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Abstract

In this paper we derive the optimal level of capital taxation in the presence

of agents with different discount factors. We set up a real business cycle model

with patient and impatient households which borrow and lend amongst themselves,

as per a borrowing constraint. Our results show that if the Ramsey planner’s

weights on different households are such that he is indifferent between redistribution

towards patient and impatient households, the borrowing constraint is not binding.

Moreover, we get the classical result of zero optimal capital taxation in the distant

long run. However, if the Ramsey planner chooses the borrowing constraint to be

always binding, he will favour redistribution from impatient households to patient

households. As time moves forward, this ultimately leads to an increase in the

optimal subsidy rate on the capital returns of patient households, a contradiction

to the seminal Chamley-Judd result.
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1 Introduction

In 1928, Ramsey wrote about heterogeneous degrees of patience amongst individuals and

conjectured that in the long run, "the thrifty enjoy bliss and the improvident live at the

subsistence level." Does Ramsey’s conjecture hold in the Ramsey problem? We find that

the answer is affi rmative. In simple words, we derive the optimal level of capital taxation

that maximizes the social welfare of a society inhabited by people of varying degrees of

patience with an agent being more impatient and myopic than the other. With the aim of

increasing their current utility, the impatient households borrow from the patient house-

holds, subject to a borrowing constraint. Taking a social discount factor which is a linear

weight of the two different discount factors, we show that if the Ramsey planner is indif-

ferent between redistribution between patient and impatient households, the borrowing

constraint is not binding and hence the optimal taxation approaches zero in the distant

long run. Till then, it is optimal to redistribute from unconstrained patient households

to constrained impatient households. On the other hand, if the borrowing constraint is

to be binding, the planner favours a redistribution towards patient households who will

eventually account for the majority of consumption in the economy. To achieve this,

the Ramsey planner will subsidize returns on the capital income at an increasing rate.

Since the impatient households value future less, with passing time, the Ramsey plan-

ner will have the opportunity to tax them more and transfer the tax receipts to patient

households, who value future more, in the form of subsidies.

An important result in the literature on optimal taxation is the one by Chamley (1986)

and Judd (1985) who show that the optimal capital taxation should be zero in the long

run. They argue that taxing capital would reduce the incentive of people to invest in

capital, lowering the production activity and wages in the economy- a cost which exceeds

the benefits of redistribution. However, both the papers assume perfect capital markets

and agents with same time preferences. While Chamley (1986) uses an infinitely lived

representative agent model to show the result, Judd (1985) includes heterogeneity in

the form of capitalists and workers. The framework used by Judd (1985) resembles the
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Savers-Spenders model in which one section of the society optimizes intertemporally by

saving for the future while the other section survives on its wages.

The Savers-Spenders model however, lacks the borrowing side of the market. In reality,

agents vary in their levels of patience and preferences towards present and future levels

of consumption and savings. Models should thus have at least two different groups of

agents- lenders and borrowers (Quadrini, 2011). Empirically, compared to the benchmark

representative agent model, Krussel and Smith (1998) show that when heterogeneity

in discount factors is taken into account, the model captures the very skewed wealth

distribution observed in the data better. In this paper, accounting for this heterogeneity,

we study the optimal level of capital taxation in the Borrower-Saver model which, as

stated by Bilbiie, Monacelli and Perotti (2012), differs from the Savers-Spenders model in

four aspects: first, there are savers and borrowers who have different time preferences, and

hence, different discount factors; second, both kind of agents are intertemporal optimizers

with the borrowers borrowing from the savers; third, the borrowers face a borrowing

constraint which introduces financial frictions in the economy; and finally, the decision

on the equilibrium level of lending and borrowing is endogenized, subject to the borrowing

constraint.

In the presence of borrowing constraints, Aiyagari (1995) shows that the result of zero

long run capital taxation is not welfare optimizing. Accounting for future uncertainty

and the possibility of being borrowing constrained in the future, agents indulge in an over

accumulation of savings in the short run. Compared to the marginal product of capital,

the return on capital is lower hence making it optimal to tax capital income even in the

long run. Later, Chamley (2001) generalized this result by showing that in the presence

of a borrowing constraint, whenever there is positive relationship between consumption

and savings, savings should be taxed. However, if there is a negative relationship between

consumption and savings, savings should be subsidized.

Recently, the Borrower-Saver model has started gaining momentum in the Macroeco-

nomic literature with Kiyotaki and Moore (1997) using an extended version of the model

to study credit cycles. Some other important papers which work on or extend this model
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are Iacoviello and Neri (2010), Monacelli and Perotti (2011), Eggertsson and Krugman

(2012), McKay and Reis (2013) and Alpanda and Zubairy (2016). With a lot of macro-

economists, policy makers and central bankers using the model to study optimal policies

and various policy implications, it becomes even more important to know the very basic-

the optimal level of capital taxation in a model with different degrees of patience and a

borrowing constraint.

The structure of the remainder of the paper is as follows: section 2 highlights the

modelled setup of our economy. Section 3 and 4 respectively discuss the equilibrium and

steady state conditions of the decentralized economy. Section 5 covers the benevolent

social planner’s first best allocation. Section 6 is the main focus of the paper and details

the Ramsey optimal taxation which covers the analysis of second best allocations. Finally,

section 7 concludes. All the detailed mathematical calculations are presented in the

appendix.

2 The Model

We use a real business cycle closed economy model that comprises of heterogeneous

households that differ in their discount factors. The setup also comprises of firms which

hire labor and rent capital to carry out their production activities. The government levies

distortionary capital income taxes to finance its expenditure and runs a balanced budget

constraint.

2.1 Households

Households maximize their utilities subject to their respective budget constraints and

differ in two respects- the rate of time preference and labor supply. Their preferences are

given by the following CES utility function:

maxEt

∞∑
t=0

βts

{
c1−σs,t

1− σ

}
,
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where β ∈ (0, 1) is the discount factor, σ is the inverse of the intertemporal elasticity of

substitution and s=P and I, denotes patient and impatient households respectively.

Patient households are more patient and value future more. They thus indulge in

consumption smoothing by saving today. Impatient households, on the other hand, derive

a higher marginal utility from consuming today and hence borrow to increase their level

of current consumption. This heterogeneity is highlighted through the difference in their

discount factors, βP and βI respectively, with βP > βI .

Further, following Campbell and Hercowitz (2005) and keeping our analysis close

to Judd (1985) and Section 2 of Straub and Werning (2014), we assume that patient

households do not work and accumulate enough wealth to fulfill their consumption needs.

Impatient households, on the other hand, supply inelastic labour that we normalize to

one.

2.1.1 Patient Households

Patient households choose the optimal level of consumption cP,t to maximize

maxEt

∞∑
t=0

βtPu (cP,t) ,

subject to

cP,t + dt+1 + kt+1 − (1− δ) kt =
(
1 + rdt

)
dt + rk,tkt − τ k,t (rk,t − δ) kt, (1)

where kt is the level of capital stock at the beginning of the period, dt is the amount

lent to impatient households, δ represents the rate of depreciation and τ k,t is the capital

income tax rate. Further rdt and rk,t represent the rate of return on private lending to

impatient households and physical capital, respectively.

We derive the following first order conditions for the above problem:

1

βP

(
ucp,t
ucp,t+1

)
= 1 + rdt+1, (2)
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rdt+1 = (1− τ k,t+1)
(
rkt+1 − δ

)
. (3)

Equation 2 is the standard Euler equation which highlights the relationship between

intertemporal consumption choices of the patient households and the interest rate. Equa-

tion 3 represents the no arbitrage condition between the lending rate rdt and the net return

on capital rkt .

2.1.2 Impatient Households

Similar to the patient households, the impatient households maximize their utility

maxEt
∑

βtIu (cI,t) ,

subject to

cI,t +
(
1 + rdt

)
dt = wt + dt+1 + Tt, (4)

where cI,t is consumption, dt is the level of borrowing from the patient households, wt

is the wage, rdt is the interest rate on borrowings and Tt represents lump sum transfers

(when positve) or taxes (when negative) from/ to the government. Further, impatient

households’ level of borrowing is subject to a borrowing constraint. In the spirit of

simplicity, following Monacelli and Perotti (2011), we choose the constaint to be an

exogenous, fixed borrowing limit with D̄ > 0:

dt+1 ≤ D̄. (5)

Solving the impatient households’maximization problem subject to their budget and

borrowing constraints, we derive the following first order condition:

(
1− µI,t
βI

)
uci,t
uci,t+1

= 1 + rdt+1. (6)

Equation 6 gives the impatient households’Euler equation. uci,tµI,t is the Lagrange

multiplier associated with the borrowing constraint and µI,t measures the value of mar-
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ginally relaxing the borrowing constraint, in units of cI,t.

The borrowing constraint alters the equilibrium by introducing credit market imper-

fections. In the case of perfect capital market (with no borrowing constraint), 6 becomes

1

βI

(
uci,t
uci,t+1

)
= 1 + rdt+1. (7)

Equating 7 and 2 in steady state, we get

1

βI
=

1

βP
,

which is not true with βP > βI . Thus, in a model with heterogeneous patience and

no borrowing constraint, a stable steady state does not exist. This is because, without

a borrowing constraint, the impatient households trade future labor with current con-

sumption. They borrow against the future discounted value of their wages, leading their

consumption to approach zero asymptotically3. With a borrowing constraint, however,

there is a limit on the amount impatient households can borrow which results in a stable

steady state and a positive level of consumption for both the households.

2.2 Firms

A perfectly competitive firm hires labor from impatient households to produce goods and

pays wages wt to its employees. The production of the firms is given by a Cobb-Douglas

production function

yt = F (kt, nI,t) = kαt n
(1−α)
I,t , (8)

where α ∈ (0, 1) to ensure monotonicity of the capital sequence4.

Since nI,t = 1 in equilibrium, f(k) = F (k, 1).

3Further, Le Van and Vailakis (2003) also prove that in a perfect economy with heterogeneous agents
with different discount factors, even though the capital sequence approaches a particular level of capital
stock, this level is not the steady state level.

4Refer to Becker and Foias (1987) for monotonicity of capital sequence.
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The firm maximizes its profits and thus obtain the following conditions:

f ′ (kt) = rkt , (9)

f (kt)− f ′ (kt) kt = wt. (10)

Equation 9 states that in equilibrium, marginal product of capital should be equal

to the return on capital. Similarly, equation 10 states that in equilibrium, the marginal

product of labor should be equal to the wage paid.

2.3 Government

The government runs a balanced budget constraint with no debt. The inflows from

current period’s tax receipts on net returns on capital are used on an exogenous level of

government expenditure, g, and lump sum transfers, Tt, to impatient households

g + Tt = τ k,t
(
rkt − δ

)
kt. (11)

The government thus uses capital income tax as a tool of income redistribution be-

tween households. τ k,t > 0 implies a tax incidence on patient households, the receipts

of which are distributed to impatient households in the form of lump sum transfers.

However, when τ k,t < 0, taxes are imposed on impatient households in lump sum and

redistributed to patient households as subsidies on capital income.

2.4 Aggregate Resource Constraint

Finally, the aggregate resource constraint is as follows:

yt = cP,t + cI,t + g + kt+1 − (1− δ) kt. (12)
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3 Equilibrium (Decentralized Economy)

Definition 1 (Competitive Equilibrium): A competitive equilibrium consists of govern-

ment policies { τ k,t, Tt}∞t=0, prices
{
wt, rkt , r

d
t , µI,t

}∞
t=0

and private sector allocations

{cP,t, kt+1, dt+1, cI,t, yt}∞t=0, satisfying:

(i) private sector optimization taking government policies and prices as given, that is,

• the households’budget constraints 1 and 4, borrowing constraint 5, and opti-

mality conditions 2, 3 and 6;

• the production function 8, and firm’s optimality conditions 9 and 10;

(ii) market clearing 12 and;

(iii) the government’s budget constraint 11.

4 Steady State (Decentralized Economy)

Proposition 1 The borrowing constraint is always binding in steady state.

Proof. Analyzing the two Euler equations, 2 and 6, in steady state

[
(1− µI)− βI

βI

]
=

1− βP
βP

,

⇒ µI = 1− βI
βP
.

Given our choice of βI and βP such that βP > βI , µI will be grater than zero in steady

state for all τ k, ensuring that the borrowing constraint will always be binding.

5 First Best Allocation

The social planner maximizes the following weighted utility function

ωβtPu (cP,t) + (1− ω) βtIu (cI,t) , (13)
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where ω is the weight assigned by the social planner to the patient households.

Definition 2 (First Best): The first-best equilibrium consists of allocations {cP,t, cI,t, yt}∞t=0
that maximize 13 subject to the production function, 8, and the market clearing condition

12.

The social planner’s problem thus becomes,

max
{cI,t,cP,t,kt+1}

∞∑
t=0

βtP

[
ωu (cP,t) + (1− ω)

(
βI
βP

)t
u (cI,t)

]
,

subject to

f (kt)− cP,t − cI,t − g − kt+1 + (1− δ) kt = 0.

We now need to determine the social planner’s discount factor. We could either use

the linear average weight of the two agents, ωβtP +(1− ω) βtI , or the weight of an average

agent, [ωβP + (1− ω) βI ]
t. Lengwiler (2005) shows that

ωβtP + (1− ω) βtI > [ωβP + (1− ω) βI ]
t ,

for t > 1. This implies that the discount rate (inverse of the discount factor) obtained

from the average weight will be less than the discount rate obtained from the weight of an

average agent. Weitzman (1998) and Gollier (2002) argue that while evaluating problems

for very long horizons, the social planner should be conservative and should consider

minimum growth by using the average discount factor which gives a lower discount rate.

Moreover, a higher discount rate leads to a lower present value of the social welfare,

implying that the derived outcome will not be the first best. We thus choose to use

ωβtP + (1− ω) βtI as the social planner’s discount factor
5.

Analyzing the discount factor, and as mentioned in Lengwiler (2005), we notice that

the impatient households weight keep falling with time and they assign almost negligible

weight on distant future. In such a scenario, the average weight is thus dominated by

5Becker (2011) uses a similar discount factor to demonstrate the twisted turnpike property of capital
in a model with heterogeneous patience.
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the patient households preferences. This implies that the social discount factor is time

varying and does not generate a geometric progression, as in the case of a representative

agent model where the discount factor is βtP
6.

Proposition 2 As t→∞, cI,t → 0 will maximize the social welfare.

Proof. Let λF,t be the Lagrange multiplier associated with the feasibility/ aggregate

resource constraint. Maximizing, we get the following first order conditions:

∂L
∂cP,t

: ωc−σP,t = λF,t

[
ω + (1− ω)

(
βI
βP

)t]
, (14)

∂L
∂cI,t

: (1− ω)

(
βI
βP

)t
c−σI,t = λF,t

[
ω + (1− ω)

(
βI
βP

)t]
. (15)

Equating 14 and 15 we get

[(
1− ω
ω

)(
βI
βP

)t] 1
σ

cP,t = cI,t,

where t→∞,
(
βI
βP

)t
→ 0, implying cI,t → 0.

This result is consistent with the early conjecture of Ramsey (1928) that the most

patient consumer will be the dominant consumer while, the impatient consumers’will

survive at the subsistence level. Eventually, in the long run, impatient households’con-

sumption will reach zero. This result has also been shown in the existing literature (see

for example, Becker (2011), Le Van et al (2007) and Goenka et al (2012)).

Further,

∂L
∂kt+1

: (f ′ (kt+1) + 1− δ) =

λF,t

[
ω + (1− ω)

(
βI
βP

)t]
λF,t+1βP

[
ω + (1− ω)

(
βI
βP

)t+1] .

Again, as t→∞ and
(
βI
βP

)t
→ 0, (f ′ (kt+1) + 1− δ)→ 1

βP
. Thus in the long run, the

heterogeneous agent model will collapse to the representative agent model with cI,t → 0

6Mitra (1979) discusses about a time varying discounted growth model.
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and (f ′ (kt+1) + 1− δ)→ 1
βP
.

6 Ramsey Optimal Taxation

The Ramsey planner aims to maximize the social welfare, given the decentralized econ-

omy’s equilibrium conditions.

Substituting 2 and 3 in 1, we derive the patient household’s implementability con-

straint:

βP c
1−σ
P,t + βP c

−σ
P,t (dt+1 + kt+1)− c−σP,t−1 (dt + kt) = 0. (16)

Further, equating 2 and 6, we get

(
1− µI,t−1

)
βP c

−σ
I,t−1c

−σ
P,t − βIc−σI,t c−σP,t−1 = 0. (17)

The Ramsey planner’s problem could thus be defined as:

Definition 3 (Ramsey Problem): Ramsey policy maker’s problem is to maximize 13,

choosing {τ k,t}∞t=0 and allocations
{
cP,t, cI,t, kt, µI,t

}∞
t=0

subject to 16, 17 , 12 and 5

with λI,t, λE,t, λF,t and ucp,tλB,t being the Lagrange multipliers on the implementability

constraint, equation equating the two Euler equations, feasibility constraint and borrowing

constraint respectively.7

max
{cI,t,cP,t,kt+1,dt+1,µI,t}

∞∑
t=0

βtP

[
ωu (cP,t) + (1− ω)

(
βI
βP

)t
u (cI,t)

]
,

subject to

βP c
1−σ
P,t + βP c

−σ
P,t (dt+1 + kt+1)− c−σP,t−1 (dt + kt) = 0,

(
1− µI,t−1

)
βP c

−σ
I,t−1c

−σ
P,t − βIc−σI,t c−σP,t−1 = 0,

f (kt)− cP,t − cI,t − g − kt+1 + (1− δ) kt = 0,

7Note that from Walras’Law, if all but one markets clear in the economy, the last one will clear too.
Following the law, and keeping the analysis similar to Straub and Werning (2014), we drop impatient
household’s budget constraint while setting the Ramsey problem.
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dt+1 ≤ D̄.

As argued in the case of a social planner, we use the linear weighted average of the

two discount factors, ωβtP + (1− ω) βtI , as the Ramsey planner’s discount factor.

The Lagrange multiplier ucp,tλB,t helps the shadow price λB,t, measure the value, in

units of cP,t, of marginally relaxing the borrowing constraint. The borrowing constraint

is binding, that is, it holds will equality whenever λB,t > 0 and is not binding when

λB,t = 0.

On simplification, maximizing with respect to µI,t and as detailed in the appendix, we

find that varying µI,t imposes no opportunity costs on the government. Given the Ramsey

planner’s optimal choice for cP,t, cI,t and kt, the value of µI,t will adjust accordingly to

achieve the desired levels. The problem thus reduces to

L = E0

∞∑
t=0

βtP

[
ωu (cP,t) + (1− ω)

(
βI
βP

)t
u (cI,t)

]

+λI,tβ
t
P

[
ω + (1− ω)

(
βI
βP

)t] [
βP c

1−σ
P,t + βP c

−σ
P,t (dt+1 + kt+1)− c−σP,t−1 (dt + kt)

]
+λF,tβ

t
P

[
ω + (1− ω)

(
βI
βP

)t]
[f (kt)− cP,t − cI,t − g − kt+1 + (1− δ) kt]

+λB,tc
−σ
P,tβ

t
P

[
ω + (1− ω)

(
βI
βP

)t] [
D̄ − dt+1

]
.

The necessary first order conditions are:

λI,0 = 0,

c−σP,tβP

{[
ω + (1− ω)

(
βI
βP

)t]
λI,t −

[
ω + (1− ω)

(
βI
βP

)t+1]
λI,t+1

}
= λB,tc

−σ
P,t

[
ω + (1− ω)

(
βI
βP

)t]
, (18)

λB,t > 0,

(1− ω)
(
βI
βP

)t
c−σI,t = λF,t

[
ω + (1− ω)

(
βI
βP

)t]
, (19)

λF,t+1

λF,t

(
f ′ (kt+1) + 1− δ

)
=

[
ω + (1− ω)

(
βI
βP

)t]
βP

[
ω + (1− ω)

(
βI
βP

)t+1] − λB,tc
−σ
P,t

(1− ω)βP c
−σ
I,t

(
βP
βI

)t [ω + (1− ω)( βIβP )t
]2

[
ω + (1− ω)

(
βI
βP

)t+1] , (20)
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λI,t+1

[
ω + (1− ω)

(
βI
βP

)t+1]
= λI,t

[
ω + (1− ω)

(
βI
βP

)t] [
1 +

(σ − 1) cP,t
σ (dt+1 + kt+1)

]
+
(1− ω)

(
βI
βP

)t
c−σI,t − ωc

−σ
P,t

σβP c
−σ−1
P,t (dt+1 + kt+1)

. (21)

Analyzing the necessary optimal conditions, we consider the three possible scenarios

that the last equation generates:

• Case 1:Redistribution preference towards impatient households- (1− ω)
(
βI
βP

)t
c−σI,t >

ωc−σP,t

• Case 2: Indifference between redistribution- (1− ω)
(
βI
βP

)t
c−σI,t = ωc−σP,t

• Case 3: Redistribution preference towards patient households- (1− ω)
(
βI
βP

)t
c−σI,t <

ωc−σP,t

and discuss each of the three possibilities in detail.

6.1 Redistribution Towards Impatient Households

Proposition 3 With the borrowing constraint, a welfare maximizing Ramsey allocation

does not exist when (1− ω)
(
βI
βP

)t
c−σI,t > ωc−σP,t .

Proof. Let (1− ω)
(
βI
βP

)t
c−σI,t > ωc−σP,t . With λI,0 = 0, from 21, λI,1 > 0. Substituting

λI,1 > 0 in 18, we get λB,0 < 0. This defies the Kuhn-Tucker condition according to

which λB,t > 0. Hence, for a solution to exist, (1− ω)
(
βI
βP

)t
c−σI,t 6 ωc−σP,t .

8

As t → ∞,
(
βI
βP

)t
→ 0. For (1− ω)

(
βI
βP

)t
c−σI,t > ωc−σP,t to hold as t → ∞, cP,t will

have to be negative. This possibility could be ruled out as the patient households will not

starve themselves while owning positive wealth and lending to impatient households.

Next, we go on to the case when the Ramsey planner is indifferent between redistri-

bution between households, that is, he values the weighted discounted marginal utilities

of both the households equally.

8Refer to the Appendix for a formal proof of the violation of the Kuhn-Tucker condi-
tion.
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6.2 Indifference Between Redistribution

Proposition 4 When (1− ω)
(
βI
βP

)t
c−σI,t = ωc−σP,t , the borrowing constraint is not binding

and the optimal capital taxation approaches zero in the distant long run.

Proof. Let (1− ω)
(
βI
βP

)t
c−σI,t = ωc−σP,t . With λI,0 = 0, from 21, λI,1 = 0. Further,

λI,t = 0 for all t. Substituting λI,t = 0 in 18, we get λB,t = 0 for all t and the borrowing

constraint is never binding. In such a scenario, 20 becomes

(f ′ (kt+1) + 1− δ) =
λ3,t
λ3,t+1


[
ω + (1− ω)

(
βI
βP

)t]
βP

[
ω + (1− ω)

(
βI
βP

)t+1]
 ,

and the Ramsey planner’s problem reduces to the social planner’s problem. As t → ∞

and
(
βI
βP

)t
→ 0, f ′ (kt+1) + 1 − δ → 1

βP
implying that in the long run, marginal product

of capital equals the return on capital and the optimal level of capital tax rate approaches

zero.

Intuitively, when the borrowing constraint is not binding, the patient households are

not sure how much the impatient households will borrow. To ensure smooth future level

of consumption, the patient households save capital greater than the socially optimal

level. In the short run, the Ramsey planner thus taxes capital. In the long run, however,

as the marginal product of capital falls, the socially optimal level of capital increases.

This is due to the time varying discount factor of the planner which in the long run,

is dominated by the patient household’s preferences. As the socially optimal level of

capital and patient household’s capital savings become equal, the optimal capital tax

rate approaches zero.

Finally, we discuss the case of redistribution preference towards patient households.

6.3 Redistribution Towards Patient Households

Proposition 5 When (1− ω)
(
βI
βP

)t
c−σI,t < ωc−σP,t , the borrowing constraint is always

binding and the optimal level of capital taxation is negative.

Proof. Let (1− ω)
(
βI
βP

)t
c−σI,t < ωβtP c

−σ
P,t . With λI,0 = 0, from 21, λI,1 = 0. Further,
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λ1,t+1 < λ1,t for all t. Substituting λ1,t+1 < λ1,t in 18, we get λB,t > 0 for all t. Hence the

borrowing constraint will always be binding. In such a scenario, from 20, we notice that

as t→∞,
(
βP
βI

)t
→∞. The marginal product of capital will thus keep falling with time

and will approach −∞ as t → ∞, implying an increasing path for the optimal subsidy

rate.

Intuitively, when the borrowing constraint is binding, the patient household are sure

that they will at least save D̄ in the form of private lending to the impatient households

and will hence get returns on these savings at the end of the period. With this certainty,

the patient households are secure about their future level of returns and consumption

and choose to save less in capital- less than the socially optimal level of capital. With

the aim to encourage patient households to save more, the planner chooses to subsidize

capital.

The results derived from the second best allocation exercise could be seen as an

application of Chamley (2001) where it is shown that if consumption and savings are

negatively related, in the presence of a binding borrowing constraint, it would be optimal

to have the returns on capital subsidized in the long run. He does not, however, make any

claim on the rate on subsidization. Similar to our impatient households who are poor,

consume less in the long run and have a negative relationship between consumption and

savings (or positive relationship between consumption and dissavings, here borrowing),

in Chamley (2001) the "very old" are poor and consume less in distant time periods and

hence generate the negative correlation between consumption and savings. Moreover, the

results obtained, could also be concluded to have preserved Ramsey’s conjecture according

to which, the patient households are the dominant consumers and enjoy bliss in the long

run.

7 Conclusion

In our paper, we consider the case of heterogeneous agents who differ in their rates of

time preference- impatient households value today’s consumption more than the patient

households. To increase their current level of consumption, they even borrow from the
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patient households as per a borrowing constraint. We study the optimal level of capital

income taxation in such a scenario. The results show that if the Ramsey planner is

indifferent between the redistribution towards patient and impatient households, it would

be optimal to initially redistribute from unconstrained patient households to constrained

impatient households. In the long run, however, the optimal level of capital taxation will

approach zero. Further, when the borrowing constraint is binding, the capital income tax

rate in not zero in the long run. On the contrary, the Ramsey planner chooses to give

subsidies to patient households and keep increasing the subsidy rate with time. These

subsidies are funded by transfers from the impatient households who anyway do not

favour distant future much.

Although the derived results are welfare maximizing, they are not pareto improv-

ing. The increase in the utility of patient households comes at the cost of impatient

households’utility. My next exercise would thus be to derive the optimal level of pareto

improving capital taxation. I am also yet to check the stability of the results in certain

cases. For example, Kemp et al (1993) questions the stability of Judd (1985) results and

concludes that in certain cases cycles around steady state could establish. Straub and

Werning (2014) pins down the case to be when the intertemporal elasticity of substitu-

tion is greater than one and there is redistribution preference towards capitalists (here,

patient households). I thus need to conduct a similar exercise and check if different dis-

count factors and/or the borrowing constraint stop the formation of a cycle. Further, to

strengthen the paper by lending a numerical perspective, I aim to derive the transition

path of the optimal level of capital taxation.

For future research purposes, it would be interesting to conduct a similar study in

an open economy setup and analyze the welfare optimizing allocations. With the widely

debated concept of the "Global Savings Glut", it would be intriguing to theoretically

capture how in the presence of patient countries (like China) and impatient ones (like

US) global interest rates are affected and how international organizations could intervene

to achieve an overall welfare optimization. As a starting point, Leff and Sato (1993)

document the existence of international differences in savings behavior across countries.

16



Analyzing the same problem in the presence of other market imperfections, say for

example price rigidity, and checking if our results still hold would make another interesting

study. Monacelli and Perotti (2011) for example, show that in the presence of sticky

prices, government spending multiplier is larger when the taxes are levied on patient

households instead of favouring a transfer from impatient to patient households. But

does the result hold with respect to capital income taxation as well? These and many

other such issues remain the subject for related future work.
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Appendix

A Ramsey planner’s Problem

For any
(
k0, d0, cP,−1, cI,−1, µI,−1

)
we define the value function V

(
k0, d0, cP,−1, cI,−1, µI,−1

)
as

V
(
k0, d0, cP,−1, cI,−1, µI,−1

)
= max

∞∑
t=0

βtP

[
ωu (cP,t) + (1− ω)

(
βI
βP

)t
u (cI,t)

]
s.t.

βP c
1−σ
P,t + βP c

−σ
P,t (dt+1 + kt+1) = c−σP,t−1 (dt + kt)

(
1− µI,t−1

)
βP c

−σ
I,t−1c

−σ
P,t = βIc

−σ
I,t c

−σ
P,t−1

F (kt) + (1− δ) kt = cP,t + cI,t + g + kt+1

Using Envelope condition:

VcP,−1
(
k0, d0, cP,−1, cI,−1, µI,−1

)
= 0 =

∂L
∂cP,−1

⇒ σλI,0c
−σ−1
P,−1 (d0 + k0) + σλE,0c

−σ−1
P,−1 βIc

−σ
I,0 = 0 (22)

Similarly,

VµI,−1
(
k0, d0, cP,−1, cI,−1, µI,−1

)
= 0 =

∂L
∂µI,−1

⇒ −λE,0βP c−σI,−1c−σP,0 = 0

⇒ λE,0 = 0 (23)

Substituting 23 in 22, we get λI,0 = λE,0 = 0. Further, we solve the Ramsey planner’s
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welfare problem.

∂L
∂µI,t

: λE,t+1β
t+1
P

[
ω + (1− ω)

(
βI
βP

)t+1]
c−σI,t c

−σ
P,t+1 = 0

With λE,0 = 0 and the above FOC, 0 = λE,1 = λE,2 = λE,3 = λE,4 = .... This

reflects the fact that varying µI,t imposes no opportunity costs on the government. Given

the Ramsey planner’s optimal choice for cP,t, cI,t and kt, the value of µI,t will adjust

accordingly to achieve the desired levels. The problem thus reduces to

L = E0

∞∑
t=0

βtP

[
ωu (cP,t) + (1− ω)

(
βI
βP

)t
u (cI,t)

]

+λI,tβ
t
P

[
ω + (1− ω)

(
βI
βP

)t] [
βP c

1−σ
P,t + βP c

−σ
P,t (dt+1 + kt+1)− c−σP,t−1 (dt + kt)

]
+λF,tβ

t
P

[
ω + (1− ω)

(
βI
βP

)t]
[f (kt)− cP,t − cI,t − g − kt+1 + (1− δ) kt]

+λB,tc
−σ
P,tβ

t
P

[
ω + (1− ω)

(
βI
βP

)t] [
D̄ − dt+1

]

B Derivation of 20

Maximizing with respect to capital:

λF,t+1βP

[
ω + (1− ω)

(
βI
βP

)t+1]
(f ′ (kt+1) + 1− δ)

= λF,t

[
ω + (1− ω)

(
βI
βP

)t]
+ c−σP,t


βP

[
ω + (1− ω)

(
βI
βP

)t+1]
λI,t+1

−βP
[
ω + (1− ω)

(
βI
βP

)t]
λI,t
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From 18 and 19, this could be written as

λF,t+1
λF,t

βP

[
ω + (1− ω)

(
βI
βP

)t+1]
(f ′ (kt+1) + 1− δ)

=

[
ω + (1− ω)

(
βI
βP

)t]
−

λB,tc
−σ
P,t

(1− ω) c−σI,t

(
βP
βI

)t [
ω + (1− ω)

(
βI
βP

)t]2

which gives us 20.

C Kuhn-Tucker Conditions

As per the Kuhn- Tucker theorem, if the objective function and inequality constraint are

at least once continuously differentiable and are concave on an open convex domain, there

exists a solution to the maximization problem iff there exists λB,t such that the following

Kuhn-Tucker conditions are satisfied:

1. ∂L
∂x

= 0

2. λB,t > 0

3. Complementary Slackness Condition: λB,t
(
D̄ − dt+1

)
= 0

4. D̄ − dt+1 > 0

In our model, the Hessian matrix of the objective function, ωβtPu (cP,t)+(1− ω) βtIu (cI,t),

is given as follows:

H =

 −σβtPωc−1−σP,t 0

0 −σβtI (1− ω) c−1−σP,t



Since det(H) > 0, the Hessian matrix is negative definite and is thus a strictly concave

function. Moreover, the inequality constraint is linear and is concave as well. A solution to

the problem will thus exist if the above mentioned Kuhn-Tucker conditions are satisfied.
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In Case 1, condition number two is violated and hence, a welfare maximizing Ramsey

allocation does not exist.

Further, for the complementary sackness condition to hold, either λB,t = 0 or D̄ −

dt+1 = 0. When λB,t = 0, D̄ − dt+1 might or might not be equal to zero and we say that

the constraint is not binding (similar to our result from Case 2). However, if λB,t > 0,

D̄ − dt+1 = 0 implying that the constraint is always binding (similar to our result from

Case 3).
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