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Abstract

Building models for high dimensional portfolios is important in risk management and asset
allocation. Here we propose a novel and fast way of estimating existing models of time-varying
covariances that overcome an undiagnosed incidental parameter problem which has troubled
existing methods when applied to hundreds or even thousands of assets. Indeed we can handle
the case where the cross-sectional dimension is larger than the time series one. The theory of
this new strategy is developed in some detail, allowing formal hypothesis testing to be carried
out on these models. Simulations are used to explore the performance of this inference strategy
while empirical examples are reported which show the strength of this method. The out of
sample hedging performance of various models estimated using this method are compared.

Keywords: ARCH models; composite likelihood; dynamic conditional correlations; incidental
parameters; quasi-likelihood; time-varying; covariances.

1 Introduction

The estimation of time-varying covariances between the returns on hundreds of assets is a key input

in modern risk management and asset allocation. Typically this is carried out by calculating the

*An earlier version of this paper was circulated in 2008 under the same title but with authors Engle, Shephard
and Sheppard.



sample covariance matrix based on the last 100 or 250 days of data or through an exponential
smoother. When these covariances are allowed to vary through time using ARCH-type models, the
computational burden of likelihood based fitting is overwhelming in very large dimensions, while
the usual two step quasi-likelihood estimators of the dynamic parameters indexing them can be
massively biased due to an undiagnosed incidental parameter problem even for very simple models.
In this paper we introduce novel econometric methods which sidestep both of these issue allowing
richly parameterised ARCH models to be fit in vast dimensions, which potentially can be much
larger than the time series dimension.

Early work on time-varying covariances in large dimensions was carried out by Bollerslev (1990),
where the volatilities of each asset were allowed to vary through time but the correlations were time
invariant. Surveys of more sophisticated models are given by Bauwens, Laurent, and Rombouts
(2006), Silvennoinen and Terasvirta (2009) and Engle (2009a).

The only econometric work that we know of which allows correlations to change through time in
vast dimensions is that of RiskMetrics by J.P. Morgan released in 1994, the DECO model of Engle
and Kelly (2012) and the MacGyver estimation method of Engle (2009b). Engle and Kelly (2012)
assume that the time-changing correlation amongst assets is common across the cross-section of L
assets, allowing the log-likelihood to be computed in O(L) calculations. However, that model is
quite restrictive since the diversity of correlations is often the key to risk management.

The RiskMetrics estimator of the conditional covariance matrix is parameter free. Formally
this is a special case of the scalar integrated BEKK process discussed by Engle and Kroner (1995).
It has been widely used in industry and was until recently the only viable proposed method.

An alternative method was suggested by Engle (2009b) where he fit many pairs of bivariate
estimators, governed by simple dynamics, and then took a median of these estimators. This method
requires O(L?) calculations, is not invariant to reparameterisation and formalising this method in
order to conduct inference is difficult. Our method has some similarities to the Engle (2009b)
strategy but is more efficient and is invariant.

A further set of papers advocate methods which can be used on moderately high dimensional
problems, such as 50 assets. The first was the covariance targeting and scalar dynamics BEKK
model of Engle and Kroner (1995), the second was the DCC model introduced by Engle (2002) and
studied in detailed by Engle and Sheppard (2001) — recent developments in this area include Aielli
(2013) and Engle (2009a). When these methods have been implemented in practice, they always use
a two stage estimation strategy which removes an enormously high dimensional nuisance parameter
using a method of moments estimator and then maximises the corresponding quasi-likelihood func-

tion. We will show that even if we could compute the quasi-likelihood function for these models



in dimensions of many hundreds, the incidental parameter problem causes quasi-likelihood based
inference to have economically important biases in the estimated dynamic parameters.

Our approach is to construct a type of composite likelihood, which we then maximise to deliver
our preferred estimator. The composite likelihood is based on summing up the quasi-likelihood of
subsets of assets. Each subset yields a valid quasi-likelihood, but this quasi-likelihood is only mildly
informative about the parameters. By summing over many subsets we can produce an estimator
which has the advantage that we do not have to invert large dimensional covariance matrices. We
provide a proof of the consistency of the composite likelihood estimator in the presence of incidental
parameters and show that the estimator is asymptotically normal. Multivariate volatility modelling
is typically applied to datasets that have long time-series dimensions but a much smaller number
of assets. An important implication of our study then is that the scope of multivariate volatility
modelling now encompasses both fixed-N large-T and large-IN large-T" panels.

The theoretical analysis is general in the sense that it focuses on a generic likelihood estimation
problem for large-IN large-T nonlinear dynamic panels with incidental parameters. In this part, we
build upon Pakel (2014) who analyses the first-order bias of the integrated composite likelihood
estimator under different types of dependence. We extend their results for the strong dependence
setting by allowing for a vector-valued nuisance parameter.

Our approach can also be used in the context of more structured models, which impose stronger a
priori constraints on the model. Factor models with time-varying volatility are the leading example
of this, e.g. King, Sentana, and Wadhwani (1994), Fiorentini, Sentana, and Shephard (2004), Engle,
Ng, and Rothschild (1990) and Rangel and Engle (2012).

The structure of the paper is as follows. In Section 2 we outline the model and discuss alterna-
tive general methods for fitting time-varying covariance models. We also discuss the usual use of
covariance targeting, which helps us in the optimisation of the objective functions discussed in this
paper. In Section 3 we discuss the core of the paper, where we average in different ways the results
from many small models in order to carry out inference on a large model. We show this method has
a hidden incidental parameter problem and that the use of composite likelihoods largely overcomes
this problem. The formal theoretical analysis and the main results are presented in Section 4. Sec-
tion 6 provides a Monte Carlo investigation comparing the finite sample properties of our estimator
with the quasi-maximum likelihood. Section 7 illustrates our estimator on 95 components of the
S&P 100, finding evidence of both qualitative and quantitative differences. We extend this analysis
to cover 480 components of the S&P 500. In Section 8 we discuss some important additional topics.

Section 9 concludes, while the Appendix contains proofs.



2 The framework

Our primary objective is large scale modelling in a statistically parsimonious and computationally
efficient fashion. Let 7y, be the (log) return on individual asset [ at time ¢, where [ = 1,..., L and
t =1,...,T. Data are assumed to exhibit both time and cross-section dependence. Typically, the

interest would be on estimating the time-varying conditional covariance matrix,
Cov(r| Fi—1) = Hy,

where 7 = (r1t,...,rr¢) , F¢ is the information set at time ¢ and E[ry|F;—1] = 0. H; is modelled

parametrically, indexed by a parameter vector 1. Two examples are below.
Example 2.1 The scalar BEKK (Baba, Engle, Kraft and Kroner) model,
H=01-a-8)Y+ar_r,_y+BHi—1, a>0, B>0, a+p<1,

which is a special case of Engle and Kroner (1995). Typically, this model is completed by setting
Hy = X. Hence, ¥ = (X,0"), where X = vech(X) and 6 = (o, B)".

Example 2.2 Nonstationary covariances with scalar dynamics, Hy = ary_1r;_; + (1 — a)Hy_1,
a € [0,1). A simple case of this EWMA dynamics is RiskMetrics, which puts o = 0.06 for daily
returns and 0.03 for monthly returns. Inference is typically made conditional on A = vech(Hy),

which has to be estimated. Therefore, 1 = (X, 0)’, where A = vech(Hy) and 6 = a.

Section 5 discusses the popular Dynamic Conditional Correlation (DCC) model of Engle (2002).
Estimation in these multivariate GARCH style models gets increasingly complicated as L increases.
To illustrate, consider the popular setting of Gaussian normality where ry|F;_1 ~ N (0, H;), where
0 is a (L x 1) vector of zeroes. Then, the quasi-likelihood is given by

T

1 1 _
log L(¢;r) = Zé(w;rt), where (1) = —ilog |Hy| — §r2Ht Uy (1)
t=1

/

with r» = (r{,...,77)". Estimating ¢ by the maximum likelihood method using (1) is prone to
several issues in high-dimensional models. The first problem is the modelling of H; which has O(L?)
parameters. Although this curse of dimensionality issue could be solved by parameter reduction
methods, such as factor modelling, there still remains a computational issue: the solution to the
optimisation problem will not exist in closed form, requiring numerical optimisation. This in turn
implies that H, ! will have to be calculated for each ¢, and many times until the numerical optimiser

converges; a daunting task even for moderate L as the computational load is O (L3). This paper’s

objective is to side-step these issues.



In these examples, the parameter vector ¥ was divided into two parts: A and 6. Typically pa-
rameters that govern the volatility dynamics (6 in our examples) would be considered as parameters
of interest while the remaining parameters, A, would be considered nuisances. The dimension of
the nuisance parameter is an important issue. In Example 2.1, ¥ has L(L + 1)/2 free parameters,

which will be vast if L is large. Similar issues arise in many multivariate models.

2.1 Empirical illustration

Here we estimate the models given in Examples 2.1 and 2.2 (and the DCC model discussed in
Section 5) using data for all companies at one point listed on the S&P 100, plus the index itself,
over the period January 1, 1997 until December 31, 2006 taken from the CRSP database. This
database has 124 companies although 29, for example Google, have one or more periods of non-
trading, (e.g. prior to IPO or subsequent to an acquisition). Selecting only the companies that have
returns throughout the sample reduced this set to 95 (+1 for the index). This means T' = 2,516 and
L <96. To allow L to increase, which allows us to assess the sensitivity to L, we set the first asset
as the market and the other assets are arranged alphabetically by ticker (for stocks that changed
tickers during the sample, the ticker on the first day of the sample was used). The estimated 6
parameters from an expanding cross-section of assets are contained in Table 1. Throughout @ is
estimated using the conventional multistep procedures for each model, which we refer to as 2MLE

here and spelt out later in the paper.

S&P 100 Components S&P 500 Components
Scalar BEKK | EWMA DCC Scalar BEKK DCC

L & B & & B L & B & B
51 .0189 .9794 .0134 | .0141 .9757 5] .0261 .9715 | .0101  .9823

10 | .0125  .9865 .0103 | .0063 .9895 25 | .0080 .9909 | .0030 .9908
25 | .0081  .9909 .0067 | .0036 .9887 50 | .0055 .9932 | .0018 .9882
50 | .0056  .9926 .0045 | .0022 .9867 || 100 | .0034 .9934 | .0015 .9524
96 | .0041 .9932 .0033 | .0017 .9711 || 250 | .0015 .9842 | .0020 .5561
480 | .0032 .5630 | .0013 .2556

Table 1: Parameter estimates from a covariance targeting scalar BEKK, EWMA (estimating Hy)
and DCC using mazimum m-profile likelihood (2MLE). Based upon a real database built from daily
returns from 95 companies plus the index from the SEP100, from 1997 until 2006. The same
analysis is also reported on 480 components from the S&P 500 over the same time period.

The empirical results suggest the increasing L destroys the 2MLE as « falls dramatically as
L increases. These results will be confirmed by detailed simulation studies in Section 6 which
produce the same results by simulating BEKK or DCC models and then estimating them using
2MLE techniques. In addition Section 7 suggests the 2MLE parameter values when L = 96 are
poor when judged using a simple economic criteria.

These results are reinforced by an empirical study using the same type of database, but now



based on the corresponding components of the S&P 500. Including the index this produces a
dataset with L = 480. The results in Table 1 show dramatic distortions — where the estimated S
also crash towards zero as L increases.

We now turn to our preferred estimator which allows L to have any relationship to T'.

3 The composite likelihood method

3.1 Main ideas

Our strategy in dealing with these statistical and computational issues will be to use a composite
likelihood. The main idea behind this is that if the joint density is difficult to specify or to work
with, then one can instead use an approximation based on lower dimensional marginal densities.

This idea can be traced back to Lindsay (1988).! The simplest composite log-likelihood is given by

S 0 ), (2)

where Zthl {(1); 7k¢) is the log-likelihood for the I** individual. Obviously, if data are independent
across L, then (2) coincides with the true joint likelihood function.? In this study we will focus
on composite likelihoods constructed from bivariate marginal densities. The objective is to obtain
a consistent and computationally fast valid estimator of the parameter of interest by reducing
the dimensionality of the problem from L to 2. Beyond computational gains, estimation based
on lower dimensional marginal densities is also useful in a robustness sense: one is more likely
to misspecify the more complicated joint density compared to the simpler univariate or bivariate
marginal densities (Xu and Reid (2011)). Hence, composite likelihood estimation is potentially
more robust to misspecification. There will, of course, be some efficiency loss. However, this would
very much depend on the particular model at hand.

We now introduce the notation. Let the pairs of observations be given by Y = (7,4, 7jyt)
where (j1,j2) € {1,...,L}? and j1 # jo for all j = 1,..., N. Obviously, all cases where (r;,¢,7i,¢) =
(rjy¢,7jp¢) and @ # j are ruled out, in order to exclude redundant pairs from analysis. N depends
on the particular sampling approach. For example, if all unique bivariate pairs are considered, then

N = L(L — 1)/2. Another possibility is to take all (or some) contiguous pairs:

Yie = (ri,m2e), Yoo = (roe,73)s--- Yne = (Tr—1,6,7L,1),

where N = O(L). These samples are studied here, though other sampling strategies are interesting.

!See also Cox and Reid (2004), Varin and Vidoni (2005), Varin (2008) and Varin, Reid, and Firth (2011).

2This type of marginal analysis has appeared before outside the time-series statistics literature. Examples include
Besag (1974) in his analysis of spatial processes, Fearnhead (2003) in bioinformatics, deLeon (2005) on grouped data,
Kuk and Nott (2000) and LeCessie and van Houwelingen (1994) for correlated binary data. Cox and Reid (2004)
discuss this problem in the non-time-series case.



Implicit here is that for each pair j the lower dimensional likelihood £(6, \;;Y};) are such that

is a consistent estimator of the (pseudo) true parameter vector (6y, Ajo) as 7" — oo. In other words,
in our particular case, the bivariate likelihood functions carry enough information to consistently
estimate (0g,\jo). However, more information can be obtained by using the composite likelihood

function, formed by averaging across all pairs in the sample:

N T
CLnT(¥) = 37 Z > 4540, 25) (3)

j=1t=1

where €;;(0, ;) = €(0,);;Yj;). What is essentially being done here is pooling the information in
the dataset in order to estimate (g, \jo), without having to use the complicated full likelihood
function. Hence, using the whole information pool for estimation is now much cheaper in terms of
computational costs. Another advantage is that in short panels, where time-series variation is not
sufficient, the individual specific parameter Ajp might be poorly identified, due to an almost flat
score function. Averaging across pairs would improve the curvature of the score and, thus, improve
identification of the pair-specific parameter.

Depending on the particular sampling strategy, computational gains can be substantial. Evalu-
ation of C Ly (¢) costs O(N) calculations. In the case where all distinct pairs is used, this means
that the CL costs O(L?) calculations - which is distinctively better than the O(L3) implied by
the full likelihood, based on the joint density. One can also use the subset of contiguous pairs or
an economically motivated selection like the so called “beta CL” discussed in Section 8.1 which is
based on all pairs involving the market index returns. Both of these would cost O(L) calculations.
When it comes to constructing the composite likelihood function, another alternative is to choose
only O(1) pairs, which is computationally faster. It is also tempting to randomly select N pairs
and make inference conditional on the selected pairs as the selection is strongly exogenous. We will
see in a moment that the efficiency loss of using large, but ultimately only O(1) numbers of subsets

compared to computing all possible pairs can be extremely small.

3.2 Parameter Space for \;

A peculiar feature of \; is that, there is no guarantee that there will be no links between \; and
Aj for different values of i and j. For instance, in the scalar BEKK model of Example 2.1, for

Yi: = (r1¢,72¢)" and Yo = (ros, 73¢), one has

A= (211,221, 822)"  and Ay = (Za2, Xa2, X33)’.



Although it is possible to make gains in estimation by using these links, extension towards
this direction would not be trivial. Therefore, we leave this interesting avenue for future research.
Then, the explicit assumption is that Ajo are variation free (Engle, Hendry, and Richard (1983)),
in the sense that (A,...,An) € Ay X ... x Ay, where A; is the parameter space for \;. In the BEKK

example this is achieved by having no pairs that contain the same 7.

Remark 1 Ignoring possible links means that estimation for \; should be carried out based solely
on the time variation for the j" pair, using Yi1,....Yjr. Thus the variation-free structure requires
that A\; is identified using the Gt submodel’s likelihood, given knowledge of 8. For many models this
will be the case, e.q. an unstructured 3 in a scalar BEKK model. If a factor model is imposed on

¥ however, some care needs to be taken that dim(Yj;) is larger than the dimension of the factor.

Of course, this risks efficiency loss. However, our experiments which use cross-submodel con-

straints, not reported here, indicate that the efficiency loss in practice is tiny when N is large.

3.3 Theoretical framework: nonlinear and dynamic panels with incidental pa-
rameters

Although the primary focus of this study is volatility modelling, the theoretical setting considered

here has a general scope as the analysis is based on a generic likelihood estimation problem. In

Section 4, we will make specific assumptions on the dependence structure of data, smoothness

properties of the likelihood function and the existence of moments. However, the main theoretical

results will not be with respect to a particular model, such as BEKK or DCC.

The estimation problem of this paper belongs to the more general class of estimation in the
presence of incidental parameters in a nonlinear and dynamic panel data model with large- N large-
T asymptotics. To illustrate, let the full joint likelihood function be given by £(0, A1,..., An;Y)
where Y is the (N x T) data matrix. Then, the concentrated (or profile) likelihood estimator,

based on the joint density, is given by

T
0= argrgngaé(((ﬁ, A(0), ..., AN(0);Y)  and  Aj(F) = arg ff?ii ;é(@, s Yit), (4)
In the case of the composite likelihood method, we accordingly have
N T T
0 = arg rglezg(; ; C;i(0,0(0)) and  \;(0) = arg pnax 2 00, Nj; Yje), (5)

Here, A1, ..., A\ are called the incidental or nuisance parameters. It is well known that estimation in
this setting is prone to the incidental parameter issue, first analysed by Neyman and Scott (1948).

There is a rich literature dealing with this issue in statistics (e.g. Barndorff-Nielsen (1983), Cox



and Reid (1987), McCullagh and Tibshirani (1990) and Sartori (2003)). A classic reference in
econometrics is Nickell (1981). Recently, there has been a particular interest on this problem in
the microeconometrics literature, within the framework of estimation in the presence of unobserved
heterogeneity (e.g. Hahn and Kuersteiner (2011), Hahn and Newey (2004), Carro (2007), Arellano
and Bonhomme (2009), Bester and Hansen (2009), Ferndndez-Val (2009), Dhaene and Jochmans
(2011) and Pakel (2014). Lancaster (2000) and Arellano and Hahn (2007) provide detailed surveys).
We will adopt a similar theoretical setting as in and build upon Pakel (2014) who allows for both
serial and cross-section dependence, which is appropriate for financial data.

The classical incidental parameter bias in large- N large-T panel data models under cross-section
independence is asymptotically non-vanishing in the following sense: the estimation error associated
with each \; gets accumulated in Z;V:1 SO 448, 7;(0)) (the joint likelihood function under cross-
section independence) as N — oo. Then, as N,T — oo, despite the increasing information from
the time-series dimension, the accumulated estimation error remains sufficiently large, leading to
VNT (6 —0y) 4N (B,Q),B=0(/N/T)as N,T — oo, where ( is some asymptotic covariance
matrix. This necessitates the use of bias correction methods. An important distinction of our paper
is that, under the dependence setting considered here, this bias turns out to be an asymptotically
vanishing time-series small-sample bias. Of course, some bias correction might still be desirable in
small samples, but, as the simulation results later reveal, this is not required for the sample sizes
we consider.

In volatility modelling, often we can side step the optimising over A by concentrating at some
moment based estimator X, by using the covarince-targeting idea of Engle and Mezrich (1996). In
the particular case of Example 2.1, they suggest using S=7"1 Zle 7y in which case = vech(i).
By the same idea, in Example 2.2 one can put Hy=T"1 Zle ryry and = vech(ﬁo).B’ Appropriate
two-step estimator versions of (4) and (5) are then given by

Gzarglerlg%(é(ﬁ,)\l,...,)\N;Y) and azargr&agZZejt(e,Aj),

respectively. These estimators are not concentrated likelihood estimators anymore, since 5\j are not
likelihood based. Instead, they can be considered as two-step GMM estimators (see Newey and
McFadden (1994)). We will provide the theory for the concentrated likelihood estimator, but will
use the moments based approach in applications. Note that in large samples the two approaches

are expected to deliver similar results. In what follows, we refer to (4) as 2MLE. In the case of (5),

3When we use quasi-likelihood estimation to determine o in the EWMA model a significant problem arises when
K is large for & will be forced to be small in order that the implied Hy has full rank— for a large o and large K will
imply H: is singular. This feature will dominate other ones and holds even though element by element the conditional
covariance matrix will very poorly fit the data.



L  2MLE 2MCLE | 2MSCLE
) 24s 0.1s 0.2s
25 46s 2.1s 0.2s
50 | 2m 10s 10s 0.5s
100 | 1h 50m 39s 0.8s
250 | 15h 11m || 4m 7s 1.6s
480 | 85h 33m || 18m 6s 4.5s

Table 2: CPU time required to estimate a covariance targeting scalar BEKK on the assets of the
SEP 500. All models were estimated on a 2.5GHz Intel Core 2 Quad.

2MCLE corresponds to the case where all unique bivariate pairs are used, while 2MSCLE is the CL
estimator based on contiguous pairs. We finish this part by presenting some computational times
for a problem based on modelling up to 480 assets (Table 2). Clearly, the concentrated likelihood
approach does deliver in terms of computational efficiency. A detailed discussion of this will be

given in Section 7.4.

4 Dependence structure and large sample theory

4.1 Dependence setting

The main idea underlying the dependence setup is mixing-type dependence across time and a
strong-type of cross-sectional dependence. The essence of mixing is that although a mixing random
variable is not independently distributed, dependence between observations at two points in time
vanishes as the time distance increases.

Mixing is a property related to the sigma-algebras generated by random variables. Therefore,

we start by defining some relevant sigma-fields:

t 00
]:j,foo - U("'vYJ}t—lejt)v git+m — o (Yjttms Yjttm+1s ),

£
-;C'Z‘jy—oo = U() }/%,tfla Yj7t71, }/%ta th)) -E?]?t+m = U(Yi,t+ma Yj,t+ma Yi,t+m+1; Yj,t+m+1; )

Note that the sigma-field generated by some sequence of Yj; will essentially be a sigma-field gen-
erated by a corresponding sequence of rj;. For example, ]-']4’_Oo = O (ceey Ty =15 Tjo,t—15 Tjrts Tjot) a0d

]:]O’?_i_m - U(Tj1,t+m+1’ Tj27t+m+1a le Jt+m—42, Tj27t+m+2) )

Definition 4.1 (a-mixing) For two events G € G and H € H, where G and H are some sigma-
fields, the a-mizing coefficient is defined as o(G,H) = sup{|P(GNH) - P(G)P(H)|: G € G,H €

H}. A random sequence {th}thl is called a-mizing if iy, o0 supy a(F} _ o, F£o4,,) = 0.

As we focus on a panel of random variables, we have to consider some slightly more compli-

cated dependence structures. For example, what is the magnitude of dependence between Y;; and

10



Yj++m (as opposed to the magnitude of dependence between observations on the same pair at
different points in time, e.g. Yj; and Y; +ym)? Therefore, it is necessary to introduce the follow-
ing mixing coefficients: «; j(m) = supta(]:fﬁoo,]:ﬁer), Qi p(m) = supta(ffj7,m,f,§3+m) and
a; jk(m) = supta(]:fﬁoo,]-".o,j,prm), where i,j,k = 1,...,N. Intuitively, o; ;j(m) measures the de-

J

pendence between m-period apart observatons on pairs ¢ and j (note that in what follows, we use
a;(m) = aj(m) = a;;(m) whenever i = j). On the other hand, ;;(m) measures the depen-
dence between m-period apart observations that belong to (i) the sigma-field generated by pairs
i and j together and (ii) the sigma-field generated by pair k. Such coefficients will be useful for
understanding the dependence properties of non-standard covariances, such as Cov(ri,¢7jyt, Tk, t)-

These mixing coefficients are slightly different from the usual ones, such as a;(m) which controls
the dependence structure for a single time-series only. Our modification is due to the necessity that
in financial panels one has to allow for dependence between observations on two different pairs
that are m units apart in time. If lim,, oo c; j(m) = 0, then this dependence is restricted to be
of a-mixing type. Therefore, for instance, the daily return on the IBM equity at time t is allowed
to have a mixing-type dependence with the return on the JP Morgan equity at time ¢ + m. The
essential idea is that dependence between any two observations is determined entirely by their
time distance, independent of the cross-sectional indices. Implicitly, the only assumption made on
contemporaneous cross-section dependence is that it is finite uniformly across all pairs and time
periods, which allows for strong dependence across cross-section. Dependence can be weakened by

assuming some form of weak dependence across cross-section but we do not pursue this route here.

4.2 Assumptions

We consider a multidimensional setting where dim(\;) = P and dim(f) = R. The (pseudo) true
parameter values are given by (Mg, ..., Ano) and 0y. In what follows, we use the following short

hand notation:

T N
1 1
Cir(0,))) T§ :e]t 0,7, InT(6,)) = ﬁ;—l: ;1: (0, 0)
(0, M0 6@ 0, \(6 020, M0 ——626 0. \(0

2 N a
ajae,eme 5O, BH0.70)) = 00

N d 0O N
A
Therefore, partial differentiation is denoted by superscripts, while total derivatives are denoted by
the gradient operator V. Whenever a term is evaluated at (6, Ajo), the arguments are dropped for

conciseness. Hence, for instance, £;7 = £;7(0o, \jo). Also, all moments are evaluated with respect

11



to the true underlying density.
A further likelihood concept, which we use as the theoretical benchmark in the asymptotic
expansions, is the target likelthood. The target likelihood estimator is given by
N T T

0 = arg maXZ > (0, r(0))  and  Ajp(B) = arg max » E[L(8, Aj; Vi) (6)

>‘J6J_

This looks similar to the concentrated likelihood estimator. However, a major difference is that
A\jr(0) is an infeasible quantity as it depends on 6 and Ajo, as well as 0. In essence, 5\]-(9) is
an estimator of A\;r(6). Consequently, £;(6, 5\](9)) can be shown to be asymptotically equivalent
to £;1(0, \;7(0)). Importantly, A\j7(6p) = Ajo and the target likelihood is maximised at 6. See
Severini and Wong (1992) for a more detailed discussion.

We use the following notation to denote likelihood derivatives of any order: Let r = {r1,...,rr}
and p = {p1,...,pp} be sets of R and P non-negative integers where |r| = Zf (riand |p| = Zf:l Di-

\ dllri+leD e, (8,1 \
Then, define f(rp( A) = - dGTde;tl( ..... c)l/\pp Hence, for example, f(rp (0, \) where |r| + |p| =1

yields the set of all first order derivatives. Similarly, the same term evaluated across all (r,p)
such that |r| + |p| < 2 yields all derivatives up to and including the second order. As a final
example, consider f, (r.p) (0, A) where |r| =0 and |p| < 3: this encompasses all the derivatives of the
likelihood function with respect to A up to and including the third order. Notice that f (9 A)
where |r| + |p| = 0 gives back the likelihood function. Finally, for any (r,p) let f](:’p 0,\) =

FP0.0) — EL£77(0, ).

Assumption 4.1 (i) A € A and 6 € © where A and © are compact convex subsets of RY and RE,
respectively; (ii) N and T tend to oo such that N/T — ¢ where ¢ is some positive finite constant;
(iii) L5 (0,\) € C® for all j and t, where C¢ is the class of functions whose derivatives up to and

including order ¢ are continuous.
Assumption 4.2 (i) For all (6/,)'), (8”,\") € U = © x A we have
‘gﬂ(elv )‘/) - gjt(ellv )‘”)| < C(th) H(0/7 )‘/) - (0//7 )‘//)H )

where c(-) is a measurable function of Yy, and sup;,E[[c(Yj)|] < oo; (i) the same holds for all
5770, 0), where (r,p) is such that (7], |pl) € {(0,4),(1,4),(2,3),(5,0),(3,1),(4,1)}. Note that

the function c(-) is not necessarily the same across its all appearances.

Assumption 4.3 (i) For any n > 0,

£ = lIlf E[ﬂjT(eo, )‘jO)] - sup E[ﬂjT(Q, )\)]
1<j=N {(0.N):11(0,%)—(80,)j0) 1>}
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(i) for any 1 > 0,

E=jnf inf E[¢;r(0, Ajr(0))] — {A:||A§?TI>(9)||>7~7}E[€]‘T(97 ]| > 0.
Assumption 4.4 (i) The underlying random variable vz, (I = 1,...,L; t = 1,...,T) is such that
for any j = 1,...,N, {Y;:}E | is an a-mizing process with mizing coefficients of size —(2 + €)/e
for some € > 0; (ii) limy oo @ j(m) = 0, limy, oo i p(m) = 0, limy, oo @ ji(m) = 0 while
S mavj p(m m)e/3te < oo and Yoo may ji(m m)e/3te < oo uniformly for all i,j,k = 1,...,N;
(iii) Var[T-/2 ] fjt’p (0, \;7(0))] > 0 uniformly for all j, T,0 such that |r| < 4 and |p| =1 or
[r| <1 and |p| = 2.

BQZJ'T(G)\)
8/\ja)\;

024, (0,))

Assumption 4.5 Let ( DYV

) be the row p1 and column po entry of the matrix
P1,p2

dode’ dode’

Plr0X) g PINTON (e invertible and (i1) (M) and (M) are bounded,
p1.p2 r1,r2

and (M) be the row py and column py entry of the matriz (M) . Then, (i)
71,72 1,72

8/\]'8)\;- dodo’ 8)\]'8/\9 dodo’
uniformly for all j, N,T,0 and \;.

Assumption 4.6 For 1 <|r| <3 and |p| =0, 0%y = Var [\/—NT Zj 1 Zt 1 f (r’p («90,)\3'0)} is
positive for all N, T and

\/_ ;; (T’p) (B0, Ao —>N(00) as N,T — oo, where J%:pN711.LIEOOU$7NT.

In addition Var(v/Tdlyr/d0) is positive definite.

Assumption 4.1 contains the standard conditions on the parameter space (e.g. Hahn and Kuer-
steiner (2011)) and formalises the double asymptotic setup where both dimension sizes tend to
infinity at the same rate. This is a sensible setting for financial datasets where both the time and
cross-section dimensions are of non-negligible sizes. The continuity assumption serves two purposes.
First, the likelihood function is smooth enough to guarantee the existence of asymptotic expansions
to sufficiently high orders. Second, it also implies that the objective function and its derivatives
are measurable functions. This is useful since mixing properties of a sequence of random variables
are directly inherited by measurable functions of their finite sub-sequences (see Doukhan (1994)
and Bradley (2005)). Thus, for instance, existence of a law of large numbers (LLN) or central limit
theorem (CLT) for a mixing sequence will imply the existence of the same large sample results
for continuous transformations of the same mixing sequence, under standard regularity conditions.
Assumption 4.2 is a Lipschitz continuity type assumption, which imposes further smoothness con-

ditions on some particular derivatives of the likelihood function. This is necessary for proving
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consistency and for bounding the remainder terms in mean value expansions. The first part of
Assumption 4.3 is standard which imposes unique identifiability of (6, Ajo) for all j. The second
part, which is not as standard, ensures that \;7(0) is the unique maximiser of E[¢;7(6, \)] for all
j,T. Note that the two parts of this assumption do not contradict since (00, XjT(HO)) = (6o, A\jo) -

Dependence is formalised in Assumption 4.4. The first part establishes the standard a-mixing
property for each individual series. The size assumption is necessary to invoke mixing LLNs and
CLTs. In the second part, the a-mixing property across different pairs is established in the sense
of the a-mixing coefficients introduced in Section 4.1. The summability conditions are required
to bound the expectations of the terms appearing in expansions. Note that these assumptions
are strong enough to generate other summability conditions such as > -, ma; (m)e/ e < oo,
Yooy a;(m)¥/3t¢ < oo etec. The variance assumption of the final part is essential for obtaining
CLTs for centred likelihood terms. When coupled with the size assumption and existence of 2 + ¢
moments, this assumption implies a mixing CLT (see, e.g. White (2001)). Assumption 4.5 is
required for the existence of the asymptotic expansions.

Assumption 4.6 is key to the existence of a large-N large-T' CLT for the composite likelihood
estimator 6. As usual, asymptotic normality of the estimator is achieved by the asymptotic nor-
mality of the score, Voln7 (00, \o). Let Zyrny = N1 zj.V: L (8, — BIO3{E[2]}143;). Then, this

assumption implies that

T
1
VTVlnr (00, No) = \/TT N Zirn 4 N(0,T),
t=1

where Z = limy 7,00 Var [\/T Volnr (6, )\0)} . Asymptotic normality for the second and third order
derivatives with respect to 8 are required for the higher order terms in the expansion. An important
implication of this assumption is that due to strong dependence, cross-section information does
not contribute to asymptotic convergence. Hence v/T-convergence ensues. A similar assumption
has also appeared in the recent paper by Gongalves (2011). This is a high-level, yet intuitively
reasonable assumption. Given that N is linearly related to T as implied by Assumption 4.1, one
can also consider T—1/2 23:1 Zi T Ny = T-1/2 23:1 Zy and use a triangular array CLT. Two
examples are Bosq, Merlevede, and Peligrad (1999) and Utev (1991). The former study is made
with kernel estimation in mind, and so is based on assumptions that would not be required in our
case. However, diluting their assumptions is beyond the scope of our study. We leave the proof of
the existence of a CLT valid for our case for future research. Finally, the moment conditions used
in the paper are listed in Section B.1 of the Mathematical Appendix. These moment assumptions
are sufficient enough to ensure that all contemporaneous covariance terms considered in the proofs

are bounded uniformly across all 4, 7, k and ¢.
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4.3 Main results

Our first main result is the consistency of the composite likelihood estimator 0 in the presence of

incidental parameters.

Theorem 4.1 Let Assumptions 4.1(i)-(i), 4.2(i), 4.3, 4.4(i)-(ii) and B.1 hold.* Then, for all
€O andn,n >0,

P | max
1<Gj<N

3 (0) - ij(e)H < n} —1-0(1) and P [He - QOH < ﬁ] —1—o(1).

Notice that, by the definition of the target likelihood, XjT(HO) = Ajo for all j and T Therefore,
Theorem 4.1 in particular implies that the composite likelihood estimator (6, 5\3(9)) converges in
probability to (6o, Ajo). We need the more general version of convergence to Ajr(#) because we use

the target likelihood estimator as the theoretical benchmark in the asymptotic analysis of 0.
Theorem 4.2 Let Assumptions 4.1-4.6 and B.1 hold. Then,

\/T(é —0o) A N©O,D'ZD™Y) as N,T — oo, where
-1

N N N
| ! 1 1
D=l Bl =y 2 BIGH ¢ ) 2Bl |y 2 I

This result formalises the earlier claim that in our particular case, characterised by strong
cross-section dependence and v/T-convergence, the asymptotic distribution is not asymptotically
biased anymore. Intuitively, with v/7T-consistency, the incidental parameter bias turns into a pure
small-sample time-series bias. This O(7~!) small sample bias is precisely characterised in Theorem
4.3 below. The crucial implication of this discussion is that our estimator is valid independent of
how N is related to T" as both tend to infinity. To be explicit, in small samples one might of course
still have to do some bias correction, independent of whether the asymptotic distribution is biased
or not. However, as will be demonstrated later, for the data dimensions we consider there will be
no need to employ bias correction in our context.

Another important message of Theorem 4.2 is that with v/7-convergence, the incidental pa-
rameter bias turns into purely a small-sample time-series bias. This is precisely characterised in

Theorem 4.3 below. To be explicit, there is no need to employ bias correction in our context.

4Note that some of these assumptions are stronger than necessary. For example, we do not require all of the moment
conditions listed in Assumption B.1. In fact, E [|¢;:(0, )\)|2+E} < oo is sufficient for proving consistency. Similarly, the
summability conditions of Assumption 4.4(ii) are stronger than the condition that 3°°°_, a;(m)'/?7 /" < oo for some
r > q > 1,which is a key condition in proving consistency. However, the stronger portions of these assumptions will
be used elsewhere to prove Theorems 4.2 and 4.3. Especially when it comes to moment conditions, it is impossible
to construct a separate non-overlapping list of conditions for each Theorem. Therefore, in order to prevent a large
list of overlapping assumptions, we choose to group similar assumptions together.
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Theorem 4.3 Let Assumptions 4.1-4.6 and B.1 hold. Then E[0 — o] = E[Anr1 (00, \o)]+ O (T72)
as N, T — oo, where Axt(0,\) depends on N, T and E[AnT (00, \o)] = O(T™!) as N, T — oo.

The term An7(60, \) has a complicated expression based on higher order likelihood derivatives.

This is given in (28) in the Appendix.
5 Extended example: DCC model

The DCC model of Engle (2002) and Engle and Sheppard (2001) allows a much more flexible

time-varying covariance model than Examples 2.1 and 2.2. Write the submodel based on a pair as

i 0 i 0
Vit = {rije,ro5e} ., Cov(Yj|Fio1) = 0] e | Bt 0] SENE
24t 2jt

where we construct a model for the conditional variance hyj; = Var(ryj|Fi—1,7;;), where 7;; are

parameters.> This has a log-likelihood for the {r;;} return sequence of
1 1,
log £y = —3 log hyjt — Erljt/hljtv l1=1,2.
The devolatilised series are defined as

hy> 0 riji
Sjt = 15t < 7 ) s SO COV(Sjt’]:t_l) = Rjt = COI‘(th’]:t_l).

~1/2
o
0 hyy 2jt

We build a model for R;; using the cDCC dynamic introduced by Aielli (2013). It is defined as

o p1/2, p—1/2 _( Quyt O
R]t == I)jt QJtPjt s P]t—< 0 Q22jt 5 where

1 .
th = \Ilj (1 - — ﬁ) + Oszlt/_Ql (Sjt,lS;-t_l - Rjt—l) let/_Ql + (a + 5) thfl’ \Ij]' = < 7y (101] > :
J

It has the virtue that if we let S, = let/zsjt, then Cov (S]*t|]-},1) = let/sztlet/z = Qjt, and so

/
%Zthl . J*ff TN ¥;. The parameters for this model are § = («, )", \; = (77/13"77/23"80]') . The

5The first step of fitting the cDCC models is to model h;; = Var(ri|F:—1). It is important to note that although
it is common to fit standard GARCH models for this purpose, allowing the h;: to depend the lagged squared returns
on the [-th asset, in principle F;—; includes the lagged information from the other assets as well — including market
indices. Many of the return series exhibited large moves in volatility during this period. This large increase has been
documented by, for example, Campbell, Lettau, Malkeil, and Xu (2001) and appears both in systematic volatility
and idiosyncratic volatility. Initial attempts at fitting the marginal volatilities Var(ry|ri—1, rit—2,...) included a wide
range of “standard” ARCH family models failed residual diagnostics tests for our data.

To overcome this difficulty, a flexible components framework has been adopted which brings in a wider information
set. The first component is the market volatility as defined by the index return, 7, = % ZlL:1 r1,¢. The volatility was
modeled using an EGARCH specification Nelson (1991),

Inhet = we + Qel€et—1 — \/2/7T| + Ke€a,t—1 + BeInhat—1, €y :Fth;1/2~ (7)
A second component was included for assets other than the market, resulting in a factor structure for each asset [,
Inh =wi + uleri—1 —/2/7| + kiere—1 + B hie—1,  hiy = heihie, €= Tz,zh;tl/Q- (8)

This two-component model was able to adequately describe the substantial variation in the level of volatility seen in
this panel of returns.
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Bias RMSE
2MLE 2MCLE 2MSCLE 2MLE 2MCLE 2MSCLE
L «@ 153 | «@ 1] | « 1] «@ 153 | o 153 | o 153 |

a=.02,8=.97
3 .001 -.011 .001 -.012 .001 -.017 || .006 .033 | .007 .038 | .008 .059
10 | -.001 -.004 | -.000 -.005 | -.000 -.006 | .002 .005 | .002 .006 | .003 .009
50 | -.003 -.003 | -.000 -.005 | -.000 -.005 || .003 .003 | .001 .005 | .002 .006
100 | -.005 -.004 | -.000 -.005 | -.000 -.005 || .005 .004 | .001 .005 | .001 .005

o =.05,8=.93
3 |-.000 -.005]| -.000 -.006 |-.000 -.007 || .008 .015 | .009 .016 | .011 .022
10 | -.002 -.001 | -.000 -.003 | -.000 -.004 || .003 .004 | .003 .006 | .005 .009
50 | -.009  .003 | -.001 -.003 | -.001 -.003 || .009 .003 | .002 .004 | .003 .005
100 | -.014  .002 | -.001 -.003 | -.001 -.003 || .014 .002 | .002 .004 | .002 .004

a=.10,8=.80
3| -.001 -.007 |-001 -008 |-.001 -.010 || .016 .037 | .017 .040 | .019 .051
10 | -.003 -.003 | -.001 -.005 | -.001 -.006 || .006 .011 | .007 .016 | .009 .022
50 | -.014 .000 | -.001 -.004 | -.001 -.004 || .014 .004 | .004 .009 | .005 .011
100 | -.024 -.003 | -.001 -.004 | -.001 -.004 || .024 .004 | .004 .008 | .005 .010

Table 3: Properties of the estimators of a« and [ in the cDCC model using T = 2,000. The
estimators are: subset CL (2MSCLE), CL (2MCLE), and likelihood (2MLE) estimators. Based on
2,500 replications.

corresponding ingredients into the estimation of 6 from this model is the common structure
1 L -1
log Lj; = —5 log |R;¢| — §Sthjt Sjt.

6 Monte Carlo experiments

6.1 Relative performance of estimators

Here we explore the effectiveness of three estimators of the parameters in the DCC model outlined
in Section 5 above. These are the 2MLE, 2MCLE and 2MSCLE methods discussed in Section 3.3.
The Appendix A mirrors exactly the same setup based upon the scalar BEKK model: the results
are very similar for that model.

A Monte Carlo study based on 2, 500 replications has been conducted across a variety of sample
sizes and parameter configurations. As in Engle and Sheppard (2001), we assume away ARCH
effects by setting h;; = 1. Throughout we used 7' = 2,000, L is one of {3,10,50,100} and the
returns were simulated according to a ¢cDCC model given in Section 5. Three choices spanning
the range of empirically relevant values of the temporal dependence in the () process were used
(o, B) = (0.02,0.97), (0.05,0.93) or (0.10,0.80). The parameters were estimated using a constraint
that 0 <a<1,0< 8 <1, a+ B < 1. None of the estimators hit the parameter space boundary.

The intercept ¥ was chosen to match the properties of the S&P 100 returns studied in the

previous Section. The unconditional correlations were generated from a single-factor model, so
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that U;,, = mm, for Iy # Iy and 1 if [; = ly. Here the m; are distributed according to a
truncated normal with mean 0.5, standard deviation 0.1 where the truncation occurs at +4 standard
deviations. This means 7 € (0.1,0.9) and the average correlation in the cross section is 0.25. This
choice for ¥ produces assets which are all positively correlated and ensures that the intercept is

positive definite for any cross-sectional dimension L.5

Bias RMSE
2MLE 2MCLE 2SCLE 2MLE 2MCLE 2SCLE
T «@ 153 | «@ 1] | «@ 1] « 153 | @ B | @ B
L =10

100 | -.021 -.161 | -.011 -.141 | -.009 -.218 || .025 .237 | .021 .221 | .028 .347
250 | -.006 -.018 | -.002 -.021 | -.002 -.026 || .008 .021 | .008 .026 | .012 .042
500 | -.003 -.005 | -.001 -.008 | -.001 -.009 || .005 .008 | .005 .011 | .007 .016
1,000 | -.002 -.001 | -.001 -.003 | -.001 -.003 | .003 .004 | .004 .006 | .005 .009
2,000 | -.001 -.000 | -.000 -.002 | -.000 -.002 || .002 .003 | .003 .004 | .004 .006

L =50
100 | -.050 -.915 | -.014 -.091 | -.013 -.108 | .050 .915 | .016 .103 | .018 .146
250 | -.022 -.034 | -.003 -.018 | -.003 -.019 || .022 .034 | .005 .020 | .006 .022
500 | -.013 -.004 | -.001 -.007 | -.001 -.007 || .013 .004 | .003 .009 | .004 .010

1,000 | -.009  .003 | -.001 -.003 | -.001 -.003 || .009 .003 | .002 .004 | .003 .005

2,000 | -.006  .003 | -.000 -.001 | -.000 -.001 || .006 .003 | .001 .002 | .002 .003

L =100
100 - - | -.014 -.090 | -.014 -.098 - - |.016 .103 | .017 .121
250 | -.037 -.108 | -.003 -.019 | -.003 -.019 | .037 .109 | .004 .020 | .005 .021

500 | -.021 -.013 | -.001 -.007 | -.001 -.007 || .021 .013 | .003 .008 | .003 .009
1,000 | -.014  .001 | -.001 -.003 | -.001 -.003 | .014 .002 | .002 .004 | .002 .004
2,000 | -.010  .004 | -.000 -.001 | -.000 -.001 || .010 .004 | .001 .002 | .002 .003

L =200
100 - - |-.014 -.086 | -.013 -.082 - -1 .016 .092 | .016 .095
250 | -.060 -.913 | -.002 -.018 | -.003 -.018 || .050 .918 | .004 .019 | .005 .019

500 | -.033 -.053 | -.001 -.007 | -.001 -.007 || .033 .053 | .002 .008 | .003 .008
1,000 | -.021 -.006 | -.000 -.003 | -.001 -.003 | .022 .006 | .002 .004 | .002 .004
2,000 | -.015 .003 | -.000 -.002 | -.000 -.001 || .015 .003 | .001 .002 | .001 .002

Table 4: Results from a simulation study for the cDCC model using the true values of a = .05,
B = .93. The estimators were: subset CL (2MSCLE), CL (2MCLE), and likelihood (2MLE)

estimators. Based on 2,500 replications.

Table 3 contains the bias and root mean square error of the estimates. The two-step maximum
likelihood (2MLE) method develops a significant bias in estimating « as L increases. This is
consistent with the findings of Engle and Sheppard (2001) and our earlier theoretical discussion on
the nuisance parameter issue.

To further examine the bias across T and L a second experiment was conducted for L =
{10, 50, 100,200} and 7" = {100, 250, 500, 1000, 2000}. Only the results for the o = .05, § = .93

parameterization are reported.

5The effect of this choice of unconditional correlation was explored in other simulations. These results of these
runs indicate that the findings presented are not sensitive to the choice of unconditional correlation.
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All of the estimators are substantially biased when T is very small. For any cross-section size
L, the bias in the 2MLE is monotonically decreasing in 7. For large L, « is biased downward by
30% even when T' = 2,000. The 2MCLE and 2MSCLE show small biases for any cross-section size
as long as T' > 250. Moreover, the bias does not depend on L. This experiment also highlights
that the 2MCLE and 2MSCLE estimators are feasible when 7" < L. Results for the 2MLE in the
T < L case are not reported because the estimator failed to converge in most replications.

Overall the Monte Carlo provides evidence of the 2MCLE has better RMSE for all cross-
section sizes and parameter configurations. There seems little difference between the 2MCLE and
2MSCLE. In simulations not reported here, both estimators substantially outperform the Engle
(2009b) McGyver estimator. The evidence presented here suggests 2MSCLE is attractive from

statistical and computational viewpoints for large dimensional problems.

6.2 Efficiency gains with increasing cross-section length

Figure 1 contains a plot of the square root of the average variance against the cross-section size
for the maximized 2MCLE and 2MSCLE. Both standard deviations rapidly decline as the cross-
section dimension grows and the standard deviation of the 2MCLE is always slightly smaller than
the 2MSCLE for a fixed cross-section size. Recall that the 2MCLE uses many more submodels
than the 2MSCLE when the cross-section size is large, and so when L = 50 the 2MCLE is based
on 1,225 submodels while the 2MSCLE is using only 49.

This Figure shows there are very significant efficiency gains from using a CL compared to
the simplest strategy for estimating 6 — which is to fit a single bivariate model. The standard
deviation goes down by a factor of 4 or so, which means the cross-sectional information is equivalent
to increasing the time series dimension by a factor of around 16 when L is around 50.

Another interesting feature of the Figure is the expected result that as L increases the standard
error of the 2MCLE and 2MSCLE estimators become very close. In the limit they asymptote to

a value above zero — it looks like this asymptote is close to being realised by the time L = 100.

6.3 Performance of asymptotic standard errors

The Monte Carlo study was extended to assess the accuracy of the asymptotic based covariance
estimator in Section 4.3. Data was simulated according to a cDCC model using the above config-
uration for @ = .05, 8 = .93 with T = 2,000. The 2MCL estimator and the 2MSCL estimator
were computed from the simulated data and the covariance of the parameters was estimated. This
was repeated 1,000 times and the results are presented in Table 5. The Table contains square

1000 ~2

root of the average asymptotic variance, 52 = ﬁ > i1 0j and the corresponding Monte Carlo’s

. 22 1 1000 (= =\2 o= 1 1000 ~
estimated parameters, 67, = 105 >_i—1 (@ — &) with & = 1555 >_i—1 @, for both o and f3.
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Figure 1: Standard deviation of the CL estimators drawn against L calculated from a Monte Carlo
based upon o = .05, B = .93 using T = 2,000. L wvaries from 2 up to 100. Graphed are the
results for the mazimum CL estimator (2MCLE) and the subset version (2MSCLE) based on only

contiguous submodels.

The results are encouraging, except when L is tiny, the asymptotics performs quite accurately

and yield a sensible basis for inference for this problem.

7 Empirical comparison

7.1 Database

The data used in this empirical illustration is the same as used in Section 2.1. Recall this database
includes the superset of all companies listed on the S&P 100, plus the index itself, over the period
January 1, 1997 until December 31, 2006 taken from the CRSP database. This set included 124
companies although 29, for example Google, have one or more periods of non-trading, for example
prior to IPO or subsequent to an acquisition. Selecting only the companies that have returns
throughout the sample reduced this set of 95 (41 for the index).

We will use pairs of data and look at two 2MCLE estimators for a variety of models. One is
based on all distinct pairs, which has N = L(L — 1)/2. The other just looks at contiguous pairs
Y = (ry, rl+17t)’ so N = L — 1. The results, given in Table 6, are directly comparable with Table

1. The figures in brackets are asymptotic standard errors.
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2MCLE 2MSCLE
L Oa Oa | o] 5’5 Oa Oa | g (o]

a=.02, f=.97
3| .010 .008 | .261 .152 | .008 .007 | .052 .028
10 | .002 .002 | .004 .004 | .003 .003 | .008 .007
50 | .001 .001 | .002 .002 | .002 .002 | .003 .003
100 | .001 .001 | .002 .001 | .001 .001 | .002 .002

a=.05, 5=.93
3] .009 .009 | .016 .015 | .011 .010 | .021 .019
10 | .003 .003 | .006 .006 | .005 .005 | .009 .009
50 | .002 .002 | .003 .003 | .003 .003 | .004 .004
100 | .002 .002 | .003 .003 | .002 .002 | .003 .003

a=.10, 5=.80
3] .017 .016 | .041 .040 | .020 .019 | .052 .049
10 | .007 .006 | .015 .014 | .009 .010 | .022 .022
50 | .004 .004 | .008 .008 | .005 .005 | .011 .011
100 | .003 .003 | .007 .007 | .004 .004 | .009 .009

Table 5: Square root of average asymptotic variance, denoted ¢, and g, and standard deviation
of the Monte Carlo estimated parameters, denoted G, and 63.

The results for the two-step CL are reasonably stable with respect to L and they do not vary
much as we move from using all pairs to a subset of them. The corresponding results for the
maximum CL estimator, optimising the CL over A, are also reported in Table 6. Again the results
are quite stable with respect with L.

Estimates from the 2MLE are markedly different from those of any of the CL based estimators,
which largely agree with each other. The parameter estimates of the 2MLE and other estimators
also produced meaningfully different fits.

It is interesting to see how sensitive the contiguous pairs estimator is to the selection of the
subset of pairs. The bottom row of Figure 2 shows the density of the estimator as we select
randomly 1,000 sets of different subsets of L — 1 pairs. We see the estimate is hardly effected.

To examine the fit of the models, the conditional correlations of the 95 individual stocks with
the S&P 500 from the 2MCLE and 2MLE are presented in Figure 3. Rather than present all of the
series simultaneously, the figure contains the median, inter-quartile range, and the maximum and
minimum. The parameter estimates from the 2MCLE produce large, persistent shifts in conditional
correlations with the market, including a marked decrease in the conditional correlations near the
peak of the technology boom in 2001. The small estimated a for 2MLE produces conditional
correlations which are nearly constant and exhibiting little variation even at the height of the

technology bubble in 2001.
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Scalar BEKK | EWMA DCC |
L & B & & B
2MCLE
571 .0287 9692 0205 [ .0143 9829
(.0081) (.0092) (.0037) (.0487) (.0846)
10 | .0281  .9699 0211 | .0107 9881
(.0055) (.0063) (.0027) (.0012) (.0016)
25 | .0308  .9667 0234 | .0100 9871
(.0047) (.0055) (.0023) (.0009) (.0017)
50 | L0319 9645 0225 | .0101  .9856
(.0046) (.0056) (.0026) (.0008) (.0018)
96 | .0334 9636 0249 | .0103  .9846
(.0041) (.0049) (.0019) (.0009) (.0019)
2MSCLE
5] .0284 9696 0189 [ .0099 9885
(.0083) (.0094) (.0037) (.0033) (.0045)
10 | .0272 9709 0201 | .0093  .9886
(.0054) (.0062) (.0027) (.0016) (.0018)
25 | .0307  .9668 0227 | .0089  .9889
(.0049) (.0056) (.0024) (.0011) (.0012)
50 | L0316 .9647 0220 | .0092  .9869
(.0047) (.0057) (.0029) (.0010) (.0019)
96 | .0335 .9634 0247 | .0094 9860
(.0043) (.0051) (.0020) (.0009) (.0014)

Table 6: Based on the mazimum m-profile and maximum CL estimator (2MCLE) using real and
simulated data. Top part uses L(L—1)/2 pairs based subsets, the bottom part uses L —1 contiguous
pairs. Parameter estimates from a covariance targeting scalar BEKK, EWMA (estimating Hg)
and DCC. The real database is built from daily returns from 95 companies plus the index from the
SEP100, from 1997 until 2006. Numbers in brackets are asymptotic standard errors.

7.2 Out of sample comparison of hedging performance

To determine whether the fit from the estimators was statistically different, a simple hedging
problem is considered in an out-of-sample period. The out-of-sample comparison was conducted
using the first 75% of the sample: January 2, 1997 until July 1, 2002 as the “in-sample” period for
parameter estimation, and July 2, 2002 until December 31, 2006 as the evaluation period. All of
the parameters were estimated once and used throughout the tests.

We examined the hedging errors of a conditional CAPM where the S&P 100 index proxied for the
market. Using one-step ahead forecasts, the conditional time-varying market betas were computed
as Bl,t = ﬁllfﬁlmt/ﬁiﬁ where hy; = Var(ri¢|Fi-1), pyms = Cor(ry s, rmelFi—1) and I = 1,2,..., L.
The corresponding hedging errors were computed as Uy = 7 — Bl,tTm,t' Here r;; is the return on
the [-th asset and 7, is the return on the market. Since all of the volatility models are identical
in the DCC models in this comparison and use the same parameter estimates, all differences in the
hedging errors are directly attributable to differences in the correlation forecast.

We use the Giacomini and White (2006) (GW) test to examine the relative performance of the
2MCLE to the 2MLE. The GW test is designed to compare forecasting methods, which incorporate

such things as the forecasting model, sample period and, importantly from our purposes, the

estimation method employed.

~ 2 2
Defining the difference in the squared hedging error 6;; = {ﬁl,t (ﬁ%\/[ CLE > } — {91,1: (ﬁ%‘/f LE > }
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Figure 2: Sensitivity to random selection of pairs. Density of the maximum m-profile CL estimator
based on L —1 distinct but randomly choosen pairs. Top row are the estimators of the cDCC model
and the bottom row are the corresponding estimators for the scalar BEKK.

where explicit dependence on the forecast correlation is used. If neither estimator is superior in
forecasting correlations, this difference should have 0 expectation. If the difference is significantly
different from zero and negative, the 2MCLE would be the preferred model while significant positive

results would indicate favor for the 2MLE. The null of Hy : E (SM/) = 0 was tested using a t-test,

GW = 51/, [avar (\/T&), 6 = P! Zsz 01,4 Here d; is the average loss differential. Under mild

regularity conditions GW is asymptotically normal. See Giacomini and White (2006) for further
details (note we also tried a heteroskedastically adjusted version of the GW test, in order to increase
its power, but this had no impact.).

The test statistic was computed for each asset excluding the market, resulting in 95 test statis-
tics. Table 7 holds the results, where 37 series favour the 2MCLE estimator compared to 2 which
prefer the 2MLE based estimated model. 56 are inconclusive. The results for the maximum two-step

CL estimator are 24 in favour of that estimator, 8 preferring 2MLE and 63 inconclusive.

7.3 Out of sample comparison with other models

7.3.1 Scalar BEKK

We can use the CL methods to estimate the scalar BEKK model using this database. The results
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Figure 3: How do the correlations with the market temporally change? Plot of the median, in-
terquartile range and min & max of the correlations of the 95 included SEP 100 components with
the index return using the estimates produced by the mazximum CL estimator (2MCLE) & mazimum
m-profile likelihood estimator. Each day the 95 correlations were sorted to produce the quantiles.

are in Table 1 and 6. They follow the same theme with the estimates from the quasi-likelihood
parameters yielding extreme values — in this case close to being non-responsive to the data.

The usual out of sample GW hedging error comparison is given in Table 7, which compares
2MLE and 2MCLE. They show the CL method delivering estimators which produce smaller hedging

errors than the conventional 2MLE technique.

7.3.2 Many bivariate models

An interesting way of assessing the effectiveness of the DCC model fitted by the CL method is to
compare the fit to fitting a separate DCC model to each pair — that is permit 6 to be different for
each [. The Table 7 shows the multivariate DCC model, estimated using CL methods, performs
better than fitting a different model for each pair. This is a striking result — suggesting the
pooling of information is helpful in improving hedging performance.

Figure 4 shows us why the large dimensional multivariate model is so effective. This shows the
estimated value of o; and 3; for each of the I-th submodels — it demonstrates a very significant

scatter. It has 22 of the estimated a; + /3; on their unit boundary. We will see in a moment such
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M-profile

Model A | Favours A | No Decision | Favours B | Model B
DCC 2MCLE 24 63 8 DCC 2MLE
DCC 2MCLE 92 3 0 DECO
DCC 2MCLE 18 68 9 Bivariate DCC
DCC 2MCLE 9 82 4 EWMA
BEKK 2MCLE 29 65 1 BEKK 2MLE
BEKK 2MCLE 50 44 1 Bivariate BEKK

Table 7: Which model and estimation strategy leads to smallest hedging errors? GW t-statistics for
the null of equal out of sample hedging performance using Giacomini- White tests with 95% critical
values. 8 decisions can be made for each of the 95 single assets. The test can favour model A, model
B or be indecisive. Table records the number of assets which fall in each of these three buckets.

unit root models, which are often called EWMA models, perform very poorly indeed in terms of
hedging. Once in a while the estimates of a; + [3; are pretty small.

Figure 5 shows four examples of estimated time varying correlations between a specific asset
and the market, drawn for 4 specific pairs of returns we have chosen to reflect the variety we have
seen in practice. The vertical dotted line indicates where we move from in sample to out of sample
data. Top right shows a case where the estimated bivariate model and the fit from the highly
multivariate model are very similar, both in and out of sample. The top left shows a case where
the fitted bivariate model has too little dependence and so seems to give a fitted correlation which is
too noisy. The bottom left is the flip side of this, the bivariate model delivers a constant correlation
which seems very extreme. The bottom right is an example where the EWMA model is in effect

imposed in the bivariate case and this EWMA model fits poorly out of sample.

7.3.3 Equicorrelation model

The Engle and Kelly (2012) linear equicorrelation (DECO) model has a similar structure to the
DCC type models, with each asset price process having its own ARCH model, but assumes asset
returns have equicorrelation R; = pyt/ + (1 — p,) I, with p, = w +~yu—1 + Bp;_1, where u;_1 is new
information about the correlation in the devolatilised r;_1. A simple approach would be to take
u;—1 as the cross-sectional MLE of the correlation based on this simple equicorrelation model.
Table 7 compares the out of sample hedging performance of this method with the cDCC fit.

We can see that cDCC is uniformly statistically preferable for this dataset.

7.3.4 RiskMetrics

The 2MCLE fit of the cDCC model can be compared to the RiskMetrics method in Example 2.2
using the Giacomini and White (2006) t-test. The results are reported in the bottom right of Table

7, which shows that the cDCC outperforms RiskMetrics in terms of out of sample hedging errors.
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Figure 4: Should the data be pooled across pairs? Seperately estimated oj and j3; for each bivariate
submodel for the beta-pair of the market and an individual asset. Dotted line is the CL estimator
— which acts as a pooling device.

7.4 Extending the empirical analysis

In this subsection we will push the previous analysis to a higher dimensions. Our database consists
of the returns of all equities that appeared in the S&P 500 between January 1, 1997 and December
31, 2006 and were continuously available. This resulted in 480 unique assets, including the S&P
500 index, with 2,516 observations of each. The data were extracted from CRSP and series were
ordered alphabetically according to their ticker on the first day of the sample. Obviously around
25% of the data used in this analysis has previously appeared in the S&P 100 comparison.

As before the scalar BEKK was fitted using 2MLE, 2MCLE and 2MSCLE (contiguous pairs).
The model was estimated across L = {5, 25,50, 100, 250,480}. Results are presented in Table 8.

The 2MLE shows signs of bias as the cross-sectional dimension is increased, and for the two
largest panel sizes produces volatilities that are virtually constant. When the full cross-section
sample is used the smoothing coefficient 8 also shows a large downward bias. The CL estimates are
very similar, all with a =~ .03, 8 =~ .96, and the standard errors decline quickly and then modestly
as L increases. For large L the difference between the contiguous and all pairs estimators is small.

In the analysis of the cDCC model, for this wider set of data the best performing volatility
model was the GJR-GARCH(1,1) hy; = w; + 517"12,1571 + ’yl’rl2,t—1[[7’z,t_1<0} + Kihy -1 for each margin.
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Figure 5: Comparison of estimated conditional correlations for j-th model, including out of sampling
projections, using the high dimensional model and the bivariate model. Top left looks like the
bivariate model is overly noisy. Top right give results which are basically the same. Bottom left
gives a constant correlation for the bivariate model, while the multivariate model is more responsive.
Bottom right is a key example as we see it quite often. Here the bivariate model is basically estimated
to be an EWMA, which fits poorly out of sample.

The results for the cDCC model are presented in Table 8. The 2MLE of « for the cDCC model
exhibits a strong bias as the sample size increases and for L > 250 the § estimate is also badly
affected. This contrast with the estimates from the maximum composite and maximum m-profile
composite likelihood where o =~ .008 and o + f ~ .995 (The maximized CL was computed by
jointly maximizing the correlation intercept with the dynamics parameters. The estimates from
the volatility models were held at their initial estimated values).

Table 2 contains the times for each of the methods for estimating the scalar BEKK model —
the simpler of the two models. The 2MLE method takes around 3.5 days on the L = 480 problem,
while for L = 25 the time is quite modest being under a minute. This shows the impact of the
O(L?) computational load. The composite methods are much more rapid than 2MLE, with the all
pairs method still being quite fast for L = 100 and being around 200 times faster than 2MLE in
that case. The contiguous pair method is fast even when L = 480, just taking a small handful of

seconds. This means it is around 68,000 times faster than 2MLE in this vast dimensional case.
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Scalar BEKK DCC
2MLE 2MCLE 2MSCLE 2MLE 2MCLE 2MSCLE
L «@ 15} « B «@ B « B «@ B « B
51 .0261 .9715 | .0369 .9603 | .0312  .9664 || .0101 .9823 | .0133 .9794 | .0070  .9912
(.0057)  (:0065) | (.0053)  (.0061) (.0041)  (.0081) | (.0033)  (.0038)
25 | .0080 .9909 | .0300 .9670 | .0289  .9682 | .0030 .9908 | .0083  .9885 | .0071  .9911
(.0062)  (.0075) | (.0055)  (.0067) (.0015)  (.0031) | (.0011)  (.0016)
50 | .0055 .9932 | .0282 .9692 | .0277 .9698 | .0018 .9882 | .0078  .9887 | .0073  .9901
(.0051)  (.0062) | (.0049)  (.0059) (.0010)  (.0021) | (.0010)  (.0019)
100 | .0034 .9934 | .0296 .9670 | .0292  .9674 || .0015 .9524 | .0073  .9881 | .0076  .9866
(.0046)  (.0057) | (.0045)  (.0056) (.0007)  (.0015) | (.0010)  (.0028)
250 | .0015 .9842 | .0322 .9633 | .0322 .9633 || .0020 .5561 | .0076  .9872 | .0080  .9858
(.0049)  (.0064) | (.0048)  (.0063) (.0007)  (.0015) | (.0016)  (.0039)
480 | .0032 .5630 | .0290 .9672 | .0290 .9672 || .0013 .2556 | .0073  .9874 | .0079  .9863
(.0041)  (.0054) | (.0040)  (.0053) (.0007)  (.0016) | (.0008)  (.0020)

The database
L is the

Table 8: Results for fitting the Scalar BEKK model using a variety of estimators.
is made up of the 480 components of the SEIP 500, ordered alphabetically by ticker.
dimension of problem fitted.

8 Additional remarks

8.1 Beta CL

All statistical models are misspecified. If the goal is to estimate market betas, that is the dependence
between the market and individual assets, it may make sense to define the “beta CL” based on
the pairs Yi; = (r14,72¢), Yor = (r1e,73¢) 5. .., Y-y = (r1t,71¢)’, where N = L — 1 and {ry;} is
the return on the market. Statistically, if the model was correctly specified, this is likely to be
less efficient than using I randomly chosen pairs, as the corresponding submodel quasi-likelihoods
log Ly (0, \;) will be tightly dependent across I. However, as the models will be incorrect then

having this highly tuned to estimating betas may be beneficial — in effect allowing one to pool

information on the estimation of betas across assets.

8.2 CL and X

CL estimation of § does not necessarily deliver estimates of all \;, for some CL estimators do not
use all available pairs. Of course once 6 is estimated all the missing elements in A can be filled in

rapidly. In the scalar BEKK and DCC cases this will costs O(L?).

8.3 Engle’s method

Engle (2009b) proposed a method for estimating large dimensional models. He called it the Mac-
Gyver strategy, basing it on pairs of returns. Instead of averaging the log-likelihoods of pairs of
observations, the log-likelihoods were separately maximised and then the resulting estimators were
averaged using medians. This overcomes the difficulty of inverting H, but has the difficulty that
(i) it is not clear that the pooled estimators should have equal weight, (ii) it involves L(L —1)/2
maximisations, (iii) no properties of this estimator were derived, (iv) the resulting estimator may

not be in the permissible parameter space. Engle’s method has some similarities, but is distinct,
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to the Ledoit, Santa-Clara, and Wolf (2003) procedure which also fits models to many pairs of
observations. It is distinctively focused on estimating a small number of common parameters.

It is not difficult to study the asymptotic properties of this estimator in the case where we
replace the median by an average. This linear version of the method would average the submodels
maximum quasi-likelihood estimators, which asymptotically behave like

1N 1N 1N T
= =30 - S (- e 0n) S (G- e e
j=1 j=1 j=1 t=1

Hence its asymptotic variance can be estimated by applying a HAC estimator to

N

-1
S (8- enor) (G- enTe).
j=1

In the linear case the estimator is dominated by the submodel estimators with largest variances —

i.e. components which are least informative.

8.4 Imposing factor structure on X

In some stationary multivariate models it might make sense to impose a factor structure on X,
particularly when L is very large (e.g. in financial economics, see for example, Chamberlain and
Rothschild (1983), King, Sentana, and Wadhwani (1994) and Diebold and Nerlove (1989)). A
leading candidate would be that X obeys a strict factor structure ¥ = ff'+Q, where fisa L x M
matrix of factor loadings and €2 is an L by L diagonal matrix containing the residual variances.
This implies the long run the covariances in the model obey a factor structure but in the short run
there can be departures from it. This can be carried out using a two step procedure: estimating
the constrained ¥ and then plugging this into a composite likelihood to estimate a and £.

Taking this model to the data, we estimate the factor model using the Joreskog (1967) method
which assumes the returns, factors and innovations are i.i.d. Gaussian. This implies the estimated
¥ has the same diagonal elements of 7! ZtT:1 r¢ry and so only the correlations estimates differ.

The parameters controlling the dynamics were estimated for M = 1,2,3 using a composite
likelihood. The estimates are presented in Table 9. The estimated parameters vary substantially as
the cross-sectional dimension increases. The first step estimates that use a factor intercept are very
close to a+ 8 = 1, although the sum moves marginally away from this boundary as the cross section
increases. This is the classic sign of misspecification (Monte Carlo experiments, not reported here,
indicate the above estimation method does not yield biased estimators when the factor structure
is used as the data generator process), where the data wants to ignore the log-run ¥ matrix and it

does this by imposing a near unit root on the parameters.
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M=1 M=2 M=3

51 0.0261 0.9715 | 0.0261 0.9715 | 0.0261 0.9715
25 | 0.0082 0.9909 | 0.0081 0.9909 | 0.0080 0.9908
50 | 0.0057 0.9935 | 0.0057 0.9934 | 0.0057 0.9933

100 | 0.0041 0.9949 | 0.0040 0.9947 | 0.0039 0.9946
250 | 0.0026 0.9955 | 0.0025 0.9953 | 0.0024 0.9950
480 | 0.0017 0.9964 | 0.0016 0.9963 | 0.0016 0.9961

Table 9: Parameter estimates from fitting a scalar BEKK to the SE&P 500 components continuously
available between 1998 and 2007 using a M dimensional factor based estimate of the intercept and
a composite likelihood function for a and B. L denotes the number of assets analysed.

9 Conclusions

This paper has introduced a new way of estimating large dimensional time-varying covariance
models, based upon the sum of quasi-likelihoods generated by time series of pairs of asset returns.
This CL procedure leads to a loss in efficiency compared to a full quasi-likelihood approach, but it
is easy to implement, is not effected by the incidental parameter problem and scales well with the
dimension of the problem. These new methods can be used to estimate models in dimensions of

many hundreds, indeed the dimension could be larger than the time series dimension.
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A Scalar BEKK simulation

Here we report the results from repeating the experiments discussed in Section 6 but on the scalar
BEKK model given in Example 2.1. In this experiment the same values of a and 5 are used but
with ¥ being replaced by X.

The results are presented in Table 10, their structure exactly follows that discussed for the
¢DCC model given in Section 6.

B Mathematical Appendix

B.1 Moment conditions

The moment conditions used in the rest of the proofs are provided below.
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Bias RMSE
2MLE 2MCLE 2MSCLE 2MLE 2MCLE 2MSCLE
N «@ B «@ B « B «@ 15} «@ B8 «@ B
a=.02,8=.97
3 .000 -.005 | .000 -.005 | .000 -.006 || .005 .009 | .005 .010 | .006 .012
10 | -.001 -.003 | .000 -.004 | .000 -.004 [| .002 .004 | .003 .006 | .003 .007
50 | -.005 -.000 | .000 -.004 | .000 -.004 || .005 .001 | .002 .005 | .002 .005
100 | -.009 -.001 | .000 -.004 | .000 -.004 || .009 .001 | .002 .005 | .002 .005
a=.053=.93
3 -.000 -.008 | -.000 -.009 | .000 -.010 || .008 .023 | .009 .025 | .010 .029
10 | -.001 -.005 | -.000 -.007 | -.000 -.007 || .003 .009 | .005 .014 | .006 .015
50 | -.006 -.003 | -.000 -.006 | -.000 -.006 || .006 .004 | .003 .009 | .003 .009
100 | -.012 -.004 | -.000 -.006 | -.000 -.006 (| .012 .004 | .003 .009 | .003 .009
a=.10,8=.80
3 -.001 -.005 | -.001 -.006 | -.001 -.006 || .013 .028 | .014 .030 | .015 .033
10 | -.003 -.003 | -.001 -.005 | -.001 -.005 || .006 .011 | .009 .019 | .009 .019
50 | -.014 .001 | -.001 -.005 | -.001 -.005 || .015 .004 | .006 .012 | .006 .012
100 | -.026  .001 | -.001 -.005 | -.001 -.005 (| .026 .003 | .006 .012 | .006 .012

Table 10: Bias and RMSE results from a simulation study for the covariance estimators of the

covariance targeting scalar BEKK model.

We only report the estimates of a and [ and their

sum. The estimators are the subset CL (2MSCLE), the CL (2MCLE), and the likelihood (2MLE)
estimator. All results based on 2,500 replications.

Assumption B.1 For some e > 0 we have

1+¢7]
. d40;,(0,)) T
0y, )y, dNpyd s
1+¢7]
g [l @ty "]
d)\pl d)\p2 d)\p3
. d0,0) P g
d)\pl d)\p2 d)\p3 d)\pél
. 450540, \) 2] g
0,,d0y,dNy, dpydp,

. di0,0) 7] g
0,,d0,,d0r,d Ny,
E[wﬁ(e,A)F*E' < o0, E
d20,,(0,)) > [

E ||~ E
U do,,dM,, < %
d20,,(0,)) >
E || =1~ 222 E
U a0, do, < %

dre(0,)) |
o0, E A < 00,
[ d0,,d0,,dNp, AN,
- d4€ -t(ﬂ )\) 1+e
o0, E S < 00,
|d0,,d0,,d6,,do,,
- d5€'t(9 )\) 2+¢
o0, E AN < 00,
| d0,, N, Ay gy,
- d5€-t(¢9 )\) 2+¢
o0, E AN < 00,
|d0,,d0,,d6,,do,,db,,
- d5€ 't(e )\) 2+e
o0, E A < 00,
| d0,,d0,,d0,,dB,,dN,,
) 3+¢ ) 3+e
dt51(0,2) <oo, E dtje(0,2) < 00,
dAp, db,,
3. 3+e 25 3+e
d3;,(0,)) e E d20,(0, ) -
df,, db,,dN,, Xy, dN,
[ d3ej,0,0) [P g dBe(0,0) | §
d6,, d)y, d)p, oo d0,,do,,do,, o

uniformly for all O, X\, j,t and r1,....,r5 € {1,..., R} and p1,...,ps € {1,..., P}.
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B.2 Consistency

The analysis in this section is to a large extent based on Lemmas 1 and 4, and Theorems 3 and 4
of Hahn and Kuersteiner (2011), and their proofs. In what follows, let Q(] (0,X) = £;7(0,)) and
Q(j(0,A) = E[{j7(0,))]. Throughout this section we maintain the Assumptions of Theorem 4.1.
As mentioned before, the particular moment and summability conditions required in this section
are (i) E[|4;:(8, \)]*™¢] < oo and (i) 32%°_, a;(m)/4~1/" < oo for some r > ¢ > 1.

We start with two preliminary results, which will be followed by the proof of consistency.

Lemma B.1 Let {th}tT:1 be a zero-mean a-mizing sequence where, for some r and q such that
r>q>1, 3%  a;(m)Y7V" < oo for all j = 1,..,N. Moreover, supjvtIE[||th||2+5] < oo for
some § > 0. Then, P[||+ Zthl Yitl| > n) = o(TY) for everyn >0 as T — oo.

Proof of Lemma B.1. We start with

1 T
e

t=1

245/2 1
> 248/2m245/2 <
=0 T - (TT])2+6/2E

T 24-5/2

DY

t=1

T

D i

t=1

P >n| =Pr

which follows from Markov’s inequality. Then, by Corollary 3 of Hansen (1991), for some K < oo

q 1/q

_ P 1/2
E | [ max Zyﬁ <K (DBl
T<T —

t=1

Choosing ¢ = 2+ /2 and r = 2 + 4, this yields, after some rearranging,”

T 2+6/2 g%
E ( tzlyjt ) < K*0/2 {s]utpE [HY]‘tHQH} } T = O(T ),
Hence,
1 & 1
Pl Zth > < (TH)TMO(TH(SM) — O(T~1-9/4),
t=1

which is o(T1), as desired. m

Lemma B.2 For alln > 0,

P

max sup |[Lir(0,\) —E[Lr(0,N)] > = o(1).
s, s [£52(6,0) ~ Ellr(0,V)] 77] 1)

Proof of Lemma B.2. For some 1 > 0,

P sup VjT(ea )‘) - Q(J)(Qa )‘)| >n

1<j<N (6,0 eV (6,\)ev

N
max_ sup |{;7(0,\) — Q) (0, M| ] »op

Jj=1

Let S5 (vg) = {(0,2) : [|(8,A) — (O, M\p)|| < 6} and S¥ = S; (v,) . Since © and A are compact,

"Note that, E [(‘ ‘ZtTil Yt

)T (s [£L.07

) ],smce Hzt 1 Yt

< maxrp<r HEt 1 Y
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SK( ) such that ¥ C U, (1)5]g Hence,

there exists a finite collection of subsets S;, .y Ss

K(5)
P sup |6r(0,)) — Q) (0, \)| = n| < Z P| sup |6;0(0,)) —Qu(0,0)] > 77] :
=1 Lexesk

(6,\)evw

Now, consider some particular value of k. Then, for some (6, \) € S¥,

T T
1 1
16ir(0,)) — Qjy(8,))| < T > 04(0,)) — T > 05Ok, )| + 1670k M) — Qe Ok M)
t=1 t=1
LT T
?;E it Oy Ak)] g [€5¢(6, A)]

which follows from the Triangle Inequality. Then,

N =

M*ﬂ
+

N =

“Mﬂ
ﬁ

= Q) (O, Me)| +

~+

Q0. N)] < |lir(Ok, Ar)

sup |4r(0,\) —
(9,)\)63(';C -1
5 T T
< (O, Ak) — Qy Ok, M) | + T > (Vi) =D Ele(y;
t=1 t=1

5 T
+27 ;E[C(Yt)]

where the first inequality follows from Assumption 4.2(i) and the fact that for (6,\) € Sy,
(0, Ak)|| < 6. One can pick § such that 26 max; ; E[c(Yj:)] < n/3. Then,

(6, A) —
Pl sup  |[6r(0,0) — Q) (0,))] > 77] < P WjT(Hk’)\k) — Qi) (O, A)| > g]
(0, 0)€SE
. T
5 d n
+P T ZE[C(th)] >3

where the final probability on the right hand side is equal to zero for the particular choice of § here
Hence, by Lemma B.1, P SUD(g \)esk [0 (0, ) — Q5 (6, )\)| > 17} = o(T~") and, finally,

ir(0,\ N0, N >n| =01
2, O = Q03] 21| et
O(T). The mixing conditions of Assumption 4.4(ii) are stronger than necessary for

since N = .
Lemma B.1. However, they will be needed when proving Theorems 4.2 and 4.3. =

P

The main proof follows next.
Proof of Theorem 4.1. Let n > 0. By Lemma B.2, for any 7 > 0

Q) (0,N)] > T] = o(1).

max  sup !EJT (0,1 —

P
1<I<N (9. 0)ew
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Let 7 = ¢/2, where ¢ = infi<j<n |:Q(j)(90))‘j0) = SUD{(9,2):[|(8.0)— (B0 o)} @) (0, A)| > 0 by
Assumption 4.3(i). Then, with probability 1 — o(1),
N
(0, X;)
j=1

1
max e
{0, A1, AN ):0—00|[>m A1, AN} N

IN

1 & 1
— 0,)) < — 0.\
(A A OA)= (B0 o) 2 Vi) NZ:: i - ;{(M)I(M) (00, >\]0)||>77} ir(0:2)

N
1 1
< —§: 0, " Q) (0, }:e (60, A
N 2= (0 2)1107) (00 aolizny 2O ) Qi) Bo: Aso) i1 (60 Ajo)

J:1

< — Y 9)\
< mex, Zﬂ

The 3rd and 5th inequalities follow from Lemma B.2, while the 4th is due to Assumption 4.3(i).
Hence, with probability 1 — o(1), || — 6o|| < 7, giving the desired result. Proving consistency of
the nuisance parameter estimator follows using the same ideas. Let n > 0. Again, by Lemma B.2,
Plmaxi<j<N SuDg )ew \Q(j)(ﬁ, A) = Q)(0,\)] > 7] = o(1), for some 7 > 0. We choose

27 =e=inf inf |Q (0, \j7(0)) — sup QnO,\)| >0,
seorsizn | TV @l

where € > 0 by Assumption 4.3(ii). Now, with probability 1 — o(1),

) 0,)) < max max NO,A) +€e/2
Q(j)( ) LTSN (|| A=X r( 9)H>n}Q(])( ) /

< max Qi (0, Mj7(0)) — /2 < max, Qi) (0, A7 (0))

max max
ISTEN ] [A=Xr(0)][>n}

<
< B0

Hence, for each j and any 7, Plmaxi<j<y ||A;(0) — Ajr(0)|] <n] =1—0(1). =
We finish this section by providing one more result, which will be used below in finding the
orders of the remainder terms in mean value expansions.

Theorem B.1 Let 6 € © be such that 8 2 6y as N, T — oo. Then,

P [1%33)3\7 ‘ ‘5\](9) - j\jT(HO)H < n] =1-o0(1), foralln>O0.

Proof of Theorem B.1. For conciseness, define £ = maxi<;<n supyecp \Q(j)(é, A) = Q) (0o, V).
Then,

£ < max sup|Qp(B, )~ Q@ V)] + max sup|Q((8,3) — Qg (60, )

< 9, . _
25 22, [0 (0. = Q0] + ma, supieiol [ @, 6o

=, s |00 — Q00| + max, Ble(viol o oo
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Therefore, for some 7 > 0,

PE>1] < P

Y, . —0,. >
X (6,8;1)1& ‘Q(])(H, A) = Qe (8, A)‘ >7/2

1<j<N

T

+P{mw<ﬂd%ﬂ“é—%“27ﬂ}

= P

D, . — 0. >
X (6,8;1)1& ‘Q(])(H, A) = Qe (8, A)‘ >7/2

=

which, by the assumption that ||§ — fo|| = 0 and by Lemma B.2, implies that P[ < 7] = 1 —o(1).

NOW7 let 7 be such that 27 = ¢ = inflgjgN [Q(j)(@(),)\ﬂ“(eo)) — Sup{)\IHX—j\jT(GO)‘bﬂ} QQ)(@Q,)\)} s

which is positive by Assumption 4.3(ii). Now, for any A CA, ‘SUPAeA Q(j) (é, A) = sup, i Q) (fo, )\)‘ <

SUp, ¢ & ‘Q(j)(é, A) = Qj)(00, A)| . Then, since P[€ < 7] = 1 — o(1), this implies that

P | max
1<i<)

sup Q(j) (év A) — sup Q(j) (6o, A)
PYSIN AeA

<gp]:1_dn, 9)

as well. Therefore, with probability 1 — o(1), we have for all j
sup Q(0.)) < sup Qj)(00,A) +¢/2
{x|[A=X;r(00)||>n} {N]|A=Xr(00)||>n}

< Q00 Ajr(00)) — /2 < Q;(0,X(9)),

where the first and last inequalities follow from (9) while the second inequality is due to Assumption
4.3(ii). Since, by definition, \;(0) = argmaxyea Q(;)(#,A), it must be the case that [|A;(¢) —
Ajr(0o)|| <, for all j with probability 1 — o(1), which proves the theorem. m

B.3 Proofs of theorems 4.2 and 4.3

Proofs in this part are inspired by the strong dependence case of Pakel (2014), who considers
the integrated composite likelihood method. Our main contribution is extending these results to
multivariate incidental parameters for the standard composite likelihood method.

B.3.1 A short overview of the index notation

Due to 6 and X\ being vector-valued parameters, we have to use multivariate asymptotic expansions
in the remainder. Unfortunately, these become quite tedious, even with low order expansions. To
simplify the algebra, we will use indezx notation and the Finstein summation convention. Below,
we provide a short overview; for a more detailed treatment of these notational techniques see
McCullagh (1987) and Pace and Salvan (1997).

Here to make the likelihood notation more concise, we use the following short hand notation:

(
(

In index notation an array of any dimension can be written as a scalar where the array structure
is made explicit by the use of indices. For example, let [x4] denote a D-dimensional vector where
d=1,...,D. Using index notation, this can be written more concisely as x4. Similarly, a Dy x Dy
matrix [24, 4,], where di = 1,..., Dy is the row index and dy = 1, ..., D is the column index, would

Lt

Lt

L
L

= Lir(0,77(0),  InT = InT(0, M 7(0), s ANT(0),  InT = EnT (0, M1(0), ..., AN(6)),
= Cir(0,7,(0), L = Lir(00, \jT(00)),  InT = Enr (00, A7 (00), s AN (00)).

>
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be written as x4, 4,- We adopt this convention for all likelihood derivatives. For example,

o dlr 0. — dijr : = Py
AN T Al TP A d g, dO,
_dr de @t
7 _ dinr _ N = NT etc.

" d)‘j;p’ ' d, AN jipy A jip,dOr,

where p; € {1,..., P} and r; € {1, ..., R}. Note that, we use the indices g and r for derivatives with
respect to @ only, while a,b,c,d, e, f,l,m,n,o and p are reserved for derivatives with respect to A.
Hence, for example, [(,] is the P-dimensional score vector dfyr/d); while [¢;,, ,.] is the Hessian
matrix dQEjT /d0do" where 11,79 = {1,..., R} etc. In the following, we will use the index notation
both to denote a particular entry and the whole array itself, e.g. depending on context ¢;,,, ., can
stand for d2€jT /d#d" or the row 7; and column r; entry of this matrix. We also use the following
notation for expected values of likelihood terms and their centred versions:

Vjipr,p2 = E[ej;m,pz]a Up1,p2 = E[€p1=p2]7 Hjab = Ljsab — Vjiab  Hem = lgm — Vgm  ete.

To denote the inverse of a matrix, we use upperscript indices: for example, @f LP2 denotes row

425 (9,2(6))
dr;dx,

kp=1if p=gand k) = 0if p # ¢. In what follows, we will use €;,,(6) = Xj;p(H) — Ajrp(0) and

-1
p1 column py entry of the matrix ( > . The Kronecker Delta is given by xj where

5, =0, — fo;r, where \;., is entry p of A; and 6, is entry r of 0.

Another technique employed here is the Einstein summation convention, which is used to repre-
sent multiple summations concisely. The essence of this notation is that, whenever an index appears
twice in a given expression, that expression is to be summed across that index. For example, con-
sider the following term written in the Einstein summation notation: z,,x4,2"Py,. The indices
p, ¢ and r appear twice while z appears only once. Therefore, in the standard notation this term
is equal to Z;];D:l Zqul S 2.4 p2"Py.. The number of indices that appear once (the so called
free indices) then determine the dimension of the expression. For example, the previous expression
is a vector while z, 4y, - is a (2 X 2) matrix since r and z appear only once. Note that one can freely
change the letters used for the indices, as long as the relationship between the indices remains the
same. For example xa,bxb’c is the same as x4, fxf ¢ whereas xb,dxb’a is a different expression.

=0 for all 0, we have

Aj=X;r(0)

Remark 2 Notice that, since by definition (%j ST E[(6, )]

Aj=X;r(0)

Vo {% > E[e0, /\j)]} :

J =1

T
0
= _E El/. .
A =X7(0) 0, v%{a)\j . [6],5(0,)\])]}
etc. V0.

B.3.2 Some preliminary lemmas

First recall a result from Pakel (2014, Lemma A.3).

Lemma B.3 For any given j, let Yy, t = 1,...,T be an a-mizing random sequence such that
limyy, 00 @ (M) = 0, limpy, 00 v jx(m) = 0, and for some 6 > 0 Y °_, maij,k(m)5/3+5 < oo

and 30°_ ma jx(m)*/3° < oo, uniformly for all i,j,k = 1,..,N. Let f(-), g(-) and h(-) be
some measurable functions of Yy where E[f(-)] = E[g(-)] = E[h(-)] = 0. In addition assume
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that B[ f(Yi)]*™] < oo, E[lg(Y;e)|*™] < 0o and E[|h(Y;:)|*™°] < oo for all j,t. Then,
1 K& 1
B| 750X f00av0| = 0(7 ). (10)

E[ﬂzzzmsmmtm(m) - o). (1)

). (12)

) (13)

Q
M=

(7

1 N N T T 7]

EmeZZZM@%) (
1 N N N T T T

E | 5o 2o 2o 2 2. 0. 2 [(Vi)g(Winh(¥ig) | = 0<

where (10) and (11) hold for all i,5,k =1,...,N.

Lemma B.4 Let \;(0) be the mean value between \;(0) and A\jr(0) and 0 be the mean value between
6 and 0y. Note that, in what follows, \j(0) and 6 do not necessarily take on the same value for all
the terms considered. Then, using the index notation as defined before,

Cjip1.p2,pa,pa (0, by 3(0))€5ipa (0)€jips (0)€5ips (0) = Op(ng/z)’ (14)
Ciirsramn (00, A (00))ejim (B0)ejin(B0)€ja(00) = Op(T~/?), (15)
gj;n,m,n,l,o(HOa)‘(90))€Jm(90)6]n( 0)eji(Bo)ejo(fo) = Op(T?), (16)
Crirarairars (0, 35(0))01s01007,805 = Op(T72), (17)

Ciiryra,rs,m(00 5‘(90))6Lm( 0) = op)(T7'?), (18)

Cjirs o (00, Aj(00))ejm(00) = op(T~2). (19)

Proof of Lemma B.4. Consider (14). By the same arguments as in the proof of Lemma
B.2, a uniform convergence result for £;.,, p, ps ps (0, A) (and any of the other likelihood derivatives
given in Lemma B.4) can be obtained. Then, by uniform convergence of €., 1, ps p. (6, A) and since

2 (0) B \;7(), using standard arguments one obtains

gj;p1,p2,p3,p4(07 )‘j(e)) = E[gj;pl,m,ps,m(@v )‘jT(‘g))] + Op(l)-

Since, A;(0) — A\j7(0) = O,(T~1/2) for all j and 6, we have, Li.p, py.pspa (05 A (0))€72(0)e7* ()€ (0) =

0,(T73/?), as desired. By using exactly the same line of arguments as above, (15) and (16) can be
shown to be O,(T~%/2) and O,(T~?), respectively.

Next, take (17). We know that 6 — 6y = 0. In addition, by Theorem B.1, Xj(é) — Ajr(00) 20
for all j. Hence, (8, X;(0)) — (60, Aj7(60)) % 0. By the above arguments,

€T1,7’2,7’3,7’4,7’5 (év 5‘j (‘9)) - E[£T1,T2,T3,T4,T5 (007 5‘]'T(‘go))] + 01?(1)7

which, together with ||§—6g|| = O,(T~/2), implies that Ly rarsirarrs (0, 2(0))87y0,7507, 07 = Op(T7?).
Two terms are left. By deﬁmtlon both E[4;., ro,r5,m (00, Aj(00))] and E[lj.; 1o r.r4.m (00, Aj7(60))]
are equal to zero (see Remark 2). Then, by using similar arguments as before,

gj;TLTz,Ts,m(‘gO’E‘j(‘gO)) = E[gj;h,m,?"s,m(eo’5‘]"1:(‘90))] + Op( ) - Op( )
ﬁj;n,rz,m,m,m(%,)\j('%)) = E[gj;h,rz,rs,m,m(‘goa)‘jT(HO))] +0p( ) = Op(l)

Since A;(0) — Aj7(0) = O,(T~1/2) for all j and 0, we have the desired results. m
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B.3.3 First step: multivariate expansion for \;(#) — \jr(6)

We start with an expansion of the score with respect to A\; around 5\j(9) = \jr(0) :

R _ _ 1-
Cipr = Lipr + Liiprpo€iisps () + §€j;p1,pz,p3€j;p2(Q)GJ;ps (0)
1-_ .
+6€j;p1,p2,p3,p4(07 Aj (‘9))€j;p2 (H)Gj;ps(e)ej;m (9),

_ ) _ 1 _
= ljp + Uj§P1=P2€j?P2(0) + Hj;pl,mej;pg(@) + §vj;p1,p2,p3€j;p2(e)ej;ps (0) + Op (T 3/2>

where the remainder term is O,(T~%/?) by Lemma B.4. Since éj;pl = 0, we have

_ ~ — 1_ _
Uj;p1,p2€j;p2(‘9) = - <€j;p1 + %j§p17p2€j§p2(0) + §Uj;p1,p2,p3€j;p2(Q)Ej;p3(9)> +0p (T 3/2) . (20)

The next step is to invert (20) in order to obtain an expression for €., (6) = Xjun(6) — Aj7.m(f) in
terms of likelihood terms only. First, notice that, 0, p, 05" €, (0) = Kptej, (0) = €j:m(0); see
e.g. Pace and Salvan (1997). Then, multiplying both sides of (20) by 17? U™ vields

_ _ - 1 - B

em(0) = _gj;plvﬁ?hm - [%J’;phpzvfl’m + §Uj;p1,p2,psv§1’m€j;p3(9)]€j;p2(9) + Op(T 3/2), (21)
_ _ 1 - B

ej?m(e) - - (gj?avjm + Hj;a,bv;'hmej;b(e) + 5”]’;&@00?71?2ej;b(e)ej;0(0)> +Op (T 3/2> ; (22)
_ _ 1 - B

€ims(0) = — <€j?dv?7p3 + Hj;dyev;'i’pgfj;e(‘g) + §Uj;d,e,f0?7p3ej;e(e)ej;f(e)) +Op (T 3/2> -(23)

Note that (22) and (23) are copies of (21), although with a different set of indices to prevent
confusion. Substituting (22) and (23) into (21) finally yields an expansion for A;(6) — Ajr(6):

_ _ 1 _ _
) _ . =p1,m ) =P1,Mm —a,p2 | T =p1,my  ~a,p2y ~d,p3 —3/2
ejm(0) = <€]§Plvj + Hjip1p2Uj Ej;avj + 5 Viip1p2,p3Yj €j;avj ej;dvj + Op(T ).

B.3.4 Second step: multivariate expansion for 0 — 0o

Now, by a mean value expansion of ¢,., (0, 5\j (6)) around 6 = 6, we have
. . . 1 .
g""l (‘9’ )‘j (‘9)) = gh (90’ )‘j(eo)) + €T1,1"2 (90’ )‘j(eo))ém + §€T1,T2,Ts (90’ )‘j(eo))ém 5T3
1 “ 1 ~ &~
+6€7’1,T2,T3,T4 (007 )‘j(eo))ém 57’357’4 + ﬂem,m,m,m,% (07 )‘j (‘9))57“2 57“3 57’457’5 '(24)

By Lemma B.4, the remainder term is O,(7~2). Unfortunately, the asymptotic behaviour of the

likelihood derivatives evaluated at (6p, A;(6p)) is not clear. However, by expanding these terms

around (6o, Aj7(60)) = (6o, Ajo) we can obtain an asymptotically equivalent expression, which can
be analysed conveniently. Doing this for each term on the right hand side of (24) yields

1 1
gj;'f'l (‘90, )‘j(‘go)) = gj;'f'l + gj;h,mej;m(eo) + igj;h,m,nej;mwo)ej;n(eo) + ggj;n,m,n,lej;m(‘go)Ej;n(eo)ej;l(‘90)

1 -
+ﬁ€j;r1,m,n,l,0(90’ )‘j (90))Gj;m(‘go)ej;n(eo)fj;l(QO)EJ';O(HO)
1

= Ly + gj;n,mej;m(eo) + ) (vj;n,m,n + Hj;n,m,n) ej;m(‘go)ej;n(HO)

1 _
+6vj;r1,m,n,l€j;m(‘90)Ej;n(eo)ej;l(eo) + Op(T 2)
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1
— 9 _ . P oMy ape | Lo p1,m a,p2 d,p3
= Ljgy = Lisrim (EJ p1V; 1 Hjiprpo J jal; 5 Viip1p2,p3Yj s aly’ lj; vy’

1
oy, pla plvn
+21)J;r1,m,n Ciiprv fi ¢;, oy V5

1 ’
p1, py,m 7p2 p n / 2 7p3
+4jipy v <Hj,p1,p’2vy ja T o Vi w5 Y Cjarv fi jia

1
pm p1,m a,p2 p1,m a,p2 d,p3
+€J7p/1 U <HJ ip1,p2Y; ¢, al;" "+ 2”] ip1,p2,p3Yj J;aVj lja ;dV;j

1 /
. Py P1n
+§H1;r1,m,n63 Vi Ly v
1 /
pla p1,m pl 3
_gvj;m,m,n,lg gV gj;p’lvj gjp +0 ( )
while
. 1
iy s (B0, )‘j(HO)) = Ujiryre + Hjsryrs + ej;m,rg,mej;m(‘%) + §€j;7"1,r2,m,n€j;m(‘90)€j;n(‘90)

1 -
+6€j;r1,rz,m,n,l(‘907 Aj (‘90))ej;m(HO)Ej;n(HO)ej;l(eo)v

/
— . . _ /. promy Lo R p.n
= Vjirre + Hjirire = Lisryra,m (&5 1V )+ 2”];T1,T2,m,n[€ Jip1 V5 €j;p/1vj ]

+0,(T73/?%),
Cjirtira,rs (0o, 5‘]'(‘90)) = Ujiri,rars T Hjiryrars + gj;rl,mﬂ"s,m(eo’ 5‘J’(QO))EJ';m(eO)
= Vjirirars + Hirirars + Op(T71),
Cjiry rarrg,ra (6o, 5‘j (00)) = Vjirvrayrars + Hiirirarsea £ Gjiry ,7"2,7"3,7~4,m(907 5‘j(90))€j;m(90)
= Vi rargrs + Op(T72).
The orders of the remainder terms in these four mean value expansions are given by Lemma B.4

(see (15), (16), (18) and (19)). In the above calculations we have used
1

. _ . D1, qy . p1,m a,p2 ) p1,my  ap2y d,p3 -3/2
€jm(fo) = _gj;pﬂ)j HjprpaVj " Ljsa; Uizl Ljial; Ej;dvj + Op(T ),
W, 1 ) W
] _ pl, . pim, apy p my o aph, o dph —3/2
€jin(bo) = €J7p1 j Hjml,pévj Ej;a/vj 9 Ujsp! ph.p5 Vs Ej;a/vj Ej;d/vj + Op(T ),
. _ p1 e i, a'py 1 i, a'py, d'p§ —3/2
ei1(bo) = —Lj,y Hj;p’{,p’g’vj gj;a”vj 9 Vjsp! py 0y Vs gj;a”vj gj;d”vj + Op(T )-

These expressions are identical, except that in each case different indices have been used, in order
to keep track of different entries of the arrays appearing in the expansion. Now, substituting the
above derived asymptotically equivalent expressions into (24) and summing across i gives

N
PR 1 1
ey (0, )\](9)) = by + 6rgvr1,r2 + 61"2Hr1,r2 + iérgérgvn,m,rg + IN E Uj;rl,m,ngj,p1 ?17 E] 5 fl
J=1

N
p17 1 1
_N E : J; rimd 3V + Eérzérsémvh,m,rs,m + 561"2(»3%1"1#2#3

|
2| =
'Mz H

1
. . p1,My L ap2 |~ D1,Mm a,p2 d,p3
vy m (Hj;pl,mvj jal; Tt o Vip1.p2.p3Vj 350 tj; dv;
1

<
Il
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1 N ’ 1 /
. p1, ) py,n apg p RO 7 2 apg
+2N Z Ujirmnjip: Yj <HJ P75 Vs Cjia N P o Viiph PP 2t a’v Cja )
=
1
E p1 n p1,m a,p2 p1,m a,p2 d,p3
2N Vjir1,m, " 7Pl ] </H],pl7p2 j EJ av + v],phm,ps J EJ av E vj
PPV P 1« P pyn Y.l
5 ) . 5 . k) . k)
§ :7{] s mnlyip V5 Lo U5 T BN § :vj;m,m,n,lg GV Ly 05 )
j=1

N N
1 1
- N Z girrrambip ?1’ +5T2W ZUj;m,rz,m,nfj;plv?l’mgjp fl +0p(T72).
7j=1 J=1
The next step is to formally invert this expression in order to obtain an asymptotic expansion for §
in terms of likelihood terms only. Observe that (i) £, (6, A;(#)) = 0 for all possible values of 71, (ii)
Cryry = Upyry + Hyy o and (iii) by the definition of Kronecker’s Delta, vy, », 0™ %8,, = Kiy0p, = 4.
Then, multiplying both sides by v"*¢ and rearranging gives

1 1
— _ 1,9 _ T1,9p . pl’ 1,9 _ 71,9
0 = b+ N E :U CjsrymUjspy U = Oy My rp¥ 25T25r3v7’1,7"2,7"3v
Jj=1
N /
pl,m P11 r1,q
E Thmn gV gj;p’lvj v
]:
al 1
il r1,q LPI™ a,p2 P1,M a,p2 d,p3
E: gsr1,mU Hjip1,pa?; l; al;" "+ 9 Viip1.p2.p3Y; l; al; lj:d ;dV;
N p—
_15 5.5 TLA 2§ S T
6 r2VT3 1"4UT1,7"277"3,7"4U 2 roOrs¥ T1,72,73
1 ) d
P1,mM_ r1,q p1sn 7p2 p17 . a,Ps g »P3
2N§ : Vjiry,mndj jmY; v <H17p1,p’gvj gja‘/vj + vjml,pg,pg j Ej;a/vj Ej;d/vj
N
_L Vs /. vp vm,q H. T ARULy va’pQ—f—lv' oPLMp . @P2p Ud,pg
oN jir1mntyipl YV jip1,p2Y; J;aj o Vip1,p2,p3Yj jsaVs Lg;dV;
Jj=1
1 N 7
- , PP P1=” R QU pin, il rg
ON § :Hj;m,m,ne ipi Vi L v + UJ rrman lip V5 L V5 o010
Jj=1
1 N
_E : . p1,m, r1,q _ E ’ p1,m P1=” r1,q
+5 N €J;7"1,7"2, e 7171@] v 7"2 2N U] 71,72,M, ne 7;P1 J g]p j v +Op(TTéﬁ)
J=1 7j=1

For convenience, we list below the copies of §, which we will use in the remainder of the inversion
process. These are

1 & 1
) .12 _E 1,720 . p1 _ a2 S S ., T1,T2
57‘2 = grl'U ’ +N vy g]ﬂ“l, g] p1 i ’ 6T2HT1,T2/U 267»267»3’07«177«277«3’0
—

N
1 o
p1,m P71 7" N —-3/2
N Zvjfl,mﬁgj;ﬁlvj g]p 'UJI M+ 0p(T / ),
—

_ ~7’17"3 S o -y T1,T3
Opy = —Lpv"" 07y O3 Vs g 75 U7

2

ZIH

N
71,73 Pl m 5 T,
§ , Tl Uy — O Hiy U
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L&

L pl,m p 71,73 —-3/2

—NE Vjiiy i i1 U 6“5/1)] T 4 0, (T702),
=

1

61"4 = _grlvrl,m + Z TLMEJ 71,1 E Jip1 §1m 6*2Hf1,fzvh7r4 - §6f25fsvf17f27fsvhm4
] 1
1 N
ToON Vjsiy pinnispr ?17 Cjp pl,n v + Op(T™ 3/2)
j=1
= LT O (TN, O = —40" + O,(T7Y), 65y = —L0""2 + 0, (T,
re = LT L O (T, 8y = —40""2 + O(T7Y),  6py = L0773 + 0, (T7H).

Substituting these terms repeatedly into (25) until the right hand side of this equation is free of
any 0 terms and rearranging according to order gives

N
1 _
_ 1,9 _ T1,9p . P1, r1q7 71,72
64 - ngv 7 +N§ :U 7g];ﬁ,mg%pl 7 +H1"1,1"2 ’Erlv ’
Jj=1
N /
_ ) o F1T2p ,,T1,T3 r1,q __ . . p1,M P11 11,9
QET'IU ) grl'U ) Ury,ro,r3¥ ’ ON U]ﬂ“l,m,ng];plvj gj;P/l/Uj v
Jj=1
1 N
_ ri,q| — 71,72 . P1M T2y o T1,T2
Hry o0 NE v i m g];mvj’ + 40" P i v
Jj=1

1 - - ~ 1 ~
7,72 T3, 1,2 § L pl,m D1 1,72
—567"7) fr'u 7P UF o, g U ON U];r17m7n€ j;p1 U f €] 13/1’1)] ’U

Jj=1

1
71,72 1"1 71,73 Pla T2 1"1 T3
+5 emv "0 g rg U E O i i 0 A 0T H ™

N
iy LY ’UT’FSQP o ,Ufl,rg _ L Vi = <l Plamg ~/,01717",01"1,r3
9 T T T1,72,73 2N j571,m,nt g1V j JiP1 Vg
j=1
N
1 . 1 7
~ ). 21,73 ri,q | — 71,72 ph rreqs 1,02
+2€rlv T Uy sV NE ' 5]1"17 g],pl j + 000 e v
j=1
N

1 = = = 1
- r,72 N U S S o plvm Pn 1,72
2€T'U ET’U " VR 7,3 U —2N E Uj;h,m,ngj,pl f E] 7, V; vt v )

1 N 1
_ . r1,9 . pi,mgy - a,p2 o p1,m a,p2 d,p3
jiri,m jip1,p2Y; j;al; jip1.p2,p3V; jsa
+N 12 v H v; / v; +2v v; l; v; l;. dv;

1
6

1 _ .
71,72 71,73 71,7 71,9 T1,T2 0 4yT1,73,,71,4
e A R e A T A 567:11) T2 0BT H L e

N

1 d/ /
p1,m_ ri,q Pl, 7172 p17 apg D3
E jir1,mond I (Hj,pl,pg U ljia ;T 9 Visphphps V) ljia V5 lj:d U

N
- 1 ,Uppn,url,q H me ’U a,p2 + 1@ 1,m€ ’U ,p2€ U d,p3
N Vjiry,monl 701 Y5 jip1,02Vj Jia o VJip1,p2,p3 U Ja Jid
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N
1 "
_ D1,M plan rl,q 1, P1: P1ot ri,q
2N ZHJ rrmnlip Vi i U + ZUJ rimntp ] gjp i iy
J=1

N

N
_ - 1
oy Fra b P11 o r2_§ . P pl’ 1,9
lry"t E : jirvrambip Yj At 2N Vi rmnlip v J 4, PV U
=1 i1

+0,(T™2). (26)

Our objective is to derive an analytical expression for E[f—6] up to a O(T~2) remainder. Although
(26) looks quite complicated, determining the orders of the terms comprising E[47] is straightforward
using Lemma B.3. The main idea is as follows: All the terms comprising (26) are products of some
expectations (which are all O(1)) and some zero-mean likelihood derivatives. Therefore, by using
Lemma B.3, if a term contains two zero-mean likelihood derivatives, then it will be O(T1) in
expectation. If, on the other hand, a term contains three zero-mean likelihood derivatives, then it
will be O(T~2) in expectation (although the product itself is O,(T~3/2)). This reveals that all the
terms except for the first five are O(T2) in expectation. Below we illustrate these points formally
by considering some specific terms.

Example B.1 Start with To = {zv™ 20" 9 ., 4, Here, v™0"2 is the row 71 and column 1o en-

1
try and v is the row r1 and column q entry of{ {dede/ NT ZJ 12? 1@4} . The vector

4L Z;V:1 S L Ui is given by the array [r,] whereas Hyy p, is the row 1 and column ry en-

1 N T T , 7
try of am NT 2je1 2t=1 Lt — [d@d&’ NT Z] LD e lﬁjt] Notice that v"™™ and v are O(1)

__ d€(80,XiT(60);Yis)
b,

while ¢z, and H,, r, are zero-mean. Let f(Yis) = lisry = and g(Yjr) = Hjtyrire =

de(80,7;7(60);Y;0) d0(60,2 ;1 (00);Y5t)
—adn, - —E| =@, } Then,
N N T T

E[T5) = O()Eltr Hryra) = O0) 1 3 D0 37 S EI (i)Yl

1t=

i=1 j=1 s= 1
which is O(T~Y) for any r1, ro and 71 by Lemma B.3.

. = N .
Example B.2 Consider T; = {r v 20"+ > it Liryramlip 0. Again, we have both zero-

mean likelihood derivatives and O(1) expected values For example, vp L™ s the row py column m en-

1
try of { [a)\axTZtTlgﬁ}} while V™2 and 0™ are different entries of %Zj\le

1
{E {dgje,% = 1€Jt]} All these expressions are O(1). Now, consider the zero-mean terms. A
d? 9

typical element of the three-dimensional array given by Lj., vy m would be g5-*7m— 55— T . 1€jt
7‘1 T2 m

Similarly, £;.,, represents a%% ST Uye while Uy, is the same as in Example B.1. Now, let f(Yis) =

_ 4000, Nir (00):Yis) _ _ d*(00.27(00):Yie) (00, ) (00)Yjw)
gis;fl = Zl 79(}/}0 — LYitri,re,m — dé’rldéwd)\ = and h‘( Jw) - g]“’pl - ]>\J';P1 =

Notice that all of these functions are zero-mean and they retain the a-mizing properties of the un-
derlying dataset. Then,

N N T
U % Z Z f(Yjs)) RIS NlTQ Z Z Z 9 (Yje) h(Yjuw)oi"™

07
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By (11) in Lemma B.3, Y _ S L S F  E[f(Yis)g (Yjt) f(Yjw)] = O(T) for any i and j. There-
fore, E[T1] = O(T~?).

Example B.3 The third example is,

1 P
— 1,9 . . . . p1,m pl?” a ,p2 ,p3
T2 = 2NU ’ E :e];plgj;a’gj;d’vj;n,m,nvj Visph ooV V5 7Y

/’n a/ ! d/’
The terms vfl s Uj P2 v; Ps

Further, v"? which stands for the row r1 and column q entry of %;,ME {L Z;Vﬂ Zthl €jt} . The

p1,m

andv; " represent different entries of the matriz %;/\,E [% Zthl Ejt] .

arrays gwen by vjy, mn and v; A have typical entries given by -2 Py 8/\ [% Z?zl Ejt] and

WE [% Z?zl Ejt} , respectively. These terms are all O(1). As before, £j,p,, Lo and £j.q

are different entries of the score with respect to \. Using the same ideas as above, the asymp-
totic order of E[T3] depends on the zero-mean likelihood terms and, specifically, on the order of
E [ lyiarlar] - Let f(Yis) = ispys 9(Yie) = Ligar and h(Yw) = jwa be defined similarly as in
Ezxamples B.1 and B.2. Then,

T

1 T T
LYY S AV aVh(Y;)

s=1 t=1 w=1

N
E[Ty] = 0(1)% ZE i bsarlyar] = O(1)2N Z

Jj=1 =1

)

which is O(T~2) by Lemma B.3 (remember that (11) holds for any i,j,k =1,...,N).

Example B.4 Finally, consider T3 = Vpy g py 0" W 070200 070200 0TV 0 2 ™07 The pat-
tern we have been using so far is now clear: the order of the expected value of any term depends
directly on the order of the expected value of the product of the zero-mean likelihood derivatives.
If a given term, T, contains only one zero-mean likelihood derivative, then T is exactly equal to
zero. If there are two zero-mean likelihood terms involved, as with Ty, then E[T] = O(T~1). If, on
the other hand, there are three zero-mean terms, then E[T] = O(T~2), as with T; and Tz. In this
specific example, the terms cOmMPrising Uy, p5v0" 2029 1 3, &0 = ™13 gre all O(1). Hence,
E[T3] = O(1)E[lr, b7 lr,] and by using the same arguments as above, one can easily show that, by

(13) in Lemma B.3, E[lr lr {5 ] and, therefore, E[T3] are O(T~2).

By using the same methods, one can finally show that

N
1
Eldq) = UTLqN ZE[€j§T1: 3ip1 fh |+ 0" 2R [ Hyy ]
1 ) _
_iE [gflvh71"261’1Urhrsvhmzmsvrhq - Thq ZE ]lemn 73p1 f1,m€] Py 517 ]
+O(T?), (27)

where all terms other than the remainder are O(T~!). This characterises the first-order bias terms.

B.3.5 Third step: from index to matrix notation

We will now prove Theorems 4.2 and 4.3, and show that

Anr (00, A A)—ECMNT B
NT\Y0; N0y +-+5 ANO — deda/
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Jj=1

d*Unr d*Unr d*nr deNT
—E E
+{ d0d6’ [d@d&’ } } { [d@d&’ } }

N - N

1 d Oljp 0241 ae]T
— E - E — E
[N (da N, ) { [axjm; ~

where
[ [ [ 9%6r 1\ g [a 0%r | [ [ 9% |11 9t
N D2,0N, 0y DX, 0N ;0N o\
/ .
.2\4‘7 — : 9
s (e )} o ) e )
Y ax, 0N, 07 IX;0N, X, 0N, X
[ denr E d* N -1 E Nt E d?*lnr -1 dlnT
do’ dode’ df1dOde’ dodo’ do
M// — .
dnT E d* N -1 E Nt E Aty -1 Al
| do’ dode’ do,dode’ dodo’ do

Remember that, as mentioned in Section B.3.1, the indices ¢ and r are used to denote differen-
tiation with respect to 6 while the indices a b,c,d,e, f,I,m,n,o and p denote differentiation with

respect to A. First, £, v = {E [djegc%ﬂ} XMT an (R x 1) vector. Next,

Py 1V [ Plnr 2N Pl " dlnr
/ oy T1,4,9172 — J || —E E . 29
0 Hr g0 { [d@d@’]} {d@d@’ [d@d@’]}{ [d@d@’]} a3

To see this, notice that £, v?" is the same as ¢,,v"1? while,

d*lnt d*n7 2oy
g = —E E .
Frur¥ { 646’ [d@d@’ ] } { [d@d@’ ]}

(RXR)

Similarly,

_ —1
gl ZN: oo {g Py L ZN: dotr [ ] 0r ot
N & biram 0o’ N - o o, ONjON, Y

71 p1,m p27
Next, consider v™4 Z =1 Lip1 Lispa Vi mn vy 05 Observe first that

~1

m 8207 Alir

vy = 0™ :{E[a,\é,\'.” aij‘
J270

(Px1)

Then, the (R x 1) array vj;rymmnljpvj " Lip,v;- " is the same as M. Therefore,

ip1 Y5 2V

N

P21 P
Url’qZgj;l?lgj?mvj#l,m,n’l)gl’mU§2’n = {E [W ZMJ,
j=1

j=1

—1
. . 2
Following a similar pattern, one can show that, €4, €4, vy, yy r 0" 907208473 = {E [dd;é\éﬂ } M.
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Proof of Theorem 4.2. By (26), 6 — 0y = {—E [dQéNT]} CMNT + 0p(1) where

dode’
diny iii Wy [820r) [ [Pir o,
o NT 24| 99 200N NN N
—1
2l N 1N [t 1 L (82 1L (0%
- = E S E |57 — > E | — > E |2
[d@d@’] {aaae'] N; [aeax] N; [max} NJZ; [axae']

Let 7 = limy 700 ZnT Where Iy = Var (fdeNT) . Then, for any (R x 1) vector ~ such that

vy =1,4'VT \/— _1/ 2 Z i1 thl @6 jt is a linear combination of mixing processes and, therefore, is a
mixing process itself. Moreover, Var ( 'JT INl/ 2dly T) 1. Therefore, v/v/T IN%F/ 2 dENT 4N (0,1)

and by the Cramér-Wold device \/— CMNT N (0,Z). Hence, by Slutsky’s Theorem, 6 — ) L\
N(O,D71ZD7!). =

Proof of Theorem 4.3. Rewriting (27) in matrix notation by using the results of section B.3.5
and remembering that all terms in (27) other than the remainder are O(T~1!) proves (28) and the
theorem. m
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