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Abstract

This paper studies the effects of the transparency of an outside option in bilateral bargaining.
A seller posts prices to screen a buyer over time, and the buyer may receive an outside option at a
random time. We consider two information regimes, one in which the arrival of the outside option
is public and one in which the arrival is private. The public arrival of the outside option works as
a commitment device that forces the buyer to opt out immediately. The Coase conjecture holds in
the unique equilibrium. In contrast, private information about the outside option leads to additional
delay and multiplicity. The Coase conjecture fails in some equilibria. The buyer’s preference about
transparency is time-inconsistent: Ex ante, she prefers public arrivals, but ex post she prefers not to

disclose her outside option if it is private.

Keywords: Bargaining, Arriving Outside Option, Dynamic Games, Coase Conjecture, Buyer’s Com-
mitment, Transparency of Outside Options, Disclosure

JEL Classification Codes: C78, D74, D83

)

*A previous version of this paper was circulated with the title “Sequential Bargaining with an Arriving Outside Option.’
We thank Gary Biglaiser, Yeon-Koo Che, Hanming Fang, Ayca Kaya, Kyungmin (Teddy) Kim, Qingmin Liu, George Mailath,
Claudio Mezzetti, Peter Norman, Aniko Ory, Juan Ortner, Andrew Postlewaite, Mallesh Pai, Tiago Pires, Curtis Taylor,

Rakesh Vohra, Huseyin Yildirim, and Jidong Zhou for insightful comments.
"Department of Economics, University of Miami; ihwang@bus .miami . edu
#Department of Economics, University of North Carolina Chapel Hill; 1ifei@email.unc.edu


mailto:ihwang@bus.miami.edu
mailto:lifei@email.unc.edu

1 Introduction

This paper studies the effects of the transparency of a trader’s outside option on the dynamics of nego-
tiation. More precisely, we consider a negotiation between a seller (he) and a buyer (she), and investigate
how making the buyer’s outside option public affects the dynamics and outcomes of a negotiation. We
show that the buyer is better off when the arrival of her outside option is public than when it is private.
Nevertheless, the buyer has no incentive to disclose her private outside option ex post, even if she is
allowed to do so.

To understand the result, consider the following example. Suppose that a seller is selling a house to a
buyer. The buyer informs the seller that she has a much better outside offer for a house in a different area,
and she asks the seller to lower the price. What does the seller think? Naively, one may guess that the
buyer can improve her bargaining power by disclosing the outside option; and thus the seller should lower
the price to response to the competition. However, after more thought, the seller asks himself: “If the
outside offer is so attractive, why is she still bargaining with me? She must like my house very much. If
so, why should I lower the price?” So we see that when the seller is sufficiently sophisticated, making the
buyer’s outside option public may not necessarily enhance her bargaining power. The buyer’s disclosure
behavior effectively exposes her willingness to pay a high price and thus eliminates her information rent
and undermines her bargaining power. In this paper, we construct a model to confirm this intuition.

Consider a bargaining game between a seller and a buyer over an indivisible good. The buyer pri-
vately knows her type which is her valuation of the good. For simplicity, we focus on the binary case
where her type can only be high or low. In each period, the seller announces a price and the buyer decides
whether to buy the good. If the buyer rejects the offer, an outside option arrives with positive probability.
Once the outside option arrives, the buyer can exercise it in any period. We study two cases of the model,
one in which the arrival of the outside option is public and one in which it is private information to the
buyer.

In the model with the public outside option, there is a unique equilibrium which exhibits Coasian
dynamics: On the equilibrium path, a rejection makes the seller more pessimistic about the buyer having
a high valuation; and thus he lowers the price in the next period. In equilibrium, the buyer exercises her
outside option immediately upon its arrival regardless of her type. The low-type buyer strictly prefers
to opt out because the seller would not give her any share of the surplus in the future and waiting is
costly. It follows that the high-type buyer also opts out, as otherwise she would be the lowest-type buyer
remaining. Because both buyer types exit the game at the same rate, the model is essentially similar
to the standard Coasian bargaining model except that the seller may lose the buyer each time the trade
is delayed. The equilibrium satisfies a generalized Coase conjecture: When the seller can make offers

arbitrarily frequently, the initial price becomes arbitrarily close to the low-type buyer’s reservation price,



and the trade occurs almost immediately.

In the model with the private outside option, the strategic interaction is richer. We first consider a
“relaxed problem” in which the arrival of the outside option can not be disclosed. In this model, there
may exist multiple equilibria, some of which do not exhibit the Coasian dynamics. The unraveling result
no longer holds with a private outside option because the option to hide the outside option changes the
buyer’s incentives. The high-type buyer has a stronger incentive to trade, so she is less likely to exercise
the outside option than the low-type buyer. After observing that the buyer has not left the negotiation,
the seller believes that the buyer’s type is more likely to be high. Put differently, the seller has an extra
source of information to help assess the buyer’s type: Beliefs are updated based not only on the buyer’s
previous rejections but also on the fact that the buyer is still negotiating. Coasian dynamics can be
supported in an equilibrium only if the arrival probability of the outside option is low enough; when the
arrival probability is high enough, there exists an equilibrium which does not exhibit Coasian dynamics.
In this equilibrium, the aforementioned two sources of information exactly offset each other in every
period so that the seller’s belief does not change over time. Consequently, the seller offers the same
randomized price in each period, leading to inefficient delay.

Next, we allow the buyer to disclose her outside option and we show that she has no incentive to
do so. The key intuition behind this time-inconsistency is that the disclosure of the outside option may
also work as the disclosure of the buyer’s type. The low-type buyer exercises the outside option as soon
as it arrives because she cannot obtain any information rent. Hence, if a buyer discloses her outside
option, the seller thinks she is a high-valuation buyer. Since disclosure eliminates her information rent,
the high-type buyer prefers to mimic a low-type buyer who has not yet received an outside option.

After analyzing the equilibria, we compare the buyer’s ex ante welfare in the two cases to study the
role of the transparency of the outside option. It is well known that a discrete-time sequential bargaining
game is difficult to analyze, so we compare the buyer’s ex ante welfare when the seller’s commitment
power becomes arbitrarily small. At the limit, we find that the buyer is weakly worse off with private
outside options than with public outside options. In the public outside option case, the generalized Coase
conjecture implies that the buyer takes all the bargaining surplus. With private outside options the model
has multiple equilibria, and in the non-Coasian equilibrium the buyer’s welfare is reduced due to a non-
trivial delay of trade. As a result, making the buyer’s outside option private creates strategic uncertainty,
so it may prolong the screening process of the seller and thus lead to an inefficient real-time delay of the
trade.

Interestingly, the buyer’s preference regarding the transparency of the outside option is time-inconsistent:
Although the buyer’s surplus is maximized in the public case, she prefers not to disclose her privately
known outside option if she is allowed to do so. One can interpret this time-inconsistency as commitment

device. The public outside option case, the unraveling result implies that both types exercise the outside



option upon its arrival. In the public outside option works as an endogenous commitment device, which
ensures that the high-type buyer exercises the outside option. Consequently, the seller has an incentive to
speed up the screening to avoid losing the customer; and thus the trade occurs at a low price after a short
period of negotiation. On the contrary, when the arrival is confidential, the high-type buyer may have
an incentive to hide the outside option, which slows down the seller’s screening and induces inefficient

delay. Because delay is costly, the buyer’s ex ante payoff is undermined.

Literature Review

Our paper relates to a growing body of literature on the transparency of offers in dynamic trading,
which starts with Swinkels (1999) and includes Horner and Vieille (2009), Kim (2014), Fuchs et al.
(2013), and Liu and Kaya (2014). This literature focuses on the effects of information about previous
offers on future transactions and prices. In this paper, we study the effects of information regarding the
arrival of the outside option, which can be interpreted as offers made currently or in the future, on the
bargaining behavior before the option actually arrives.

In a recent paper, Board and Pycia (2014) consider a similar model where the buyer receives the
outside option at the beginning of the game for certain. They show that there is a unique equilibrium in
which the seller posts a constant price in every period and the Coase conjecture fails. Our model shows
that when the outside option arrives stochastically, the Coase conjecture always holds in an equilibrium.

Fuchs and Skrzypacz (2010) consider sequential bargaining with random breakdown.! In their mo-
del, the game ends following the arrival of the public breakdown by assumption. In our model, the public
arrival of the outside option plays a similar role to the breakdown in Fuchs and Skrzypacz (2010). In-
deed, we show that the bargaining endogenously ends upon the arrival of a public outside option, which
qualifies Fuchs and Skrzypacz (2010)’s exogenous ending assumption. In addition, we show that, if the
outside option arrives privately, the game may not end upon its arrival.

In a complementary paper, Hwang (2013) considers a model with a private outside option and only
analyzes in more detail an equilibrium that does not not exhibit Coasian dynamics. In this paper, we
apply the results of Hwang (2013) in the private outside option model to identify the conditions under
which there exists equilibria not exhibiting Coasian dynamics, and we also derive a condition under
which there exists an equilibrium exhibiting Coasian dynamics. In addition, we allow the buyer to reveal
her outside option while Hwang (2013) does not. Finally, by comparing the two environments, we are
able to discuss the role of the transparency of the buyer’s outside option.

Transparency of offers is also considered in the industrial organization literature. Krasteva and

TAlso see Faingold et al. (2012), who consider the model when the arrival of the random event is uncertain. Inderst (2008)
considers a sequential bargaining model with the arrival of new buyers who serves as the seller’s outside option.



Yildirim (2012) consider a multilateral bargaining model where a buyer visits two sellers sequentially,
and they study the role of the transparency of negotiation sequences and prices. They show that the buyer
prefers private bargaining because it creates strategic uncertainty.> In our model, from the ex ante point
of view, the buyer (weakly) prefers to avoid the cost of delay by having a public outside offer. Ex post,
however, the buyer prefers to keep her outside option private once it arrives. In addition, in the private
case of our model, the buyer’s behavior (disclosing her outside option) can reveal her private reservation
value, thus our result also relates to studies of consumer privacy by Taylor (2004) and Calzolari and
Pavan (2006), which focus on firms sharing information about a buyer’s purchase history.

We present the model in section 2 and study the public and private outside option cases in sections 3
and 4 respectively. In section 5, we consider a variation where the buyer is allowed to (truthfully) reveal
her private outside option. In section 6, we study the limit properties of both models by allowing the
seller to make offers frequently, and compare the buyer’s welfare in the two cases. Section 7 concludes.
All the proofs are contained in Appendix A. The limit properties as the probability of arrival converges
to 1 are studied in Appendix B.

2 Model

We consider a bargaining game between a seller and a buyer. The seller owns an indivisible good
that has zero value to him. Time is discrete and the length of each period is A > 0, so periods are indexed
byt =0,A,2A,....3 At the beginning of period 7, the seller makes a price offer p (¢). The buyer decides
whether to accept or reject the seller’s offer. If the buyer accepts the offer, the game ends. If the buyer
declines the offer, then with probability A = 1 — e M2 she receives an outside option. The parameter
u > 0 is the Poisson arrival rate for the outside option. A buyer who has an outside option decides
whether to opt out or wait and hold the outside option, and whether to disclose the arrival. We assume
that once the outside option arrives, the buyer can exercise it immediately or in every subsequent period.
The result of the paper is robust to the case where the outside option is not permanent. If the buyer opts
out, the game ends; otherwise, the game continues to the next period.4

The buyer is privately informed about her type 6, which is either high (H) or low (L). The buyer’s
type determines both her valuation of the good and the value of the outside option. Let ¢(0) € (0,1) be
the prior belief that the buyer is low type. If the buyer accepts a price offer p, then the buyer’s payoff is

2 Also see Krasteva and Yildirim (2014), who examine the optimal sequencing of trades with privately known values.

3Later we analyze the equilibrium behavior when A — 0, that is, when the seller’s commitment power vanishes.

“The specification of the timing essentially requires the existence of a time gap during which the buyer can respond to the
arrival of her outside option quicker than the seller. This results in a costly real-time delay between the buyer’s decision time
and the seller’s.



vg — p and the seller’s payoff is p. If the buyer opts out, then the buyer and the seller obtain payoffs of
wp and 0, respectively. Notice that @y is not the face value of the outside option but a subjective object.
We assume it is also the buyer’s private information. The seller and the buyer share a common discount

rA

factor 8 = e’ where r > 0 is the discounting rate. To avoid a trivial case, we make the following

assumption.
Assumption 1. vy — @y > v, — @ > 0.2

Assumption 1 is a “single-crossing condition” that ensures that the high type has a higher “residual
value,” vg — g on the current good conditional on the arrival of the outside option. Hence, for any given
offer, the high type is more willing to accept the offer than the low type when they both have the option
to exercise the outside option immediately.

We consider both the case in which the arrival of an outside option is public and the case in which it is
private. Let h' € ¢ be a public history and e #bea private history of the buyer. In the public outside
option case, both 4 and /' consist of a sequence of rejected price offers {p(7)}._, and the history of the
arrival of the outside option {o(7)}}_,, where o (r) = 1{an outside option is available at time r}. In the
private outside option case, the public history consists only of the price sequence {p(7)}._, while the
buyer’s private history is &' = {p(7),0(7)}._,.

The seller’s strategy is a pricing rule P : 7# — R such that p(t) = P(#'~!), and the buyer’s strat-
egy is 0 : A x {L,H} x R, — [0,1]%, which specifies the probability of accepting the current offer,
o1(h=1,0,p(t)), the probability of exercising the outside option, c,(i',8), if o(t) = 1 given /', and
the probability of disclosing the outside option, o3(/',0) , if o(t) = 1 given i'. In the public case, the
disclosure choice is irrelevant; in the private case, h' = it after the disclosure.

The solution concept is the perfect Bayesian equilibrium (PBE) which consists of a strategy profile
(P, o) and the beliefs {¢g(7)} such that:

1. given the beliefs and o (+), P(-) maximizes the seller’s discounted payoff;
2. given the beliefs and P(-), o(-) maximizes the buyer’s discounted payoff; and

3. the beliefs {¢(r)} are derived from the equilibrium profile (P, o) according to Bayes’ rule whenever
possible.

5Assumption 1 allows wy > @ or Wy < wp. A common outside option is an outside offer of a substitute good. By
accepting the outside offer and consuming the good, the buyer obtains a payoff vy — p where p is the price of the outside
offer and 7y is the buyer’s utility obtained by consuming the substitute good. In general, 79 and vg may be positively (which
can be captured by wy > @) or negatively correlated (which corresponds the case where wy < @) or independent (which
corresponds to Wy = ).



In general, multiple PBE may exist in our model. Some PBE satisfy Coasian dynamics (Fudenberg and
Tirole, 1991). On the path of play of such an equilibrium,

e the price p(¢) strictly declines, and
e the belief ¢ () strictly rises over time.

If a PBE exhibits Coase dynamics, we refer to it as a Coasian equilibrium; otherwise, we refer to it as a
non-Coasian equilibrium.

Note that the type-0 buyer’s equilibrium payoff is bounded below by the payoff from rejecting the
seller’s offers and taking the outside option whenever it is available. Therefore in any PBE, the type-60
buyer’s expected payoff given that she has an outside option is no less than wg. In any history where
the buyer has not received an outside option (which includes the initial history), the buyer’s discounted
expected payoff is bounded below by

A .
la)g—f—SA(l—l)wQ—f——mmg:We,

which is the option value of waiting for the arrival. Note that Wy < wg since waiting is costly.

3 Public Outside Option

In this section, we analyze the game when the outside option is public.
Lemma 1. In any PBE of the model with a public outside option,

1. in any history where the buyer has an outside option, the seller never offers a price less than

vy — @f.

2. in any history where the buyer does not have an outside option, the seller never offers a price less
than v, — Wy

Lemma 1 implies that the seller will never leave the low-type buyer any information rent after any
history.

Lemma 2. In any equilibrium, the buyer exercises the outside option upon its arrival regardless of her
type, i.e., 62(,0) =1 for @ = L,H as long as o(t) = 1.

For intuition, note that Lemma 1 implies that once the outside option is available, the equilibrium

price is bounded by v; — @y.. Therefore, the low-type buyer receives no more than é @, by waiting and



accepting the seller’s offer. Thus opting out immediately upon the arrival of the outside option to obtain
@y 1s the best response of the low-type buyer. This forces the high-type buyer to also opt out as soon as
possible, since otherwise the seller will believe that the buyer is definitely a high type, and he will post a
price no less than vy — gy, leaving the high type a payoff of no more than @wy.

Lemma 2 implies that the seller will lose his customer with positive probability each time the trade
is delayed. In order to obtain a positive profit, the seller has to set an appropriate price to serve the buyer
before the arrival of the outside option. When the seller believes that the buyer is more likely to be a low
type (that is, if ¢(7) is large), he prefers to offer a low price and end the bargaining rather than to incur the
cost of delay and the risk of losing the customer. So he offers a bargaining-ending price, v, — W}, and
the buyer accepts it regardless of her type. On the other hand, if the seller believes that the buyer is more
likely to be a high type (¢(¢) is small), the seller screens the buyer by offering a high price. The high type
accepts the price with positive probability but the low type declines it for sure. For this to work, the high
type must be indifferent between accepting the current price and waiting every period. Her indifference
condition is given by:

vg—pt)=Adwg+ (1—1)0(vg —p(t+A)), (1)

where the left-hand side of (1) is her payoff from accepting the current offer, and the right-hand side is
her payoff by waiting: If the outside option arrives in the current period, which occurs with probability
A, she opts out and obtains @y ; otherwise, she obtains her discounted continuation value, which equals
her payoff from accepting the next offer made by the seller in the next period. The seller updates his
belief about the buyer’s type if the buyer rejects his offer. Over time, the perceived belief that the buyer’s
type is low increases. Eventually, the seller becomes so pessimistic that he offers v;, — W;" and ends the

bargaining. The strategy profile described above is essentially the unique PBE.°
Proposition 1. All PBE are Coasian equilibria. Generically, there exists a unique PBE.

Naturally the players’ bargaining behavior is affected by A, the probability of the arrival of the outside
option. The greater A is, the higher the chance that the bargaining is going to end and the seller will
receive zero payoff. When A = 1, the outside option is always available, and our model becomes a two-
type version of the model in Board and Pycia (2014). In this case, there is a unique equilibrium in which
the seller charges a constant price in each period, and the buyer either accepts the offer or exercises the
outside option in the first period. In Appendix B, we show that the equilibrium is continuous at A = 1,
implying that the equilibrium characterization of Board and Pycia (2014) is robust to a small perturbation
of the arrival probability.

®In the non-generic case, the prior belief ¢(0) takes value in a zero measure subset of (0, 1). In such a case, the seller has

multiple optimal choices in the first period.



4 Private Outside Option

Next, we turn to the case with private outside option. We first study a “relaxed” private outside option
model where the arrival cannot be disclosed, i.e., 63 = 0 in any history. We will drop this assumption in
Section 5.

When the arrival of an outside option is private to the buyer, the unraveling result no longer holds
because the buyer may have an incentive to hide her outside option. The buyer’s behavior affects the
seller’s belief and equilibrium price offer. We show that there may exist multiple equilibria in the model
with a private outside option. We show that a Coasian equilibrium still exists for small arrival probability,
while there also exists an equilibrium that shows qualitatively different behavior when the outside option
arrival probability is high enough.

In this section and the rest of the paper, we make a parametric assumption that is slightly stronger

than Assumption 1:
Assumption 2. vy — wg > v — W/

Assumption 2 guarantees that an high-type buyer with an outside option may still find it optimal to
wait for the seller’s low price offer instead of exercising her outside option immediately. If Assumption
1 holds but Assumption 2 does not, both types exercise the outside option upon its arrival resulting in an
equilibrium that is identical to the case with a public outside option. Under Assumption 2, we obtain a

lower bound of the equilibrium price.

Lemma 3. In any PBE of the model with a private outside option, in any history, the seller never offers

a price less than vi, — W[, and the low-type buyer exercises the outside option upon its arrival, i.e.,
o (W,L)=1ifo(t) = 1.

In the next two subsections, we construct two equilibria of the model — one that exhibits Coasian

dynamics and another that does not — and analyze their characteristics.

4.1 Coasian Equilibrium

In a Coasian equilibrium, the seller screens the buyer by gradually lowering the price over time. After
finitely many periods, the price reaches the lower bound v; — W;", which both buyer types will accept.
While the low type exercises her outside option upon its arrival, the high type may have an incentive to
wait for a lower price. The high type’s incentive to take the outside option depends crucially on the cost
of delay, which is determined by the number of periods before a low price will be posted. As a result,

there are two phases in the Coasian equilibrium:



e In Phase I, the price is high, the high type randomizes between accepting and waiting, and both
types exercise the outside option upon arrival. Over time, the belief g (¢) rises and the price p (¢)

declines. In each period, the high type’s indifference condition (1) is satisfied.

e In Phase II, the price is low and the high type randomizes between taking the offer and rejecting it,
but only the low type exercises the outside option. The high type is indifferent between accepting

the current price and waiting, and her indifference condition is given as follows:
vy — p(t) = 8(vy — p(t +A)).

A Coasian equilibrium starts from Phase I: Initially, the price is relatively high, so the high type
exercises the outside option when she can. Over time, as the price becomes sufficiently low, Phase II
starts, and the high type prefers to wait for a low price.

Proposition 2. For any discount factor 6 < 1, there exists a cutoff )_L(g < 1 such that there is a Coasian
equilibrium if A € [0, As). Moreover, limg_,; A5 € (0,1).

In contrast to the standard sequential bargaining model, a Coasian equilibrium may fail to exist when
A is large enough. In Phase II, only the low type exercises her outside option upon arrival. As a result,
the seller updates his belief based not only on the buyer’s rejection choice but also on the fact that the

buyer is still negotiating; and thus the equilibrium beliefs are updated in accordance:

q(t+A) B q(t) 1-2
1—q(t+A) 1—q(t) 1 —oy(h—1,H,p(t))’

2)

because the low type opts out with probability A and the high type accepts the offer p(¢) with probability
o1 (W1, H, p(r)).

To ensure the equilibrium exhibits the Coasian dynamics, that is, g(t +A) > ¢(¢), we must ensure
that o1 (2'~1,H, p(r)) > A in each period, which requires that A be small enough.

4.2 Non-Coasian Equilibrium

Since the Coasian equilibrium exists only if the arrival probability is small, a natural question raises:
What happens if the arrival probability is large?

Proposition 3. For any discount factor 8 < 1, there exists a cutoff As < 1 such that there exists an
equilibrium that does not satisfy Coasian dynamics for A € (Ag,1]. Moreover, limg_,; A5 = 0.

7In the standard sequential bargaining model (Fudenberg et al., 1985) where A = 0, the condition is automatically satisfied.



In this equilibrium, there exists a cutoff belief where the two belief-updating effects exactly offset
one another. The seller begins by screening the buyer when the belief about her type being low is small,
and his belief goes up over time. Once the crucial belief is achieved, the seller’s belief stays the same;
and thus the seller continues to make the same randomized price offer in every period.

More specifically, the equilibrium play at the threshold belief is as follows: The seller offers the
bargaining-ending price v, — W;" with probability z and some high price x with the complementary prob-
ability; both types of buyer accept v;, — W;'; the high-type buyer accepts x with probability 4 while the
low-type buyer rejects it; only the low-type buyer opts out when the outside option arrives. Because
o1 (k' H,x) = A, we have ¢(r) = ¢(t + A) by Equation (2). Therefore, the seller’s belief about the
buyer’s type remains the same, and the agents play the same strategies (prices and opt-out rules) in every
period unless the bargaining ends. Clearly, this equilibrium does not exhibit Coasian dynamics.®

Note that by Propositions 2 and 3, if  is large enough, then the Coasian equilibrium and the non-
Coasian equilibrium coexist under the intermediate range of A. The multiplicity can be understood as
a self-fulfilling prophecy about the degree to which the buyer’s outside option increases her bargaining
power. Unlike the public case, Proposition 2 implies that, as A converges to one, there exists no Coasian
equilibrium. However, as we show in Appendix B, the non-Coasian equilibrium specified in Proposition

3 still exists and it converges to the monopoly pricing equilibrium of Board and Pycia (2014).

S Buyer’s Incentive to Disclose the Outside Option

In many markets, the buyer can credibly reveal her outside option to the current seller. In the house-
selling example in the introduction, an outside option is an offer from another seller, and the buyer can
truthfully disclose the offer. A natural question arises: Does the buyer have an incentive to disclose the
outside option if she can? Naively, one may argue that disclosing the arrival may enhance the buyer’s
bargaining power and that the seller needs to lower the price to compete with the outside option. How-
ever, by disclosing the arrival of the outside option, the buyer may reveal her type and thereby lose her
information rent. So she may rather hide the outside option.

Formally, we allow the buyer to reveal her outside option after it arrives, i.e., 03 (lAzt ,0) €10,1], Vh!
s.t. o(t) = 1. Once the arrival is disclosed, the continuation game becomes a public case like the one
analyzed in Section 3. As o3(/',0) = 0,V s.t. o(t) = 1,0 = {L,H} is a feasible choice, one can view
the private case in Section 4 as a “relaxed” problem of the current model.”

8The non-Coasian equilibrium described here shares many properties with the “deadlock equilibrium” in Hwang (2013).
°Clearly, the public case in Section 3 is also a “relaxed” problem of the current model because o3 (fz’ ,0) = 1LVI' st
o(t)=1;0 = {L,H} is a feasible choice.

10



Proposition 4. In the private outside option case, suppose that the buyer is able to credibly reveal the
arrival of her outside option. The equilibrium behavior of players specified by either Proposition 2 or
Proposition 3 is still supported in an equilibrium. In each equilibrium, the buyer does not reveal the

arrival of the outside option.

When the arrival of the outside option is private, the low-type buyer always exercises it as soon as it
arrives without disclosing its arrival, by the logic of Lemma 3. Hence, if a buyer discloses the arrival of
the outside option, she will be treated as a high-type buyer, and the seller will extract all the information
rent by offering her a price vy — @y in the following periods. Consequently, after revealing the outside
option, the high-type buyer will exercise the outside option as soon as it arrives to avoid the cost of
delay as the low-type buyer does, and her payoff is @y. However, if the high-type buyer does not reveal
the arrival of her outside option, she can mimic the low-type buyer who has not yet received an outside
option so that she can obtain some information rent, so she has no incentive to reveal the outside option.
As a result, one can restrict attention on the analysis of the “relaxed” private case without losing any

generality.

6 Transparency of the Outside Option with Frequent Offers

In this section, we analyze the equilibrium behavior when the seller lacks commitment power. This
limit exercise is appealing for two reasons. First, one can examine the validity of Coase conjecture in
the presence of random arrival of the outside option. Second, one can compare the buyer’s welfare in
the model with the public outside option to her welfare in the model with the private outside option. It
is well known that the discrete-time model is hard to analyze, but the limit of the model is relatively
tractable. To make the comparison nontrivial, we focus on the case in which ¢(0) is small enough so
that the seller finds it optimal to screen the high type in both the Coasian and non-Coasian equilibrium.
Specifically, we fix the discount rate r and the arrival rate of the outside option u, and take the length
of each period A to zero. At the limit where A — 0, the seller’s commitment power vanishes as he can
make offers arbitrarily frequently. Note that for any r, it > 0, the discount factor § = e~ and the arrival
probability A = 1 — e 2 converge to one and zero, respectively, as A goes to zero.

First we examine the robustness of the Coase conjecture under the presence of the outside option. In
the canonical sequential bargaining model without an outside option (A = 0), the option value of waiting
W, is zero for both types, and the Coase conjecture holds: The initial price is arbitrarily close to the

lowest valuation of the buyer (vz) as the seller can make offers arbitrarily frequently.

Proposition 5. In both the public and private outside option cases, for any given L > 0, there exists a

Coasian equilibrium in which, as A — 0,
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1. the initial price converges to vi — #wL, and

2. the real-time delay of the bargaining goes to zero.

Proposition 5 states that for any fixed arrival rate of the outside option, the initial price converges
to the reservation price of the low-value buyer as the seller’s commitment power vanishes. For reasons
explained in section 3 and 4, the seller never offers a price less than v, — W, the low-type’s reservation

price in equilibrium. As A goes to zero, the lower bound of the equilibrium price converges to vy —

p 1
ptr ptr

buyer’s payoff converges to vy — vy + . Because the gains from trade are realized immediately

@r. Therefore, the low-type buyer’s equilibrium payoff converges to

u
wtr

and the seller’s payoff is equal to the lowest price he will charge in any equilibrium, vy — “LH, the buyer’s

or, and the high-type

ex ante payoff is maximized in a Coasian equilibrium.
In the private outside option case, there also exists a non-Coasian equilibrium as stated in Proposition

3. Its limit properties as A — 0 are very different from those in a Coasian equilibrium.

Proposition 6. There exists W* > 0 such that for any | > W*, in the private outside option case, a non-
Coasian equilibrium described in Proposition 3 exists as A — 0. Furthermore, there exists an associated

q* (1) € (0,1) such that, when q(0) < g*(u),
1. the real-time delay converges to a positive number bounded away from zero, and

2. the buyer’s ex ante expected payoff is strictly less than her payoff in the Coasian equilibrium.

Proposition 6 shows that the non-Coasian equilibrium in Proposition 3 exhibits many different be-
havior patterns when the seller’s commitment power vanishes, i.e., when A — 0. First, when the arrival
possibility of the outside option is large enough, bargaining delay (in terms of real time) does not dis-
appear. This is because the seller is slower to update his belief in the non-Coasian equilibrium due to
the buyer’s type-dependent opt-out behavior, which in turn slows down the seller’s screening process.
Second, the buyer’s ex ante expected payoff is strictly smaller than her payoff in the Coasian equilib-
rium. The inefficient bargaining delay reduces the bargaining surplus, so it undermines the payoff of
both types. In addition, as the price does not decline quickly, the high-type buyer is willing to pay a high
price instead of bearing a real-time delay that would further reduce her payoff.

6.1 Public vs. Private Outside Option

We compare the buyer’s surplus in the private case with that in the public case, and argue that making
the buyer’s outside option private may undermine her interest. Formally, we rank the bargaining game
with public outside option and the bargaining game with private outside option in our model according
to the buyer’s surplus.

12



Definition 1. Suppose that Ex C R is the set of the buyer’s ex ante equilibrium payoff in game A, and
Ep C R is that in game B. The buyer is weakly worse off in game A than game B if and only if (1) for
any e € Ey,e’ € Eg and e < €, and (2) there exists e € E4 and ¢ € Eg such that ¢’ > e.

Notice that the order is partial. In general, two bargaining games may not be comparable. However,
we are able to compare the public case and the private case at the limit where A — 0. In the public
outside option case, the Coasian equilibrium is a unique equilibrium and the buyer’s ex ante payoff is
maximized. On the other hand, there are multiple equilibria in the private outside option case. While
the Coasian equilibrium exists, we show that there also exists a non-Coasian equilibrium in which the
buyer’s ex ante payoff is strictly smaller than the one in the Coasian equilibrium. The argument above is

formalized as follows:

Corollary 1. Suppose that > u* and q(0) < ¢* (1) where u*,q* (1) are specified in Proposition 6. As
A goes to zero, the buyer is weakly worse off in the game where the outside option is private than in the

game where the outside option is public.

Corollary 1 implies that endowing the buyer with the privacy of her outside option may reduce her
welfare. This argument seems counterintuitive: One may argue that an agent can enjoy information
rent by having additional private information. However, in our setting, making the arrival of her outside
option private may create additional strategic uncertainty, thereby slowing down the seller’s screening
process. Consequently, a delay occurs and both the buyer and the seller have to bear the cost of the
real-time delay of trade.

Together, Corollary 1 and Proposition 4 imply that the buyer’s preference regarding the transparency
of her outside option is time-inconsistent: Even though she can maximize her ex ante welfare by com-
mitting to disclose the arrival of the outside option, she prefers not to do so when the outside option
actually arrives. As a result, the buyer’s commitment problem arises as well as the seller’s in a sequential

bargaining setting with an arriving outside option.

Remark 1. While we show that the buyer is weakly worse off in the private outside option case, it
remains to be seen whether the non-Coasian equilibrium described in Proposition 3 gives the buyer the

worst equilibrium ex ante payoff in the private case.

7 Concluding Remarks

In this section, we discuss some limitations and possible extensions of our analysis.
Binary-Type. Although we explain our economic intuition in a binary-type model, we believe it

also applies in more general settings, such as in models with multiple types. In the public outside option
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model, the unraveling property still holds: Any type of buyer will exercise the outside option as soon
as it arrives. Thus, the seller can only screen the buyer before the arrival of the buyer’s outside option.
By applying the technique used in the standard Coase conjecture models, we can fully characterize the
unique equilibrium and show that the Coase conjecture holds. In the private outside option model, if the
buyer types are finitely many, the skimming property still holds, so eventually the continuation games
will become a binary-type model where our results hold. With a continuum of types, on the other hand,
it is an open question whether a non-Coasian equilibrium exists. The key difficulty is that the buyer’s
incentive to exercise her outside option is type-dependent. As a result, the seller’s belief about the buyer’s
type cannot be characterized by the truncated distribution of the original probability distribution.'”

Timing Specification. In the public outside option model, a generalized Coase conjecture holds:
There is no real-time-delay when the seller lacks commitment power. This result is directly driven by
Lemma 2: Upon the arrival of the outside option, the buyer exercises it regardless of her type, and the
seller’s payoff is zero regardless of his belief. However, the validity of Lemma 2 relies on our specifica-
tion of the timing, which requires that the buyer can respond to the arrival of her outside option earlier
than the seller. In the current setting, it is reasonable to assume that the buyer knows her own outside
option and can make her decision before the seller does. However, it is theoretically interesting to know
what will happen under an alternative timing. For example, suppose that the timing is as follows in each
period: (1) the outside option arrives first, (2) the seller makes an offer, and then (3) the buyer decides
whether to exercise the outside option (if it is available) or to accept the offer. Notice that, upon the ar-
rival of the outside option, the continuation game is a special case of Board and Pycia (2014): The seller
charges either vy — @y or v — @p depending on his belief; the buyer either accepts the offer or exercises
the outside option; and the game ends immediately. Consequently, the seller’s payoff conditional on the
arrival of the outside option is decreasing in the belief that the buyer is of the low type, and thus the
original game can be treated as a special case of Fuchs and Skrzypacz (2010) in which the Coase conjec-
ture does not hold. On the other hand, in the private outside option model, the timing specification does
not play a critical role because the seller cannot observe the arrival of an outside option. In general, we
believe that in a sequential bargaining model with arrivals, the equilibrium prediction critically depends
on the timing specification and observability of outside options.

Type-Dependent Arrival. We assume that the arrival rate of the outside option is type-independent.
However, our model can be easily extended to incorporate type-dependent arrival rates. We conjecture
that our main results are robust to type-dependent arrival rates as long as the corresponding parameters

satisfy Assumption 2.

10See Hwang (2013) for additional discussion.
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A Appendix: Omitted Proofs

We first prove Lemmas 1—3. Then we present a proof of Proposition 2 before the proof of Propo-
sition 1 as the construction technique in the proof of Proposition 2 is used in the other proofs. After
proving Proposition 3, we prove the limit result of the equilibria in both the public and private outside

option cases (Proposition 5).

A.1 Proof of Lemma 1

1. We first show that the equilibrium price offer in any history in which the buyer holds an outside
option is no less than vy — ;. Suppose, to the contrary, that there exists an equilibrium where
the seller does offer such a price. Define p <vL— @y to be the infimum of the seller’s offer after
the arrival of the outside option. Then by Assumption 1, there exists € > 0 sufficiently small that
ve — (p+¢€) > max{S(veg — p),we} for 6 = H,L. Let i be the history at which the seller offers a
price p < p+¢&/2. Then both types of buyer must accept the offer as either’s continuation payoff
upon rejection is strictly lower than the value from acceptance. Then, however, the seller has a
profitable deviation to offer p’ = p + €/2 as both types of buyers would still accept p’ for sure,
leading to a contradiction.

2. Recall that when the type-6 buyer does not have an outside option, she can achieve W, by rejecting
the seller’s offers and taking the outside option upon its arrival. Therefore she rejects any price
higher than vy — W, Note that Assumption 1 implies vyz — W > vy — W} > 0. Then the argument,
similar to that in the above paragraph, shows that the seller never offers a price lower than v;, — W;".
|

A.2 Proof of Lemma 2

By Lemma 1, the equilibrium price offer in any history in which the buyer holds an outside option
is no less than v; — @y. Then the low-type buyer must opt out immediately after she receives an outside
option, since the maximum payoff she could get after waiting is no more than d @; and she discounts the
future payoffs (6 < 1). In any equilibrium, the high-type buyer exercises the outside option immediately
as well. Suppose that there exists an equilibrium where the high-type buyer does not opt out immediately.
Then belief g(z) becomes 1 after the arrival, and the argument (similar to that of the previous paragraph)
implies that the equilibrium price offer in the continuation play is never below vy — wy, and because of
discounting the high type strictly prefers to exercise the option immediately, which is a contradiction.
Hence, o1 (/',0) =1 for 8 = L,H as long as o(t) = 1. W
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A.3 Proof of Lemma 3

Given Assumption 2, the proof of Lemma 3 is straightforward from the proof of Lemma 1. B

A.4 Proof of Proposition 2

Equilibrium Construction. We will construct the Coasian equilibrium by using backward induction.
There are two observations. First, recall from Lemma 3 that the seller’s equilibrium offer after any history
isno less than po = vy — W;". Second, we claim that in a Coasian equilibrium, po will be charged when the
belief () is close to 1. Suppose not, then the seller’s payoff is bounded by ¢ () (ve —Wy;) +[1 —¢q(t)]6 po
where vy — Wp; is the highest price that can be accepted by the high type. On the contrary, if the seller
posts po, then his payoff is pg. As ¢(z) — 1, the latter is higher than the former as long as § < 1.

We construct the equilibrium backwardly when ¢(7) is large. The above observations imply that in
any equilibrium, the price offer in the final period equals pg because the low-type buyer would never
accept any offer above pg. Moreover, it implies that the low-type buyer would always opt out once the
outside option is available.

Now consider the equilibrium price in the penultimate period, which we denote as p;. Since the
high-type buyer must be indifferent between accepting p; and waiting for the final offer, the equilibrium
price is determined uniquely. There are two cases. First, if @y < §(vyg — po), then the high type will not

opt out even if the option is available. Then her indifference condition becomes
v —p1 = 06(ve — po),

or p; = (1 —8)vy + dpo. Second, if @y > &(vy — po), then the high-type buyer will accept the outside

option if it is available. In this case the high-type buyer’s indifference condition is given by
v — p1=Awp +(1-24)6(ve — po),

orp=(1-6(1—-A))vg+38(1—A)po—Awy.
Let py be the equilibrium price offer k periods before the final period. Using a similar argument, we

construct a sequence { py} recursively as follows:

o if pp_ <vyg—wy/6, then
pk=(1—0)va+Opi—1. (3)

e if pp_1 > vy —wy/F, then

pk:(1—5(1—QL))VH—FS(]—)L)pk,l—)L(DH. @
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Notice that the {p;} constructed above is increasing and converges to vy — W};. Define k' = min{k :
Pi—1 > vy — @y /8}. Then the high-type buyer takes the outside option if and only if there are k > k’
periods left until the final period. Also note that by Assumption 2, if J is large enough, we have wy <
d(ver — po) = 6(ver — v +W["), so k' > 1 and Phase II exists.

Given the sequence of price offers, we construct a decreasing sequence of beliefs {g;} with go =1
such that in the Coasian equilibrium, the seller offers py if ¢(f) € (qr+1,qx]- We construct {gx} only
with the necessary property that if the seller’s belief is equal to g, then he must be indifferent between
offering p; (which will move the seller’s belief to g 1) and offering p;_; (which will move his belief to
qr—2). As is common in dynamic bargaining models, the single crossing property completes the rest of
the proof: A seller strictly prefers offering py to pi_; if his belief is below g, while he strictly prefers
Pi—1 to py if his belief is above g.

In order to describe the following analysis in a concise way, define (g,q’) to be the acceptance
probability of the high-type buyer by which the seller’s belief changes from g to ¢/, given that both types
of buyers take the outside option. That is,

/

/

q q 1 / qg l—q
= & Blg,q)=1——— -

1—¢ 1-g1-B(g.q) (@.4)

l—q ¢
Similarly, define B’(q,q’) as the acceptance probability of the high type by which the seller’s belief

changes from ¢ to ¢/, given that only the low-type buyer takes the outside option. That is,

/ /
1iq/ = 1 zq 1 _%/(27q/) @B/(Qaq,) =1- &11 q/q (1-2).

First look at the case where k = 1. At g = gy, if the seller offers p;, then the high-type buyer accepts
it for sure, and the low-type buyer opts out if the option arrives; otherwise she accepts pg in the next
period. On the other hand, if the seller offers pg, then both types accept the offer and the game ends
immediately.

(1=q1)p1+q16(1—24)po = po,
S0 ¢ 1s given by
g1 = P1—Po .
p1—86(1—2)po
Note that the high-type buyer accepts p; for certain, so we do not need to consider the high-type buyer’s

behavior regarding the outside option.
For k =2,..., however, the seller’s indifference condition depends on whether the high-type buyer
would opt out if the outside option is available, that is, whether k > k’.

1. If k <k or py_1 < vy — g/ (Phase I): Recall that at ¢ = gy, the seller offers py, in equilibrium
and he is indifferent between offering p; and p;_ . If the seller offers py, then the high-type buyer
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accepts with probability B’(qx,qx_1), and only the low-type buyer takes the outside option. So his
payoff is given by

Vigr) = (1 =) B (qr qr—1)px + (1 — (1 — qi) B (qk, qk—1) — kA )8V (qi—1)

where V(gq) is the seller’s payoff in the Coasian equilibrium when the belief is g. On the other
hand, if the seller offers p;_;, the high-type buyer accepts with a higher probability B’(qx,qr_2)
and only the low-type buyer takes the outside option. In this case, we write the seller’s payoff as
the sum of (1) the payoft from selling the good at price p;_; to the high-type buyer with probability
B(qk,qk—1), and (2) the equilibrium payoff when ¢ = g_:

(1= aq0)Bar ar—1)pr—1+ (1 = (1 = qi) B(qrs qe—1))V (qr—1)-"! &)
Since (1-¢)B(q,q') =1—J and (1-9)B'(¢,q)) = 1 = 1 (1= A(1—¢')), the seller’s indifference
condition is given by

Vigr) = (1=%(1=24+Aq—1))pr+%(1—=2)0V (qk-1) (6)
= (I=%)pr—1+%V(gk-1), 7

where ¥, = %. From (6) and (7), we have

(1=0(1=))nV(gr-1)=1=%(1-A2+Aqx1))(1=0)vu + (A1 —gx—1) — (1 =8)(1 = %)) Pk—1-

8)
Putting (8) into (7), we have
(1=6(1=2)V(ge) = (1 = (1 = A +Aqx—1))(1 = 8)vr + (1 — qr) A8 py—1. ©)
Putting (9) again into (8) and simplifying, we have
VH — Dk—1 (10)

T o= pe )+ (= 2w (U= 1)~ A0 — pe2) (T =i 1)’

2. If k> k' or pr_1 > vy — wy /6 (Phase I): The seller offers p;, which the high-type buyer accepts
with probability B(gx,qx—1) and all types of buyers take the outside option. On the other hand, if
he offers py_1, which the high-type buyer accepts with probability B(gx,qx—2). Similar to equation
(5), we write the seller’s payoff as the sum of the payoff from selling the good at price py_ to the
high-type buyer with probability (gx,qr_1) and the equilibrium payoff when g = g;_.

"t is equal to (1 —gx) B (qr, g—2)pi—1 + (1 = (1 = @) B’ (qx,gx—2) — gx 1) 8V (gi—2) by simple algebra.
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Therefore, the seller’s indifference condition is given by

Vigr) = (1=aq)B(grqx—1)pr+ (1= (1 —qu)B(qr:qx—1) —A)8V (qr—1)
= (I1—qu)B(qr, qr—1)Pk—1+ (1 = (1 —qi) B(qi: 9k—1))V (qr—1)-

Simplifying, we have

Vige) = (1=%)px+n(1—21)8V (gr—1) (11)
= (1=%)p—1+ %V (qr-1). (12)

From (11) and (12), we have
WV (qe—1) = (1= %) (v — pr—1 — Wg) (13)
Putting (13) into (12), we have
Vige) = (1=%)(ve — Wp). (14)
Putting (14) again into (13) and simplifying, we have

(v —Wg) — pr—1
2— Y1) (v —W5) — pi—1

Ye = ( (15)

Because ¥, < 1, % < 1.

Equilibrium Profile. We describe the Coasian equilibrium profile by using {p;} and {gx} as con-
structed above. Let K be an integer such that a decreasing sequence of {g;} goes below the prior ¢(0)
for the first time. That is,

K =min{k : gy < ¢(0) and y; < 1 for all j <k},

where ¥, = -2 Note that if Jj» > 1 for some k', then there is no such K for any prior ¢(0) < g;.. Consider

Gk—1"
a generic case where gx < ¢(0). Then the equilibrium behavior of the Coasian equilibrium is as follows:

e On the equilibrium path, the seller offers a price

pk—1 ifq(t) € [q(0),qx 1],
p(t) = pj if g(t) € (gj+1,q)] for j=1,... ., K -2,
Po if g(t) € (q1,1].
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e Both on and off the path, the high type accepts p(¢) with probability

/

0 if p(
WV H (1) = max{f(q(t),q;),0} if p(t
o P max{pB’(q(),q;),0} if p(
(

S
< (pj,pj+1] fOI‘jz 1,...,K—2;p(l‘) <vyg— oy,
1 if p(t) <

where ¢(r) is consistent with i~
e The high type opts out at period ¢ if and only if p(t) > vy — ©y.

To see the behavior off the equilibrium path, observe that the buyer’s deviation does not change the
continuation play because it is unobservable. Once a seller deviates by charging a “wrong” price at time
t, players are off the path of play. As long as the price is higher than v;, — W/, the low type will decline
it, and the high type will mix between accepting it and rejecting it, and the probability of accepting the
offer ensures that the updated belief g( + A) = g for some k = 1,2, .... To sustain the high-type buyer’s
indifference condition, the seller must find it optimal to randomize between different (equilibrium) prices
at time 7 + A and the probability distribution of the seller’s randomization depends on the deviation price.
The seller’s incentive to randomize over multiple prices is ensured as the belief that the buyer’s type
being low is g(f + A) = g; for some k so that the seller is indifferent between p; and py_;.

Note that the equilibrium profile does not need to specify the behavior when the posterior belief is
less than the prior. This is because, given the equilibrium behavior, the seller’s belief is never less than
the prior after any history.

Existence Condition. It remains to show that there exists an upper bound Az € (0, 1) such that the
Coasian equilibrium exists for any A < As. It suffices to show that for any A < Ag, the sequence of
cutoff beliefs {¢,} is decreasing in k and converges to zero. Since Equation (11) implies that when
Pr—1 < vy — oy /8 (that is, when the equilibrium is in Phase I), {g;} is decreasing in k and converges to
zero. Then it suffices to show that for any & in Phase II, 7, < 1.

Now suppose Y1 < 1 — €. From (10), we have

- VH — Pk—1
L (I =Y-1)vu = A[(1 =Y—1)ver + (1 — qk—1)8 (vt — pr—2)]
VH —Pk—1
= Mntem—k(sqté).
VH
_ 1— _vH— W) _
Set As = é———5—, then %, < 1 —&. Note that limg_,; A5 is bounded away from zero. B
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A.5 Proof of Proposition 1

Recall from Lemma 2 that the game ends as soon as the outside option arrives, and from Lemma 1
that the equilibrium price offer is no less than v, — W;". Because both types of buyers exit the game at
the same rate, the model is essentially similar to the standard sequential bargaining model of Fudenberg
et al. (1985) except that the seller may lose the buyer each time the trade is delayed. Therefore, the
equilibrium construction and the uniqueness argument are straightforward applications of Fudenberg et
al. (1985) in which the players need to take the arrival of the outside option into account, and on the

equilibrium path, the lowest price is v, — W rather than v;. On the equilibrium path,
1. the equilibrium price sequence p(¢) declines over time;

2. the high-type buyer accepts the price with probability B(p) € (0, 1] when the equilibrium price is
ps
3. since B(p(t)) > 0 in each period, the belief ¢() increases over time on the path of play;

4. when the belief ¢(7) is high enough, the seller posts a price v, — W;" and the buyer accepts the offer
regardless of her type.

Since the proof of Proposition 1 is a special case of the proof of Proposition 2, we only provide the
outline of the equilibrium construction here. (It only includes Phase I.)

Constuction of Sequences of Prices and Cutoff Beliefs. The equilibrium screening process is char-
acterized by a sequence of cutoff beliefs {¢;} and a sequence of prices {py} where k € N. When the
seller’s belief is g(7) = g1, he is indifferent between charging po and p, in which

po = vi—W,
p1 = vg—Aog—(1—21)6(vg —vp+W,),and
g = P1—Po

p1—6(1—=2)po.

If g (t) > q1, the seller charges po and the game ends. If ¢ (¢) < g, the seller screens the high type by

charging a higher price.

For k > 2, the equilibrium dynamics is similar to one of Phase I of the Coasian equilibrium in the
private outside option case (Proposition 2): If ¢(7) = g, the seller charges py; only the high type accepts
price p; with probability B;; both types immediately exercise the outside option; the updated belief
q(t+A) = g—. Therefore, the price sequence {py }i>2 is pinned down by (4), and the belief sequence
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{qk }x>2 is pinned down by (15). Finally, the high-type buyer’s acceptance probability f is derived by

the Bayes’ rule:
e
l—gr1 1—ql1-B
Owing to the arrival of the outside option, the cutoff belief g; and the equilibrium price sequence are

different from those in the standard sequential bargaining model. Since the sequence {g;} is unique, for
any initial belief ¢(0) € (0, 1) there is a unique finite K such that ¢(0) € (g, qx—1]-

Equilibrium Profile. The equilibrium behavior of the Coasian equilibrium is as follows:

e On the equilibrium path, the seller offers a price

pr—1 ifq(t) €[q(0),qk-1]
p(t) =1 pj if g(t) € (gj+1,q)] for j=1,... ., K -2,
Po if g(t) € (q1,1].

e The high type accepts p(¢) with probability

(

0 if p(t) > pg—1,

(1)
oi(h" 1 H,p(t)) = max{B(q(r),q;),0} if p()
o max{B'(q(r),q;),0} if p(t)

(1)

1 if p(t

€
€ (pj,pjp1)for j=1,....K—2;p(t) < vy — 0y,
<p

\

]_/
where B(q,q') =1— %}q—,q.

e The low type accepts p(t) only if p(¢) < vy — @ and o(r) = 0.
e Both types exercise the outside option upon its arrival: 65 (',L) = o»(i',H) = 1if o(t) = 1.

The players’ behavior off-the-path of play are specified as in Proposition 2. One can verify that no
player has an incentive to deviate from the equilibrium strategy profile.

Uniqueness. By applying the argument in Lemma 3 of Fudenberg ef al. (1985), we claim that, in
any equilibrium, the price reaches v; — W} in finitely many periods; otherwise, the low type does not
accept the offer in finitely many periods, and there must exist an interval of beliefs [g], g| where g — g can
be arbitrarily small such that the equilibrium belief ¢(¢) does not “jump across the interval” in finitely
many periods. Because (A1, L, p) = 0, the belief ¢(¢) does not go down. Hence, there must exist a
history in which the seller’s equilibrium payoff arbitrarily close to zero. As a result, the seller will be
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better off by charging po = v, — W} to end the game immediately. Hence, the Coasian equilibrium we
constructed is generically the unique PBE.'”> H

A.6 Proof of Proposition 3

We construct a non-Coasian equilibrium to prove the proposition. The equilibrium construction is
an application of the deadlock equilibrium in Hwang (2013), in which the author considers a dynamic
lemon market situation. In the equilibrium, there exist ¢* € (0,1), x > v;, — W} and z € (0, 1), such that

the equilibrium behavior is as follows:

e If ¢(0) > ¢*, then the seller offers v;, — W;" and both types of buyer accept the offer. Bargaining
ends in the first period with probability one.

e If ¢(0) < ¢*, then the game may last more than one period. The equilibrium dynamics exhibit the

following two phases:

1. Phase A lasts as long as the seller’s belief ¢(¢) is smaller than ¢*. The seller offers a price
p(t) higher than x. Responding to that, the high-type buyer accepts the offer with positive
probability and the low-type buyer rejects it. Both buyer types opt out immediately upon
receiving an outside option. In Phase A, the seller’s belief ¢(z) increases over time and his
offer p(t) decreases over time.

2. Phase B begins when the seller’s belief g(r) reaches ¢*. The seller randomizes between
offering v;, —W," (with probability z) and offering x (with probability 1 —z). If p(t) = v, — W/,
the buyer accepts the offer and the game ends with probability one. If p(z) = x, the high type
accepts the offer with probability A and the low type rejects it. Only the low type exercises
her outside option when it arrives. In Phase B, the seller’s belief ¢(r) = ¢* stays the same
since both types of buyer exit the game with the same probability (A). The players use the

same strategy in every period as long as the bargaining continues.

In the following analysis, we pin down the values of the parameters (¢*,z,x) by the players’ incentive

conditions in Phase B. Then we continue to analyze the behavior in Phase A.

Phase B. First, we show that x must be equal to vy — @y . It is easy to verify that x < vy — @y, otherwise
the high-type buyer takes the outside option. Now suppose that x < vy — wy. Offering x4+ € < vy — oy

12In the generic case, ¢(0) € (gk—1,qk), so the optimal equilibrium price is unique. In the non-generic case, ¢(0) = ¢x.
The seller is indifferent between charging pgx and px_; in the first period, which leads to multiple equilibrium paths.
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is then a profitable deviation for the seller, since the high-type buyer’s unique consistent response is to
accept x + € with probability A and not to take the outside option.
Then z is determined by the high-type buyer’s indifference condition

vg —x=08[(1—2)(vg —x)+z(vg — (vp —W})],

or

1-6 Oy
7= - (16)
6 (vu—ap)—(vr—W)
Finally, ¢g* is determined by the seller’s indifference condition
vi—W=(1—¢")Ax+6(1—A1)(ve — W),
. 1-8(1—2 Wy
ooy 080 (W) .
A(VH — (DH)

Phase A. The equilibrium dynamics of Phase A are similar to those in the Coasian equilibrium. Specif-
ically, the equilibrium dynamics are characterized by an increasing sequence of prices {p;} and a de-
creasing sequence of beliefs {4y }, where pp = v, — W}, py =x=vyg — @y, §o =1, and §; = ¢*. Similar
to the proof of Proposition 2, we use the recursive method to construct { p;} and {g} for k > 2.

Since py > vy — wy for any k > 2, both high-type and low-type buyer exercise the outside option
when it arrives. Therefore, the recursive formula is identical to Phase I of the Coasian equilibrium
(Proposition 2), where the price sequence { py }1>2 is pinned down by (4) and the belief sequence {gi }x>2

is pinned down by (15). We restate the recursive equations:

Pk=1-0(1-A))vg+6(1—A)pr_1 — Aan,

and o
o = (vir —Wyp) — Pr—1
2= H-1)(ve —=Wg)) = Pt

where §, = éz_kl‘

Equilibrium Behavior. The equilibrium behavior of the non-Coasian equilibrium is as follows:
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e on the equilibrium path, the seller offers a price

;

PK—1 if q(t) € [¢(0),qx—1],

Pj if g(t) € (§j41,4j) for j=1,..., K =2,
p(t) =3 pi if ¢(1) = ¢ and p(t — A) = po,

vopi+(1—y)opo if q(r)=qi and p(t —A) = pi,

L Ao if ¢(t) € (41,40]-

where K is the integer such that ¢(0) € (gk,qx—1]-

e both on and off the path, the high type accepts p(¢) with probability

(

0 if p(t) > pr1,
Gl(ilt_l,H7p(t)): max{ﬁ(Q(t)7‘?])70} lfp(t)E(ﬁj?ﬁj—i-l]forj:l;'-wl(_zs (18)
max{f’(q(),q1),0} if p(t) € ((1—8)v + 8o, p1l;
1 if p(t) < (1= 8)vi + 8 po.

e the high type opts out at period ¢ if and only if she receives an outside option and p(t) > p; =
vy — 0y.

e the low type accepts the offer if and only if p(#) < po and opts out immediately when she receives
an outside option.

As in the construction of the Coasian equilibrium, once the seller charges a “wrong” price at time ¢,
the players are off the path. When ¢(7) < ¢*, as long as the price is higher than v; — W/, the low type
declines it and the high type accepts it with positive probability, which ensures that the updated belief
q(t+A) =gy for some k = 1,2, ... In order to make the high type indifferent, at time 7 + A, the seller must
find it optimal to randomize between two equilibrium prices and the distribution of the randomization
depends on the deviation price at time 7. The seller’s incentive to randomize is ensured as g(z +A) = g
for some k so that the seller is indifferent between charging p; and p;_.

When ¢(t) = ¢*, after a deviation price p(t), to ensure the high type’s best response is consistent
with (18), the seller’s continuation strategy needs to depend on his deviation price. For example, if
o(t) € (0,1), at time 7 + A, the seller charges vy — g with probability 7' and charges v, — W," with the

complementary probability so that

vy —p(t) = 87 oy + (1 =7 ) (v — v +W).
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Optimality and the Existence Condition. Next we show that there exists a lower bound A 5 < 1 such
that the above equilibrium exists if and only if A > A 5. Similarly to the public outside option case, the
optimality of the profile for ¢ # ¢* is satisfied by the construction of the sequence {g; }.

Thus it remains to verify the seller’s optimality at g = g*. Recall that the seller’s equilibrium strategy
at ¢ = ¢g* is a randomized price offer between x and py. From (18), the high-type buyer’s response to the
seller’s offer p(t) when ¢(t) = ¢* is given by

0 if p(r) > p1,
o1(A™LH, p(t)) = § A if p(t) € (1= 8)ve + 8o, pi],
1 if p(t) < (1—8)va + 8 po.

We check the seller’s optimality for each of the following five ranges of non-equilibrium prices:

1. p > x=vyg —wpg: The seller is better off by charging x since any price greater than x is rejected

for sure.
2. p€((1—=08)vy+ 8pg,x): The seller is better off by charging x.
3. p=(1—38)vy+ 6po: See the paragraph below.
4. p € (po,(1—0)vyg + 6po): The seller is better off by charging (1 — 8)vy + 0 po.
5. p < po: The seller is better off by charging py.

Finally, it remains to show that offering p = (1 — d)vy + 6 po is not profitable. In this case, the high-
type buyer will accept the offer with probability one, and only the low-type buyer (who does not receive

an outside option) will remain in the second period. In that case, the seller’s payoff is given by
(1=¢")(1=8)vy + (v —W)) +q"6(1 = A)(vL — W). (19)

Therefore, the seller does not have an incentive to charge (1 — 6)vy + 8 (v, — W;") if and only if (19) is

no more than v, — W;". Plugging in ¢* from (17) and arranging, we have

(1—5)VH <A ((VH—WH>—5(VL—$1_MWL)) . (20)

For any fixed 8 < 1, the right-hand side of (20) is continuous and increasing in A while the left-
hand side is constant. Note that the right-hand side converges to zero as A goes to zero, and converges to
(v —wg) —8(vp —wpr) as A goes to one. Thus if § is large such that it satisfies wy —dwp < 6(vyg —vr),
there exists A5 < 1 such that (20) is satisfied if and only if A > A 5. Finally, it is easy to check that as 0

becomes arbitrarily close to one, (20) is satisfied with A = 0; that is, limg_,; A5 = 0.
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A.7 Proof of Proposition 4

First, if the arrival is revealed, the continuation game becomes a public outside option case. By the
proof of Lemma 1, the low type’s payoff is bounded by w;. To avoid the cost of delay, the low type
opts out upon the arrival of the outside option rather than revealing it in any equilibrium. As a result, if
there is an equilibrium in which the buyer reveals the arrival on the path of play, she must be treated as
a high-type buyer for sure. However, the seller will leave no rent for her, so her continuation payoff is
oy . By the proof of Proposition 3, the high type’s equilibrium payoff is vy —x = vy — (vg — 0oy ) = oy,
which is greater than the continuation payoff by revealing the arrival, d @y as § < 1. Hence, both types
do not deviate from the deadlock equilibrium; and therefore, the seller has no incentive to deviate either.
By applying the same argument, one can also show that both types do not reveal the outside option in the
Coasian equilibrium. H

A.8 Proof of Proposition 5

Fix any r and p. It suffices to show that there exists A > 0 such that for any A < A, there exists
0> > 0 such that ¥, < 1 — o3 for all k. The rest of the proof is identical to the proof in the standard Coase
conjecture literature, so we provide only a heuristic argument here to illustrate the idea.

e For k=1, in both the public and the private outside option models, we have y; =g = % =
YH_PO . As A goes to zero, 7} — VH—Py_ < 1 where pj; = lim =v; — L .
v —pot 00T g T S Po A—0 PO p

e Forany k € N, py — p; as A — 0 in both the public and the private outside option models.

e When the outside option is private, for k > 1, in Phase II,

v - VH — Pk—1
vie — =1+ (1= Y1) v — A [(L = Y1) v + (1 — qx—1) 6 (vir — pi—2)]
VH—PEk)
% b
(2= Y—1)ve — P§
VH*P(’S

as A goes to zero. Since the function f(x) = ( is convex and has fixed points of 1 and

2—x)vE—p}
1— 20 if y € (1—£2.1), then Yy ) < %

VH

e Similarly, when the outside option is private, for k > 1, in Phase I,

v — W5 —pg

Ye — ; (21)
(2= Y1) (v = Wy") — pg
as A goes to zero, where Wy = limp_, Wj; = uL%—er'
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e When the outside option is public, for £ > 1, the updating of beliefs is identical to that in Phase I

of the private outside option model.
Hence, for any ¢(0), as A — 0, there exists a finite K such that g(0) > g; when k > K. So the proof

is complete. B

A.9 Proof of Proposition 6

As A — 0, equation (20) converges to

rvg < U ((VH —wy)— (vp — WL)> , (22)

r+u
which holds for sufficiently large (. Denote the cutoff arrival rate as pu*. For each u > u*, a deadlock
equilibrium exists as A goes to zero. Furthermore, by equation (17), ¢* (i) = limp_,¢ ¢* is strictly positive
and less than 1. What remains to complete the proof is to show that when ¢(0) < ¢*(u), the equilibrium
has inefficient delay.

As shown in Proposition 3, the equilibrium behavior when the prior ¢(0) is less than g* is as follows.
In Phase A, the seller offers a price higher than x = vy — wp, and the high-type buyer accepts the offer
with positive probability while the low-type buyer rejects it. As a result, the seller’s belief increases
in each period. When the belief reaches the cutoff belief ¢*, the “deadlock™ phase begins: The seller
randomizes between the bargaining-ending offer v, — W;" and the high price offer x; the high-type buyer
accepts x with probability A while the low-type buyer rejects it; only the low-type buyer opts out when
the outside option arrives; and the seller’s belief stays same at g*.

As in the Coasian equilibrium, when A — 0, the real-time delay of Phase A goes to zero, the seller’s
price offer in Phase A converges to x, and the number of periods of the initial phase remains bounded.
So the trade occurs almost immediately at prices close to x until the seller’s belief reaches ¢*.

However, the bargaining delay (in terms of real time) of Phase B does not vanish. Recall from Propo-
sition 3 that when ¢(¢) = ¢*, the bargaining ends with probability z+ (1 —z)A in each period: Bargaining
is ended by 1) the seller’s low-price offer (with probability z), 2) the seller’s high-price offer and the
high-type buyer’s acceptance (with probability (1 —z)(1 —¢*)A); or 3) the low-type buyer’s decision
to opt out (with probability (1 —z)g*A). Hence the expected number of periods of the negotiation is

m. Therefore, as A goes to zero, the expected real-time duration of the negotiation becomes

1
Iim — = Ilim
1—2)A4 1-8 [0) (1-2)2
A—0z+ (1 —72) A0 11 P e R
1
= _— TRl

(ve—on)—(vL—Wf)
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It is straightforward from the above argument that as A goes to zero, the low-type buyer’s surplus

becomes #wL and the high-type buyer’s surplus becomes @y. B

A.10 Proof of Corollary 1

First, vp —W;" is the lower bound of the price in any equilibrium. The low type’s payoff is bounded by
W in any equilibrium. Second, the high type’s payoff is bounded by max{W;;,vy — (vp — W;*)}, which
equals vy — (v, — W;") by Assumption 1. As A — 0, W) — o and vy — (vp, — W) = vy — (v — @1),
which are the low type and the high type’s payoff in the limit of the Coasian equilibrium. Hence, in the
private outside option model, g(0)wy + [1 — ¢(0)][vy — (vp — @r)] is the upper bound of the buyer’s ex

ante surplus. The rest of the proof immediately follows Propositions 5 and 6. B

B Appendix: Large Arrival Probability

Naturally, the players’ bargaining behavior is affected by the probability of the arrival, A. The greater
A is, the higher the chance that the bargaining will end and the seller will receive zero payoff. In this
section, we derive the limit result in both the public and private outside option models as the arrival
probability A goes to 1 by fixing the discount factor. A natural implementation is to fix the discount rate
r and the duration of each period A, but take the arrival rate y to infinity. We will show that in both the
public and private cases, there exists an equilibrium which converges to the equilibrium in Board and
Pycia (2014).

B.1 Public Outside Option

In the following proposition, we characterize the limit properties of the equilibrium in which the

outside option arrives almost surely in each period.

Proposition 7. In the (Coasian) equilibrium, for any 8 € (0,1), as A goes to 1,

1. Ifq(0) < (n _“:’;’1 )__a():IL_wL), the initial price p (0) converges to vy — @y, the high-type buyer accepts

the initial offer with probability one; the low-type buyer exercises the outside option as soon as it

arrives; the game ends in the first period almost surely.

2. If q(0) > Ui 7“3’; )_7 a()ZwaL), the initial price converges to vi — @r; both types of buyer accept the

offer in the first period; and the game ends in the first period with probability one.

Proof. On the equilibrium path, when ¢(¢) > g1, p(0) = v, —W;*. When g(t) € (gx+1,qx| fork=1,2,.....,
the seller charges p(t) = pr. As A — 1, W — @y, so po — vi — o and p; — vy — wy. Similarly,
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q1 — % By equation (4), px — vy — @y for k > 1. Hence, if ¢(0) > %, the seller
believes the buyer is low-type with very high probability, so he will discontinue the screening and the
initial price p(0) — pp as A — 1; As p(0) = pj, the high-type buyer accepts the offer for sure. The
low-type buyer exercises the outside option if it is available. At the limit, the outside option arrives with
probability one in the first period. If ¢(0) < %, the seller would screen the buyer, but the
initial price goes to vy — wy as A goes to 1. Moreover, by Equation (11), » = Z—? —0as A — 1, thus

g2 — 0, which implies that the game ends in at most three periods. 0

The intuition behind Proposition 7 is as follows. When A is large enough, the players believe that the
outside option almost surely arrives in the first period, and therefore, as A goes to 1, the buyer’s willing-
ness to pay converges to vg — @ since lim, _,; Wy = wg. As the buyer will exercise the outside option
once it arrives, the seller’s problem essentially becomes a static price posting problem as A converges to

one:

e When ¢(0) is large, the seller charges a low price that is accepted by both types, so the game ends

immediately, and

e when ¢(0) is small, the seller initially charges a high price and targets only the high-type buyer.

When A = 1, our model is a two-type analogy of Board and Pycia (2014). They consider a bargaining
model where the buyer has the outside option in the beginning of the negotiation. They show that there is
a unique equilibrium in which the seller posts a constant take-it-or-leave-it “generalized static monopoly”
price in each period, and the buyer either takes the offer or opts out in the first period. Proposition 7 says
that given a fixed &, when the arrival of the outside option is public, the equilibrium correspondence is

continuous at A = 1.

B.2 Private Outside Option

In the private outside option model, when A is close enough to 1, there exists no Coasian equilibrium,

but there exists a non-Coasian equilibrium specified by Proposition 3.

Corollary 2. Fix 6 € (0,1). As A goes to zero, the limit properties of the equilibrium specified by

Proposition 3 are given as follows:

1. Ifq(0) < r _a:i’l )__a();L_wL), the initial price p (0) converges to vy — @y the high-type buyer accepts

the initial offer with probability one; the low-type buyer exercises the outside option as soon as the

outside option arrives; and the game ends in the first period almost surely.

2. If q(0) > (s _a:’; )__ a()IViL_wL), the initial price converges to vi — @p; both types of buyer accept the

offer in the first period; and the game ends in the first period with probability one.

30



Proof. By Equation (11) again, the real-time delay of Phase A goes to zero as A — 1. In Phase B, the
(v —0n)—(vL—0L)
Vg — 0Oy
that the low type receives and exercises the outside option in the first period goes to zero. In addition,

limits of ¢* and x as A — 1 are and vy — @y respectively. As A — 1, the probability

the probability that a high type accepts price x is § = A, which goes to one. [

31



References

[1] Board, S., and Pycia, M. (2014): “Outside Options and the Failure of the Coase Conjecture.” Amer-
ican Economic Review, Vol. 104, pp. 656-671.

[2] Calzolari, G., and Pavan, A. (2006): “On the Optimality of Privacy in Sequential Contracting.”
Journal of Economic Theory, Vol. 130, pp. 168-204.

[3] Faingold, E., Liu, Q. and Shi, X. (2012): “Bargaining with Experimentation.” Unpublished
Manuscript.

[4] Fuchs, W., Ory, A., and Skrzypacz, A. (2012): “Transparency and Distressed Sales under Asymmet-

ric Information.” Working Paper, University of California Berkeley.

[5] Fuchs, W., and Skrzypacz, A. (2010): “Bargaining with Arrival of New Traders.” American Eco-
nomic Review, Vol. 100, pp. 802-836.

[6] Fudenberg, D., Levine, D., and Tirole, J. (1985): “Infinite-Horizon Models of Bargaining with One-
Sided Incomplete Information” in Game-Theoretic Models of Bargaining, ed. by Alvin E. Roth,
Cambridge, UK: Cambridge University Press.

[7] Fudenberg, D., and Tirole, J. (1991): Game Theory. MIT Press.

[8] Gul, F.,, Sonnenschein, H., and Wilson, R. (1986): “Foundations of Dynamic Monopoly and the
Coase Conjecture.” Journal of Economic Theory, Vol. 39, pp. 155-190.

[9] Horner, J., and Vieille, N. (2009): “Public vs. Private Offers in the Market for Lemons.” Economet-
rica, Vol. 77, pp. 29-69.

[10] Inderst, R. (2008): “Dynamic Bilateral Bargaining under Private Information with a Sequence of
Potential Buyers.” Review of Economic Dynamics, Vol. 11(1), pp. 220-236.

[11] Hwang, I. (2013): “A Theory of Bargaining Deadlock.” PIER Working Paper 13-050.

[12] Kaya, A, and Liu, Q. (2014): “Transparency and Price Formation.” Theoretical Economics, forth-

coming.

[13] Kim, K. (2014): “Information about Sellers’ Past Behavior in the Market for Lemons.” Working

Paper, University of Iowa.

[14] Krasteva, S., and Yildirim, Y. (2012): “On the Role of Confidentiality and Deadlines in Bilateral
Negotiations.” Games and Economic Behavior, Vol. 75, pp. 714-730.

32



[15] Krasteva, S., and Yildirim, H. (2014): “Information Acquisition and Strategic Sequencing in Bilat-
eral Trading: Is Ignorance Bliss?” Working Paper, Duke University.

[16] Swinkels, J. (1999): “Education Signalling with Preemptive Offers.” Review of Economic Studies,
Vol. 66, pp. 949-970.

[17] Taylor, C. (2004): “Consumer Privacy and the Market for Customer Information.” RAND Journal
of Economics, Vol. 35, pp. 631-650.

33



	Introduction
	Model
	Public Outside Option
	Private Outside Option
	Coasian Equilibrium
	Non-Coasian Equilibrium

	Buyer's Incentive to Disclose the Outside Option
	Transparency of the Outside Option with Frequent Offers
	Public vs. Private Outside Option

	Concluding Remarks
	Appendix: Omitted Proofs
	Proof of Lemma 1
	Proof of Lemma 2
	Proof of Lemma 3
	Proof of Proposition 2
	Proof of Proposition 1
	Proof of Proposition 3
	Proof of Proposition 4
	Proof of Proposition 5
	Proof of Proposition 6
	Proof of Corollary 1

	Appendix: Large Arrival Probability
	Public Outside Option
	Private Outside Option


