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Abstract

Long-run restrictions (Blanchard and Quah, 1989) are a very popular method
for identifying structural vector autoregressions (SVARs). A prominent exam-
ple is the debate on the effect of technology shocks on employment, which has
been used to test real business cycle theory (Gali, 1999, Christiano Eichenbaum
and Vigfusson, 2003). The long-run identifying restriction is that non-technology
shocks have no permanent effect on productivity. This can be used to identify the
technology shock and the impulse responses to it. It is well-known that long-run
restrictions can be expressed as exclusion restrictions in the SVAR and that they
may suffer from weak identification when the degree of persistence of the instru-
ments is high (Pagan and Robertson, 1998). This introduces additional nuisance
parameters and entails nonstandard distributions, so standard weak-instrument-

robust methods of inference are inapplicable. We develop a method of inference
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that is robust to this problem. The method is based on a combination of the
Anderson and Rubin (1949) test with instruments derived by filtering potentially
non-stationary variable to make them near stationary (Magdalinos and Phillips,
2009, Phillips, 2014, Kostakis Magdalinos and Stamatogiannis, 2015). In the
case of Blanchard and Quah (1989), we find that long-run restrictions yield very
weak identification. On the hours debate, we find that the difference specification
of Gali (1999) is very well identified, while the level specification of Christiano
et. al. (2003) is weakly identified.

Keywords: SVARs, identification, weak instruments, near unit roots, IVX.
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“It is better to be vaguely right than exactly wrong.” Carveth Read

1 Introduction

Since the seminal paper of |Sims| (1980)), structural vector autoregressions (SVARs) have
become a very popular method for analysing dynamic causal effects in macroeconomics.
SVARSs can be used to decompose economic fluctuations into interpretable shocks, such
as ‘technology’, ‘demand’, ‘policy’ shocks, and trace the dynamic response of macroe-
conomic variables to such shocks, known as impulse response functions (IRFs). The
success of the SVARs relies on (i) the ability of the model to recover the true underly-
ing structural shocks (“invertibility”); (ii) the validity of the identification scheme; and
(iii) the informativeness of the identifying restrictions. Because a SVAR is a system of
linear simultaneous equations, the third condition can be expressed as the availability
of informative instruments.

In the words of (Christiano et al.| (2007), “to be useful in practice, VAR-based
procedures should accurately characterize [and] uncover the information in the data
about the effects of a shock to the economy”. In other words, confidence intervals on the
model’s parameters, e.g., the IRF's to an identified shock, need to have the property that
they are (i) as small as possible when instruments are strong (efficiency); and (ii) large
when instruments are weak/irrelevant (robustness), see [Dufour| (1997). Conventional
methods based on standard strong-instrument and stationarity assumptions achieve
the first objective but fail the second and therefore lead to unreliable inference.

This paper focuses on the identification scheme known as ‘long-run restrictions’,
proposed by Blanchard and Quah! (1989). This assumes that certain shocks (e.g. “de-

mand” shocks) have no permanent effect on certain economic variables (e.g., output).
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Long-run restrictions are a popular identification scheme for SVARs, because they
seem to be less contentious than short-run identifying restrictions, see e.g., |Christiano
et al.| (2007) and the associated comments and discussion. However, it is well-known
that long-run restrictions can lead to weak identification, see e.g., Pagan and Robert-
son| (1998), and there is presently no method of inference that is fully robust to this
problem. The main difficulty is that the features that make instruments weak in this
context also work to make them highly persistent, or nearly non-stationary. Therefore,
all the available weak identification robust methods of inference, such as the |Anderson
and Rubin| (1949), see Staiger and Stock! (1997)), are inapplicable because they rely on
stationary asymptotics. This applies to common pretests of weak identification, too,
see Mark Watson’s comment on [Christiano et al.| (2007) ]

In this paper, we develop a method of inference that is robust to weak instruments
as well as near non-stationarity. The method is based on combining recent advances in
econometrics on inference with highly persistent data by |[Magdalinos and Phillips| (2009)
and Kostakis et al.| (2015), see also Phillips| (2014), with well-established methods
of inference that are robust to weak instruments. The former methods have been
developed for predictive regressions or cointegration, and their use in the context of
structural inference in simultaneous equations models is new. Our new method of
inference controls asymptotic size under a wide range of data generating processes,
including standard local-to-unity asymptotics; it has good size in finite samples; it is
asymptotically efficient under strong identification and has good power under weak
identification; and it is very simple to implement. For illustration, we revisit the
empirical evidence in two classic applications of SVARs with long-run restrictions: the
original application in Blanchard and Quahl (1989) and the “hours debate” of |Gali
(1999) and |Christiano et al. (2003). In the case of Blanchard and Quah (1989), we
find that long-run restrictions yield very weak identification, since confidence bands
on the impulse responses comprise the entire parameter space (which is bounded). On
the hours debate, we find that the difference specification of Gali (1999) is very well
identified, while the level specification of Christiano et. al. (2003) is weakly identified.

Long-run restrictions are by now a very common approach to the identification of
SVARs. At the time of writing, Blanchard and Quah (1989) had 4363 Google scholar

!Note that the presence of persistent regressors affects inference on IRFs at long horizons under
any identification scheme, see Pesavento and Rossi (2006, 2007). We do not study long-horizon IRFs
here, but we believe that use of filtered instruments provides valid inference for long-horizon IRFs,
t00, though the methods in Pesavento and Rossi (2006) may be more efficient.



citations, and we found that about half of all the articles that used SVARs published
between 2005 and 2014 in the top general interest and macro journals in economics
used long-run restrictionsE] Therefore, the scope of the present paper extends well
beyond the two applications that we discuss here.

The paper is structured as follows. Section [2| sets up the model and assumptions
and discusses the long-run identification scheme. Section [3] discusses existing methods
of inference, highlights the problem and presents our proposed solution. Section {4 gives
simulations on the finite-sample size and asymptotic power of our new method. Section
presents the two empirical applications and finally, section [6] concludes. Proofs and

additional numerical and empirical results are given in an appendix at the end.

2 Model and assumptions

2.1 The baseline SVAR(k) with long-run restrictions

A general SVAR with £ lags can be written as
k
B(L)Y,=¢, B(L)=)Y Bl (1)
=0

where L is the lag operator, Y; is a n x 1 vector of endogenous random variables, B;
are n X n nonstochastic matrices of parameters, var (¢;) is a n-dimensional diagonal
variance matrix, and By has ones along its diagonal. Moreover, the defining assumption
of the VAR is E (&]Y;-1,Y:—2,...) = 0.

Partition the vector of structural shocks ¢; = (Elz). We are interested in identifying

€2
€1, and the IRF
_ Oy
gj

- I
nx1 aglt

j=0,1,...

The long-run identifying restriction is that o, has no long-run effect on Y3;. In the
literature this is expressed as a zero restriction on elements of the spectral density
matrix of Y; at frequency zero — a Choleski factorization of the long-run variance of
Y;. We work with the (equivalent) instrumental variables (IV) representation of the

long-run restrictions in [Pagan and Robertson| (1998)).

2 American Economic Review, Econometrica, Quarterly Journal of Economics, Journal of Political
Economy, Review of Economic studies, Journal of Monetary Economics, AEJ Macro and Journal of
Money Credit and Banking.



Fukac and Pagan| (2006)) show that the long-run restrictions depend on the number
of permanent shocks in the system. We assume throughout that there are no I(2)
trends, i.e., Y; is at most I(1). For clarity, we discuss here the bivariate case, n =
2 — multivariate generalization is straightforward. It is typically assumed (e.g., by
Gali (1999)) that long-run identification requires at least one permanent shock, so the

cointegrating rank can be 0 (two permanent shocks) or 1 (one permanent shock).

2.1.1 Case of one permanent shock

This is a cointegrated VAR, or vector error correction model (VECM), which can be
written as
o / -1
PL)AY, = a B Yia+ By ey, (2)
1x2
with T'(L) = Y0 T,L0, T = I, T; = —=By' S0 .| B;, and a8’ = —By'B(1). Its

Granger representation is:

t
Yi=CY e, +C(L)e, C=B, (o T(1)B,) " o' By,
s=1

a1

O@), o] = (_‘21) and similarly for 5. The long-run restriction

where o/, = 0, a = (
that permanent shocks to Y5; have no impact on Yj; can be written as a zero restriction

on the top right element of the matrix C,

C— 011 012 B * 0
B Cgl C22 N * ok '

(Note that since cointegration implies rank(C') = 1, Cy = 0 must hold too: only ey,
drives the stochastic trend.) This implies that o By* ((1)) = 0, or if we define

1 b
B(] _ 12 :
—bgl 1



Y1 (L) =712 (L)

Alternatively, let ' (L) =
—Ya1 (L) 722 (L)

) and write the VECM as:
Y1 (L) AYyy = a1 Y1 + 715 (L) AYa + uyy
Voo (L) AYy = @AY, + Vo1 (L) AY1y + g,

where u; = By 'e; are the reduced form errors. Imposing the long-run restriction yields
(Pagan and Pesaran, 2008):

”5/11 (L) AYVM = blgAYQt + ’3/12 (L> A3/215 + €1t (3)

where 1y (L) = 711 (L) + biaya (L) and 5 (L) = 19 (L) + b1a [y29 (L) — 1]. Observe
that the error correction (‘ecm’) term 3'Y;_; is missing from , so we can use this
to instrument for the endogenous regressor AYs,. Once ey, is identified from , the

impact of €1; on Y5, can be obtained from the regression
Yoo (L) AYo = 'Yy + 79y (L) AY1 1 + dnere + o (4)
Identification is weak if oy — 0.

2.1.2 Case of two permanent shocks

In this case there is no cointegration, so the model is a VAR in first differences:
['(L)AY; = By'e,.

The long-run restriction that permanent shocks to Y5, have no impact on Yy, is

czr(1)—1301:<* 0).

(Note that in this case Cy does not need to be 0). The long-run restriction then

implies:

_ T2 (1)
b = Y22 (1)

As before, this can also be expressed as an exclusion restriction. First, from the



Beveridge and Nelson| (1981)) (henceforth BN) decomposition we have
biz + Y12 (L) = b1z + 712 (1) + 712 (L) A
Substituting in the SVAR, using the long-run restriction by + 315 (1) = 0 we have
Y11 (L) AY1p = 7, (L) A%Yo, + €1, (5)
and the equation for Yy reads
Yoz (L) AYz = 71 (L) AY1 41 + dorene + €.

Thus, we are using AY5,_; as an instrument for the endogenous regressor A?Yy; in ().

Identification is weak if AY5; is nearly I(1).

2.2 The hours debate

The number of permanent shocks can make a big impact on the results. The debate of
the short-run effect of a technology shock on hours between Gali (1999) and Christiano
et al, is based on a SVAR that contains productivity and hours. Gali used a VAR in
first differences (two permanent shocks), found a negative effect and rejected RBC
theory. Christiano et al favored a VAR with hours in levels (one permanent shock,
cointegrating vector 5 = (0, 1)") and found a positive effect — they also used per-capita
hours as opposed to total hours, which also matters. Christiano et al claimed the
“level” specification encompasses the “difference” one, and is preferred by the data.
It is true that the level specification nests the difference specification. Consider the

following encompassing specification:

Y1 (L) AY1y = 775 (L) A%Yoy + [bi2 + F15 (1)] AV, + £y (6)
Yoo (L) AYo = oY1 + v91 (L) AY1y + uay,

The level specification imposes no extra restriction, and uses Y5, as an instrument
in (6). The difference specification imposes bia + 7,5 (1) = ap = 0, which enables us to
use AY;_; as an instrument in @ The difference specification will be misspecified if
b12+715 (1) # 0. In principle, this misspecification is detectable by a suitable diagnostic

test. However, the power of such a test depends on the value of ay # 0. Only when ay



is far from zero can we reject ap = 0 with high probability. Otherwise, if we do not
reject vy = 0 and impose it incorrectly, the bias that will result depends on the true
value of bys + 715 (1) and can be arbitrarily large. This corroborates Christiano et al’s
claim. But if we are in a situation when «» is small, which we can model as as — 0 as
T — o0, the level specification suffers from weak identification because of a near unit
root in Y5;. Therefore, the sampling uncertainty in the level specification may be so

large that we cannot rule out conclusions based on the difference specification.

3 Econometric Methods

3.1 GMM estimating equations

Consider the multivariate SVAR(m) in n variables. We are interested in identifying
the IRF to the first shock €14 using (n — 1) long-run restrictions. This can be done
by estimating equations and . Let 6 denote all the parameters of the model.
Moreover, let X1;, Xo; denote vectors containing lags of AY;. In canonical, unrestricted
SVAR(m), X1; = Xor = (AYt’_l,...,AK/_mH)/, so that and can be written

compactly as

AYy = Vo AYs + 01 X4y + 1y (7)
AYy = Yo 1 + 05 Xor + dorery + Vo, (8)
————

U2t

where d; denotes the coefficients on exogenous and predetermined variables in , and
0o denotes the corresponding coefficients in H Note that vy is the residual of the
projection of the reduced form error uy; on €y;. It coincides with €9, when it is a scalar
(n = 2), but not otherwise. So, as is well-known, the n — 1 long-run restrictions above
combined with the orthogonality of the structural shocks, do not identify the structural
shocks €9; when n > 2. For clarity, we will discuss the case n = 2 in the remainder of
this section. Extension to the general case n > 2 is given below.

Because the model is just-identified, maximum likelihood estimation of # can be

expressed in terms of the method of moments. Let

hit (601) = b1aAYs + 5/1X1t, (9)

3X,; and X»; do not need to be the same and do not need to include all k lagged differences of the
variables. They may also contain deterministic terms, see Section
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/

where 0; = (by2,87,0.,) , and

hoy (9) =AYy — 062Y2,t4 - 5/2X1t — da1hyy (91) . (10)

Note that @ and correspond to the ‘level” specification, which is more general, but
can easily accommodate the difference specification by redefining Y5, accordingly. Let
Zh, Za denote vectors of instruments to be specified below. The identifying restrictions

can be expressed as the moment equations E (f; (6)) = 0, where f, = (f{,, f5;) and

fu (6)) = < hfé;’j;; (3132 ) . (8) = ( hltZ(éet?)%h (j)(e) ) , (11)

This structure of the moment conditions and the corresponding block-diagonality of the
efficient GMM weighting matrix allows us to define the GMM estimator sequentially,
see below.

Under standard strong-instrument stationary asymptotics define the long-run vari-
ance of the moment conditions Vy (0) = var (T_1/2 S (9)) . Let V; (6) denote a
consistent estimator of V; (6), where  is some initial estimator of §. Note that by
the finite-order VAR assumption V() = var (f; (0)), so V; (8) does not need to be a
HAC estimator. The GMM criterion is

Sr(6) = Fr () V; ()" Fr (6),

where Fp (8) = T-' 2], £, (). The GMM estimator is § = arg ming Sy () . Because
the SVAR model is linear and just-identified, under (conditional) homoskedasticity,
GMM becomes 2SLS equation by equation. Wald-tests and confidence intervals are

based on standard first-order strong-instruments stationary asymptotics:
~ d _ 1
\/T(e—e) 4N (o, [T (0) V; (0) " T (0)] ) ,

where J (0) = plimg_,., OFr (0) /06'. However, under near-unit-root asymptotics the
above result breaks down.
Orthogonality of the errors implies that the variance matrix of f; is block diagonal,

with V}, (61) = var (fi (61)) and Vy, (6) = var (f (6)), so the GMM criterion function



can be decomposed into orthogonal components

St (9) = (FIT (91), , For (9)') ( Vf:1 AO X > ( Fir («91) )

0V For (0)
= Fir (01) Vi Fir (01) + For (0) Vi, Far (0) . (12)
51:(91) 52;?9)

where

Fir (0 = 23 fu (@), B (®)= 23" fu(6).

3.1.1 The impulse response function

The IRF of interest is given by

1
On(m—l

_ MWy

9;(0) = 5= = (Inaonm(m—l))A(@)j(

where A () is the companion VAR matrix and gy are the impact IRFs:

1+ byad
90(0): ( + b12d21 )051- (14)
day

This is the IRF to a one-standard-deviation shock to ;. Alternatively, we can use the
IRF to one unit shock to £y, by dropping o, from ([14).

3.2 The conventional approach

The conventional approach, e.g., Blanchard and Quah (1989), is to use Gaussian max-
imum likelihood (ML) estimation with conditional homoskedasticity. The ML estima-
tor corresponds to the GMM estimator defined above when Zy, = (Y3, ;, X{,) and
Zy = (Y4,_1,X%,) , namely, when we use Yz, as instruments in —. This corre-
sponds to 2SLS estimation of 6; from 1) yielding estimate 6;, and OLS estimation
of 65 from 15) with the ‘generated regressor’ &1, = hy; 6, ) . Under strong-instrument
stationary asymptotics, the asymptotic distribution of Wald statistics is x? and er-
ror bands for any smooth function of the parameters can be derived using the delta
method, e.g. Mittnik and Zadrozny| (1993), or bootstrapping, e.g., Kilian| (1998).
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When s is small, e.g., ay = O(T~%), a > 0, conventional asymptotic approx-
imations break down and the distribution of Wald statistics depends on a nuisance
parameter that measures the proximity of as to zero, see |Gospodinov]| (2010) for the
case a = 1. Thus, conventional confidence bands on VAR coefficients and IRFs do not
have correct asymptotic coverage. In the next subsection, which contains the main

contribution of the paper, we introduce a method that does.

3.3 Anderson Rubin test with filtered instruments

Our approach to solving this problem consists of two components: (i) address the near
unit root problem, ay = O (T~%) with a > 0, by using filtered instruments — the so-
called IVX approach of Magdalinos and Phillips (2009, henceforth MP); (ii) address the
weak-instrument problem using a weak-identification robust method — the Anderson
and Rubin (1949) (henceforth AR) test, since the model is typically just-identified. It
is crucial to use both components — using any one of them alone does not suffice to

control size.

3.3.1 A brief description of the IVX method of Magdalinos and Phillips
(2009)

MP obtained nuisance-parameter-free asymptotic distribution theory for Wald tests in
situations where the order of integration of the regressors is unknown, such as predictive
regressions or cointegrating regressions when the right hand side variables are nearly
integrated. They did so by introducing an instrument which is filtered from the original
data in such a way that it is at most moderately integrated, and correlates sufficiently
with the variable it is instrumenting.

We illustrate the idea using the predictive regression example in Kostakis et al.
(2015, henceforth KMS). Consider the system of equations

Y = O0x1 +
k
Ty = <1 + %) Ty_1 + Vg,

where kr = O (T') as T'— oo such that kr/T € [—1,0], and suppose we are interested
in doing inference on #. Instead of using the OLS t-test, following MP, KMS proposed

11



to use IV with the following generated instrument:

t
a= Y P IAT, p =14 5 bE (1), e <0,
j=1
S0 2y = p,z_1 + Axy, with p, sufficiently smaller than 1. When k7 = ¢T%!, ¢ < 0 and
a € [0,1] they showed that the IV ¢-test is asymptotically standard normal under H,
irrespective of a, ¢ and the choice of b, c,[] We show in the Supplementary Appendix

that this results holds for all sequences such that kr/T € [—1,0].

3.3.2 Filtered instruments for the SVAR model

We take that approach to our model as follows. In the original model, the instruments
contain all lagged differences that appear on the right hand side of all equations (which
we denoted by Xi;), plus the lagged stationary regressors Ys; 1, which are excluded
only from the first equation, i.e., Z; = Zy = (Xy4, Yo—1) . The alternative we propose

is to replace Y5, in the instrument set with the filtered instrument

t—1
2t = ZPtT;jAYéJa pTz = 1 + %7 b € (07 1) y Cz < O (15>
7j=1

(we follow MP in setting ¢, = —1 and b = 0.95).

3.3.3 The AR statistic

The next step in our methodology is to construct the AR test using those instruments.
Consider first a statistic for testing Hy : b2 = 0%. Because of the block diagonality of
V}, this can be tested using just the first equation . The AR statistic, AR (0%,), is

the squared t-statistic for testing Hj : 0, = 0 in the auxiliary regression:
AYy — b,AYy = 61 X1, + 20, + €5, (16)

where Xj; contains the m — 1 lags of AY;, and z; is the filtered instrument .
Note that with conditional homoskedasticity, AR (b},) corresponds exactly to the min-

imum value of Sir (6,), defined in (12)), under the restriction that by = b9, i.e.,

4This example is a special case of KMS Theorem 1.
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Sir (91 (b?2)> . where 0, = arg ming, ,,—p0_ 17 (A1) . Under conditional homoskedastic-

ity, this can be written analytically as

(AY) = AYabia)' Pary, - (AY) — AYsb1o)

AR (b)) = ,
(b12) (AY; — AYabys) My, (AY; — AYabyo) /(T — col (Zy))

(17)

where P. denotes the projection matrix, M. = I — P. Z; = (X3,2), and we follow
standard notation that for any column vector X;, X denotes the matrix of T stacked
rows X/, t=1,...,T.

To proceed, we make the following assumption on &;, where ||-|| denotes the spectral

norim.

Assumption A. (&), is a sequence of identically and independently distributed random
vectors with F (g¢|Yi—1,Yi—0,...) = 0, E (g&}|Yi_1,Y;—2,...) = X, and diagonal with

5. > 0, and the moment condition E ||g/|* < co.

This assumption is similar to the one used in MP, except for the addition of con-
ditional homoskedasticity, which is typically used in the literature (e.g., the results
in Blanchard and Quah, 1989, and Gali, 1999, assume conditional homoskedasticity).
Heteroskedasticity robust version of the proposed tests can be obtained using a het-
eroskedasticity consistent estimator of V.

Our proposed AR test is then based on the following result.

Theorem 1. Consider the model (@ and (@, with ag = kr/T € [—1,0], and &
satisfying Assumption A. Let statistic AR (by2) as in where the instrument is
defined by (12). Then under Ho : by = 09, AR (1) 5 %2 for all sequences kr.

Comments 1. The proof of the Theorem is somewhat simpler than in MP and
KMS because no variable in the auxiliary regression is near-integrated. Thus, 5, is
asymptotically Normal, rather than mixed normal, in all cases.

2. Extending kr = ¢T'7¢, the case considered by MP and KMS, to general se-
quences k7 is easily done by following the proofs in MP, see the supplementary ap-
pendix.

3. The case kr/T = ¢ < 0 corresponds to stationarity and strong identification.
In this case, the statistic AR in is asymptotically equivalent to the AR statistic

13



AR* defined in that is obtained by replacing the filtered instrument z; with Yg’t_l.ﬂ
AR* is the standard AR statistic, which is asymptotically efficient because the model is
just identified (Moreira, 2003), and it is also asymptotically equivalent to the standard
Wald test of Hy. Thus, the use of the filtered instrument entails no loss of power in
the case of strong identification, and so the AR test with filtered instruments weakly
dominates the Wald and standard AR tests.

3.3.4 A projection test for general hypotheses

The proposed methodology can be extended to testing general hypotheses of the form
Hy : 7 (0) =0, where r : © — R4, ¢ < dim 6. This includes e.g., the IRF and forecast
error variance decomposition. Testing such hypotheses is difficult because r (6) contains
the potentially weakly identified parameter by5. Since this is the only parameter that is
affected by weak identification, we propose the following projection testing approach.
Use a test of the joint null hypothesis Hy : r (6) = 0,b15 = 1Y, and “project out” bys,
i.e., reject Hy : r(0) = 0 if there is no value of ), for which H is accepted. We now
turn to the derivation of a test of H{.

Our test of the combined hypothesis H{ is based on a novel idea that combines
the AR (by2) statistic developed above with a Wald statistic for testing the restrictions
on the remaining parameters in # (this idea applies more generally, see section
and Theorem [3| in the Appendix). Partition 6 into by and v, say, the remaining
unknown parameters. Let @L (b12) be the restricted GMM estimator of 1 given by, and
let ‘A/¢ (by2) denote an estimate of the asymptotic variance matrix of ¢ (by3). Provided
R(0) = 0r (0) /Oy exists and is of full rank ¢, define

W (bi2) =7 (bu, W (512)), V; (512)_1 r (bm, W (512)) ) (18)

A~ / A
where V,ﬁ (blg) =R (blg, @ZJ (b12)> V{p (blg) R <b12, ¢ (b12)> 5
and consider the combined statistic
AR (1) = AR () + W (1) (19)

The asymptotic distribution of ARW (bY,) under the null Hg is given by the following

®The asymptotic equivalence AR = AR* + o, (1) is shown in the proof of Proposition [7|in the
Supplement.
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result.

Theorem 2. Under the conditions of Theorem |1, with b € (1/2,1) in the definition
of the filtered instrument z;, and if the null hypothesis Hy : v (0) = 0,b15 = bY, holds,
then, for all0 <a <1, ¢<0:

W () % xi,

W (1%,) it is asymptotically independent of AR (by2) , and
ARW (09,) = AR (b3,) + W (b%) > X3,

Comments 1. The ARW test rejects Hy : r(0) = 0,b5 = b}, at the n level of
significance if ARW (b),) is greater than the 1 —n quantile of x? +q- A projection test of
Hy : 7 (0) = 0 rejects Hy when there is no value of ), such that the ARW test accepts
H;.

2. Because of the conditional homoskedasticity case, the confidence set for b5 can
be obtained analytically using |Dufour and Taamouti (2005) and that greatly speeds
up computation. But even in the general case, computation of confidence bands only
requires a grid search over the space of byo, so if the latter is a scalar, it is quite fast,
too.

3. This test can be applied, e.g. to the IRF or forecast error variance decomposition,
see Examples below. Importantly, the test is valid also for inference on long-horizon
IRF's, see Example LHIRF below.

Example SHIRF A bivariate SVAR(1) with a long-run restriction and cointegrating
vector 3 = (0,1)" is a special case of and with

AYy = bioAYo + €1y, (20)
AYo = Yo 1 + doic1s + €at. (21)

The structural parameters § = (byy, avo, dy; )’ are partitioned into by and 1) = (v, day)’ .

Suppose we are interested in testing Hy : Yy /0y, = doy = dy, against Hy : doy # d9;.

This can be expressed as the linear restriction r (b, ¥) = do1 — d;, with R (bya,1)) =

dr /o' = (0,1) . Our proposed n-level ARW test rejects Hy if ming,, (AR (bys) + W (b12))
is greater than the 1 — 75 quantile of x3.
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Example LHIRF Suppose we are interested in the impulse response of Y5 to €; at
horizon j = xT, in the special case where ap = ¢T'~1. This example corresponds to
the problem studied by Pesavento and Rossi (2005, 2006, 2007) and Mikusheva, (2012)),
though these authors did not consider the case of long-run restrictions which matters.
Specifically, the parameter of interest is given by 0Ya:;/0e1; = (1 + a2)j doy ~ €“"doy
when 7 = &7 and T is large. The procedures proposed in the aforementioned papers
require do1 to be consistently estimated and inference on this parameter is obtained by
using a robust test for ¢. The additional complication here is that ds; is weakly identified
when a5 is local to zero, so uncertainty in dy; (stemming from weak identification of
b12) is not asymptotically negligible — it is of the same order as for c.

Our ARW test covers this case. Specifically, consider the null hypothesis Hy :
OYor 111 /021, = ro. This is can be expressed as the analytic restriction 7 (by2,?) =
€21 dy; — 1o, where j is known, so that R (bi,v) = Or/0y’ = e*? (j,1). By Theorem
[2, the asymptotic size of the projection n-level ARW test described in Example SHIRF

will not exceed n for all c.

3.4 Deterministic terms

The model - above did not include any deterministic terms in X;; and Xo;.
Although their values do not affect the IRF or forecast error variance decomposition,
misspecification of the deterministic elements may result in inconsistent estimators of 6.
Under stationarity assumptions, the use of consistent estimators of the deterministic
terms (we restrict our attention to an intercept or a linear trend) will preserve the
asymptotic distributions of the AR and ARW statistics. They may have an impact in
the presence of near-unit roots.

When a constant is present in , we show in the supplementary appendix that
the results of KMS hold and the test statistics are asymptotically unaffected. The
estimated intercept matters in finite samples though, and we therefore use the finite
sample correction these authors suggest, adapting it to the ARW statistic as follows.
The finite sample correction in KMS, applied to the AR in consists in modifying

Py, » in the numerator. When the model contains an intercept, so X, is augmented

as X = |:L : )?1} . replacing in effect Py, . = Mx, 2 (z']\/lxlz)f1 2 Mx, with

~ ~ -1
Pyry. = Mxz (Z/MXZ - (1 - )\El’uQ> Tﬁ'?) 2 Mx

16



where :\\61,712 is the estimated long run correlation between e1; and ug;. A similar cor-
rection for the Wald statistic W obtains. It depends on the specific form of H{ but
only affects the variance related to the estimator of as in f/w (b12) . We provide an
expression thereof in the supplementary appendix. In the empirical applications we
consider in this paper, Xslm is low enough so the finite sample correction does not play
a substantive role.

In some applications, Y, denotes the deviation of some observed variable (e.g., log
hours, or log real GDP) from a linear deterministic trend where the observed data
Vb is given by Y = Yo + 74 4+ 7,t. We then replace Yy, with Yy, = Y%, — 4,t in
the computation of the IVX instrument Z;. Whether or not Y5, is stationary affects
inference on ~y,. In particular, if 4, is computed using the full sample, then Yoy is
a function of future values and this may affect the exclusion restrictions used in the
GMM objective function.

To avoid this issue, we follow Phillips, Park and Chang (2004) and use a recursive
detrending formula to ensure that Ys; is not computed using future values:

Y obs 4 obs 6 t obs 12 ~ obs
Yor = Yo" = Yt = Yy +HZY% —m;ﬁ@j

i=1

This formula preserves the martingale difference sequences which are needed in the
asymptotic theory, so moment conditions hold under the null. Hence the asymptotic

results presented above are preserved.

4 Numerical results

In this section we investigate the finite sample properties of our proposed test and
compare them with the existing nonrobust alternative.

The data generating process is a bivariate reduced-form VAR(1):

c
AYyy = fblzqu +uy, 1<t<T

c
AYy = fYthfl + Vg4

()~ ((5)-(0 1))

17
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At 5% At 10%
p=0.20 0.95 0.20 0.95
AR t AR t AR t AR t
c=0 0.052 0.005 0.071 0.774 0.103 0.025 0.133 0.807

—1 0.052 0.007 0.064 0.680 0.100 0.029 0.125 0.717

—10 0.050 0.019 0.047 0.257 0.102 0.053 0.092 0.307

—=30 0.051 0.034 0.044 0.135 0.100 0.081 0.089 0.181

—100 0.053 0.050 0.045 0.069 0.102 0.100 0.093 0.115

Table 1: Null rejection frequencies of AR (with filtered instruments) and conventional
t tests of the hypothesis Hy : bj = 0 in a bivariate SVAR(1) with long-run restrictions.
p is the correlation between the reduced-form VAR errors. The sample size is 200.
Number of MC replications: 20000.

and Yjg = Yo = 0. The estimated model is SVAR(m), m = 1,2,4, and we focus on
testing the null hypothesis Hy : b1o = 0 against H; : bip # 0.

4.1 Size

We consider the following parameters sets: p € {0.20,0.95} and ¢ € {0, —1, —10, —30, —100}.
The sample size is set to T = 200. We compute the null rejection frequencies of our AR
test with filtered instrument z and the conventional ¢ test with instrument Y5, ;
at the 5% and 10% levels of significance. The number of Monte Carlo replications
is 20000. Tables [1] and |2| give the results for SVAR(1) and SVAR(2) models, respec-
tively. We notice that the rejection frequency of the ¢ test can deviate sharply from
its asymptotic level, with considerable overrejection in the cases p = 0.2 and c close to
zero. In contrast, the rejection frequency of our proposed AR test is very close to its
asymptotic level in all cases. Similar results obtain for higher order models as well as
for models with deterministic terms (further results can be found in the Supplementary

Appendix).

4.2 Power

We compute (large-sample) power of the AR and t tests of the previous case under

weak identification. We set T' = 2000, use 1000 Monte Carlo replications, and con-
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At 5% At 10%
p=0.20 0.95 0.20 0.95
AR t AR t AR t AR t
c=0 0.049 0.006 0.066 0.770 0.098 0.025 0.126 0.802

—1 0.047 0.008 0.060 0.676 0.096 0.029 0.119 0.716

—10 0.045 0.020 0.039 0.258 0.091 0.055 0.080 0.308

—-30 0.036 0.035 0.034 0.144 0.078 0.084 0.079 0.186

—100 0.028 0.048 0.052 0.081 0.065 0.100 0.113 0.117

Table 2: Null rejection frequencies of AR (with filtered instruments) and conventional
t tests of the hypothesis Hy : bj = 0 in a bivariate SVAR(2) with long-run restrictions.
p is the correlation between the reduced-form VAR errors. The sample size is 200.
Number of MC replications: 20000.

sider p € {0.2,0.95} and ¢ = —10,—100, and —500. In this model, the strength of
identification is driven by c. To relate the results to well-known cases of weak, moder-
ate and strong identification in linear IV, we compute an approximate measure of the
strength of instruments known as the concentration parameter (denoted \) in linear
IV The chosen values of ¢ correspond to approximate values of A of 1.3, 13, and 72
respectively, i.e., weak, moderate and strong identification. The range of b, under H,
is A2 (=3:3).

Figure [l reports the resulting power curves in each case. The figures show that the
AR test has good power even for ¢ close to zero. This is not the case of the t test, which
is both size distorted and even biased in some cases. Moreover, when identification is
strong (¢ = —500), the power of the AR test is very similar to that of the t test, which
is asymptotically efficient in this case. Since the DGP in this case is approximately
stationary, this is a consequence of the fact that the AR and t tests are asymptotically

equivalent in the case of stationarity, see comment 2 to Theorem [I}

6In linear IV with fixed instruments, the concentration parameter is equal to k [E (F) — 1], where
F is the infeasible version of the first-stage F statistic for excluding the instrument, computed when
the variance of the reduced form error variance is known, see[Stock et al.| (2002). The present context
does not fit into that canonical IV framework. so we use a large sample approximation of .
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Figure 1: Large-sample power of AR (with filtered instrument) and t tests of the
hypothesis Hy : b1 = 0 against Hy : bjs # 0 in the SVAR(1) model with long run
restrictions. T' = 2000, 1000 MC replications, p is correlation of reduced-form errors.
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Figure 2: Original data used in Blanchard and Quah| (1989)).
5 Empirical Results

5.1 Blanchard and Quah (1989)

We first revisit the application of Blanchard and Quah) (1989) (BQ), where Y7, is log
real GNP, and Y5, is unemployment in deviation from a linear trend. We use the
original BQ dataset, which is quarterly and covers the period 1948q2 to 1987q4. More
details about the data and transformations are given in the Supplementary Appendix.
For comparison with the results reported in BQ, we give here results based on full-
sample detrending as in BQ. The results with recursive detrending are given in the
Supplementary Appendix, where we also report results based on an extended sample
up to 2014q4.

The level specification in BQ is a SVAR(9) with Yj; in first differences and Y5, in
levels. The actual BQ data are presented in Figure [2]

Figure 3| reports the estimated IRFs together with the robust confidence bands
based on our proposed ARW method and the non-robust confidence bands of BQ. We

see that the point estimates from our method that uses the filtered instrument are very
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Figure 3: Estimates and confidence intervals of the IRFs. Robust (in red), and Blan-
chard and Quah (1989) (in blue and black)

close to those of BQ, but the robust confidence bands are so large that the original
conclusion of BQ is not borne out. In other words, long-run restrictions produce very

weak identification in this application.

5.2 The hours debate

In the hours debate, Yi; denotes log productivity, and Y5 log hours. We consider the
level specifications in Gali (1999) and Christiano et al (2003), henceforth CEV. Both
use quarterly data to estimate a SVAR(5) with Y3, in first differences and Yy, in levels.
Gali uses total hours linearly detrended over the sample 1948q2 to 1994q4. CEV use
per capita hours and their sample is 1948q1l to 2002q4. Figure [ presents the Gali
(1999) data.

Figure [5| presents the Gali (1999) estimates and confidence intervals together with
their robust version. The robust confidence intervals do not alter Gali’s conclusions.

The data used by CEV is presented in Figure [f] and their IRFs together with their

robust versions are reported in Figure[7] In the CEV data, the response of hours to a
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Figure 4: Original data used in Gali (1999).

technology shock is no longer significant. The information in the long-run restriction is
so small that the data is consistent with both a positive as well as a negative response
of hours to a technology shock. Therefore, the original conclusions of CEV are not
robust to weak identification.

Finally, we report results in Figure [§| for the difference specification in Gali (1999).
We see that the robust ARW confidence bands are not much wider than the non-robust
ones reported in Gali (1999), indicating that this specification did not suffer from weak
identification (notwithstanding, of course, the valid CEV critique for using total as
opposed to per capita hours, though the difference in the growth rates is relatively

small).

6 Conclusions

We proposed a method of inference on the parameters of SVARs identified using long-
run restrictions that is robust to both weak instruments and near unit roots in the

data. The method uses instruments obtained by filtering the potentially non-stationary
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variables to make them near stationary. We propose to test hypotheses on the pa-
rameters that are potentially weakly identified using the Anderson-Rubin test with
filtered instruments. Tests of general parametric restrictions, and confidence intervals
for differentiable functions of the parameters, such as IRF's or forecast error variance
decompositions, are obtained using a combined AR and Wald test. The robust test
and associated confidence bands are easy to compute, and offer informative and reliable

inference in two high-profile applications.

A Proofs

A.1 Proof of Theorem [1I

Notice that, here, the generated instrument z; is adapted to the filtration Fo; 1 =
o {AY2,_j, j > 1} as opposed to the case considered by MP where it is adapted to F.
Hence cov (z;,€1;) = 0 and there is no need to estimate this covariance: the condition
b > 2/3 in MP does not apply here. Also, contrary to MP, the errors (e14, vo;) are i.i.d
so the restritction b > 1/2 in Proposition A2 of MP is not required (there is no need
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for a Beveridge-Nelson decomposition of the errors), hence their lemmas 3.1, 3.5 and
3.6 apply for b € (0,1) as in KMS.

We first consider the case m = 1 so the numerator of the AR statistic in equation

, simplifies to

T T
(AY; — AYabio)' P. (AY) — AYabip) = > 1z (Z z3> > zen,
t=1 t=1

= t=1

Define ¥, = var [ug] where uy is defined in expression (§). The test statistic re-
lates to that of the estimator considered by Kostakis et al (2015, KMS henceforth):
(32, 2AY) "' 32, zie1,. KMS consider four cases which extend the results of MP: (i)
b <min(a,1); (i7) a € (0,b); (i4i) a = b > 0 and finally (iv) a = 0. We denote by g a
constant that takes value ¢, in case (7) and ¢ in (7).

In Cases (i) and (7i), Lemmata 3.2 and 3.5 of MP imply that

T
__ 1+min(a,b) 1 2
T 2 tE 1 2i€1¢ = N (0, _—QgEUQO'El) .

Also, Lemmata 3.1 and 3.5 of MP imply 7—(+min(@t) 5~ 2 P —5; - In Case
(i73) , Lemma 3.6(ii7) of MP implies
. |T's) 1
_1lta 2
T2 Zztslt — N (0,m2u2061)

t=1

and T-0F+) ST 2 5 o D, Finally in Case (iv) , Lemma A.2(ii) and (iii) of KMS
imply that (3, 22)"' 32, ze1; behaves as the estimator of their Theorem 1(iv) :

—1
<Z zf) Z zey — N (O, E (AY;)_I J§1>
t t

where 77137, 22 % E(AYS) from their Lemma A.2(i). Collecting the four cases

above yields:

-1
0'6_12 Z E1tRt <Z Zt2> Z ZiE1t — X% (22)
t t t
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Now the denominator is
T T T Loy
(AY: = AVyba) M. (AY; — AVib) = 37— 3 e (z ) S e
t=1 =1 =1 t=1
Since E [ze1:] = 0, the second element on the RHS of the previous expression is O, (1)
(this is also the case when k > 1), so

T (AY) — AYabis) M, (AY; — AYabya) 5 o2

This completes the proof when m = 1. Notice that we can allow for b € (0,1) here
We now consider extending the result above to m > 1, which involves Xy, =

[AYt_l, e ,AYt_(k_l)]. We show in a supplementary appendix that

T T T
() > Xz =0,(T); (i) Y Xien =0, (TV?); (i) Y X{,Xy =0, (T).
t=1 t=1 t=1

(23)
Hence if a > 0, the numerator (AY; — AYaby,)’ Purg - (AY; — AY5byo),
T T T -1
S (z X;txu) S X
t=m t=m t=m t=m
[T T T -1 !
X, Z Zt2 — Z ZtXIt (Z X{tXU) Z X{tzt (24)
t=m t=m t=m t=m
T T T -1 7
B S (z X;txu> S Yoo
t=m t=m t=m t=m

behaves as in since the correction for the lags is of lower magnitude. The denom-
inator of the AR statistic still converges to o2, in probability.
When a = 0, Lemma A.2 of KMS shows that expression is asymptotically

equivalent to
(AY: — AYabis) Pary vy (AY: — AYabis) = i My, Y (Yy My, Ya) ™' Yy Mx, e,

where Y3 denotes the stacked (Ya;_1). Since E [e1,Ys, 1] = 0 and Y3, is stationary, it
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follows that
02\ M, Ya (Vi M, Vo)™ Vi My,e1 5 13

Again the same result as above holds for the denominator.

A.2 General ARW test

Here we give high-level conditions to derive the properties of the combined ARW test
in a general GMM setting, which we use to prove Theorem [2| in the next subsection.

Let # € © denote a p-dimensional vector of parameters partitioned into 6 = (¢, w’)’
of dimensions py and py, respectively. Let Fr (6) = T~ Zt 1 fi (9) denote the sample
moments, where f; (0) is a k-dimensional vector of data and parameters with k£ > p and
E (f;(0)) = 0 at the true value of 6. Let r (#) be a known function of the parameters,
r:0 — R g <py. Suppose f; (¥,-) and r (U, -) are continuously differentiable wrt 1,
and let Jp (0) = OF () /0y’ and R (9) = dr (A) /0. Let V; (A) denote a k x k matrix
that is positive definite almost surely, and define the GMM objective function

Sr (0,0) = Fr (0,0) Vy (0,0) " Er (9,0),

where ¢ could be equal to some one-step GMM estimator (for 2-step GMM) or to
(for continuously updated GMM). Suppose the constrained GMM estimator of ¢ given

U exists:

~

0 (9) = arg min Fr (0,0 7 (9, fp)_l Fr (9,4).

To simplify notation, let ¢ = 9 (D), 7)) =r (19 0, < @)

v (0,{0) L Br (9) = Fy (19,{&) and Jr (9) = Jr (ﬂ,¢ Also, let ¢ (9) be a full-rank
k x (k — py) matrix that spans the null-space of Vj (1)~ V2 Jp (), ie., C(9)C (¥) =
My, (9y-1/2, (9> Where Mx =T — Py, Px = X (X'X) "' X",

Consider the statistic

ARW (¥9) = S (0) + W, (9)
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where

9V, (0) R (19)’] 7 (9), and (25)

N

Let CA}p () denotie the (}holeski factor of Jy (0)' Vi (9)~" Jr (9) = C’w () ¢y (1), so
that V, ()" = Cy (9) Cy (9)". The following result gives high-level conditions under

which the asymptotic distribution of ARW (¥) is Xfm +q When ) is the true value of that

parameter and 7 (#) = 0. It can then be used to form a test of
Hi:9=130,7(0) =0 against Hj : 9 # 9y and/or r (f) # 0.

Theorem 3. Suppose that at the true value of the parameters 6 = (Z),
(i) 1 () =0, (ii) ¥ B b, b B ¢,

G [ COV )T B (9) S
(1i1) (ég>_ ( @p(ﬁ)/({b—?ﬁ) ) = <£2> N (0, 1),

(1) there exist a non-stochastic py X py symmetric matriz By — 0 such that BZFI/‘ZL (V) B;! =
U full-rank a.s., and (v) any stochastic elements in U are independent of &€ = (&), &)

Then, ARW (0) = X34y

Proof By assumption (i) and Slutsky’s theorem we have R () = R (6) 4 0, (1). By
the singular value decomposition, R () Br = QrArUl, where Qr is an orthonormal
q X ¢ matrix, A7 — 0 is a diagonal matrix holding the singular values of R (0) By, and
Ur is a py x ¢ matrix such that UpUr = 1. So,

A QYR (9) By = A7'Q4R (0) Br + 0, (1) = Uy + 0, (1).
and

AF' QLR (9) Vi (9) R(9) QrAs = A7 QR (9) BrBy 'V, (9) BiVBLR (9) QrAz!
= U’T\I!UT + 0, (1) ,
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by Assumption (iv). Let U'/2 denote the Choleski factor of ¥, such that W'/2¥/? = .
Assumption (iv) implies that BEI’CA’{b ()" = W2, Assumption (iii) then implies

B (=) = B7Cy 0) ™V ¢y ) (9 — )
= U2, 40, (1).
Assumption (ii) and a mean value expansion of 7 (¢), yields, under H,
F@0)=RO) (b —v)+o, (|0 - )
and AL QL7 (V) = ULBL! (ﬂ) - ¢> + 0, (1) which for By symmetric yields
A Q7 (0) = Up U2, + 0, (1).
Moreover,

P ) [R@) V) RY] 7 0)
= (0) QrA7" [A7'QRR () Uy (9) R (9) Qe ] A7'Qyr (9)

— WY UL [ULW U] URUY2E, + 0, (1)

Combining these results and using the continuous mapping theorem we have

ARW (9) = < & ) ( = )+op<1),
nr Nt

where 1, = [UsUU7] % UL WY2¢,. and the conclusion of the theorem follows from
Assumptions (v) and (i#¢) which imply that (5;) 4N (0,1,,+4) and the continuous

mapping theorem.

Comments 1. It is straightforward to verify the conditions of the theorem in ‘stan-
dard’ GMM settings where By = T—1/2]

s> the limit variance of the moment vector,
U, is nonstochastic, and vT Ey (0) A N(0,V).
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A.3 Proof of Theorem [2

The proof involves verifying the conditions of Theorem [3| Intermediate results will be
given as propositions whose proof can be found in the supplementary appendix.

The specification in Theorem [2]is a special case of that in Theorem [, where ¢ = by,
and 1 contains all remaining elements . It is convenient to partition v into 1, and
15, where 1), are the parameters that appear in equation other than b5, namely 9§,
and 031, and 1), are the parameters that appear only in , i.e., ao, 05 and dy;. Because
V} is block diagonal (due to the orthogonality of the errors), estimation of 1; and v,
can be performed sequentially.

We start by obtaining expressions for é in Theorem |3 which forms the basis of the
ARW statistic.

Proposition 4. The estimator {ﬁ 15 given by

<>

1:

(X1 X1) 7' X{ (AY) — AYabyo)
T715331 ’

N PN -1 .
Dy = (ZgX2> ZLAY,,

where é‘l = MX1 (AY& —A}/leg), XQ = (}/QXzél), and Zg = (ZXQél) . The

estimator of the variance of& s given by

V&),ll

Vi=| ©
A
$,13

o

V&},ls

o NlY

V{p,33

where

Vi

g1’

A1 = (X{Xl)_l o

~

v

N ~ o~ \—1
bas = (XIX0) ' X1 2 (X42) 62, day,

-1

N oA N A A A A A
Vg = (44%)  (Z20% + 24P, 226%, &3, ) (X322) (27)

~2

~2 —1a/ 2 A : : A2 _ —1a/ 2 A
o;, = T &1, w is a consistent estimator of var (051>: 0., = T '&)8y and &y =
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AY; — XQ{Dz. The standardized random vectoré’ defined in Theorem@ 15 given by

51 — (z’]\/[xlz)_l/2 6;12'MX1€1, and (28)
(X1 X)) Xieror)!
£, = T2 12 (62— 02)) . (29)

. NY2 e N
(X;PZ2X2) o (ZQXQ) Thes
It is straightforward to establish the following.
Proposition 5. (i) ¥ =4, and (i) 1, = ;.
We will now proceed by giving the proof of the theorem in each of the following

three cases. Case 1: 0 < a < b, case 2: a = b; case 3: a > b. Recall that b € (1/2,1)
holds throughout this theorem.

Case 1. 0 < a < b We will first show that, in this case, the ARW statistic ([19)
is asymptotically equivalent to the ARW statistic that is obtained by replacing the
filtered instrument z;_; by the standard instrument Y5, ;. This is a consequence of

the following result and the continuous mapping theorem.

Proposition 6. If0 <a <bandbe (1/2,1), then
e (14q) =T —(1+a) =T .
(i) T (1+a) Zt:l Zt2—1 =T+ Zt:1 Y’22,t71 +o0p(1);
(ii) T~(t+a) Zle Zt—1Y27t—1 = T+ Zle Y22,t—1 + 0p (1) ’
(1) 7% Zthl Goagy =T Zthl Youiee+0p (1)
(iv) T=5 S 2 AY, =T 2 S Yy, i AY, 4 0,(1),i=1,...m—1.
Specifically, define

(AY; — AYQbu)/ PMX1Y2 (AY; — AY5by5)

AR* (byy) = 30
(b12) (AY; — AYabia) My (AY; — AYabyy) /(T — col (27)) (30)
« Ak ~ / ~ x/ / .
where ZF = (X1,Ya), & (bia) = <¢1 (bis) ,¢2> with
5K SRS, -1 O/

wz = <X2X2> XQAY% (31)

R Vin O V{Z,13
V2 (bio) = 0oF 0 (32)

Vzg,/13 0 V£,33
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Vi = (6007 X0 (1) 62

~ ~ AN /. . N R N —1
V£,33 = <X5X2> (XéX?é—gz + XéPXlXQ&gld%) (XQXQ) )

~ %

W*(bip) =r (bm,{ﬂ* (612))/‘7; (bi2) ' r (512,1/1 (b12)> ;

~ A % A~ %

where V(b)) = R <b12,¢ (512)>IV£ (b12) R (512,?/1 (b12)> ;

and
ARW* <b12) - AR* (blg) + W* (blg) .
We then have the following result.

Proposition 7. If0 <a <bandb € (1/2,1), then ARW (bja) — ARW™* (b12) = 0, (1) .

We can complete the discussion of this case by working out the limiting distribution
of ARW* (by2). For a = 0, the result follows straightforwardly, see comment 1 of
Theorem [3| So, it remains to show the result for 0 < a < .

Proposition 8. If0 <a <bandbe€ (1/2,1), then

BV (bio) By 5 0, (33)
where
T2, 0 ) 0
By = 0 -7 0 (34)
0 0 T2,

and V¥ is a non-stochastic matrixz of full-rank py; and é* = (Z), where El is defined in
(@ and
()({)(1)71/2 X{Elé'a_ll
g=| T2 (62 —0?)

€1 €1
~ N\ —1/2 .

(X1%:)  Kgeao)
satisfies

Proposition satisfies the remaining Assumptions (i7i)-(v) in Theorem |3, and so the

result follows.
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Case 2. a=b MP Lemma 3.6 implies

1+a
) E Zi— 1Y2t 1~
c, +c¢

l+a)§
tl c +C
z

where w is a positive constant relating to the long run variance of AY5; (see the proof of

Proposition [§in the Supplement). Similarly, using similar arguments as in Proposition
for Zle Y5:-1Xi, it can be shown that

T
T8N o X =0, (T72). (35)
t=1
Thus, it follows that
B V (blg) B —) \I’

where By is given in and W is nonstochastic, satisfying Assumptions (iv) and (v)
of Theorem . Finally, Assumption (iii) of that theorem are verified using MP Lemma
3.6(iii) and the arguments in the proof of Proposition , completing the proof for this

case.

Case 3. a > b First, we establish the counterpart of Proposition [6] for this case.

Proposition 9. If 1/2 < b < a, then
() T- 3 2ty =
(i)

. fOIWdW—i-l)ch;l ifc=0o0ra>1
Y Ve = (= (AW £ ) wet fe<0anda=1 (30

-1
: —we; ! ifc<0anda <1,
where W is a standard Brownian motion and J. (s) = [; e“*=dW (r) is the associated
Omstem Uhlenbeck process with parameter c.
(iii) T2 Zt Lzia6r = W, where W is a Brownian motion independent of W.

(iv) T~ (1+3) thl 2 AY, =0, (T, i=1,...m—1.
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Define the martingale difference array

T*(1+b)/2zt_lgt
—1/2
T2 Xuen T—(14b)/2 0
Cpp = T-12X,e, — . T2 1: (0), (37)
k-1
TR 6, — o)

—1/2
T /€1t€2t

where f; (f) is the moment function in the notation of section evaluated at the true

value of the parameters, so that

By exactly the same arguments as in the proof of Proposition [§ it follows that

T

D S = ¢~ N0 V)

t=1
where V¢ is a nonstochastic matrix, and ¢ is independent of W in Proposition@ by MP
Lemmas 3.1 and 3.2. The conditions of Theorem [3| can then be verified by application
of Slutsky’s Lemma and the continuous mapping theorem.

Finally, the presence of an intercept in the SVAR results in all the variables in the
above equations being demeaned using their sample means. This can be easily handled
by replacing W and J, in by their demeaned versions W = W — fol W (s)ds and
Jo=J.— fol J. (s) ds, respectively. The presence of an intercept has no effect on the

distribution of (;,, following the same arguments as in the proof of KMS Theorem A.

References

Anderson, T. W. and H. Rubin (1949). Estimation of the parameters of a single
equation in a complete system of stochastic equations. Ann. Math. Statistics 20,
46-63.

Beveridge, S. and C. R. Nelson (1981). A new approach to decomposition of economic
time series into permanent and transitory components with particular attention to

measurement of the business cycle. Journal of Monetary economics 7(2), 151-174.

37



Blanchard, O. J. and D. Quah (1989). The dynamic effects of aggregate demand and
supply disturbances. American Economic Review 79(4), 655-73.

Christiano, L. J., M. Eichenbaum, and R. Vigfusson (2003). What happens after a
technology shock? International Finance Discussion Papers 768, Board of Governors
of the Federal Reserve System (U.S.).

Christiano, L. J., M. Eichenbaum, and R. Vigfusson (2007). Assessing structural VARs.
In NBER Macroeconomics Annual 2006, Volume 21, pp. 1-106. MIT Press.

Dufour, J.-M. (1997). Some impossibility theorems in econometrics with applications
to structural and dynamic models. Econometrica 65(6), 1365-1387.

Dufour, J.-M. and M. Taamouti (2005). Projection-based statistical inference in linear

structural models with possibly weak instruments. Econometrica 73(4), 1351-1365.

Fukac, M. and A. Pagan (2006). Issues in adopting DSGE models for use in the policy
process. CAMA Working Papers 2006-10, Australian National University, Centre for

Applied Macroeconomic Analysis.

Gali, J. (1999). Technology, employment, and the business cycle: Do technology shocks

explain aggregate fluctuations? American Economic Review 89(1), 249-271.

Gospodinov, N. (2010). Inference in nearly nonstationary SVAR models with long-run

identifying restrictions. Journal of Business € Economic Statistics 28(1), 1-11.

Kilian, L. (1998). Small-sample confidence intervals for impulse response functions.
Review of economics and statistics 80(2), 218-230.

Kostakis, A., T. Magdalinos, and M. P. Stamatogiannis (2015). Robust econometric
inference for stock return predictability. Review of Financial Studies 28(5), 1506—
1553.

Magdalinos, A. and P. C. B. Phillips (2009). Econometric inference in the vicinity of
unity. Working paper, Yale University, USA.

Mikusheva, A. (2012). One-dimensional inference in autoregressive models with the

potential presence of a unit root. Fconometrica 80(1), 173-212.

38



Mittnik, S. and P. A. Zadrozny (1993). Asymptotic distributions of impulse responses,
step responses, and variance decompositions of estimated linear dynamic models.
Econometrica 61(4), 857-870.

Pagan, A. R. and J. C. Robertson (1998). Structural models of the liquidity effect.
The Review of Economics and Statistics 80(2), 202-217.

Phillips, P. C. B. (2014). On confidence intervals for autoregressive roots and predictive
regression. Fconometrica 82(3), 1177-1195.

Sims, C. A. (1980). Macroeconomics and Reality. Econometrica 48(1), 1-48.

Staiger, D. and J. H. Stock (1997). Instrumental variables regression with weak instru-
ments. Econometrica 65(3), 557-586.

Stock, J. H., J. H. Wright, and M. Yogo (2002). A survey of weak instruments and weak
identification in generalized method of moments. Journal of Business and Economic
Statistics 20(4), 518-529.

39



	Introduction
	Model and assumptions
	The baseline SVAR(k) with long-run restrictions
	Case of one permanent shock
	Case of two permanent shocks

	The hours debate

	Econometric Methods
	GMM estimating equations
	The impulse response function

	The conventional approach
	Anderson Rubin test with filtered instruments
	A brief description of the IVX method of Magdalinos and Phillips (2009)
	Filtered instruments for the SVAR model
	The AR statistic
	A projection test for general hypotheses

	Deterministic terms

	Numerical results
	Size
	Power

	Empirical Results
	Blanchard and Quah (1989)
	The hours debate

	Conclusions
	Proofs
	Proof of Theorem 1
	General ARW test
	Proof of Theorem 2


