. The

proof is also similar and hence is omitted.

Theorem 6 (verification) Suppose that there exists a twice continuously differentiable solution
V: Ry xRy xRy = R to (64) such that for all X € T (z) and H € Z(h), x>0 and h > 0,
(i) the process defined by

t
/ eV, (Voo Xy Hy) 0 (Vy) dBs, 0,
0
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is a martingale, and (i) lim;_oo E [e*ptf/(Y},Xt,Ht) = 0. Suppose further that X* € T (x)
and H* € I (h) are such that (i) for all t > 0,

0= @ (Y, Xp, H) + AV (e, X[, HY): (67)
(i) for allt >0,
t ~
/ e (Vo (Y, X2 H) = Ua () dX2 = 0, (68)
0
t
| e (Mvaxs ) - vga ) - vo) an; = o (69)
0

Then V is the dual value function for problem (55) and X* € I (z) and H* € I (h) are the
solutions to this problem. If V(y,x,h) s strictly conver in x and there exists z* > 0 such
that Vy (y,2*,0) = w and if the conditions in Theorem 5 are satisfied, then the primal value

function is given by V (y,w) =V (y,x*,0) —x*w. The optimal consumption plan and the agent’s

continuation value for the primal problem (7) are, respectively, given by

Cr=c(Yy, 2)), Zf = =V (Y, W), (70)

Wi =V, (Y4, Z;,0), V (Y, W) = Vi (Y, X[ HY ),
where Z = X;/(14+ Hf), X§ = 2*, and Hi = 0.

Equation (70) shows that optimal consumption can be characterized by two state variables,
the income level Y; and the marginal utility ratio Z = X/ /(1 + H;). Applying the envelope
condition to (62), we deduce that the marginal utility ratio Z; is equal to the negative slope
of the Pareto frontier, —V,, (Yz, W;*). Applying the first-order condition to (62), the agent’s
continuation value can be characterized by the partial derivative of the dual value function.
This result is similar to that in the case of one-sided limited commitment.

Differentiating (61) with respect to h yields:

T

1+h

Vh(yvxvh) :V(yvx/(1+h)70) _VJ: (yvx/(1+h)70)

Thus, we can also describe the principal’s value using the partial derivative of the dual value

function:

Vh(n’X:’Hz‘jk) :V(K’Z;’O) _f/z (K’Z;’O)Z: :V(K’Z:’O) _Wt*Z: :V(K’Wt*)'

Similar to Theorem 3 in the one-sided limited commitment case, condition (68) indicates that
the process X* increases if and only if V, (Y;, X/, Hf) = Uy (Y;) = W} In addition, condition
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(69) indicates that H; increases if and only if V;, (Y;, X/, H}) = UNA(Y;) —Y) =V (Y, W).
These two conditions are the complementary slackness conditions associated with the agent’s

and the principal’s participation constraints. We can equivalently express the solution X* and
H* as

Xy = max{x*, sup ¢1 (Y:)(lﬂ—H;)},
s€[0,t]

' ax< 0, s X5 1
= max< 0, sup —153.
! sefo P2 (Ys)

Since V. (y,¢1 () ,0) = Uy (y) on the lower boundary, it follows from w > Uy (Yp) that

Vi (Yo, X5,0) = w >V, (Yo, 01 (Y5) ,0) .

If V(y,x,h) is convex in x, then X§ > ¢ (Yp). If w is sufficiently large, then X is also
sufficiently large by the convexity of ‘7(-,3:,-) in z. Since we can show that Vj (Yo, Xo,0)
decreases in Xg,'% Vj, (Yo, Xo,0) will fall below UL (A(Yy) — Yy) when Xy is sufficiently large.
In this case, the principal’s participation constraint is violated. Thus, there must be an upper
bound on w. The upper bound is given by @ = V, (Yp, @2 (Y5),0), because if w exceeds 1,
then Xy > ¢2(Yp) and Vi (Yo, X0,0) < UL (A(Yp) —Yp). Consequently, we must have w €
[Uq (Yo),w]. In this case, the state vector (Y;*, X}, H') always lies in the no-jump region and

both X* and H* are continuous processes.

6. Example II

In this section, we introduce limited commitment from the principal’s side in Example I of
Section 4. Suppose the principal’s outside option is autarky as well. The agent has income Y;
given by (33) and the principal does not have any income. Thus, the risk-neutral principal’s
autarky value is zero and the agent’s autarky value is given by (34). Recall that the agent’s
utility is given by u(¢) = ¢*/a, 0 # o < 1, and we still maintain the same assumptions on

parameter values as in Section 4. Note that our solution for the policy functions in the dual

Differentiating (61) with respect to h yields:

Vie(y.2.h) = V (y.2/ (14 1) ,.0) = Ve (v.2/ (L+1).0) 77
Differentiating with respect to x yields:
Viw (g2 h) = Vi (s 2/ (14 1) ,0) —— — Voo W (g2) (14 1) ,0) —— = —Vaee b <0
ha \Y, T, z Y, ) 1+h zz(1+h)2 z Y, ) 1+h zz(1+h)2 :
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problem when a = 0 applies to the case of logarithmic utility « (¢) = In¢.'”

We can compute the dual function as

1- o
axﬁ(l +h)m7

a(y,x,h) = max (1+h)(y—c)+azulc)=(1+h)y+

c>

and the optimal consumption rule as

6.1. Solution

Hinted by the solution in Section 4, we conjecture that the no-jump region is given by

x Y _a
{(‘”"“’h) € R x Ry xRy s g € [y bay’ ]},

where 0 < b; < by are to be determined. We can verify that the dual value function with the

following form satisfies (67) in the no-jump region,

V(g h) = 1;p“(1+h)(1ih)“+% (71)

1=81
€T 11—«
A(1—a)(1+h A
sm-awen (i)
1—B9o

A W
+A2(1—a)(1+h) T (i

where 1 and 2 > ; are the two roots of equation (38) for » = p and A; and A, are constants
to be determined. We can also verify that the dual value function in the jump region takes the

following form: for =/ (1 + h) > boy' =2,
V(y,z,h) =V (y,z S
y’ b - y’ ) b2ylia b
and for z/ (14 h) < biy' =2,

V(y,z,h) =V (y,biy " L+ k), h) + (z — by (1 + 1)) Ua(y).

"For log utility, the dual value function is given by

V (y,z,h) :% {mln(lih) _4 - LY | 0t ()P A (L4 )% Py,

where A; and As are constants determined by the boundary conditions. It is not the limit when o — 0.
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A bzyl—a

blyl—a

(Yo, Xo)

Figure 4: The state space for Example II. The two curves 2/ (1 +h) = byy' ™ and 2/ (1 + h) =
boy!~® partition the state space into three areas. The middle area is the no-jump region and
the other two areas are the jump region.

We use the following four value-matching and super-contact conditions to determine the

four constants Ay, As, by, and by :

lim  V, (y,z, h) = Uy (y), lim  Vj (y,z, h) =0,
Ll v (Y, 2, h) = Uq (y) P, h (y, 2, h)
 dim, Viw (y, 2, h) = 0,  m Vi (y, @, h) = 0.
T+rYIL THh 172

We can simplify the above four equations to two equations for b; and bs.

Proposition 2 Suppose that o < 1, 0 > 0, p > p+ 02/2, and p > ap + a(a—1)0?/2.

Then there are two solutions for by and by. One solution is such that 0 < by < 1 < by <
-

(L 1_61> . The other solution is degenerate (by = by = 1).

p—p —B1

We rule out the degenerate solution since there are no two increasing processes X* and H*

satisfying X* = (1 4+ H*) Y1~ for a geometric Brownian motion Y.

6.2. Numerical Illustrations

Figure 4 plots the state space. It shows that the two free boundaries z/(1+ h) = byy'™®
and z/ (1 + h) = boy! ™ partition the state space into three areas. The area inside the two
boundaries is the no-jump region and the other two areas are the jump region. The initial state

(Yo, X§) is inside the no-jump region. Consumption is constant in the interior of the no-jump
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Figure 5: The dual and primal value functions in the no-jump region for Example II. Parameter
values are given by u = 0.02, 0 = 0.1, p = 0.04, and o = —2.

region. Whenever Y; increases to the lower boundary, X;* and C} rise, but H; does not change.
Whenever Y; decreases to the upper boundary, H; rises and C} falls, but X;* does not change.
Figure 5 plots the dual value function V (y, z,0) and the primal value function V (y,w) for
three values y € {0.9,1,1.1} in the no-jump region. This figure shows that V (y, z,0) is strictly
convex in z and V (y, w) is strictly concave and decreasing in w. Note that the domains for both
functions change with y. In particular, the domain of V' (y,w) for w increases with y because a
larger promised value is needed to induce the agent’s participation when his income is larger.
By Harrison and Taksar (1983), Harrison (1985), or Stokey (2008), we deduce that In X*

and In H* regulate the reflected diffusion process,
(a—1D)InY;+InX; —In(1+H), t>0,

within the band [Inb;,Inbs]. We can then express the solutions for X* and H* as

s€[0,t]

X*
H = max<0, sup — 17,
sefo,t] b2Ys
where X7 = 2* and Hj = 0. Figure 6 plots the simulated paths of incomes Y;, consump-
tion CF = (X;/(1+ H}))™, the continuation value Wy = V, (Y;, X7/ (1 + Hy),0), and
X/ (1+ H})Y,""!. This figure shows intuitively how C; and W;* move with incomes Y;. Using

X; = max {x*, sup blela(1+H;k)},

(71), we can show that W} normalized by the autarky value xrY,* is an invertible function of
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Figure 6: Simulated paths of the agent’s optimal consumption C}, incomes Y;, continuation
values Wy, and the process Y,* ' X}/ (1+ H}), t > 0, for Example II. Parameter values are
given by p =0.02, 0 = 0.1, p =0.04, and o = —2.

C}/Y;. Thus, we can also write C}/Y; as a function of W}/ (kY,*), which may be derived as in

the standard approach using the continuation value as a state variable.

6.3. Stationary Distribution

1

Since C} = (X} /(14 H}))T=, it follows that In (C}/Y}) is a regulated Brownian motion with
drift 02/2 — 1 and volatility —o on [(1 —a) 'Inb,(1—a) 'In bg] . By Proposition 5.5 in
Harrison (1985) or Proposition 10.8 in Stokey (2008), In (C}/Y;) has a stationary distribution

with the density function:

ox
pa)= —2 _ ae [(1 —a)'Inby, (1 a)*llan] ,

_5 5
by — b7
where § = 1 — 2u/0?.

In a discrete-time setup with a symmetric IID endowment process, Kocherlakota (1996)
shows that there is a unique long-run stationary distribution for the agent’s continuation values.
In our continuous-time model, the agent’s endowment is a geometric Brownian motion process.
We can show that the agent’s continuation value W} normalized by his autarky value kY* has
a unique long-run stationary distribution because we have shown before that W/ (kY,*) can

be written as a function of C}/Y;.

33



15

0.5

—_— ) ()

- == (1—a)""In(b)

0.5

0.4

0.3

0.2

0.6

0.5

04

0.3

’ 0.2
0.1~ ‘

-0.1f

-0.2|-

,2 . . . “03 . . . -03
() 0

Figure 7: Comparative statics for Example II. Parameter values are given by = 0.02, 0 = 0.1,
p = 0.04, and a = —2, unless one of them is changed in the comparative statics.

By Proposition 13 in Chapter 5 of Harrison (1985) or Stokey (2008), the average increase

and the average decrease in In (C}/Y};) per unit of time are, respectively, given by

) )

2 92 _ bﬁ 2 92— bl—cx

(0 /L DL /L DL
bI — bI bI — bI

It follows that the average increase per unit of time is higher than the average decrease per unit

of time if and only if 02/2 < p.

6.4. Comparative Statics

First, we consider the effect of the volatility of the agent’s income on risk sharing. Because the
agent is risk averse, a larger volatility reduces his autarky value. A lower autarky value reduces
the agent’s incentive to default, and hence makes it easier to enforce risk-sharing contracts. In
line with this intuition, the left panel of Figure 7 shows that the risk-sharing band expands
with o.

Next, we study how the agent’s risk aversion affects risk sharing. When the agent is more
risk averse (i.e., when 1 —« is higher), then he is less willing to go to autarky because in autarky
he must face full income uncertainty. Similar to the above, risk sharing becomes easier when
the agent’s incentive to default is reduced. Consistent with this intuition, the middle panel of
Figure 7 shows that the risk-sharing band expands as 1 — « increases. On the other hand, the
band shrinks to a singleton (i.e., autarky) as o — 1. This is because the agent is risk-neutral if

a = 1, in which case autarky is the only enforceable allocation. When both the principal and
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the agent are risk neutral, any contract is a zero-sum game. That is, any contract that gives
one party a positive net gain (over autarky) must impose a loss upon the other party. The
latter would default.

Finally, we discuss the effect of the subjective discount rate p. Consider the party who is
making a transfer to his partner. To satisfy his participation constraint, the benefit of future
insurance must exceed the current loss. Hence, higher patience (i.e., lower p) increases the
weight on future benefit and makes it easier to satisfy the participation constraint. Consistent
with this intuition, the right panel of Figure 7 shows that the risk-sharing band expands as
p decreases. The result that patience enhances cooperation is well known in the literature on

models with limited commitment, as well as in game theory.

6.5. Why Are Continuous-Time Models Different?

Our comparative statics results are generally consistent with those in discrete-time models.
However, there is an important difference. In discrete-time models, Kocherlakota (1996), Al-
varez and Jermann (2000, 2001), and Ligon, Thomas, and Worrall (2002) show that there may
be three regimes for efficient allocation depending on parameter values: (i) full risk sharing
forever is possible; (ii) only limited risk sharing is possible; or (iii) only autarky is possible. In
particular, for high enough values of the discount factor, sufficient endowment risk, or enough
degree of risk aversion, the first-best allocation is an optimal contract. In the opposite extreme,
the autarky allocation is optimal. By contrast, Proposition 2 shows that the risk-sharing band is
finite for any admissible parameter values satisfying the assumptions in this proposition. Thus,
neither the first-best allocation nor autarky can be an optimal contract. This difference is due
to our continuous-time Brownian motion environment. In the existing literature on discrete-
time models, income processes are often assumed to be either 11D or stationary Markovian with
a bounded support. In our model, the income process is a nonstationary geometric Brownian
motion.

To better understand the difference, we discretize Example II for the special case with
u(c) =Incand p = 0. A time interval is denoted by dt and the income process is approximated

by a binomial process,

Yerdt — Yt oVdt  with probability 0.5;
Yt | —oVdt with probability 0.5.

An important feature of this shock is that its standard deviation is ov/dt. The autarky value

U, (y) satisfies the recursion:

Ua(y) =In(y)dt +

T [0.5Ud((1 +oVdl)y) + 0.5U4((1 — aVdt)y)] -
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Following Ljungqvist and Sargent (2004), we write down the discrete-time Bellman equation

as:

1
UP(y,v) = max (y —c)dt + T i

C,Vp,Vg

[0.5Up((1 — oVdt)y, vy) + 05U ((1 + oV dt)y, vy)

subject to v = (In(c) — In(y))dt + (0.5v, + 0.5vy),

1+ pdt
v € [0,U°((1 — oVat)y)],
e [0,0%((1 + oVdt)y)],

where UP (y,v) is the principal’s value function when the income is y and the surplus of the
agent’s continuation value over his autarky value is v. Here, v, and v, denote the agent’s surplus
in the continuation contract after a bad and a good shock, respectively, and U%(y) denotes the
agent’s highest surplus among all sustainable contracts when his income is y. Since UP(y,v) is
decreasing in v, UP(y,U%(y)) = 0 by the principal’s participation constraint. When dt = 1, we
obtain a discrete-time model.

Any full risk sharing allocation gives a constant continuation value to the agent. When
y is sufficiently large, the autarky value Uy (y) may exceed this value, violating the agent’s
participation constraint. Thus, full risk sharing is not sustainable even in discrete time. This
result is generally true when the income process is unbounded. However, it is more subtle to
understand why autarky is never optimal in our continuous-time model but it may be optimal in
the discrete-time model depending on parameter values. In Appendix A, we prove the following

result.

Proposition 3 In the discretized model, a non-autarkic sustainable risk sharing contract exists

if and only if o\/dt > 2pdt.

This proposition states that in the discretized model, a non-autarkic risk sharing contract
exists if and only if the income volatility, ov/dt, is sufficiently large or the agent is sufficiently
patient (i.e., pdt is so small that the discount factor 1/ (14 pdt) is sufficiently close to 1).
This means that autarky is the only optimal contract if and only if the income process is not
too volatile or the agent is sufficiently impatient. This result is consistent with the finding
in the literature of discrete-time models and does not depend on whether the income process
is stationary or not. By contrast, when the time interval is sufficiently small, the condition

oV dt > 2pdt is always satisfied, and hence autarky cannot be an optimal contract.'®

"%Note that we do not take the continuous time limit as d¢t — 0. It is technically involved to prove the
convergence from the discretized model to the continuous-time model. Such an analysis is beyond the scope of
this paper.
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The idea of the proof is as follows. We construct a particular risk sharing contract in
which the principal receives a small amount of income from the agent if a good shock realizes,
but transfers a small amount of income to the agent, otherwise. This contract is such that
it always satisfies the agent’s participation constraints, but whether it satisfies the principal’s
participation constraints depends on the time interval dt. Specifically, we show in Appendix A
that the net benefit over autarky to the principal from the constructed contract is positively

related to ov/dt — 2pdt. When dt is sufficiently small, the net benefit is always positive.

7. Conclusion

In this paper, we have proposed a duality approach to solving continuous-time contracting
problems with either one-sided or two-sided limited commitment. We have established the weak
and strong duality theorems and provided a dynamic programming characterization of the dual
problem. We have also provided explicit solutions for two examples of a consumption insurance
problem. We have demonstrated how our approach is analytically convenient and how the
optimal contracts in continuous time are different from those in discrete time. In particular, we
have shown that neither autarky nor full risk sharing can be an optimal contract with two-sided
limited commitment, unlike in discrete-time models. An important advantage of our approach
over the standard approach using the continuation value as a state variable is that our state
space is the positive orthant, but the state space for the continuation value is endogenous
under two-sided limited commitment. The other advantage is that the HJB equation in the
dual problem is a linear PDE, while that in the primal problem is a nonlinear PDE with state
constraints. An interesting direction of future research is to apply the duality approach to other

contracting environments, such as those with moral hazard or adverse selection.
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Appendices
A Proofs
The following lemma will be repeatedly used in later proofs.
Lemma 1 Define a process M by
oo
M; = E, [ /t e—P(S—ﬂNsds} :

If one of the two conditions is satisfied for X € T,

1. E[fy° e "Xy [Ng| dt] < o0,

2. {Ni}i>0 is nonnegative and E UOOO e_ptMtht] < 00,

then
o0 o
E [ / e_thtNtdt] = XoMy + E [ / e_ptMtht] .
0 0

Proof: For any finite T' > 0, integration by parts yields:

T
E |:/ e_thtNtdt]
0
T T
-F {/ Xid (/ epstds>]
0 t
T T T T
<Xt/ e_pstds) —/ </ e_pstds) dXt]
t 0 0 t

T T T
= XoF [/ e_pSNsds] + F [/ e P E, [/ e_p(s_t)Nsds} dXt] ,
0 0 t

where the last equality follows from the Law of Iterative Expectations. If {IV;};>¢ is nonnegative

-F

and E [ [ e "' M;dX;] < oo, then the Monotone Convergence Theorem implies that

[e’e) T
E[ / ethtNtdt} = lim E[ / ethtNtdt]
0 T—00 0
') T T
XoE [ / e_pstds}—i— lim E[ / e PE, [ / e—p(s—ﬂNsds} dXt]
0 T—00 0 t

= XoF [/ epstds} +FE [/ e PR, [/ ep(St)Nsds} dXt] .
0 0 t

If E[[;" e ? Xy |N;|dt] < oo, then the same conclusion follows from the Dominated Conver-
gence Theorem. Q.E.D.
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Proof of Proposition 1: Let § € (0,1). For any 1,22 > 0 and any two processes X; €
T (x1) and Xy € Z(x9), define 2/ = 0z + (1 — ) z2 and define the process X? as X! =
0X1: + (1 — 0) Xo. By the definition of @ and the convexity of ,

X{em iy (Cy) — Cy < (e PTIX]) < Bu(ePTX ) + (1 — 0) di(e” P Xy)
for any C' € T' (y,w) . From the proof of Theorem 1 below, we have
E [/000 e P X1y [u(Cy)| dt] <oo and FE [/000 e P! Xop |u(Cy)| dt] < 0.
In addition, it follows from (16) that

e

Thus, X? satisfies the integrability condition (16). It is also trivial to verify that X? satisfies
the integrability condition (15). Consequently, X% € T (me).

&(ef(pf’")tXu)‘ dt] <oo and F [/ et ﬂ(ef(pr)tXQt)‘ dt} < o0.

It follows from the convexity of % that
L (y,$6,X6) <OL(y,z1,X1) + (1 —0) L(y,z2, X2).
Since X% € T (xe),
V (ya®) <L (y.2% X") SOL(y,21,X0) + (1= 0) L (y, 22, X3)
Taking infimum yields
v (y,xa) < 0X1é%£$1) L(y,z1,X1)+ (1—0) Xgie%f(xg) L (y,x2, X2)

= OV (y,21) +(1-0)V (y,22),
as desired. Q.E.D.
Proof of Theorem 1: By the definition of @ in (12),
Xpe P (C)) — € < (e P, (A1)

for any C € T (y,w) . By (A.1), (1), and (16), we deduce that E [ [;° e ?* X, (u(Cy)) T dt] < oo,

where we use u* and u~ to denote the positive and negative parts, respectively, of any u € R.

E [/OOO (/too e_ps(u(CS))+ds) dXt} < .

39

By Lemma 1,



It follows from Uf* (C)) > Uy (Y;) and E [ [;° e ?*|Uq(Y;)|dX;] < oo that

E [ /O ~ < /t ~ e_ps(u(cs))_dS) dxt}
< E [/OOO </too eps(u(Cs))ﬂls) dXt} - E [/OOO e P UL(Yr)d Xy

< ©o0.

Applying Lemma 1 again yields:

E [ /0 h e_tht(u(Ct))_dt] < .

Thus, we obtain
o0
E |:/ eftht "U,(Ct)’ dt:| < 00.
0

It follows from Lemma 1 that
E {/ e_thtu(Ct)dt} =Xow+ E [/ e UM (C)dXy | (A.2)
0 0

where w = U§ (C).

T

Multiplying e~"* and taking expectations on both sides of (A.1), we obtain

UP(y,C) = E VOOO (Y, Ct)dt}
< E [ /0 h e Y + a(e—(P—T>tXt))dt] - E [ /0 h e‘thtu(Ct)dt} . (A3)
Substituting (A.2) into (A.3) yields:
U?(y,C) < E [ /0 h e Y, + &(e_(p_’")tXt))dt] — Xow—E [ /0 h e PlU () dXt}

= L(y,z,X)— Xow—FE [/OOO e LU (C) - Uy (Yt))dXt]
< L(y,z,X)— 2w,

where the last inequality follows from the fact that C' € I' (y,w) and X € Z (z) and Xy = x.
Equalities hold if and only if (21)-(22) hold. Q.E.D.

Proof of Theorem 2: First, we show that C* defined in the theorem satisfies the participa-
tion and promise-keeping constraints. Define X¢ = X* + ¢ for ¢ € (0,0). The convexity of @
implies that
~ —(p— ~ % —(p— ~ S —(p— ~ % —(p—
U (Xfe (b T)t) -1 (Xte (b T)t) < U (Xte (b r)t) ;u (Xte (b r)t)'

€

e~ (p—m)t,, (CF) <
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By assumption, E [ [ e | (Xfe_(p_r)tﬂ dt] < co. Furthermore,

e 00 X*e—(p—r)t C*
EV ept|u(C’t*)|dt} < E/ il Xie *“( Ol g
0 0 XO
0o ~ * ,—(p—r)t *
< E/ ef”tm(Xte )Hc’fdt < 0.
0 X0

It follows from E [[;°e ™ |u(C})|dt] < oo and E [[;° e |a (XPe™P~)|dt] < oo that
E[[s7 e |a(Xfe (Pt)|dt] < co. Therefore, X° € T (X +¢) and £(X®) > £ (X*). This

implies
e\ __ *
limE(X ) — L(X¥)
el0 S

>0

)

or, equivalently,

lim F

el0

/oo e_rta (Xfe=(P=mt) — 4 (Xjfe(P~)
0 3

dt] —w > 0.

By the Dominated Convergence Theorem,

/oo L (Xpe ety g (Xpem (oot dt]
0

e
9

lim F
el0

= F

/ R e O P
0 el0 S

_E UOOO e_ptu(CZ‘)dt] .

Us (C*) = B [ /O s dt} > w. (A4)

It follows that

Define X¢ (w,s) = X* (w,s) + €l gx[t,00) (W, 8) for € > 0, >0 and A € F;, where 1 denotes
an indicator function. A similar argument shows that X¢ € 7 (X{). Since £ (X®) > L(X*),

we obtain r £ (xe
X8 - L(X
lim (X°) (X") > 0.
el0 £
By a similar argument, we can show that
e\ _ *
LX) - LX)
el0 IS
% 0 (Xxe —(p—r)t\ _ 5 X —(p—r)t
_ liﬁ)lE / e—rtu( t€ ) U( t€ )dt _E[lAe—thd(n)]
& 0 15

[ee]
= FE [1,4/ e Pu(CY) ds] — E[14e Uy (V)] > 0.
t
Because A is an arbitrary subset in F%, it follows that

E; {/ e Pu(Cy) ds] > e UL (Y7),
t
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or, equivalently,
E, [ / eﬂ<st>u(c;)ds} > U, (V).
t

Multiplying e~?¢, integrating with respect to X, and taking expectations on both sides of the

above inequality, we can derive that
E [ / e LU (C%) dXt] >FE [ / e PtUL (Yy) dXy| . (A.5)
0 0

Second, we show that (A.4) and (A.5) must hold with equality. To prove this, consider
X¢ = X*(1+¢) for € € (—4,5). The convexity of @ implies that

U (X’{‘Se*(p*’")t) -1 (X;‘e*(p*”t) _ i (X’é—ie*(pfr)t) — (Xt*ef(pfr)t)

iy - £
_ (e 70 —a (Xpe )
< ; ;
which implies X¢ € Z (X{(1 +¢)). Since £ (X¢) > £ (X*), we obtain
g ) — £X > 0 and fig £ (X) = £(X7) <0. (A.6)
el0 £ 10 £

By the Dominated Convergence Theorem,

L XE —L(X* oo [e)
fi £ — £ ):E[ / e‘”tXZ‘u(Cf)df}—E[/ e—p'fUdm)dX:}—XSw,
0 0

e—0 £

which, according to (A.6), should be both nonnegative and nonpositive. It follows that

E [/Oo ethfu(CZ‘)dt} -E [/Oo e PU, (V) dXz‘} — Xjw = 0. (A7)
By Lemma 1, 0 0
E [/OOO e_tht*u(Ct*)dt] = XiU§ (C*)+ E UOOO e PtUM (CF) dXt*] .
Plugging this equation into (A.7) yields:
X; U3 (C) - wy+ B | [T e wp (07 - va vy x| =0,

Thus, (A.4) and (A.5) must hold with equality since X > 0.
Finally, we show that C* is optimal in the primal problem. By Theorem 1,

UP(y,C*) < sup UP(y,C) < inf L(y,z,X)—a2w < L(y,z*, X*) —z*w. (A.8)
Cel'(y,w) XeZ(x),xz>0

Since C* and X* satisty (21)-(22), it follows from Theorem 1 that all the inequalities in (A.8)
must hold with equalities, and hence C* is in fact the optimal solution to the primal problem.
In addition,
V (y,w) = inf V (y,z) — 2w,
>0
as desired. Q.E.D.
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Proof of Theorem 3: Step 1. Define a process
t ¢
GY = [ e a(z))ds— [ e P ULV X+ e (Y 20,
0 0

for any X € Z(z) and Z; = e~ ("""t X, with Xq = Zy = 2. We show that G is a submartingale.
By the generalized Ito’s Lemma (e.g., Harrison (1985)),
dGY = (Yo +a(2y) dt — " OUL (V) dXy + dT (Ye, Zy) — v (i, Zy) dt

= (Yot a(Z))dt — DU (V) dXF + Jy (Vi Z2) o (Vr) dt
0y (Vi 20 (V) dBu + 3y (Vi Z2) 0 (Vi) i
7, (Y1, Z) (e<r*P>th§ —(p—71) tht> v (Y, Zy) dt
+T (Y, Ze) = T (Yo, Ze-) = €770, (V) AX,

= Yi+ua(Z)dt—(p—r)ZeJs (Ye, Zy) dt + Jyy (Yy, Zy) p (Yr) dt
+%Jyy (Ye, Zt) 0® (Yi) dt — 1T (Y, Z¢) dt
+e "IN, (Y, Z0) = Ua (Yo)) dXE + Jy (Yi, Z0) o (Ye) dBy
+J (Yo, Ze) = J (Yo Ze-) = 77U (V) AX,

where AX; = X; — X;_ and X°€ is the continuous part of X. Thus, for T' > ¢,

T
G¥ = G§f+/ e " (Ve + 0 (Zs) + AT (Ys, Z)) ds
t

I (T)
T T
+/ e—PS(JZ(Ys,Zs)—Ud(Y;))dX§+/ e "y (Y, Zs) o (Vo) dB,
t t

I>(T) I3(T)

Y e (T2 = T (Ve Ze) = UL (V) AXG).

t<s<T

5(T)

Taking expectations conditional on the information at time ¢, we obtain
EGF] =G + By [ (T)] + E¢ (I (T)] + E¢ [I3 (T)] + E¢ [Z(T)] .

By the variational inequality and dX; > 0, we can show that E; [[; (T")] > 0 and E; [I2 (T")] > 0.
By condition (28), E; [I3 (T')] = 0. Using the variational inequality, we can also show that
Zs

T (Yo Zs) = T (Y, Zo) = U770y (V) AX, = (J2 (Ys, 2) = Uq (Ys)) dz = 0,
Zs—NZs
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where AZ, = e"P*AX,. Thus, E; [2(T)] > 0. It follows that {GtX}t>0 is a submartingale.
This implies that
J (Yo, %) = Gy < E[G'],

for all ¢t. Taking limits and using lim; ., [e*’"tJ (Yy, Zt)] = 0, we have
o0 (o]
J (Yo, Z0) < E U e " (Y +a(Zy))dt — / e U, (V) dXy| .
0 0

Step 2. Show that {Gg(*}»o is a martingale. Note that X™ is continuous (e.g., Harrison

and Taksar (1983) and Harrison (1985)). We can use assumptions in the theorem to verify
E. [ (T)=E;[Io(T)] = E[2(T)] =0 for X*.
The above two steps imply that

J(y,2) = inf E/ T (Y + 1 (Z))) dt —E/ AU (V) dXo |
Xel(z) 0 0

and X* attains the minimum. By assumption, J (y, 2) is strictly convex in z and J, (y, z*) = w.
Thus, z* achieves the minimum of .J (y, z) . This implies that X™* with X = z* solves the dual
problem (14).

Step 3. Show that {C}},5, is optimal. This follows from Theorem 2. The proof of the

remaining results is trivial. Q.E.D.
Proof of Theorem 4: By the integrability condition (53),
[e.e] [e.e]
E [/ e+ Hy) (WP (A (V) — Cy)* dt] <FE [/ e 4+ Hy) (WP (A (V) dt| < oo.
0 0

By the principal’s participation constraint (44) and an argument similar to that in the proof of

Theorem 1, we can show that
E [/OOO (1 + Hy) (uP(A (V) — )~ dt] < .
Thus,
E [/Ooo e [uP (A (V) — C)| dt} <E [/Ooo e (14 Hy) [P (A (V) — )| dt] < 0.
It follows from Lemma 1 that
E [/Ooo e P Hu? (A (Y;) — Cy) dt] = HoU? (y,C)+ E [/Ooo e PUT (A(Y;) - O) dHt] , (A9)

where Hy = h.
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By the definition of 4 in (48),
u?’ (A(Yy) — Cy) < (e, Xy, Hy) — Hi? (A(Yy) — Cy) — Xyu (Cy) (A.10)
for any C' € @ (y,w). It follows that
X (Cy) < a(Yy, Xy, Hy) — (1 4+ Hy)uP (A(Yz) — Cy) .
Since each term on the right-hand side of the above inequality is integrable, we deduce that
E [/OOO e P Xy (u (C)) T dt] < oo.

By an argument similar to that in the proof of Theorem 1, we can derive (A.2).

Multiplying e~** and taking expectations on both sides of (A.10), we obtain
UP(y,C) < E UOOO P (@ (Y, X, Hy) — Hya (A (V) — Cy) — Xeu (Cy) dt]
= L(y,z,h,X,H) - E [/Ooo e P"Huu? (A(Y;) — Cy) dt] -FE [/OOO e P Xpu (Cy) dt}
+E [/OOO e PU, (V) dXt] +F [/OOO e UL (A(Y,) — Y7) dﬂt] . (A.11)
Plugging (A.2) and (A.9) into (A.11), we obtain
UP(y,C) < L(y,z,h,X,H)—2w—F [/OOO e UM (O) dXt}
—hUP (y,C) — E { /0 h e PtUP (A(Y) - C) dHt}
‘B [ [ ervam dxt] LB [ | erupam - dﬂt}
= LX) — w007 (,0) ~ B | [T e (02 (0) - Ualv)) x|

~-FE [/ e (UP(AY)-C)-UY(A(Y,) - YY) dHt}
0
< L(y,z,h,X,H)— 2w — hU? (y,C),
where the last inequality follows from the fact that C € @ (y,w). Thus, we obtain (57).

Equalities hold if and only if (21)-(22) hold. Q.E.D.

Proof of Theorem 5: Because the idea for this proof is similar to that for Theorem 2, we
shall sketch the main steps only. First, we show that C* defined in the theorem is sustainable

and satisfies the participation constraint. Define X¢ = X* 4 ¢ for € € (0,). The convexity of
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implies E [ [;° e "' |a(X{, Hf,Y;)| dt] < oo. Define £ (X¢, H*) as in (49). Since £ (X, H*) >

L (X*, H*), we obtain
€ *\ * *
P LXEHY) = £(X* HY)
€l0 S

> 0.

By the Dominated Convergence Theorem and a similar argument in the proof of Theorem 2,

we can show that -
Ug (C*)=F [/ e Pl (C’t*)] > w. (A.12)
0

Define X© = X* + el gy[to0) for € > 0,1 > 0 and A € F;. By a similar argument in the
proof of Theorem 2,

£ *) * *
o LOCHY) — L(XH

i ) =F [1,4/ e Pu (C;‘)ds} — E[14e7"'Uq(Yy)] > 0.
€ 3 t

Because A is an arbitrary subset in F3, it follows that
U (C*) = E, [ / eﬂ<st>u(c;)ds} > Uy (Yy). (A.13)
t

Multiplying e~?¢, integrating with respect to X, and taking expectations on both sides of the

inequality, we can derive that

E [ /0 h e LU (C%) dXt] >FE [ /0 h e PU, (V) de} : (A.14)

Similarly, define H® = H* + €1 gy [ o0) for € >0, ¢ > 0 and A € F;. By a similar argument,
we can show that
UP (A(Y) = C*) = UL (A(Y) — Vi), (A.15)

and
E [/ e PPUP (A(Y) —C*)dHt] >FE U e MUY (A(Y:) — Vi) dH | . (A.16)
0 0
Second, we show below that (A.12), (A.14), and (A.16) must hold with equality. To prove
this, consider X¢ = X*(1 +¢) for small £ € (—4,4). Since £ (X¢, H*) > L (X*, H*), we obtain

. L(X°,H*)— L(X*, H*) . L(X°,H*)— L(X* H")
lim >0 and lim
el0 £ e10 £

<0.

By the Dominated Convergence Theorem,

E [ / e_tht*u(CZ‘)dt} B [ / P, (Y7) dXt*} ~ Xiw=0.
0 0

Since

E [ / eptxgu(c;)dt] — X;US(C*)+ E { / e PLUS (C*)dX;‘] :
0 0
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we obtain

XMMﬁCﬂ—u0+E[Amé”Wwaﬂ—Uﬂnwiﬁ 0.

Thus, (A.12) and (A.14) must hold with equality. Similarly, we can define H* = H*(1 +¢) and
use a similar argument to show that (A.16) holds with equality.

Finally, we show that C* is optimal in the primal problem. Since C* € ® (y,w), it follows
from Theorem 4 that

L X, H
UP(y,C%) < sup UP(y,C) < inf (y,z,h, X, H) x w
Ced(y,w) X€Z(x),HEL(h),z>0,h>0 1+h 1+h

: V (y,z,h) T
1n — w
z>0h>0 1+ h 1+h

= inf V 0)—zw=  inf L(X,H
20 (v,2,0) = 2w Xezg}ez(O) (X, H)

= L(y,.’E*,O,X*,H*) —CC*U},

where the first equality in the third line follows from the linear homogeneity of V in (z,1 + h)
and the change of variables z = x/ (1 + h). By Theorem 4, all inequalities hold with equalities.

Thus, C* is the optimal solution to the primal problem. In addition,

_ ¥ 7 _ : V(y’x’h) T
i R S T A I

as desired. Q.E.D.

Proof of Proposition 2: By the value-matching and super-contact conditions, we can derive

a system of four nonlinear equations for four unknowns (by, by, A1, As) :

1 o a—p1 a—pB9
p—abll_a + A1(1 — ﬁl)bll_a + Ag(l — ﬁg)bll_a = K, (A.l?)

1 = =
; + Al(l — 51)(06 — ﬁl)bl_a + Ag(l — ,32)(04 — ﬁg)bl_a = 0, (A.18)

1o o s,
- 2 + Ay (,31 — Oé)b21_a + AQ(IBQ — 04)621_a = 0, (A.lg)

p— K P

1 = =

; + Al(l — 51)(06 — ﬁl)bQ_a + Ag(l — ,32)(04 — ﬁg)bQ_a = 0. (A.QO)

The proof of the proposition contains five steps.
Step 1. We can solve for A; and As for any be using (A.19) and (A.20) as follows. (Figure
8 plots Aj(by) and Ay(b2).) Plugging (A.20) into (A.19), we rewrite (A.19) and (A.20) as

1 1-81 1—B9
m + A1B1(B1 — )by ™" 4 A2Ba(Ba — )by = 0,

81 B2

L (B 1) -ty T+ A - D)ty T = 0
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This linear system of equations in (Aj, Ag) gives

1-6 1—8y -1
A B1(B1 — )by Ba2(B2 — )by e
1 = 7371 7£72 P—H
( A > (Br—1)(B1— )by " (B —1)(Bz — )by * ( 5 )
it B
_ | pBe= DB )by (o= BB )by |

- Pa—1 B2 ’
—p(B1 — 1)(B1 — )by ™™ + (p — ) B1(B1 — )by~

where m = — (1 —a) (B2 —a)(B2—51)p(p— 1) > 0. We show some properties of (A;(by), A2(b2))
to be used later. First, A; < 0 if by > 1. Because 82 > 1 > q, it is sufficient to verify that

_1 2
p(B2—1) = (p— W)Baby < p(Br—1) = (p = w)Ba = pBa — p = = Ba(Ba — 1) < 0.

_ _ 11—«
Second, As < 0 for by € (1,b), where b = (ﬁ%) . Because 1 < «, it is sufficient to

verify that )

—p(L=B1) + (p— p)(=B1)by = <0,
which follows from by < b. Third, both A; and Aj increase in by > 1. The sign of A/ (bs) is the
same as the sign of p(f2 —1)(61 — 1) — (p — ,u)ﬁzﬁlbzl%“, which is negative because

1

p(Bo—1)(BL— 1) = (p— w)BaBiby * < p(Bo—1)(BL—1) = (p— )R
= p+pBfr — p(B2+ P1)

p p
= — —1 :0.
Pl 202 +p<1/202 )

Using the same steps, we can verify that A/ (by) < 0.

Step 2. We show that there is a unique solution b; € (0,1) to equation (A.18) for any
by € (1, B) and (Aj(bg) < 0,As(b2) < 0). First, when A; and As are fixed, then the function

1 b
f(A1,A2,0) = p + Ay (1= Br)(a — B)bTo + Aa(1 — Bo)(a — Bo)bTa
is single-peaked in b because

o5 vt
o  1-—a

(~4B1(1 = B — BB =" — Axa(l = Ba)(a — o)

Because A; < 0 and 51 < 0, the sign of % turns from positive to negative only once. That f is

single-peaked in b implies that f(A1, A2,b) = 0 pins down two solutions, one of which is by (as
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(o) —6.9
-------------
7L
—-0.5 J
- == A4(b2)
_17 Az(b2)
-1.5
_2__—___——_——"’—"—”” ]
—2.5
1 1.5 2 2.5
b2

Figure 8: The functions A; (b2), Az (b2), and g (ba) .

we already see in equation (A.20)). Second, we verify that by is on the downside of f, which

would imply that b; is on the upside of f. We have

Of (A1, Az, b)
ob

A1=A1(b2),A2=A2(b2)

i B
= (A - a0 Ansaa = - )

_ —————(G@wJM&—aw%%—@—uWN%—@@“)ﬁwﬁ—nm—ﬁﬂ

m(l — «)

Bo—1

=1
bla -1

+ (—P(ﬁl —1)(B1 — )by " + (p— p)Br(Br — )by ) Ba(Ba — 1)(a — B2)by ™ = 1)

- BT a ‘f)f)l ~O (g8~ (B~ )81 + (0 — WA (B — T

+p(B1 — 1)B2(B2 — 1) — (p — p) B1B2(B2 — 1)bzl+a>

b%‘3 — — =
= 2 BB (55, - )51 - 1) - (o - )it )
b%‘3 — — —
< 2Bt =B (5, - 151 - 1) - (0 mBah) = .
Therefore, by is on the upside of the single-peaked function, i.e., E)}C(Aé%lf’bl) > 0.

‘We show below that g—g; < 0. Because

Of (A1, A2, b1) dAr | Of (A1, A, b1) dAy  Of (A1, Ag, by) dby
0A; dbo 0A5 dbo 0by dbo

=0,
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we have
Of (A1, Az, by) dby _ COf (A1, A, b1) dAr - Of (A1, A, by) dAs <0
0by dby 0A; dby 0As dby ’

0f(A1,A2,b dA Of(A1,A2,b dA
where /AAz00 o o dds o o 21(ALAE) g ang 4 > g,

Step 3. We show that by = by = 1 is a solution. If by = 1, then it follows from step 1 that
( Aq > _ ( (B2 — a)(uB2 — p) >m1.
A —(B1 —a)(uBr — p)
Substituting the above and b; = 1 into (A.17) yields

pia + A1 (1= 1) + As(1— )

_ pia+A1(1—ﬁ1)+A2<1—ﬁz>
(B2 — a)(pBa — p)(1 = B1) — (61 — @) (up1 — p)(1 — Ba)

- p_a + —(B1 — a)(B2 — ) (B2 — B1)p(p — 1)
_ (B2 + B1) — (ap+ p) — pbifB2 + ap
po —(p1 — Oé)(ﬁQ - OC)P(P - M)
o (oz 1)
Pa (p—ap— %‘“))p

Therefore, by = by = 1 is a solution.

Step 4. We show that there is a unique solution by € (1, l_)). First, the function

902) = = (ba (b)) % + (1= B1) s (ba) (b1 (b)) T2+ (1= B)Aalb) (0 ) T

is single-peaked in be, when variables A;, Ay, by are interpreted as functions of by. (Figure 8

plots the function g(bz).) We have

a—B1 a—fBy
g'(b2) = A (ba) (1= B1)by' ™" + A5 (b2) (1 = B2)by ™,

where

B1—=1 _ _
An) = b ”312 :

<P(ﬁ2 —1)(B1—1)—(p— H)ﬁﬁlbglla> m !,

A/2(b2) = _52

P2 (o= )05 1) = (- 0] )

Hence the sign of ¢/(by) equals that of

Ba—B1 Ba—B1

(B2 —a)(1 = B1)by '™ + (= B1)(1 = B2)by' ™, (A.21)
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Ba—B1
which decrease in by because b, '™

decreases in by, bgrﬂl increases in be, and (a—£1)(1—052) <
0. Second, g(b2) >  when by — 1 > 0 is small. Because g(1) = k, it is sufficient to show that
g' (b2 = 1) > 0. The sign of ¢'(by) is positive because setting by = by = 1 in (A.21) yields

(B2 —a)(1 = B1) + (= B1)(1 = B2) = (1 —a)(B2 — B1) > 0.

Third, we show that

lim g(b2) < K.
bt

B2
It follows from the formula for Ay that lim,,,; A2 = 0. Tt follows from b;™" < p(—A2)(1 —

,32)(04 — 52) that hmeTi) bl =0. Thus,

1 o a=fy 1 1 _a
lim g(by) = lim —b; * + As(1 — B2)b,"* = lim [——1—7] bi .
bath (b2) bath pov ' 2(1=F2)by bath Lpor  p(Ba—a)] !

If @ > 0, then the above limit is zero and x > 0. If a < 0, then [pia + M] < 0 and the
above limit is —oco. In both cases, the limit is less than x. The Intermediate Value Theorem
implies the existence of by € (1,b) such that g(bs) = . This solution is unique because g(bs) is
single-peaked and g¢(1) = &.

Step 5. If there is a solution such that by > b, then according to step 1, Ay > 0. The

function f in step 2 would be monotonically decreasing because

—Bo 1
8f bi-a B2—B1

5 = T (A= A)la = PObE — sl = o) — ) <.

This implies that f(A1, Az,b) = 0 has a unique solution and hence b; = by > 1. If by = by, then

g(b2) in step 4 increases in be. This is because ¢'(by) has the same sign as

Ba—B1 Ba—B1 Ba—B1

(B2 = a)(L = B1)by ™ + (a = B1)(L = B2)by ™ =0y (B2 — B1)(1 —a) > 0.

Therefore, g(b2) > g(1) = K, which means that by = by > 1 violates (A.17). Q.E.D.

Proof of Proposition 3: (necessity) Suppose that a non-autarkic risk sharing contract exists.
First, we observe that U%(y) = U%(1) and UP(y,v) = yUP(1,v) for all y > 0. This is because
the income process is homogeneous of degree one in its initial condition. More specifically,
consider two income processes with initial conditions 1 and y, respectively. Denote the former as
({yt}t>0,y0 = 1) and the latter as {yy: }+>0. If {ct}+>0 is a contract under ({y;}+>0,yo = 1), then
{yct}i>0 is a contract under income {yy; };>0 such that the agent’s surplus remains unchanged
because In(yc;) — In(yy;) = In(c;) — In(y;), and the principal’s profit is y times his profit under

the contract {c;}i>0 because yy; — yer = y(yr — ).
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Next, setting y = 1 in the Bellman equation presented in Section 6.4. and using the above

homogeneity property, we obtain

UP(1,v) = max (1- e(v—Tlpdt(0.5vb+0.5vg))/dt)dt
vb,vg
_ P D
T pdt [0'5(1 oV dt)UP(1,v) + 0.5(1 + oVdt)U (1,vg)]

subject to v, € 10,U%(1)], vy €[0,U%(1))].

By the fact that 1 —x < e™” for any =,

(1- e(vf%W(O'E)UHO'E’”"))/dt)dt (0.5up + 0.5v4) — v,

T 1+ pdt

with equality if and only if %pdt(o.fwb +0.5v4) = v. Thus, UP(1,v) is below the value function

M (v) defined in the following problem:

M(v) = {)r;%f}( T+ ot (0.5vp + 0.5v4) — v
1
T 0.5(1 — oV/dt) M (vp) + 0.5(1 + oV/dt) M (vy)

subject to v € 10,U%(1)], vy €[0,U%(1)].

Solving the above linear Bellman equation yields

0.50Vdt -
_ 70\/—Ua

M(v) = M(0) —v ot

(1) —w

In addition, the solution satisfies %pdt(()ﬁvb + 0.5v4) # v. Thus, UP(1,v) < M (v).
Because UP(1,U%(1)) = 0 and UP(1,U%(1)) < M(U%(1)), we have

~ 0.50V/dt — pdt —,

0< MU*(1)) = ————U%1).
(0 (1)) = 22 R0
When a non-autarkic risk sharing contract exists, U%(1) > 0. The above inequality implies

oVdt > 2pdt.
(sufficiency) Suppose ov/dt > 2pdt. Consider a contract (not necessarily optimal) in which

the agent’s consumption satisfies

e, if ¥ =14 ov/dr;
In(c;) — In(y:) = ‘ 1 Y 7Vt
(1+2pdt)e, if ;- =1— oV/dt.

Under a good shock (i.e., —#— = 14-0+/dt), denote the principal and the agent’s continuation

7 Yr—dt
values as U} (yt, €) and U, & (Y1, €). Similarly, denote the continuation values under a bad shock
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as U} (y¢, €) and Uf(ys, €). They satisfy the Bellman equations:

UP(y,e) = (1—e ) ydt+ T ot [ Up((1+a\/—) )+1U5((1—J\/a)y,e)},
UP(y,¢) = (1 _ 6(1+2palt)e> ydt + s dt [ UP((1 +oVdt)y,e) + %U,f((l - U\/E)y,e)] ,
Ug(y:e) = (n(y) —e)dt + dt{ US((1+oVadt)y) + Ub (1_ax/£)y)],

U(y) = (n(y)+ (1+2pdt)e)de + —— [U@((Hcrf )+ S0~ o)

1+ pdt

We can verify that Ug(y,e) = Ug(y) and Ug(y,e) = Uy(y) + 2(1 + pdt)edt, hence the
agent’s participation constraints are satisfied. Next we examine the principal’s participation
constraints Ug(y,e) > 0 and U] (y,e) > 0. Since U§(y,e) > U} (y,e€), it is sufficient to check
whether U} (y, €) > 0 only.

We can easily guess and verify that Uy (y,e) = Uj(1,e)y and U} (y,e) = UJ(1,¢e)y for all

y > 0. Hence, the above Bellman equations can be rewritten as

UP(y,e) = (1—e_€)ydt—|— 15 pdi ( (1+U\/_) Ul(y,e€) + %(1 —J\/&)Ué’(g,E)) ,
Ub(y,e) = (1—e<1+2ﬂdt>6)ydt+ T (%(Ha@)(]g(y,ew%(1—0\@)%’(@/,6)).

Solving U} (y, €) yields

1+ odt — Y
2 _ _ (1+2pdt)e (14-2pdt)e € J
U (y, ) ((1+pdt) (1 e ) —= ( i )) ”
When € =0, U/ (y,€) = 0. We can then compute that
U (y, e 1+ ovVdt
% _ <_ (14 pdt) (1 + 2pdt) + +\/_ 2+ det)> %
e=0

_ y(+pd) (vt —2pdt) >o0.

r

This shows that the non-autarkic risk-sharing contract constructed before is enforceable and

the principal is better off. Q.E.D.

B Additional Proofs for Section 4

In this appendix, we verify that the solution in Section 4 satisfies the conditions in Theorem 3.

This consists of six steps.

53



Step 1. We verify the transversality condition (29). For y < (z/ b)ﬁ,

y (1-a)?
r—u ' (p-aa

1 (1-a)? ALY
< — + + =5 | 2.
(r—p)bi-a (p—ar)lal i

The integrability condition (16) implies that

o0
FE { / e Tt
0
We then deduce that

0 _1 [e'e) 1;
0 = lim E [ / e’"SZ;“’ds} = lim F [ / e s (e(T*P)SXS) - ds}
t—o00 ¢ t—o0 ¢

1 o0 T_ _ e
> lim E [X;a / eTShZSdS] zpl Y Yim E |:e—rt Ztla] ’
t

t—o00 — @ t—o0

1-8
.2)] = SEEVRY

1

1—aZtm

dt} < 00.

where the inequality follows from the fact that X is a nonnegative increasing process and where

we have used the fact that p > ar. Thus,
1
lim E [e‘”Ztla] =0.
t—o0
implying that the transversality condition lim; .., F [e_”J (Y, Zt)] = O holds for Y; < (Z;/ b)ﬁ
For z < by'~®, equation (41) implies that
[/ (y, 2)| < Ky,

for some constant K > 0. Thus, the transversality condition holds for Y; > (Z,g/b)ﬁ by
Assumption 1.
Step 2. We check condition (28). It is sufficient to show that

o0
E UO (e, (Yt,Zt)aYt)2dt} <.
We can show that

1 1-p
= | — A l1—a p—1
U, (9] = |2 + 4t g

< ' ' + | A] b%, for z > by' ™,

r—p
and
|Jy (y,Z)| = |ZUc/l (y) +K1| < K2) for z < byliaa

where K1 and K5 are some constant terms. Thus, we only need to verify
o 2
E {/ (e*’"tY}) dt} < 00.
0
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This is true if r > p + 02/2.
Step 3. We verify that the dual value function J in (41) satisfies the variational inequality
in the jump region. That is, if z < by'~®, then

2
o 1 (o2
2o + (r—p)ad. (y,2) + Jy (y, 2) py + 7y2Jyy (y,2).

rd (y,z) <y-+

Because the left-hand side equals the right-hand side at z = by'~%, it is sufficient to show that
the derivative of the left-hand side with respect to z is above that of the right-hand side with

respect to z. That is,

2Toa o2
+ (T - p)JZ (y’ Z) + (T - p)ZJZZ (y’ Z) + Jyz (y, Z) Hy + ?yQJyyz (y) Z) .

rd, (y,z) >

It follows from J, (y, z) = Uy(y) that J.. (y,2) =0, Jy. (y,2) = U}(y), and Jy,. (y,2) = U} (y).

The above inequality becomes

_a 9
o
+ (r = p)Ua(y) + Uj(y)uy + ngUé'(y),

rUq(y) >

which, after simplification, is

.
LA
o o

To prove this inequality, we will show b < 1, which implies that 4~ > by'~® > z as desired.
By (35) and (40), to prove that

1—a
o (p = or) (- ) )" <
Bi—a)(p—ap—ala—1)02/2) ’
(p—ar)(B—a)
B(1—a)(p—ap—a(a—1)0?/2)
1 when o < 0. Because both the numerator and the denominator are positive, it is equivalent

it is sufficient to show that is less than 1 when o > 0, and is greater than

to proving that 3(1 — a)(p — ap — a(a —1)0%/2) — (p — ar) (8 — a) has the same sign as a.
We can show that

ﬁ(l—a)(p—au—a(a—1)02/2)—(p—0ﬂ“)(ﬁ—a)
= Ba(l - a)(—pu+ (1-a)0>/2) + B(1—a)p - (p—ar) (B - a)
— Ba(l - a)(—u+ (1 - a)0?/2) + (1l B)(p - > (1-a)yr)

(
(

— Ba _a)o? (1-=B)p—r) r

— Ball - )<u+(1 )o?24 A1) +5)
(
(

= Ba(l—a)(—p+(1—a)o®/2+pu+0>(8—1)/2)
= fa(l —a)o? (B~ a) /2,
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where the fourth equality uses (38). The sign of the last line is determined by « because
B(1 —a)o? (B —a) > 0.

Step 4. We verify that J,(y,z) > Uy(y) for all (z,y) in the no-jump region for J defined
n (37). If z > by =%, then J.(y,2) > J.(y,by' =) = Uy(y), where the inequality follows from
J.. > 0 and the equality follows from the value-matching condition.

Step 5. By the solution in Section 4, (30) and (31) hold. We need to check that X* € 7 (z)

and the integrability conditions stated in the theorem hold. Since u (z) = I?To‘zﬁ, we need to
show
[e.9] 1 T
E [/ e "N(ZH) T dt| < oo, (B.1)
0 J
- _
E [ / U (V) dXF| < oo, (B.2)
0 J

00 1
E [/ e "t (e(r_p)t (X7 + 5)) YAt < oo,
0

-
E [/ et (eﬁ"w)t (X;(1+ 5))) At < oo,
0 i

E[ / e—rt(e“—p)t(xzu—(s)))mdt < .
0 J

It is sufficient to check (B.1) and (B.2) since the last two integrals can be similarly checked

using Z; = e(""P X} and since we can derive
00 1 0o 1
E [/ et (e(rfp)t (X; + 5)) e dt] < FE [/ et (e(rfp)t (X, (1+ 5/X§))) e dt]
0 0
= (1+6/2)T+ E U e (Z7) e dt] .
0

To check (B.1), it suffices to use (43) to show

> —ar (p—r)s
E {/ eplatMtdt} < 00, where M; = sup 1@6%.
0 s€[0,t]
We will show that
o0 p—ar E |:f000 Mtd (_ei pl:o&rt):|

E [/ e‘ﬁtMtdt} = - < 0.

p—ar

0 11—«

Pick some € > 0, and for n =0, 1,2, ... define a sequence of stopping times 7, = inf;>o{t : M; =
Yo(1 + €)"}. Since My < Yo(1 + €)™ for t € [15, Tni1),

o0 —ar a —ar —ar
E |:/ Mtd <_ei pl—a t):| S E Z }/0(1 + e)nJrl (e— pl_a Tn __ ei pl—oc Tn+1)]
0

n=0

[e.9]
= Sw o (B[] g [ ).

n=0
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By Harrison (1985) or Stokey (2008), we can compute
E {e_pl_——a;m} =(1+ e)_B”,

where 5 > 1 satisfies (38). Therefore,

ZYO 1+€n+1(E|:
[eS)

]_E |:eipl_7a Tn+1:|)
n=0
+1
— Yo((1+¢€)° Z(Helﬁ)n

n=

=]

as desired.
To show (B.2), we use Uy (y) = ky® and define

G(y,z)=F {/ eptY}/ade} , for z > by' ™.
0

Then, as in the proof of Theorem 3 for the HJB equation, G satisfies
o? 9
rG(y,2) = G2 (y,2) (r = p) 2+ Gy (y:2) py + 5 Gy (9, 2) ¥,

subject to
G, (y7 Z) ‘z:bylff" = _yoz.

Solving yields:
B—al —a 1-8

G(y,z):bmﬁ_lzl

We also need to check that this solution satisfies the transversality condition:

B

Y.

lim E [e "G (Y, Z)] = 0.

t—o00

We only need to show that
m 5 [ (20050 7] =
lim E [e (z3)== Y| = 0.

This follows from

. —rt =8 1.8 . —rt 1—a\ 12 18 . 18

lim B e~ (7)1 Y| < lim B e (007) = ¥ | = lim B [bie ey | =0,

t—o0 t—o0 t—o0
where the last equality follows from r > p and where we have used the fact that 5 > 1 and
Zr > oyt

Step 6. We show that J (y, z) is strictly convex in z in the no-jump region. We also derive

a unique solution to (42).
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The convexity follows from the fact that

1 20— 1 1—/8@—5 20—8-1
Tnd) = Gt HATT T Y
B
- 1 Zzla_—al +A1_'8a_6z% (E) i a _ 0.
(p—ra) l—-al—a b

11—«

for z > by ~“, where the last equality uses the super-contact condition. Because J,(y, z) is

strictly increasing in z and

. oo if a > 0
21520‘]2(9”2)_{ 0 ifa<o,
it follows from the Intermediate Value Theorem that the solution for z exists in equation (42)

as long as w belongs to the range of the utility function (i.e., w € [Uy(y),00) when a > 0 and
w € [Uy(y),0) when o < 0).

C Example III

In this appendix, we solve an example from Ljungqvist and Sargent (2004, Chapter 20) in
which both the principal and the agent are risk averse. We consider a symmetric setup. Let
uP (¢) = u(c) = —e ¢, where v > 0 represents the coefficient of absolute risk aversion. The
agent and the principal have incomes Y; = ¢B; and —Y; = —o By, respectively, where B; is
a standard Brownian motion. In this case, their incomes are perfectly negatively correlated.
This example does not satisfy some assumptions in our general theory developed before. In
particular, consumption can be negative. Nevertheless, our key insights still apply and we shall
proceed to derive the efficient contract since exponential utility is widely used in the contracting
literature.

For this example, the dual function is given by

a(x,h) = max (I4+h)u(—c)+azu(c) = —2v/z (1 +h),

and the optimal consumption rule is given by

N 11 x
¢ =—1In .
27 1+h

Let the outside value be the autarky value so that

Ud(y) = F"’e_’yy7 UCIZ (_y) = F"’e,yyv ye Rv

where k = — (p — 7202/2)71 < 0. We assume p > 7202/2 so that the autarky value is finite.
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Conjecture that the no-jump region is given by

where 0 < b < 1 is a constant to be determined. We can verify that the dual value function in

the no-jump region takes the following form:

- —2 1+h
e

1+8
2

—i—Ax%(l—i—h)#ewy—i—A(l—i—h)%x e 7Py

where 5= +/2p (’ya)_l > 1 and A is a constant to be determined.
In the jump region, we can verify that for x < be??¥ (1 + h),

V(y,2,h) = (2 = (L+h)be) Ug (y) + V (y, (1 + h) be®, h) ,
and for z > b=1e? (1 + h),
7 (oz.h) = (14 h = abe) U7 (<9) + ¥ (g2, zbe 0 1),

The constants A and b are determined by the value-matching and super-contact condi-
tions. Due to symmetry, we only need to use these conditions on one of the two bound-
aries. Without loss of generality, we use the lower boundary. By the value-matching condition,
1imﬁ¢b627y v (y,x,h) = Uy (y) , and the super-contact condition, 1im1+ihu,ez~,y Vow (y,z,h) =0,

we can derive
9 _
—;+A((1—ﬁ)b7’3+(1+ﬁ)b§) = &

%+A(ﬁ2—1)(b§+b§) - 0.

Simplifying yields one equation for b,

28 1 1 g
o118 P g (€

Proposition 4 Suppose that v > 0, ¢ > 0, and p > ~*02/2. Then there are two solutions to
the above equation. One satisfies b € (0,1) and the other is degenerate (b=1).

Proof: Set ! = b2 and rewrite (C.1) as

28 1

B _
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_ 26 1
B2—11+12P

—pnl—%

Figure 9: The left-hand side of (C.2)

Step 1. We verify that [ = 1 is a solution:

2 1 . B __Bs B
11+ T eo1)|, T -1 TR
2p
—3 —5 Gk
— — ok = + — 0.
52_1 r 52_1 (7201))2_1

Step 2. The left-hand side of (C.2) is concave on [0,l*] and convex on [I*,00) where
1

Ir = (%)ﬁ € (0,1). (Figure 9 plots the left-hand side of (C.2).) To prove this, compute
2 28—1

the first derivative of 7 +1l26 as — (ﬁlw)Q and the second derivative as

2B128-2(1 + 126)
(1 4 28)4

((25 + 1% — (28 - 1)) .
Step 3. The slope of the left-hand side of (C.2) is zero at [ = 1 because

283 1 l 8 Y
<52—11+z2ﬁ_p“ _ﬁ—l)

This implies that the equation (C.2) has no solution above one because it is convex above one.
Step 4. We show that (C.2) has a unique solution / € (0,1). The convexity of the left-hand

2

28  2p1%28-1 B

. BP—1 (1+125)2

—pk = 0.

=1

side of (C.2) on [I*,1] and the zero-slope condition shown in step 3 imply that

28 1

B ¥
ﬁm—pml——>0, forall [ € [I*,1).

5—1
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_ (YOLXO)
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y
Figure 10: The state space for Example III. The two curves {7 = be2 and T = %GQW

partition the state space into three areas. The middle area is the no-jump region and the other
two areas are the jump region.

Further, the left-hand side of (C.2) is below zero at I = 0 because

2 1 BN\ __ 28 8 _ -8
Fo11+08 T 1)|, T B-1 B-1 B+l

The Intermediate Value Theorem implies the existence of a solution I € (0,1). Next, we show

< 0.

the uniqueness of [. By contradiction, suppose there are two solutions, 0 < I} < Iy < [*. Because

26 1 . B
11+ M T Eo

the concavity of the left-hand side of (C.2) on [0,1*] implies that

%ﬁ—pnlg—%>0,

which contradicts the fact that [5 is a solution to (C.2). Q.E.D.
As in Example II, we rule out the degenerate solution. Figure 10 plots the state space.
It shows that the two boundaries z (1 +h)™' = be?¥ and (1 + h) ™' = b~1e®¥ partition the
state space into three areas. The area inside the two boundaries is the no-jump region and the
other two areas are the jump region. The initial state (Yp, X{) is inside the no-jump region.
Figure 11 plots the dual value function V (y,z,0) and the primal value function V (y,w) for
three values y € {—0.1,0,0.1} in the no-jump region. This figure shows that V (y, z, 0) is strictly
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V(y,x,0) V(y, w)

Figure 11: The dual and primal value functions in the no-jump region for Example III. Param-
eter values are given by p=1, vy =1, and 0 = 1.

convex in x and V' (y,w) is strictly concave and decreasing in w. Note that both functions are
non-monotonic with y and the domains change with y. In particular, the domain of V' (y,w) for
w increases with y because a larger promised value is needed to induce the agent’s participation
when his income is larger.

Figure 12 plots the simulated paths of incomes Y;, consumption Cf = (2v)~1In (X; /1 + H}),
the continuation value W = V, (Y, X}/ (1+ H}),0), and X; /(1 + H})e 2%, This figure

shows intuitively how C} and W;" move with incomes Y;. Since
Ci —Yi = —Yi+(2y) " (mX{ —In(1+ H}),

C* =Y is a regulated Brownian motion with drift zero and diffusion —o on [% Inb, —% In b] .
It follows from Proposition 5.5 in Harrison (1985) or Proposition 10.8 in Stokey (2008) that
C* — Y™ has a unique stationary distribution which is uniform on {% Inb, —% In b} .

Figure 13 presents comparative static results. As in Example II, the risk-sharing band
[% Inb, —% In b] expands when one of the following cases happens: (i) the common coefficient
of relative risk aversion rises, (ii) the volatility of the income process rises, or (iii) the common
subjective discount rate falls. In addition, neither autarky nor the first-best allocation is an
optimal contract for any admissible parameter values satisfying the assumption in Proposition

3. The intuition is also similar to that for Example II.
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Figure 12: Simulated paths of the agent’s optimal consumption C}, incomes Y;, continuation
values W}, and the process e 27Yt X}/ (14 H;), t > 0, for Example III. Parameter values are
given by p=1,v=1, and ¢ = 1.

2 : 15 T — 2.5 T T T
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Figure 13: Comparative statics for Example III. Parameter values are given by o = 1, p = 1,
and v = 1, unless one of them is changed in the comparative statics.
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