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Abstract

We study the effect of trading costs on information aggregation and information
acquisition in financial markets. For a given precision of investors’ private information, an
irrelevance result emerges when investors are ex-ante identical: price informativeness does
not depend on the level of trading costs. This result holds independently of whether trading
costs are quadratic or linear, investors behave competitively or strategically, and applies
to both static and dynamic economies. When investors are ex-ante heterogeneous, trading
costs reduce (increase) price informativeness if and only if investors who disproportionately
trade on information are more (less) elastic than investors who mostly trade due to hedging.
Trading costs always reduce information acquisition and consequently price informativeness,
even when price informativeness remains unchanged for a given amount of information. Our
results matter to understand the consequences of cheaper financial trading and the effects
of financial transaction taxes.
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1 Introduction

Technological advances have dramatically reduced the cost of trading in financial markets.
However, has this reduction in trading costs made financial markets better at aggregating
information? Has the ability to trade more cheaply encouraged information acquisition in financial
markets? More broadly, what are the implications of changes in trading costs for the aggregation
and generation of information in financial markets? In this paper, we seek to provide an answer
to these questions by systematically studying the implications of trading costs for information
aggregation and endogenous information acquisition in financial markets.

In our model, investors trade for two reasons. They trade on private information, after
receiving a private signal about asset payoffs, and due to a privately known hedging demand,
which is stochastic and uncertain in the aggregate. The combination of trading based on
private information and the aggregate uncertainty in hedging motives makes prices only partially
informative. This forces investors — or any interested external observer — to solve a filtering
problem to recover the information about asset payoffs aggregated by asset prices. Using this
framework as the core building block, in the spirit of Modigliani and Miller (1958), we structure
our paper around several irrelevance results that emerge in different canonical models of financial
trading.

Our first main result is an irrelevance theorem that applies to competitive economies with
ex-ante identical investors. We show that, for a given precision of investors’ private signals, price
informativeness is independent of the level of trading costs. The logic behind our main result is
both elementary and powerful. The effect of trading costs on how prices aggregate information
is a function of how the relevant signal-to-noise ratio contained in asset prices is affected. For
example, an increase in trading costs necessarily reduces the amount of trading due to information
motives, reducing the informational content of prices. However, this same increase in trading costs
also reduces trading due to hedging needs, reducing the noise component of asset prices. When
investors are ex-ante identical, the ratio of these changes — which becomes the relevant signal-
to-noise ratio of the economy — remains constant as trading costs change. This is the logic that
underlies our irrelevance results.

We further characterize the conditions under which changes in trading costs affect price
informativeness in economies with ex-ante heterogeneous investors. Importantly, not every
form of heterogeneity breaks down our irrelevance result. We show that only when investors
who disproportionally trade on information are more price sensitive than investors who
disproportionally trade for hedging reasons, we expect prices to become less informative when
trading costs are higher and vice versa.

Our results highlight the importance of how economic “noise” is modeled when studying



information aggregation.! For instance, classic noise trading, as in Grossman and Stiglitz (1980),
is often modeled as an exogenous stochastic demand or supply shift, but it is often justified as
standing for hedging needs of unmodeled traders. Although a classic noise trading formulation
may be a useful shortcut in some contexts, it is not satisfactory when we seek to understand the
effects of trading costs on price informativeness: it is silent on how noise traders react to changes
in the level of trading costs, a form of Lucas (1976) Critique. Our formulation, which explicitly
models the filtering problem faced by investors from first principles, delivers substantially different
results from the classic noise trading formulation.

Next, we illustrate how specific forms of heterogeneity break our irrelevance result. We allow
for heterogeneity in the precisions of the private signals about the fundamental, in the variance of
hedging needs, and in investors’ risk aversion. We show that all three sources of heterogeneity, in
isolation, are associated with a reduction in price informativeness when trading costs are high. On
the one hand, investors with precise information, either about the fundamental or the aggregate
hedging, trade more aggressively in general. At the same time, they put more weight on their
private signal about the fundamental. On the other hand, investors with high risk aversion trade
less aggressively, while also putting more weight on their hedging motives.

Subsequently, we allow investors to choose the precision of their private signal about the
fundamental. In our benchmark model with ex-ante identical investors, we show that an increase
in trading costs endogenously reduces the precision of the signal about the fundamental chosen
by investors. Intuitively, high trading costs make it harder for a given investor to profit from
acquiring private information. Since the investors anticipate that they will be able to profit less
from having better information, they choose less precise signals. We extend the model by allowing
investors to choose the precision of a private signal about the aggregate hedging need (noise).
The same logic implies that investors choose signals about the noise with lower precision when
they face higher trading costs. Interestingly, less precise signals on either the fundamental or the
noise reduce the equilibrium level of price informativeness. We can draw two conclusions from
this exercise. First, trading costs have sharply different implications for information aggregation
and information acquisition. Second, trading costs tend to reduce the endogenous precision of
signals on both fundamentals and noise, decreasing equilibrium price informativeness.

We return to the benchmark model without information acquisition and show that our
irrelevance theorem extends to economies with a) alternative forms of trading costs, b) random

heterogeneous priors as a source of aggregate uncertainty, c) strategic investors, and d) multiple

LA consequence of modeling aggregate noise from first principles is that our model features multiple equilibria.
Our formulation, similar but not identical to the one used in Ganguli and Yang (2009) and Manzano and Vives
(2011) — who also find multiple equilibria — is of independent interest, because it guarantees equilibrium existence

for any set of primitives.



rounds of trade. First, we show that our irrelevance result continues to hold when trading costs
are linear, instead of quadratic, the sustained assumption in most of the paper. Second, we
allow investors to have stochastic privately known heterogeneous priors, which are random in the
aggregate. This shows that our irrelevance result is robust to having other sources of aggregate
uncertainty, in addition to hedging. Third, we show that changes in trading costs in economies
in which investors’ strategic behavior matters (for instance, when there is a finite number of
investors) do not affect the level of price informativeness. Strategic behavior changes the trading
sensitivities of investors, but it does so symmetrically. Therefore, the logic underlying the results
in the competitive model with a continuum of investors still applies. Fourth, we introduce an
additional round of trading in the model. The trading sensitivities of forward-looking investors are
again affected by the possibility of dynamic trading. In particular, we show that forward-looking
investors become more sensitive to trading costs than those in the static benchmark. However,
portfolio sensitivities change symmetrically and the logic underlying the irrelevance result of the
static model still applies.

In our fifth and final extension, we consider a model in which investors have general preferences
and signals. We show that the condition for the irrelevance result to hold when investors are ex-
ante identical in a symmetric equilibrium is that the demand sensitivities to information and
noise (hedging needs) react identically to a change in trading costs. This result shows that the
forces behind our irrelevance argument apply generally.

In addition to improving the understanding of whether the secular trend of reduction in trading
costs has affected the role played by financial markets in aggregating information, our results have
important practical implications for the broader discussion on the effect of transaction taxes as a
policy instrument. It is somewhat surprising that our irrelevance results and our directional result
in the model with endogenous information acquisition have been absent from policy discussions.
Stiglitz (1989) and Summers and Summers (1989) are good examples of policy-oriented articles

which would have benefited from using the results of this paper as a benchmark for policy analysis.

Related Literature

This paper lies at the intersection of two major strands of literature. On the one hand, we share
the emphasis of the work that studies the role played by financial markets in aggregating and
originating information, following Grossman (1976), Grossman and Stiglitz (1980), Hellwig (1980)
and Diamond and Verrecchia (1981). From a modeling perspective, our benchmark formulation
with a continuum of investors is closest to the large economy model in Admati (1985). Investors
in our model have private information about both the fundamental and the noise contained
in the price. The existence and multiplicity properties of the equilibria in related — but not

identical — setups have been studied by Ganguli and Yang (2009) and by Manzano and Vives
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(2011). In contrast to these papers, the noise structure we assume in our model guarantees
that an equilibrium always exists. In our model, aggregate hedging needs are stochastic and not
observable, similar to Manzano and Vives (2011) and Hatchondo, Krusell and Schneider (2014).
Goldstein, Li and Yang (2014) find that multiple equilibria may arise when market segmentation
leads to heterogeneous hedging needs. Our result in the case of general preferences and noise
structure relates to the work of Barlevy and Veronesi (2000), Yuan (2005), Albagli, Tsyvinski and
Hellwig (2012), Breon-Drish (2015), and Chabakauri, Yuan and Zachariadis (2015), which are
relevant examples of the growing literature that explores information aggregation and acquisition
in alternative environments to the canonical CARA-Gaussian model.

Our results on endogenous information acquisition are related to the large literature that
follows Verrecchia (1982) and Kyle (1989). See Biais, Glosten and Spatt (2005), Vives (2008),
Veldkamp (2009) for recent thorough reviews of this line of work. We first allow investors to
acquire information about the fundamental as in Hellwig and Veldkamp (2009), Van Nieuwerburgh
and Veldkamp (2010), and Manzano and Vives (2011). We also consider the case in which
investors can acquire information about the noise component of asset prices. Ganguli and Yang
(2009) and Farboodi and Veldkamp (2016) study the choice of whether to acquire information
about fundamental or non-fundamental variables. These papers abstract from modeling trading
costs, which is the focus of our paper.

On the other hand, our results also relate to the body of literature that studies the effects
of transaction costs/taxes on financial markets, following Constantinides (1986) and Amihud
and Mendelson (1986). More recent contributions are Vayanos (1998), Vayanos and Vila (1999),
Garleanu and Pedersen (2013), Abel, Eberly and Panageas (2013), and Garleanu, Panageas and
Yu (2014). These papers focus on the implications of trading costs for volume or prices, while we
focus on the effects on information aggregation and information acquisition. We refer the reader
to Vayanos and Wang (2012) for a recent survey of this vast literature.

Only a handful of papers features both learning and trading costs, as ours. Vives (2016)
shows in a linear-quadratic market game that introducing a quadratic trading cost can be welfare
improving by reducing the degree of private information acquisition. Subrahmanyam (1998) and
Dow and Rahi (2000) discuss the effect of quadratic trading costs in models of trading with
strategic agents. The inherent asymmetry among investors embedded in these papers explains
their findings regarding the effects of trading costs. Budish, Cramton and Shim (2015) show
that a tax on trading is a coarse instrument to reduce high frequency trading in a model with
learning. In the context of a model of bilateral trading with information acquisition but without
information aggregation, Dang and Morath (2015) compare profit and transaction taxes.

Finally, our paper is related to the body of work that studies whether structural changes in

the financial industry, as those motivated by the reduction in the cost of trading, have affected the



role played by financial markets in modern economies. Greenwood and Shleifer (2013), Philippon
(2015), Bai, Philippon and Savov (2015), and Turley (2012) document and interpret these trends,

explaining the forces behind them.

Outline Section 2 describes the benchmark model and Section 3 characterizes the equilibrium
of the model for the cases with ex-ante identical and ex-ante heterogeneous investors. Section 4
illustrates how to break the main irrelevance result by varying the form of ex-ante heterogeneity.
Section 5 allows for endogenous information acquisition and Section 6 provides new irrelevance
results for the cases of linear trading costs, random heterogeneous priors, strategic investors,
dynamics, and general utility and signal structure. Section 7 concludes. The appendix contains

derivations and proofs. The online appendix contains additional derivations and results.

2 Benchmark model: competitive investors with trading

costs

As a benchmark, we initially study a competitive model of trading in financial markets with
rational investors who receive private signals about asset payoffs and have stochastic hedging
needs. Within this canonical framework, we characterize the conditions under which trading

costs affect price informativeness. Subsequently, we extend our results in multiple dimensions.

Preferences There are two dates ¢t = 1,2 and a unit measure of investors, indexed by 1.
Investors choose their portfolio allocation at date 1 and consume at date 2. They maximize
constant absolute risk aversion (CARA) expected utility. Therefore, expected utility of investor
1 is given by

E[U; (wy;)]  with  U; (wg;) = —e %2 (1)
where Eq. (1) imposes that investors consume all their terminal wealth wsy;. The parameter v; > 0

represents the coefficient of absolute risk aversion v; = —%l,l

Investment opportunities There are two assets in the economy, a riskless asset and a risky
one. The riskless asset in in elastic supply and pays a gross interest rate R. Without loss of
generality we normalize R to 1. The risky asset is in exogenously fixed supply ¢ > 0. This
asset is traded in a competitive market at date 1 at price p. This price is quoted in terms of an
underlying consumption good (dollar), which acts as numeraire. Each investor ¢ is endowed with
qo; units of the risky asset at date 1, where [ godi = @, since investors must hold as a whole
the total supply of the asset ). Similarly, market clearing at date 1 implies that [ ¢;di = Q,
where ¢1; denotes investor ¢’s final holdings of the risky asset. Investors face no constraints when

choosing portfolios: they can borrow and short sell freely.



The per unit asset payoff at date 2 is normally distributed and denoted by 6, where
0~N(0,7"). (2)

This formulation implies that there is aggregate uncertainty about the expected asset payoff. The
unconditional expected asset payoff is given by the constant § > 0, while its precision (the inverse

of its variance) corresponds to 7y.

Hedging needs Every investor ¢ has a stochastic endowment of the consumption good at date
2, denoted by ng;. This random endowment is normally distributed and potentially correlated
with the risky asset payoff 6, but independent of all other random variables in the economy. This
endowment captures the fundamental risks associated with each individual investor’s normal
economic activity. The covariance h; = Couv [ny;, 0] determines whether the risky asset is a good
hedge for investor i (if h; < 0) or not (if A; > 0). At the beginning of date 1, before trading,

every investor ¢ learns the realization of his individual hedging needs h;, given by
hi =0+ eni, (3)
where
0~N (0,75_1) and eni ~ N (O,T{f) , (4)

and the realizations of ; are independent across investors. This formulation implies that there
is uncertainty about the aggregate magnitude of hedging needs d. The expected level of total
hedging needs is zero. Without loss of generality, we normalize the initial endowment ny; to zero

for all investors and assume that [E [ng;] — L Var [ny;] = 0.

Information structure Investors do not observe the actual realization of the risky asset payoff,
0. However, every investor observes a private signal s; about the asset payoff 6, with the following
structure

5; =0+ e,

where

€siNN<O T_'1>.

? st

The realizations of ¢,; are independent across investors. In principle, we allow for the precision of
the private signal to be different for each investor. For now, we take the precisions of investors’
private signals {75}, as a primitive of the economy.

Investors do not observe the aggregate hedging needs in the economy either. Investors only
observe their own realization of the hedging need, that is, h; is private information of investor i.

Given the formulation of h; in Eq. (3), h; contains information about the aggregate hedging need

J.



Trading costs Investors must pay a quadratic trading cost § > 0 per share traded of the risky
asset. In particular, a change in the asset holdings of the risky asset |g1; — qo;| incurs a trading
cost, in terms of the numeraire, due at the same time the transaction occurs, for both the buyer
and the seller of
g (A(hi)Q )

where Aqy; = g1 — qo;- We model trading costs as quadratic in the size of the trade to preserve
tractability.? Interestingly, several empirical papers seem to provide support to the assumption of
convex trading costs — see Lillo, Farmer and Mantegna (2003) or Engle, Ferstenberg and Russell
(2008). Whether ¢ corresponds to the use of economic resources (a trading cost) — our sustained
assumption — or whether it corresponds to a transfer (a transaction tax) is irrelevant for every
positive result in this paper.

The consumption/wealth of a given investor i at ¢ = 2 is given by his stochastic endowment
ng;, the stochastic payoff of his asset holdings ¢;;6, and the return on the investment in the riskless
asset. This includes the net purchase or sale of the risky asset (go; — ¢1;) p and the total trading

cost —§ (Agy;)°. Formally, the final wealth of investor i is
c
Wa; = N9; + qui + qoip — qip — 3 (Aqui)* . (5)

Remark. There are four relevant dimensions of ex-ante heterogeneity among investors.

Ex-ante, investors can have different risk aversion ~;, different initial asset holdings qq;, different
precision of their hedging needs 7;, and different precision of their private signals 7. Ex-post,
they will also differ in the realizations of their hedging needs h; and their signal s;, which are

stochastic.

Remark. Aggregate uncertainty on the level of stochastic hedging needs make the filtering problem

non-trivial, given that there are no exogenous noise traders in the model.

The presence of aggregate stochastic hedging needs make the filtering problem non-trivial: if
75 — 00, the equilibrium of the economy becomes fully revealing. In order to have a meaningful
filtering problem, many papers studying learning introduce an unmodeled stochastic demand
shock or, equivalently, a shock to the number of shares available: this modeling approach is
often referred to as having “noise traders”. Allowing for noise traders in its standard form — as
in Grossman and Stiglitz (1980) — is not appropriate to study the effects of trading costs. In
particular, in those models it is hard to understand how the behavior of noise traders varies with
the level of trading costs: this is a form of Lucas (1976) critique. Our theoretical results allow us

to elaborate on this remark, which we do at the end of Section 3.

2Qur results easily extend to the case of trading costs that are proportional to the asset price level, as in
5p (Aqli)Q. We show in Section 6.1 that our irrelevance results extend to the case of linear costs. We conjecture

that the irrelevance results can be extended to models with fixed costs of trading.



3 Equilibrium

We restrict our attention to rational expectations equilibria in which net demands are linear in

the investor’s private signal, his private hedging needs, and the price.

Definition. (Equilibrium) A rational expectations equilibrium in linear strategies consists of
a linear net portfolio demand Agy; for each every investor ¢ and a price function p such that: a)
each investor ¢ chooses Aqy; to maximize his expected utility subject to his budget constraint and
given his information set and b) the price function p is such the market for the risky asset clears,
that is [ Agydi =0.°

To characterize the equilibrium, we first study the portfolio problem of an individual investor
1. Subsequently, we study the equilibrium of the model with ex-ante identical investors, which
allows us to introduce our first irrelevance result. Finally, we characterize the equilibrium of the
model in the general case with ex-ante heterogeneous investors and qualify the conditions under

which trading costs affect learning.

Investors’ portfolio choice

Because of the CARA-normal structure of preferences and returns, the demand for the risky asset
of every investor 7 is given by the solution to a mean-variance problem in ¢;;. Note that an investor
1 knows the actual realization of his hedging needs when trading, although that realization is not
known to other investors. In particular, investor ¢ chooses ¢;; to solve

i C
max (E [0]s;, hi, p|] — vihi — P) qui — %Var (0], hi, D] ¢35 — 3 (Aqu)®. (6)

q1:

The first term in the objective function of investor i represents the expected payoff of holding
q1; units of the risky asset. The expected payoff increases with his expected value of the
fundamental, E [0|s;, h;, p|, decreases with the level of his realized hedging needs, h;, and decreases
with the price he has to pay for the risky asset, p. The second term captures the utility loss suffered
by a risk-averse investor who faces uncertainty about the asset payoff. The last term represents
the trading cost the investor must pay to adjust his asset holdings from qg; to ¢y;.

The first order condition of the problem stated in (6) yields the following demand for the risky

asset
_ E[0]si, hi, p| — vihi — p + cqo;
q1; = (7>
viVar[0|s;, hi, p] + ¢

Intuitively, investor ¢ demands more shares of the risky asset when the expected asset payoff

E [0]s;, hi, p] is high, when the risky asset is a good hedge (h; < 0), when the price of the risky

3Because we adopt a formulation with a continuum of investors, as Admati (1985), our investors do not suffer

from the schizophrenia critique of Hellwig (1980).



asset is low, and when the variance of risky asset Var [0|s;, h;, p] is low. More risk averse investors
demand fewer shares of the risky asset.
To interpret the effect of trading costs on the investors’ demands more easily, we rewrite the

investors’ optimal portfolio decisions in the form of net demands
Aqii = wi (¢) Adu, (8)

where

E [6|Sz’, hi,p] —vihi —p

— 40 and W; (C) — ’YiVCLT [9|8i7 hwp]
”}%VCLT [G‘Si, hi: p] qoi i

AAi - o .
q1 viVar [0]s;, hi, p] + ¢

9)

Eq. (8) decomposes the investor’s net demand in two components: Agy; and w; (¢). Ady; represents
the net demand of investor 7 if he did not face trading costs. w; (¢) takes into account how trading
costs affect the net demand for the risky asset. w;(c) € [0,1], it is a decreasing function of the
trading cost ¢ and it satisfies lim._,ow; (¢) = 1 and lim,, w; (¢) = 0. This coefficient w; (¢) can
be interpreted as an attenuation weight that measures how the net demand of an investor changes
relative to the case in which the investor faces no trading costs. Alternatively, we can write Eq.
(7) in the form of a weighted average of investors’ initial asset holdings go; and the hypothetical
optimal portfolio demand in the absence of trading costs, that is, ¢;; = w; (¢) §1; + (1 — w; (¢)) qo;-

The equilibrium of the model is fully characterized by combining the portfolio decision of
investors, characterized in Eq. (7), with the market clearing condition for the risky asset,
accounting for the filtering problem solved by the investors. When forming their expectations
about the fundamental, they use all the information available to them. They observe two signals
about the fundamental 8: the private signal s; and the public signal revealed by the price p.
Moreover, the realization of the individual hedging h; need reveals information about the aggregate

hedging need in the economy, &, and, thus, about the noise contained in the asset price.*

Equilibrium with ex-ante identical investors

As a benchmark, we consider the case in which all investors are ex-ante identical. That is, we
assume that all investors have identical risk aversion, initial asset holdings, variance of their
hedging motives, and precision of the private signal. Formally, v, = v, qoi = qo, Thi = Tn, and
Tsi = Ts, Vi.

In the class of symmetric equilibria in linear strategies that we study, we guess (and

subsequently verify) that investor i’s optimal net portfolio demand takes the form

Aqi; = ags; — aph; — app + Y,

4For reference, we characterize the equilibrium of our model when investors do not learn from prices in the

online appendix.
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where oy, ap, and o, are positive scalars, while ¢/ can take positive or negative values. «,
oy, and «, respectively represent the demand sensitivities of investor ¢ to his private signal, his
realized hedging needs and the price. All these sensitivities take into account the informational
content of the relevant variable. In particular, the price sensitivity oy, accounts for the pecuniary
cost of acquiring the asset and for the informational content of prices, while the sensitivity to
the hedging needs, «;, captures the level of risk aversion as well as the informativeness of the
individual hedging need about the aggregate level of hedging needs in the economy, 0.

Market clearing implies that the equilibrium price takes the form

p=Qag_ G5, Y (10)
Qp Qp Qp

A higher fundamental value of the asset # and higher aggregate hedging needs, low ¢, increase
the asset price. The last term in Eq. (10) embeds both the unconditional expected payoff of the
risky asset and a risk premium.

The price p contains information about the fundamental value of the asset and about the
aggregate hedging needs in the economy, as can be seen from Eq. (10). While investors
intrinsically care about the value of 6, they care about the aggregate hedging need ¢ only insofar it
allows them to predict 6 more accurately from prices. Therefore, an investor ¢ uses his information
about the aggregate hedging need when extracting information from prices. Let p = Z—’S’p — a% be
the unbiased signal of @ contained in the price p for an external observer. Then, the (augmented)

unbiased signal of the fundamental contained in the price for an investor with hedging needs h; is

~  Op _
p+a—sE[5\hi] 9~N(e,7ﬁ 1),
where )
Th Qg
E[6|h] = hy and 75 = (-2 . 11
b = b and = (5] (747 (1)

This signal corresponds to the unbiased signal in prices p, augmented by the information contained
in hedging needs. When the realization of h; is high, investor ¢ assigns a high probability to the
aggregate level of hedging needs 0 also being high, which, for a given price p, increases the
perceived expected payoff 6.

After solving the filtering problem, investor i’s conditional expectation of the fundamental

value of the asset E [0|s;, h;, p| takes the form

790 + Tosi + 75 (D + 2 [0]hy))

To+ Ts + T

E[@\ Siahiup] = (12>

The expectation in Eq. (12) is a weighted average of the prior on the fundamental , the private

signal s;, and the augmented signal contained in prices, p + %E [0]hs].
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An external observer only gathers information from the asset price. Therefore, from an

external observer’s perspective, the unbiased signal contained in the price is distributed as follows

A

1 2
plO~N <9, (7’5) ) ,  where 7§ = () Ts. (13)

ap,

Not surprisingly, an investor ¢ extracts more precise information from the price than an
external observer, i.e., 75 > 75, because the investor can filter out part of the aggregate noise.
When 75 — 0, observing the asset price does not reveal any information about the asset payoff
0. Alternatively, when 75 — 00, asset prices are arbitrarily precise and observing the asset price
perfectly reveals the realization of 6. Without aggregate risk on hedging needs, that is, 75 — oo,
it is evident from Eq. (11) that the equilibrium price is fully revealing and that Grossman (1976)

paradox applies.

Definition. (Price Informativeness) We define price informativeness as the precision of
the unbiased signal of the payoff # contained in the asset price, from the perspective of an
external observer. Formally, we use 75, as defined in Eq. (13), as the relevant measure of price
informativeness.

This measure of price informativeness, which captures the precision of the information about
fundamentals contained in the price, is the relevant welfare measure for an outside observer whose
utility depends on knowing the value of 6 — see the Online Appendix for an elementary derivation.
This result justifies why we use price informativeness as our variable of interest, as opposed to
focusing on the welfare of the investors within the model, which is only driven by risk-sharing

considerations.”

Lemma 1. (Existence and multiplicity) An equilibrium always exists. There are at most

three equilibria.

The existence and uniqueness properties of the equilibrium are determined by studying the

solutions of the following cubic equation in g‘—h
g\ 3 g\ 2 o
v (75 + Th) () —Th () + 7 (75 + 79) <> — 75 =0. (14)
ap, ap, ap,

In the Appendix, we show that Eq. (14) has at least one positive real solution, establishing

equilibrium existence. We also show that Eq. (14) generically has one or three positive real

SFor clarity, we abstract from production in our model. It is easy to append a production side to this model
which exclusively uses asset prices as a source of information to guide production decisions, as we show in the
online appendix. It is somewhat more involved to introduce feedback effects between real and financial markets,
as discussed in Bond, Edmans and Goldstein (2012). There is no a priori reason for why that would affect our

results.
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solutions, depending on primitives. Moreover, we also show that, if there are multiple equilibria,

the middle equilibrium is unstable. This allows us to direct our analysis to the higher and lower

equilibria, which can be made stable under plausible assumptions on equilibrium convergence.
The two stable equilibria share the following properties:

2 (%) 2(5) 2(5)

0T, oy 07p

0(s)

o (=
a)(ah> >0, b) p

>0, ¢ <0, d) < 0.
aTh

<0, and e)

Figure 1 illustrates how the equilibrium values of g—h vary with v, 7,5, and 73, for the reference
parameters in Table 1. As described above, the ratio 2‘—} measures the demand’s relative sensitivity
to information versus hedging needs. On the one hand, as shown by a) and b) above, very precise
private signals and very small dispersion of hedging needs make investors relatively more willing
to trade on information, as opposed to trading based on their hedging needs. On the other hand,
high levels of risk aversion and low degrees of prior uncertainty (high precision) either about
the fundamental or aggregate hedging needs make investors relatively more willing to trade on

hedging needs as opposed to information, as can be seen in ¢), d), and e) above.

Yy=05|7=04|71,=10|179=10 | 7 = 0.1

Table 1: Reference parameters for Figure 1

Figure 2 provides heat maps of the multiplicity regions for different combinations of v, 7,
and 7,. When + is sufficiently high, only the unique equilibrium with low price informativeness
survives. On the contrary, when ~ is sufficiently low, only the unique equilibrium with high
price informativeness survives. For intermediate values of risk aversion, increased precision of
private information and hedging needs make more likely the unique equilibrium with high price
informativeness and vice versa.

All other equilibrium objects are uniquely pinned down given an equilibrium value of Z‘—h The

conjectured coefficients of investors’ net demands are given in equilibrium by

1 Ts 1 7
P, Qp = — ;
KTyg+ Ts +Tp KTe + T
1 Qg Th - B
“h = ———————], and =qa,| ———0 —yVar|0]s;, ’
" K <fy ahTB+Ts+Tﬁ> w p <T9+TS+T;3 fy [ ‘ p] QO)

where we define kK = yVar [0]s;, p] + c.

The coefficient «, which determines the sensitivity of the demand for the risky asset with
respect to investors’ private signals, is increasing in the precision of investors private signals 7.
When the signal is more informative, investors put more weight on their signals since a higher

realization of the signal increases the expected payoff of the asset.
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Figure 1: Equilibrium values of o for different v, 75, and 7,

The coefficient «y, determines the sensitivity of the demand for the risky asset with respect
to hedging needs. Naturally, more risk averse investors react more to their hedging needs, as
captured by v. When prices are very informative (z—h is high), investors’ demand for the risky
asset is higher when h; is high, because investors realize that the risky asset is relatively cheap
due to the selling pressure derived from the aggregate hedging needs.

The coefficient «,,, which determines the sensitivity of the demand for the risky asset with
respect to the asset price, features a substitution effect and an information effect. When 7, — 0,
there is no information effect and o — % In this case, the elasticity of investor ¢ portfolio demand
the prices is given by %, as in the model without learning: this is the standard substitution effect
caused by price changes. When prices are somewhat informative, i.e., when 7, > 0, an information
effect arises. Investors are less sensitive to price changes since high prices induce investors to infer
that the expected asset payoff is high and vice versa. The value of information contained in asset

prices 7; relative to the information in private signals 75 determines the relative sensitivity of the
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Figure 2: Uniqueness/multiplicity regions for different combinations of 7, 75, and 7,

investor’s demand to the asset price a,.

The coefficient v determines the autonomous demand for the risky asset, which does not
depend on private signals, prices or hedging needs. Interestingly, this autonomous demand is
proportional to the price coefficient o, and it has two components. Its first component captures
the (weighted) unconditional expected value of the asset. Its second component captures the risk
premium associated with holding the risky asset.

Importantly, the equilibrium values of oy, oy, and «,, are directly modulated by x, which is
a measure of investors risk tolerance and trading costs. The fact that x enters multiplicatively
in all three variables makes the ratios Z‘—Z, g—;, and g—z independent of the level of trading costs,

which is crucial to establish our main result.

Theorem 1. (Irrelevance theorem with ex-ante identical investors) When investors are
ez-ante identical, price informativeness in any equilibrium is independent of the level of trading
costs. Formally, the precision of the unbiased signal about the fundamental revealed by the asset

price 75 does not depend on c.

Theorem 1 establishes the first main irrelevance result of the paper. Theorem 1 shows that
price informativeness is independent of the level of trading costs. Two identical economies with
different levels of trading costs ¢ will have equally informative prices. Intuitively, high trading
costs make investors less willing to trade on both their private information and their hedging
needs, leaving unchanged the total relative demand sensitivities to hedging and information and,
consequently, the signal-to-noise ratio in asset prices. Therefore, price informativeness is not
affected by changes in the level of trading costs. Moreover, changes in the level of trading costs
do not affect the structure of the set of equilibria. That is, in the context of Theorem 1, the set

of equilibrium levels of price informativeness is invariant to the level of trading costs.
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Theorem 1 generalizes the results from the literature on trading costs without learning, which
shows that asset price levels and volatilities can increase, decrease or remain constant with changes
in the level of trading costs.® Although this paper focuses on the effects of trading costs on learning
and price informativeness, Theorem 1 (and all other irrelevance results in this paper) apply to the
unconditional volatility of asset prices, as we show in the appendix. Intuitively, given that the
reduction on buying and selling pressures is symmetric across all investors, asset prices remain
unaffected by variations in the level of trading costs.

Theorem 1 provides a natural benchmark to understand the role of trading costs on the
informational efficiency of the economy: only departures from ex-ante homogeneity across
investors can generate an effect of trading costs on information aggregation.

Although price informativeness and volatility are independent of ¢, other equilibrium
outcomes, like portfolio holdings and trading volume do depend on the level of trading costs.
The net trading in equilibrium by investor ¢ can be written as a function of the realizations of ¢
and gy, as follows

Aq1; = Qssi — QpEpi-

Because a, and oy, are decreasing in the level of trading costs ¢, the level of net trading by an
individual investor is decreasing in c.
The effects on aggregate trading volume are similar. Using a law of large numbers, we can

exactly express trading volume in this economy, defined as the number of shares traded and

denoted by V, as
1 1 a? o
V== |Aquldi= — [ =+ 2.
2/| @l \/27?(7'5 Th>

Because o, and «y, are decreasing in the level of trading costs ¢, the level of aggregate trading
volume is decreasing in c¢. Formally, we show that

ay

— < 0.
de

Therefore, even when price informativeness and price volatility remain unchanged, trading volume

will decrease when trading costs are higher.

Equilibrium with ex-ante heterogeneous investors

Theorem 1 is an important benchmark to understand how trading costs affect informational

efficiency. However, investors may be ex-ante heterogeneous along different dimensions. In this

6Tt is sometimes (wrongly) argued that asset price levels decrease and price volatility increases with the level
of trading costs. See Vayanos (1998) for a first counterexample and Vayanos and Wang (2012) or Davila (2014)

for elaborations of this point in models without learning.
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section, we study how ex-ante asymmetries among investors break our irrelevance result. Formally,
we let v;, Tsi, Thi, and qo; to take arbitrary values across the distribution of investors.

Given a price p, Eq. (7) continues to determine investor i’s demand for the risky asset. In the
equilibrium in linear strategies that we study, we guess and subsequently verify that the optimal

portfolio of investor ¢ takes the form
Aqri = agisi — anihi — apip + 1, (15)

where ay;, oy, and «,,; are positive scalars for every investor ¢ and v; can be positive or negative.

Market clearing implies that the equilibrium price takes the form

o, . U
po gy T a0
p p Qp
where we denote the cross sectional averages of the individual coefficients by @, = [ agdi,

ay = [apdi, @, = [aydi, and ¢ = [¢;di. The interpretation of Eq. (15) and Eq. (16) is
the same as in the model with ex-ante identical investors. We denote by p® = %p — % the
unbiased signal of 6 from the perspective of an external observer, which is distributed as follows
w0~ N (0, (7)), where 5= (Z)

As before, we adopt 75 as the relevant measure of price informativeness. We relegate the exact
characterization of the equilibrium to the appendix, and exclusively focus on the implications of
trading costs for price informativeness.

Theorem 2 characterizes the directional change in price informativeness caused by a change

in trading costs.

Theorem 2. (Directional effect of trading costs with ex-ante heterogeneous investors)

When the difference in relative-to-the-average sensitivities between information and hedging

motives for trading, 2= — %7 is positively (negatively) correlated in the cross-section of investors
1

Ki’

with the demand sensitivity — an increase in trading costs ¢ increases (decreases) price

dre
informativeness in a given equilibrium. Formally, the sign of —E is determined by

drs Qgi  Opy 1
sgn <p> = sgn (Covi { - i y T
dc Qs apn K

) . (17)

When investors are heterogeneous, an increase in trading costs can increase or decrease price

dr¢
informativeness. The sign of —2 in Eq. (17) depends on —Couv; [ijs — %’ i] This is the cross-

sectional covariance of two terms. The first term corresponds to the difference between relative

sensitivities to private signals on the fundamental and relative sensitivities to hedging. The second

term corresponds to the demand sensitivity of investors to trading costs: when Ki is high, investors

i
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trade aggressively and their overall demand is highly sensitive to price changes and trading costs.
Intuitively, when the investors who are relatively more sensitive to information than to hedging
needs, that is, those with a high ‘(’;j — %L, are also the more responsive to changes in trading costs,
that is, those for which ‘%’ is high, we show that high trading costs reduce price informativeness
and vice versa. We present different combinations of primitives that make Eq. (17) positive or
negative in our numerical example.

For clarity, we have decided not to express Eq. (17) as a function of primitives, although
it is easy do so. Independently of the primitives of the economy, ay;, oy, and k; are sufficient
statistics to determine how price informativeness is affected by the level of trading costs.

Not every form of heterogeneity breaks down the irrelevance result we have shown in the
symmetric case. In particular, heterogeneity about initial positions leaves price informativeness
and price volatility unaffected by changes in the level of trading costs. When investors are ex-
ante heterogeneous, price informativeness is independent of the level of trading costs if and only
if v, =7, 7 = 75, and 7; = 73, Vi. Trading costs matter for price informativeness and volatility
whenever they affect the relative demand sensitivities to hedging needs versus information for
different investors asymmetrically. Intuitively, varying ¢ can only affect price informativeness
when the signal-to-noise ratio of the filtering problem that investors are trying to solve is affected.
In our economy, demand sensitivities are a direct function of x; = v, Var [0|s;, p| + ¢. Therefore,
whenever v;, 7, and 7,; are constant, demand sensitivities are identical across all investors, which

leaves the signal-to-noise raise unchanged.

Remark. (Comparison with standard noise trading formulations) Our irrelevance results crucially
depend on the fact that all investors are symmetrically affected by the change in trading costs.
At times, for tractability, models of learning in financial markets assume that there is an ad-
hoc supply/demand shock, often referred to as “noise trading”. That assumption would lead
us to believe that high trading costs reduce price informativeness. In that case, trading costs
reduce the amount of information in asset prices because it only affects the trading of informed
investors: that assumption effectively makes noise traders fully inelastic. Theorem 2 shows that
increasing trading costs in an economy with a set of perfectly inelastic investors who do not
trade on information must make prices less informative. However, the amount of noise in asset
prices, given by exogenously determined noise trading, remains constant. Therefore, a classic
noise trading formulation can deliver misleading results in a framework like the one studied here

and is not appropriate to study the effects of trading costs.
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4 Breaking the irrelevance result

To provide a deeper understanding of Theorem 1 and, especially, of Theorem 2, we conduct three
different numerical exercises. First, we illustrate how trading volume and price informativeness
vary with the level of trading costs for different combinations of risk aversion and precision
about the fundamental for a subset of investors. Second, we illustrate how most combinations of
heterogeneity in risk aversion and the precision of the private signal about the fundamental are
associated with a decrease in price informativeness when trading costs increase. Third, we show
that most combinations of risk aversion and the precision of hedging needs are also associated

with a decrease in price informativeness when trading costs increase.

4.1 Numerical illustration

Figure 3 illustrates the effect of trading costs in the equilibrium price informativeness and trading
volume. We assume that there are two groups of investors, denoted by ¢ = A, B, each of them
accounting for one half of the total population. Investors’ initially own a single share of the risky
asset, so qp; = @ = 1, Vi. We assume that all investors have identically distributed hedging needs,
ie., m, = 1, Vi. We also assume that 75 = 79 = 1. This choice of parameters guarantees that we
are in a region with a unique equilibrium.

We compare five different parameter configurations. First, we consider the benchmark with ex-
ante identical investors assume that 7,4 = 7,3 = 1 and 74 = 7 = 1. In that case, the irrelevance
result of Theorem 1 applies and 7; is independent of the level of trading costs. Trading volume,
as expected, decreases with the level of trading costs.

Second, we assume that A-investors are better informed than B-investors by increasing the
precision of their private signal about the fundamental. Specifically, we set 7,4 = 10 and v4 = 1.
In this case, 75 decreases with the level of trading costs. With this parametrization, A-investors
are more informed and more price sensitive than B-investors. Therefore, as shown in theorem 2,
we expect price informativeness to be lower when trading costs increase: the reduction in trading
by the more informed and more sensitive A-investors makes prices less informative.

Third, we preserve the asymmetry on information precision but now we make A-investors also
more risk averse. In particular, we set 7,4 = 10 and v4 = 3. In this case, A-investors are more
informed and less price sensitive than B-investors at the margin. Again, using our result from
theorem 1, we expect an increase in trading costs to increase price informativeness. Less informed
but more sensitive B-investors disproportionally trade less, while the smaller reduction in trading
by the less sensitive and better informed A-investors makes prices more informative.

Fourth, we assume that A-investors are more risk averse than B-investors, although both

groups are equally informed. In this case, A-investors give a higher weight to trading due to
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Figure 3: Comparative statics on trading costs ¢ (relative to ¢ = 0)

hedging needs at the same time that they have a less sensitive demand. An increase in trading
costs will impact more the trades of B-investors, who are relatively more demand sensitive,
reducing price informativeness.

Finally, we assume that B-investors are more risk averse than A-investors, who are better
informed. This configuration is similar to the second one. An increase in trading costs in that case
disproportionally reduce the demand by A-investors, substantially reducing price informativeness.

Figure 3 illustrates how price informativeness and trading volume vary with the level of trading
costs c¢ for the different parameter combinations. We express all variables as a ratio relative to the

¢ = 0 reference point. For all parameter configurations, trading volume goes down, as expected.

4.2 Precision of signal on fundamental /Risk aversion

We continue to study how heterogeneity in risk aversion and in the precision of private information
about the fundamental determine the effect of trading costs on price informativeness. We
adopt as reference the case in which yg = 1 and 7,5 = 1. In Figure 4, we plot equilibrium
price informativeness relative to the case when ¢ = 0 for different combinations of 4, in the
horizontal axis, and 7,4, in the vertical axis. This analysis generalizes Figure 3 along the price
informativeness dimension. By design, when 4 = 1 and 7,4 = 1, the heat map takes a unit

value, because price informativeness is invariant to the level of trading costs.
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Figure 4: Heat map price informativeness relative to ¢ =0

Figure 4 shows that most combinations of risk aversion and precision on the signal on the
fundamental heat map values are less than unity. Intuitively, investors with relatively high risk
aversion become less aggressive and at the same time more prone to trade on their hedging. This
implies that an increase in trading costs will disproportionally reduce the trading of the less risk
averse investors, who are those adding more information to the price. Similarly, investors with
precise information on the fundamental are, in general, more aggressive and at the same time
more willing to trade on their private information. This implies that an increase in trading costs
will disproportionally reduce the trades of the investors with more precise signals, who are those
adding more information to the price.

Only combinations in which a group of investors has high risk aversion, making them less
aggressive traders, and high precision of their signal on the fundamental, implying that they
react strongly to their private information on the fundamental, are associated with increases in
price informativeness when trading costs increase. As expected, the higher the level of trading

costs, the stronger the effects on equilibrium price informativeness.
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Figure 5: Heat map price informativeness relative to ¢ =0

4.3 Precision of hedging needs/Risk aversion

Finally, we now study how heterogeneity in the precision (volatility) of investors’ hedging needs
determine the effect of trading costs on price informativeness. In this case, we assume that
TsA = Tsp = 1, and take as reference the case in which yg = 1 and 7,5 = 1. In Figure 4, we plot
equilibrium price informativeness relative to the case when ¢ = 0 for different combinations of 74,
in the horizontal axis, and 7,4, in the vertical axis. Again, by design, when v4 = 1 and 7,4 = 1,
the heat map takes a unit value, because price informativeness is invariant to the level of trading
costs.

Again, Figure 5 shows that most combinations of risk aversion and precision of hedging needs
for A-investors are associated with reductions in price informativeness. Intuitively, investors
with very volatile hedging needs (low precision 75,) are in general less aggressive, because their
perceived variance of the fundamental Var [0|s;, h;,p| is higher. At the same time, because
they are relatively less informed about the noise in asset prices, they react more strongly to the
realization of h;. This implies that an increase in trading costs will disproportionally reduce
trading by investors with less volatile hedging needs, which are those who react more strongly

in relative terms to their private signals about the fundamental, reducing price informativeness.
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As before, the higher the level of trading costs, the stronger the effects on equilibrium price
informativeness.

We summarize the insights that emerge from Figures 4 and 5 in the following remark.

Remark. (Heterogeneity and price informativeness) As illustrated in Figures 4 and 5, most
combinations of parameters involving risk aversion, the precision of the private signal about
the fundamental, or the precision of hedging needs, that generate heterogeneity across investors
are associated with a reduction in price informativeness. In our model, orthogonal heterogeneity
along these three dimensions endogenously generates a correlation in the cross section of investors
between large demand sensitivities and the relative weight allocated to information relative to
hedging by investors. Due to this endogenous correlation, as shown in Theorem 2, high trading

costs are associated with low price informativeness.

5 Endogenous information acquisition

So far, our analysis has treated the precision of investors’ private information as a primitive of the
model. In this section, we allow investors to optimally choose the precision of their private signals.
First, we consider the case in which investors choose the precision of their private signals about
the fundamental . Second, we extend the benchmark model by allowing investors to receive a
private signal about the aggregate hedging need 6 and allow them to choose the precision of that
signal. To isolate the effects coming from information acquisition, we focus our attention on the
case with ex-ante identical investors. To simplify our calculations, we assume that the risky asset

is in zero net supply throughout this section.

Endogenous precision of the signal about the fundamental

The exact timing of the investors’ choices is represented in Figure 6. As in the benchmark model,
investors choose their portfolio allocation ¢i; at date 1, after observing the realizations of s; and
h;, while filtering the information contained in the asset price. Now, at date 0, every investor
chooses the precision of his private signal 7,; at a cost A (7;), where A (+) is continuous and twice
differentiable and it satisfies, A’ () > 0, A" (-) > 0 and the Inada condition lim, , ., A (75) = o0.
In the simulations, we assume that A (+) is quadratic.

The equilibrium of this augmented game is subgame perfect, i.e., it takes into account the
equilibrium played in the trading stage. However, since there may be multiple equilibria in the
trading stage of the game, the probability with which each equilibrium is played at date 1 is also
an equilibrium outcome. We continue to restrict our attention to equilibria in linear strategies in

the trading stage.
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Figure 6: Timeline endogenous information acquisition

Definition. (Equilibrium) An equilibrium in the information acquisition game is a set of
precision choices for each investor 4, {7 },, and a probability 7 with which the high equilibrium
is played if there are multiple equilibria in the trading game such that a) each investor chooses
the precision of his private signal 7; to maximize his expected utility V' (Tsi; {7s; }j #), as defined
in Eq. (18), given 7 and the other investors’ precision choices {7y;},_;, and b) the probability =

is a sunspot equilibrium of the trading game at date 1 given the precision choices {7;}.
To simplify the analysis and highlight the economic mechanisms, we focus on equilibria with
a degenerate distribution 7 € {0, 1} in what follows.

Investors’ information choice Fach investor i takes the equilibrium of the model starting
at date 1 and the other investors’ precision choices as given when he chooses his own precision.

Specifically, an investor ¢ optimally chooses 7, by solving

max V (Tsi; {Tsj}#i) . where V (Tsi; {Tsj}#i) =E[v;] — A(7s), (18)

and E [v;] is given by’
* 1 *
E[vi] = Cov[(E[6]si, hipl = vhi —p) il — 5 (vVar [B]si, hi p) + ) E |(47)7]
where ¢}, and p correspond to the date 1 equilibrium outcomes, which are a function of the

precision choices of all investors.

Best responses and equilibrium determination The first order condition of the investor’s
problem in Eq. (18) fully characterizes the best response of investor ¢ — we show in the appendix

that the second order condition for the investors’ problem always holds. Formally, the best

"Our choice of objective function implies a preference for early resolution of uncertainty, which is studied
and justified in Veldkamp (2009) and Van Nieuwerburgh and Veldkamp (2010). The expected utility case
delivers analogous qualitative insights. Formally, we are assuming that investors’ preferences correspond to
E [u; (E [U; (w2;) |8i, D, hi])], where U; (we;) = —e %2 and w; (z) = —In(—z). The nonlinear transformation

u; (z) introduces a preference for early resolution of uncertainty.
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response Tg; ({Tsj}j #) is given by the solution to

dCov [(E [0]si, hiyp] — vhi — D), q5;] v OVar[0)]s;, hi, p] 2
o ) Y E *' 19
5. R (43:)°] (19)
A in accuracy A in perceived risk
gl OVar[qy;]  cOVar|[qj] :
= IVar Blsi, hi, p) — il 4 SET M N (1
2 ar[ |S p] aTSi + 2 67’51‘ (T )
A in information cost
A in risk taking A in trading costs

The left hand side of Eq. (19) represents the marginal benefit of increasing the precision
of the private signal. It has two terms. First, increasing the precision of the signal about the
fundamental changes the accuracy of the demand function submitted by an investor. An investor
wants to have a high demand for the risky asset when it offers a good return, and vice versa.
Second, increasing the precision of the signal about the fundamental reduces the level of risk
perceived by the investor. The right hand side of Eq. (19) represents the marginal cost of
increasing the precision of the private signal. It has three terms. The first term captures the
change in risk born by the investor when the expected final asset holdings change. The second
term corresponds to the marginal change in trading costs. The last term is the marginal cost of
increasing the precision of the signal.

In the following lemma, we establish that there is an equilibrium in the information acquisition

stage and that all equilibria are symmetric.

Lemma 2. (Existence and symmetry of equilibrium) There always exists an equilibrium

in the information acquisition stage. Any equilibrium is symmetric.

A higher precision of the private signal received by investors, increases the accuracy of their
demand and reduces their perceived variance of the fundamental. Then, by inspecting Eq. (19),
we can see that, since investors can benefit less from acquiring information when trading costs
are higher, information acquisition decreases with trading costs. This is the main result of this

section, formally stated in Theorem 3.

Theorem 3. (Effect of trading costs with endogenous precision of the fundamental
signal) When investors are ex-ante identical, an increase in trading costs decreases the
information acquired about the fundamental in equilibrium, i.e.,

drr
de

In the two well-behaved equilibria, this reduction in information acquisition also generates a
dr

P
2 < 0.

reduction in price informativeness, hence

As Theorem 3 shows, higher trading costs induce investors to choose less precise signals in

equilibrium, which makes prices less informative whenever investors coordinate on the stable
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Figure 7: Equilibrium comparative statics

equilibria at the trading stage. Figure 7 further illustrates the effect of trading costs on the
equilibrium on information acquisition choices and price informativeness.

Our irrelevance result derived in the case of exogenously given information precisions does not
extend to situations in which investors acquire information. Intuitively, the presence of trading
costs makes acquiring information less profitable for every individual investor. In equilibrium,
even though the reduction on the precision of information acquired by every other investor in the
economy due to the trading costs increases the incentives for an individual investor to acquire
information, this effect is not large enough to overcome the original reduction of information

precision choice caused by the higher trading cost.

Endogenous precision of the signal about the aggregate hedging needs

We now explore the possibility that investors may acquire information about the aggregate
hedging component — the noise component of asset prices — and show that an increase in trading
costs decreases the information acquired about the aggregate hedging component in equilibrium.

To have a meaningful precision choice separate from investors’ hedging motives, we extend the
benchmark model with ex-ante identical investors by assuming that, in addition to the private
signal about the fundamental, investors receive a private signal about the aggregate hedging need
given by

7 = 0+ €pi,
where
Egi~ N (0,7’%1>

and ¢,, is independent of all other random variables in the economy. Investors choose the precision

of this signal at a cost A, (7,,), where A, (-) is continuous and twice differentiable and it satisfies,
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Ay (+) >0, A7 () > 0 and the Inada condition lim,, , ;oo Aj, (7i) = 0.

Equilibrium of the trading stage In a symmetric equilibrium in linear strategies of the

trading stage, we conjecture and verify that investors follow net trading demands given by
Aqi; = ags; — aphy 4+ o — app 4+ P,

which imply an equilibrium price that takes the form

p= Qg _OnTOms Y
Q

(0% p

p p

The unbiased signal contained in the price is p = z—’s’p — a% which, from an external observer’s
point of view, is distributed as follows.

2
plo ~ N <9, (7‘5)1) , where 75 = <%> Ts. (20)

ap — Oy

As in the model presented in Section 2, the relevant measure of price informativeness is 75. As
can be seen from Eq. (20), price informativeness is higher the more sensitive investors are to their
private signals, either about the fundamental 6 or about the aggregate hedging needs 9, and the
less sensitive investors are to their own hedging needs. Intuitively, the more weight investors put

on their information, the higher the informational content of prices.

Lemma 3. (Existence and multiplicity) An equilibrium of the trading stage always exists.

There are at most three equilibria.

The results from Lemma 3 follow from the cubic equation that characterizes ahofa , which
n

is analogous to Eq. (14). In fact, from the analysis of Eq. (14) in the Appendix, it can be
seen that the model analyzed here has either one or three equilibria. Also, if there are multiple
equilibria, only the higher and lower equilibria can be made stable under plausible assumptions

on equilibrium convergence. Finally, it can be seen that in the two stable equilibria

8(05:3‘47;) >0 and a(oél;—:an)

> 0.

Intuitively, price informativeness always increases with the amount of information in the economy.
This is true regardless of whether the information is about the fundamental or about the aggregate

hedging needs.

Investors’ information choice The equilibrium of the model with information acquisition
about the aggregate hedging need ¢ is defined analogously to the equilibrium of the model
with information acquisition about the fundamental #. The equilibrium of both models with

information acquisition takes into account the equilibrium in linear strategies played in the trading
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stage. Since the equilibrium in the trading stage may not be unique, the probability with which
each equilibrium is played at date 1 is also an equilibrium outcome. Again, we focus on equilibria
with a degenerate distribution 7 € {0,1} in what follows.

Investors optimally choose 7,; by solving

max 4 (Tni5 {mi }j;zéi) ,  Wwhere V (Tm‘Q {Tnj}j;éi) = E[vi] = A7),
and E [v;] is given by®

1 .
E[vi] = Cov [(E [Blsi. hu i p) = vihi = p) il — 5 (viVar (8], o, i, p] + ¢) E [(a,)7]

The first order condition of this problem, formally given in the appendix, is analogous Eq. (19)
in the previous subsection. The following lemma shows that there is an equilibrium in the

information acquisition stage and that all equilibria are symmetric.

Lemma 4. (Existence and symmetry of equilibrium) There always exists an equilibrium

in the information acquisition stage. Any equilibrium is symmetric.

The economic forces at play when investors acquire information about the aggregate hedging
needs are analogous to those that are present when investors acquire information about the
fundamental. A higher precision of the signal about the aggregate hedging needs increases the
accuracy of the investor’s demand. A higher precision 7,; allows the investor to predict the amount
of noise contained in the price better, effectively increasing the informativeness of the price for
the investor. When trading costs increase, the benefit of trading more accurately decrease and so

does the information acquired in equilibrium. Theorem 4 formalizes this argument.

Theorem 4. (Effect of trading costs with endogenous precision of the signal on the
aggregate hedging need) When investors are ex-ante identical, an increase in trading costs

decreases the information acquired about the fundamental in equilibrium, i.e.,

dr*
de

In the two well-behaved equilibria, this reduction in information acquisition also generates a
dr,

p
2 < 0.

reduction in price informativeness, hence

80Qur choice of objective function implies a preference for early resolution of uncertainty, which is studied
and justified in Veldkamp (2009) and Van Nieuwerburgh and Veldkamp (2010). The expected utility case
delivers analogous qualitative insights. Formally, we are assuming that investors’ preferences correspond to
E [u; (E[U; (wa:) |84, P, hi])], where U; (wg;) = —e 7%"2 and u; (r) = —In(—z). The nonlinear transformation

u; (x) introduces a preference for early resolution of uncertainty.
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As in the case in which investors can acquire information about the fundamental, an increase
in transaction costs decreases the amount of information acquired by investors and leads to a
less informative price if investors coordinate on the stable equilibria. Figure 8 illustrates how the
precision about the aggregate hedging need and price informativeness in equilibrium change as a

function of the level of trading cost c.

Precision Choice 7, Price Informativeness 7§
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0.14r el
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Figure 8: Equilibrium comparative statics

6 Extensions: generalizing the irrelevance result

Finally, we show that our irrelevance argument is valid in more general economies. In particular,
we extend our benchmark model with ex-ante identical investor to show that it remains valid in
environments with linear trading costs, random heterogeneous priors, strategic investors, multiple
rounds of trading, and general utility and signal structure.

When trading costs are linear on the number of shares traded, as opposed to quadratic,
some investors decide not to trade all, changing the nature of the equilibrium. However, price
informativeness remains unaffected. Allowing for random heterogeneous priors shows that the
irrelevance argument does not rely on aggregate hedging noise, but that aggregate uncertainty
regarding the level of other trading motives preserves the irrelevance. We also show that strategic
behavior and dynamic considerations do not affect our irrelevance result when investors are ex-
ante identical. Departures from homogeneity would break our irrelevance results in a similar way

to Theorem 2 and Section 4.
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6.1 Linear trading costs

In this extension, we modify the form of the trading costs faced by investors.” We now assume
that investors face a linear trading cost ¢ > 0 per share traded of the risky asset. In particular,

a change in the asset holdings of the risky asset |Agy;| incurs a trading cost of

¢ | Aqui|

There are two benefits modeling trading costs as linear. First, they overcome the problem of
order slicing associated with any nonlinear trading cost. Second, they can be derived as the
compensation to a group of outside agents that operate a constant returns to scale trading
technology that facilitates trading.

The demand for the risky asset of every investor i is given by the solution to

i
H;llix (E[0]si, his p] — vhi — p) qui — §Va7’ 0153, hi, D] Qi' — ¢|Aqul, (21)
where their optimal portfolio choice, which features an inaction region, is given by
+ __ E[0]ss,hipl—vhi—p—¢ : +
Agy; = Warﬁ\szhi,p]p - do; it Ag; >0
Aqy; = 10, if Ag <0, Ag;; >0 (22)
- _ E[Olsi,hz‘, }7 hlf +¢ . —
Aqy; = vVaT[%\Szhi,p}p - o, it Agy; <0.

In a symmetric equilibrium in linear strategies, we postulate net demand functions for buyers

(Aq;) and sellers (Agy;) respectively given by
AGf; = agsi — aphy — app +9* (23)
Agy; = agsi — aph; —app+U7,

where oy, ay, and «,, are positive scalars, while ¢)* and ¢~ can take positive or negative values.

Market clearing in the asset market implies that the equilibrium price takes the form

P (24)
Qp Qp Qp

where we define ¢ = W%W The derivation of Eq. (24) exploits equilibrium symmetry and a
Law of Large Numbers to use the fact that the number of buyers is equal to the number of sellers.
The precision of the unbiased signal of # from the perspective of an external observer, which

we denote by 75, is the relevant measure of price informativeness. As in the benchmark model,

2
e Qs
ap

We can then establish a new irrelevance result.

price informativeness is given by

9This extension is a standalone contribution by itself. To our knowledge, this is the first paper to solve for a
Rational Expectations Equilibrium (REE) with linear trading costs, which endogenously generate inaction regions.
Formally, the closest results are those of Yuan (2005, 2006), who solves a REE with kinked asset demands.
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Theorem 5. (Irrelevance theorem with linear trading costs) In an economy with linear
trading costs, when investors are ex-ante identical, price informativeness in any equilibrium is
independent of the level of trading costs. Formally, the precision of the unbiased signal about the

Jundamental revealed by the asset price 75 does not depend on c.

Theorem 5 shows that our irrelevance argument is not specific to assuming quadratic trading
costs, applying also when trading costs are linear. Interestingly, when trading costs are linear,
an increase in trading costs is associated with a reduction on trading on both intensive and

O However, because the

extensive margins — some investors will cease to trade altogether.!
decrease on trading at the extensive margin reduces both fundamental and hedging trades in
equal proportions, price informativeness remains unchanged. It is trivial to prove the more general
irrelevance result with both linear and quadratic trading costs, given by ¢ [Aqy;| + § |Aqu|2

6.2 Random heterogeneous priors

In this extension, we add an alternative form of noise: privately know random heterogeneous
priors that co-move in the aggregate. There are different ways to justify heterogeneity in priors:
they may capture intrinsic differences in beliefs (optimistic versus pessimistic investors), they may
be the result of having observed different private signals in the past, or, for some situations, they
could also reflect heterogeneous private valuations for the risky asset. We preserve the structure
of the symmetric benchmark model, but introduce stochastic heterogeneous priors as follows.!!

From the point of view of investor 7, the payoff of the risky asset is distributed according to
0 ~N (91',7'9_1) y

where 6; denotes the prior expected value for investor i, which is also stochastic and distributed
according to

gi = g + Euis
where

Eui ~ N (0,7’;1) and 0~ N (pg, 7'5_1) .

This formulation implies that the realized average prior mean is unknown, introducing a new
source of aggregate uncertainty in addition to the aggregate hedging need and the payoff of the

risky asset. Importantly, we assume that investors take their priors as given and do not use them

10No-trade regions emerge because investors whose initial asset holdings are close to their optimal level of asset
holdings experience a second-order welfare gain from adjusting their portfolios, but face a first-order welfare loss
caused by the linear cost. When trading costs are quadratic, the welfare loss is second-order, so it is optimal for

(almost) every investor to have a non-zero net trading position.
HSee Scheinkman and Xiong (2003) or Davila (2014) for models with trading costs and heterogeneous priors.
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to learn about the priors of others investors. For this reason, we could allow for heterogeneity in
the precision of stochastic heterogeneous priors 7,; without affecting the irrelevance result.
The demand for the risky asset of every investor ¢ is given by the solution to
Y 2 c 2
max (E; [0] = vhi —p) q1i — §VW¢ 0] q1; — 2 (Aqui)”,
where we denote the asset payoff posterior expected mean and variance for investor i by
E; [0 =E [6@, Si, hi,p} and Var; [0] = Var; {9@, Si, hi,p}.

In a symmetric equilibrium in linear strategies, we postulate net demand functions given by
Aqi; = agl; + as; — aphy — agp + 1),

where oy, a5, ap, and «,, are positive scalars, while ¢ can take positive or negative values.

In contrast to the benchmark model, Aq; also depends on the individual realization of the
heterogeneous prior 6;. Market clearing in the asset market implies that the equilibrium price
takes the form g

Q- « «
p=—04+ 20— L5 =
Qp Qp Qp Qp

In this case, the asset price depends on both the aggregate level of prior heterogeneity @, and the
actual payoff realization 6.
The variance of the unbiased signal of # from the perspective of an external observer, which

-1
we denote by (Tg) and whose inverse we adopt as the relevant measure of price informativeness,

~1 as\? as\?
T =|—) = +(—) 75 .
( p) (Oée) 0 (Oéh> J

Unlike in the benchmark model, even if there are no trading motives due to differences in hedging

is given by

needs, i.e., 75 = 0, the price of the risky asset is not fully revealing. This occurs because there is
a new source of aggregate uncertainty coming from the average level of prior heterogeneity in the
economy. Therefore, as long as either 7; or 75 are non-zero, the equilibrium price is not be fully

revealing.

Theorem 6. (Irrelevance theorem with random heterogeneous priors) In an economy
in which investors have random heterogeneous priors, when investors are ex-ante identical, price
informativeness in any equilibrium is independent of the level of trading costs. Formally, the
precision of the unbiased signal about the fundamental revealed by the asset price 75 does not

depend on c.

Theorem 6 shows that our irrelevance argument is not specific to assuming hedging needs
as the source of aggregate uncertainty. Interestingly, we can show that when hedging needs are

not random, the model with random heterogeneous priors always has a unique equilibrium. This
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occurs because investors do not learn about the aggregate noise component of prices, since priors
are fixed after they are realized. In that dimension, this model is even more tractable than our
benchmark model. The logic behind theorem 6 is similar to one behind Theorem 1. An increase
in the level of trading costs equally reduces trading due to informational reasons and trading due

to heterogeneity in priors, leaving price informativeness unchanged.

6.3 Strategic investors

In this extension, we assume an alternative market structure in which there are a finite number of
investors who behave strategically.!? In particular, we modify our symmetric benchmark model
by assuming there are a finite number of investors N who internalize the effect of their demand
on prices. We focus on equilibria in linear strategies in which strategic investors submit demand
functions, conditional on the price p. Modeling strategic behavior allows us to study the role of
liquidity provision in more detail.

The demand for the risky asset of every investor i is given by the solution to

g 2 c 2
max (E[0]si, hiy p] — vhi — p-i) qui — §VC”” (0], hi, pl (q1i)” + p—igo — 5 (Aqui)™,  (25)

where p_;, a function of ¢qy;, corresponds to the residual demand faced by investor ¢ given the
portfolio choices of all other investors.

The first order condition of this problem yields the following net demand for the risky asset
E [0]s;, hi, p] — vhi —p — yVar [0]s;, hi, p] g0

Op—i
YVar [0]s;, hi, p] + ¢+ 5=

Aqi; = <26>

This expression is identical to the one in the benchmark model, with the exception of the price

. Op_
impact term 9

1?', which we show is positive in equilibrium. The term corresponding to the price

impact of investors is similar to the one corresponding to the trading cost c¢. In fact, the term

Op—i

¢ 4+ %=1 enters symmetrically into investors’ portfolio decisions, with the caveat that 9q, 1S an

aqlz
equilibrium object while ¢ is a primitive of the model.

In a symmetric equilibrium in linear strategies, we postulate net demand functions given by
Aqii = ass; — aph; — app + 1,

where oy, oy, and o, are positive scalars, while ¢ can take positive or negative values.

Market clearing in the asset market, Zfil Aqi; = 0, implies that the equilibrium price takes

po (g T o (5 e @
ay N ay N a,’

12Both competitive and strategic models are used as frameworks to study trading in financial markets. See

the form

Vives (2008) for a recent overview of models of strategic behavior in financial markets.
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An important input for the investors’ portfolio demands is the residual price elasticity, given by

Op—i
Oqui

, which takes the value

8p_z- 1 1
= = > 0.
Oqi Xz (N—-1)a,

In the strategic case, the inference problem solved by investors must account for the non-negligible

effect that the signal of investor ¢ has on the asset price. The variance of the unbiased signal of
—1

0 from the perspective of an external observer, which we denote by (Tg) and whose inverse we

adopt as the relevant measure of price informativeness, is given by

! ap\2( _, T ° !
()7 =) (%) e

In the strategic case, the equilibrium price is not fully revealing even when 75 — oo. This

result is driven by the fact that the individual signals regarding the fundamental and the individual

hedging needs do not cancel out in the aggregate when there is a finite number of investors.

Theorem 7. (Irrelevance theorem with strategic investors) In an economy in which
investors are strategic, when investors are ex-ante identical, price informativeness in any
equiltbrium is independent of the level of trading costs. Formally, the precision of the unbiased

signal about the fundamental revealed by the asset price 75 does not depend on c.

Theorem 7 shows that our irrelevance argument does not depend on the assumption of perfect
competition. Strategic investors tend to trade more conservatively to limit the price impact and
the informational impact of their trades. However, as long as investors are ex-ante identical,
changes in the level of trading costs equally affect their trading sensitivities to information and
to hedging needs, leaving price informativeness unchanged. Theorem 7 also shares the logic of

Theorem 1.

6.4 Dynamics

In this extension, we add an additional round of trading to capture dynamic trading
considerations. Forward-looking investors who buy and sell over time are more sensitive to the
presence of trading costs, because they anticipate facing trading costs twice. To tractably allow
for multiple trading rounds within our framework, we assume that investors start with asset
holdings ¢_1, and have the opportunity to choose portfolios both at dates 0 and 1, as illustrated

in Figure 9.
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Figure 9: Timeline dynamic model

We further assume a) that investors maximize expected utility of consumption at the final
date 2 and b) that the risky asset pays dividends at dates 1 and 2, respectively denoted by #; and
0. The structure of the model at each date is identical to the one in the benchmark model with
ex-ante identical investors, assuming that all variables have i.i.d. realizations. To simplify the
analysis, we focus on the case in which the sunspot equilibrium at date 2 is degenerate if there
are multiple equilibria.

In this environment, investors’ net worth at dates 1 and 2 are respectively are given by
c
Wa; = Ng; + q1ibly + w1 — quip — B (Aq;)”  and
c
wi; = ny; + qoi (01 + p1) + ¢-1P0 — qoiPo — B (Agoi)”.

The solution to the problem from date 1 onward is identical to our benchmark model.'®> Hence,
we focus our attention on characterizing the equilibrium of the economy at date 0. Investor’s

objective function at date 0 corresponds to

c 2

Forward-Looking Term

q0i

c
max (E [01|s0i, hoi, Po] — Yhii) Goi — PoAgoi — %E 01504, Pois Do) @5 — 5 (Aqo:)? +E [p] qoi —

The investors’ objective function at date0 incorporates a new term that accounts for the future
benefits and costs associated with risky asset holdings. The additional benefit from holding an
additional unit of qq; is given by its expected sale price at date 1. The additional cost is determined
by the trading cost level ¢ in a quadratic way.

The first order condition to the investors problem yields the following demand for the risky

asset at date 0
E [p] + E [01]50s, hoi» Po] — Yhoi — Po — cq-1i
VE [01]50i, hoi, po] + 2¢ ‘

This expression is almost identical to the optimal demand at date 1, with the exception that

qoi =

now the level of trading costs in the denominator is effectively doubled: because investors are
forward-looking, they trade less in the risky asset, because they internalize the effect of future

trading costs when they have to further buy or sell assets.

BInvestors will hold different levels of asset holdings at date 1. As shown in Section 3, the irrelevance result

applies to that case.
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In the equilibrium in linear strategies that we study, we guess (and subsequently verify) that

the optimal portfolio of investor i takes the form

Aqoi = as08i — apohy — agop + o,

where o, oy, and «, are positive scalars and ¢ can take any sign. As in our benchmark model,

market clearing implies that the equilibrium price takes the form

Qs a
Po = 7091—&51‘1‘@7

Oépo Oép() Oép()

We again defined by p the unbiased signal of ¢; in equilibrium. Therefore, the relevant measure

of price informativeness in this context is given by 75, defined by

We can thus prove a new irrelevance theorem in the context of this dynamic model.

Theorem 8. (Irrelevance theorem in dynamic environment) In an economy in which
investors trade at multiple dates, when investors are ex-ante identical, price informativeness in
any equilibrium is independent of the level of trading costs. Formally, the precision of the unbiased

signal about the fundamental revealed by the asset price at every date 75, does not depend on c.

Theorem 8 shows that our irrelevance argument also applies when investors trade over time.
As we have shown, trading demands vary depending on investors’ trading horizons. In particular,
it is well known that small trading costs can have very large effects on trading volume when
investors trade a high frequencies. However, as long as the reduction in trading after a trading
costs increase is symmetric across investors, both information and hedging trading are reduced
at the same rate, leaving price informativeness unchanged. Although, for clarity, we derive our
results in a two date model, it is straightforward to extend our result to multi-period dynamic

economies.

6.5 General utility and signal structure

We have conducted most of our analysis in the tractable CARA-Gaussian case, which allows
us to provide a full characterization of the equilibrium. Our final irrelevance result relaxes the
parametric assumptions on the structure of the private signals and endows investors with more
general preferences. This new result allows us to identify which key properties of our benchmark
model are crucial for our irrelevance results to hold in a model with ex-ante identical investors.

In table 2 in the Appendix, we provide an exact map between our benchmark formulation and
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the general formulation presented in this section. For brevity, we keep the discussion of regularity
conditions at a minimum.

We start by assuming that investors are heterogeneous, and then proceed to find which specific
symmetry conditions are needed for our irrelevance result to hold. In particular, we assume that

investors receive a private signal s; and a hedging need h; that take the form

s; = f(0,¢)
hi = fhi (5, 5) y

where 6 and 0 are random variables that represent the fundamental and the aggregate hedging
need, and e corresponds to a vector of errors. We assume that the functions f* (-) and f" (-),
which are potentially investor specific, are differentiable.

We now assume that the problem solved by investors can be written as
H(}?X VZ (Q1i7p7 Sis h‘i7 C) ;

where V' (-) is a well-behaved function. The variable ¢ represents the magnitude of the trading
costs. We do not impose restrictions on the functional form of trading costs. The solution to this

problem yields an optimality condition of the form
‘/qi (q1i7p7 Siy h’i7 C) = 07 (28)

which pins down demand functions qi; (p, s;, hs, ¢). Eq. (28) allows for heterogeneity in investor
preferences.
The market clearing condition, i.e., [ Agi; (p, s, hi, ¢) di = 0, implies that we can express the
equilibrium price as
p ({fm (@, E)}z ’ {fhl ((5’ E)}z ’ c) ’
where we denote the collections of private signals and hedging needs by {f* (0,¢)}, and

{11 (5,0)}

At this level of generality, it is not possible to find a explicit representation for the conditional

)

variance of the fundamental asset value 6 given the asset price. Thus, we use instead a more

general measure of price informativeness, defined by

In our benchmark model, IT exactly corresponds to g—;, which is a monotonic transformation of the

g

IT

Sie

conditional variance of the fundamental given the asset price. Intuitively, this definition captures

the relative sensitivity of the price to a change in the aggregate fundamental relative to a change
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in aggregate noise. When II is high, observing the asset price reveals the value of the fundamental
precisely, and vice versa.

Exploiting market clearing, we can express price informativeness as

9q1; Of%" 3
‘ B, op 0

- m (29)

Oh; ~08
Therefore, for our irrelevance result to be valid, it is necessary and sufficient that this object
remains independent of the trading cost c, for any level of c. We have already established that
cross-sectional heterogeneity across investors can break the irrelevance result. In Theorem 9, we

identify the key conditions behind our irrelevance result when investors are ex-ante identical.

Theorem 9. (Irrelevance theorem for general utility and signal structure) In an
economy with ex-ante identical investors with general preferences and signal structure, price
informativeness is independent of the level of trading costs in a symmetric equilibrium when 11,
defined in Eq. (29), is independent of the level of trading costs. Under the plausible assumption
that % and % are independent of ¢ and that they can be normalized to 1, the effect of trading
costs on price informativeness exclusively depends on the aggregate differential response to trading

costs of the demand sensitivities to information and noise, that is,

(1) () oslimad)

de de dc

In general, we expect %;i and ag—:;i to be independent of ¢: there is no reason to believe that
a change in trading costs should affect the structure of the exogenous signals.'* From Eq. (29)
and Eq. (30), it becomes clear that the key condition for the irrelevance result is that ez-post
demand sensitivities to information and noise respond symmetrically on the aggregate to a change
in trading costs. For instance, if ex-identical investors receive different signals that create ex-post
differential heterogeneity on their demand sensitivities to the fundamental signal and the noise
signal, our irrelevance result would break. Alternatively, if ex-ante symmetry implies that the
investors’ ex-post demand sensitivities to information and noise react symmetrically, as in our
benchmark model, our irrelevance result remains valid.

Because only aggregates matter, one could think of a model in which ex-post demand
sensitivities respond differently to the trading costs across the population, but the aggregate effect
cancels out. Given that the solution to the mean-variance model is a first-order approximation
to more general problems, we conjecture that some form of approximate ex-post symmetry must

hold when investors are ex-ante identical.

14 As shown in section 5, trading costs affect the structure of the signals when investors have an ex-ante

information choice.
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7 Conclusion

This paper provides a systematic analysis of the effects of trading costs on information aggregation
and information acquisition in financial markets. An elementary but powerful set of irrelevance
results emerges from our analysis: when investors are ex-ante identical, changes in trading costs
equally discourage trading on both information and hedging needs, leaving price informativeness
and price volatility unchanged. This result holds for different forms of trading costs, alternative
formulations of aggregate noise, competitive or strategic investors, and applies to both static
and dynamic economies. We have also shown that trading costs discourage the acquisition of
information, which tends to reduce price informativeness.

Although we have already explored in this paper how several dimensions of heterogeneity
determine the effect of trading costs on the informational role of financial markets, there is scope
to study how alternative departures from our symmetric benchmarks better describe the effects
of varying trading costs in alternative models of trading in financial markets. This is a fruitful

avenue for future research.
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Appendix

Proofs: Section 3
Investors’ portfolio problem

Under the assumptions of CARA utility and normal uncertainty, an investor ¢ solves the following mean-
variance problem

max [ [wg;] — ﬂVar [wa;]
q1i 2

where wy; is given by Eq. (5) in the text. After getting rid of constants, investor i solves Eq. (6) in the
text, with an optimality condition given by

__viVar[0lsi, hi,pl  E[0]si, hi,p] —vihi —p c ‘
9 = ~viVar [0]s;, hi,p] + ¢ v Var[0|s;, hi, p] ~iVar [0|s;, hi,p|] + ¢ qoi
wi(c) q1i 1—wj(c)

= w; () qui + (1 — w; (¢)) qoi-
The demand elasticity of investor ¢ is given by 85;)"

demand by investor i as

_ 1 . . <
= S VarlsihipEe We can write the net risky asset

Aqi; = w; (¢) (G1i — qo4) -

Equilibrium with ex-ante identical investors

In a symmetric equilibrium in linear strategies in which all investors are ex-ante identical, we guess (and
verify) that the optimal net asset demand of investor i takes the form

Aqii = agsi — aphy — app + 1), (A.1)

where as, oy and oy, are positive scalars, and ¢ can take positive and negative values. The market
clearing condition | Agy;di = 0 implies that the equilibrium price takes the form

p= T Chg, U (A.2)
Qp Qp Qp
where we use the notation ay, @y, @,, and 1) to emphasize that prices are a function of aggregates. In
equilibrium @; = as, @, = ap, @, = a;, and ¥ = . We assume a Strong Law of Large Numbers, as
described in the appendix of Vives (2008), to be able to write [ s;di = 6 and [ h;di = 6 in Eq. (A.2).
Hence, using the distributions of # and ¢, defined in Eq. (2) and Eq. (4) in the text, we can write the
unconditional distribution of the equilibrium price p as

We denote by p = z;i’p - % the unbiased signal of 6 for a given external observer (denoted by e), which
is distributed as follows

A ) ! e (T
plé ~ N (9, (Tﬁ> ) ,  where 715 = <0<h> T5. (A.3)
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We define 75 as the precision of the information contained in the price for an individual investor,
which incorporates the information conveyed by the hedging realization. Formally p + %T(STM h;, =
0 — 5t (0 — E[6]hs]), where

Th

N2
h; QNN(Q,TI;I), where Tﬁ:(as> (15 + 1) -

Qp

. Qp
P+ —=
Qg Ts + Th

Solving the optimal filtering problem — as described in the online appendix — from the perspective of
investor ¢ allows us to write

Th

700 + Tos; + 75 (D + 2LE [6]hy]
p( . ), where E [0]h;] =

E [0]s;, hi,p| = _h
HZ Zp] To+Ts +Tp Ts + Th

hi, (A4)

1

Var [0]s;, hi,p] = To 4+ Ts + Ty
s p

(A.5)

The expected value and the variance of @, conditional on private signals and equilibrium prices, are the
inputs to the portfolio decision of investors, as described in Eq. (7) in the text.
We define k, to simplify notation, as

k =~Var[0|s;, hi, p] + c.
Matching coefficients with our initial guess in Eq. (A.1), we show that as, ap, oy, and 1 must satisfy

1
as:—L, (A.6)
KTy + Ts + Tp

ap =2 <fy - h‘“) , (A7)

K T+ Ts + Tp Op
1

ap = — Ts , and (A.8)
KTs+ Tp

v =0 — yVar [8]s;, hi ) (A.9)

=a, | —————0 —~vVar|0|s;, h; . .
P 7—9‘1‘7'3"—7'}3 i iy iy P1 40
Combining Eq. (A.6) and Eq. (A.7) allows us to characterize %, and consequently 75, 75, and

Var [0|si, hi,p], as a function of primitives. The solution to the following cubic on z determines the
equilibrium values of g:;

F(z) =7 (s + ) 2 — mha® + 7 (75 + 19) & — 75 = 0. (A.10)

Lemma 1. (Existence and multiplicity)

Proof. Because F'(z) is continuous, F' (0) < 0, and lim,_,~ F' () = 00, it follows from the intermediate
value theorem that there exists at least one real positive solution to F'(x) = 0. Using the properties
of a cubic function, it is straightforward to show that the slope of the function F' (), F, = % =
37 (15 + 71) 2% — 2732 + 7 (5 + 79), is non-positive only for the middle equilibria in case of multiplicity,
but positive otherwise. Figure A.1 illustrates the possible multiple solutions of Eq. (A.10), by plotting

F(2). O

ap

To establish the stability of the solution, the cubic can be expressed in the form of a (change in the)
best response as

Q

A<a$>._0‘5_0‘5_ Ts _ %
= = = — :
“h G Gh oy (75 4 T) (%) —ThgE +7 (70 +75)

=
Q
=
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Figure A.1: Tllustration of cubic equation (A.10)

It follows that the middle root is always unstable, because A’ (-) > 0. It also follows that one can find
a specific equilibrium convergence process that makes the lower and higher equilibria stable, because
A'() <.

The following comparative statics results on 79 and 75 are valid for any solution

o(%) =

oy ;,;h <0 and
3
o) o),

The comparative statistics on «, 75, and 7, are given by

({a(ﬁ— <T6+Th) (%2)3—1—(7-84_7_9)%2

2l Fy ’

(%) o (as 1)

=——|———-), and
O0Ts Fo \ap 7~

28) o (o 1y (oy:
oty Fo\ag, v/ \ay/) ~
It can be easily shown that all solutions to Eq. (A.10) satisfy g‘—; < %, which implies the following sign
for the comparative statics in the high and low equilibria
2(3)

L SEYZ) L ggj) > 0, and a7,

<0, > 0.

In the middle equilibrium, these three comparative statics are reversed.
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The comparative statistics on price informativeness for an external observer follow from those of 2‘—2,

€

with the exception of , which can be positive or negative
_ Qs
i (5 8
ors ap [ayy ors =
A full characterization of the equilibrium price also requires finding the ratios g—;, g—z, and a% These
are respectively given by
Qs _ ﬂj (A.11)
Qap To+Ts +Tp
ﬂTh
ap v 7——7-%7—7—&-7
— = %, and (A.12)
Oép 75+Tp
(LA ) -
— = ————0 —yVar|[f|s;, hi, p] qo (A.13)

ap T+ Ts+Tp

The first term in the expression for ai contains an expected payoff and the second term has a risk

premium correction. Although we do not emphasize this result in our statement of Theorem 1, given
that d’ is independent of ¢, we can conclude that asset prices, not only asset price 1nf0rmat1veness and
Volatlhty, are invariant to the level of trading costs.

The equilibrium price can thus be written as

Qs

Th

ap
Ts + Tp Tt — To+Ts+T,
p= S P g4 o 0 —~ d + Var [0|si, hi, p] qo +7G+T+p6,
To+ Ts + Tp To+Ts + Tp To+Tp Ts-iTﬁ

where the unconditional expectation of the price corresponds to E [p] = 8 — yVar [0|s;, hi, p] go. We can
thus write the asset price in a given equilibrium as

« N\«
p=E[p)+>2(0-9) - s
@p Ap
Finally, by combining Eq. (A.1) and Eq. (A.2), we can write the net change in investor i’s equilibrium
portfolio position as
Aqri = as (si — 0) — ap (hi — 0) = asesi — apepi-

The equation ag (s; —0) — ap (h; — ) = 0 represents a straight line in the space s; x h;, with slope
‘fl’;i" = g—; It denotes the (measure zero) set of investors who decide not to trade. Investors above this
line are sellers of the risky asset, while investors below this line are buyers of the risky asset. Given
that the distributions of s; and h; are uncorrelated and symmetric, half of the investors will be buyers
for any realization of signals and hedging needs, while the other half will be sellers. We can therefore

establish that Agi; ~ N (0, a2t + Oé}%’i'h_l). The distribution of |Agqj,| is a half-normal, with a mean

Var [Aqi) \/% . Using a strong law of large numbers, we can write volume exactly in a given equilibrium
as

1 , 1 1
V—2/|Aq11’dl—\/ﬂ( +Oéh7'h )
Theorem 1. (Irrelevance theorem with ex-ante identical investors)

Proof. 1t suffices to show that g—z is independent of ¢. The solution to Eq. (A.10) does not depend on
¢, which proves our claim. To show that price volatility is independent of ¢, it suffices to show that a
and z—’; are independent of ¢, which follows directly from Eq. (A.11) and Eq. (A.12). O
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Equilibrium with ex-ante heterogeneous investors

In the equilibrium in linear strategies with ex-ante heterogeneous investors, we guess and verify that the
optimal portfolio of investor 7 takes the form

Aqi; = g 8; — apihy — ogip + V4, (A.14)

where ag;, ap;, and oy are positive scalars for every investor and v; can take positive or negative values.
The market clearing condition [ Agy;di = 0 implies that the equilibrium price takes the form

as . ap I
p = :80 - :hfs + iv
Qp Qp Qp

where we define

%:/asidi, ahz/ahidi, apz/apidi, and wz/widi.

We assume a strong law of large numbers to guarantee that [ agesdi — 0 and [ apiep;di — 0 almost
surely, so that we can write [ ags;di = a0 and [ aphidi = ag0.
Hence, we can write the distribution of the price p as

2 2
as- Y [ag —1 ap, 1
p~N|=0+—,|=]| 7 +|=]| 75
Qp Qp \ X Qp

While the conditional distribution of the equilibrium price p given the fundamental 8 follows

_ — N2
P~ N %M,(%) =
Qp Qp \ X

We denote by p = z;i’p — 0% the unbiased signal of 6 for a given external observer (denoted by e), which

is distributed as follows
ﬁ‘e ~ N <9 (7.9) 1) where 75 = (S >2 T
’ p p ap o

We define 75; as the precision of the information contained in the price for an individual investor, which
incorporates the information conveyed by the hedging realization. Formally

— —\ 2
N Qp Thi -1 o Qs )
p =+ a:gmh 0 ~ N (07 Tﬁi ) Where Tﬁi = (%) (7’5 + Thl) .

i

Solving the optimal filtering problem — as described in the online appendix — from the perspective of
investor ¢ allows us to write

T9§+ TsiSi + Tpi (ﬁ + OT’:E [(ﬂhz})

@ Thi
E [6]s;, hi, p] = < , where E [§|h;] = h; A.15
[0]si, hi, p] o+ Tsi + Tpi [6]R] s ( )
1
Var[0|si, hi,p| = ———. A.16
Blsis s p) To + Tei + Tpi ( )
When needed, we define 7y, 1, , = m = Ty + Tsi + Tpi- To simplify the notation, we define
_ Yi
ki = viVar[0]s;, hi,p| + c= ——— + ¢
T6)si,hip
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Matching coefficients with our guess in Eq. (A.14), we characterize o, api, i, and 1; as the solution
to the following system of equations

1 Tsi 1 Qg Thi
gj=——"— = — i —=———
Ki Tg + Tsi + Tpi Ki R 1o+ Tsi + Tpi )

1 Thi 7 1 1 _ )
P I P d ¢vj=———--"— 790 — 75,— | —v;Var|[0]s;, h; .
i m( ) M = o\ G\ T i )~ iVar Blsi hioplaos

The cross sectional averages, which matter for the determination of demands and prices, are given by

. 1 Tsi . 1 Qs Thi .
= | ———di, ap=| — |- ———|di,
Ki T + Tsi + Tpi Ki Qp To + Tsi + Tpi
1 1 - ————0 — v, Var [0]s;, hi, p] qoi
Tp _ 'T’N / *dl, and Q,Z) — Olp/ 0+ Tsi+ Dt 2 d/L
j%asidi Kq &
14— R

where we define & = (f idz’)_l

As in the symmetric case, a full characterization of the equilibrium hinges on finding the equilibrium

value of 2= as . In this case, it is given by the solution to the following nonlinear equation in %SL

yi— 2 Thi
“h T9+Tsi+( ) (75+7hi)
f as Thi di Vi :TSL 79+::f+7p1 f T, +c di
— Thi_ &
1 B Vi~ ah TngT:,lJer,, ¢ . f ~iVar[0s;,hs p]+PdZ . 79+Tw+( S) (76+7hi)
as 1 Tt g - 1 Tsi P 1 Toi ;-
an Ki To+Tsi+Tpi di f viVar(f|s;,hi,p]+c To+Tsi+Tpi di f # di

Te+Tsi+(:h) +e TQ+TS1+( ) (T6+7hi)
From our analysis of the symmetric case, we conjecture and find numerically that this equation may
have multiple solutions — in our simulations, we choose values of v sufficiently high/low so that there
exists a unique solution. Once the equilibrium value of a:; is determined, 7p; and 7y, 5, , are uniquely
pinned down. It follows immediately that, if k; is constant, 72 is independent of ¢ for any value of c.

as

== is independent of ¢ for any value of c¢. Therefore,
h

The reverse result is also true: only when k; = k,

g;z is independent of ¢ if and only if k; = &, Vi.

Theorem 2. (Directional effects of trading costs with ex-ante heterogeneous
investors)
dlog(a:h)

Proof. We shown in the online appendix that is given by
Qs d g; si i 1
nos(Z) ) o[z ooy
de & 1 asi | _Tp
Qap, 1+2f <HZW+C%>WC£Z
Eq. (17) follows immediately. O

Proofs: Section 5

In this section, we focus on the equilibria in which 7 € {0, 1} to simplify the notation and the analysis. All
the arguments extend for the cases in which m € (0,1). We make these arguments explicit as necessary.
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Endogenous precision of the signal about the fundamental

Investor i chooses 7g; solves max,, E [v;] — A (7s;), where E [v;] is given by
1
E [vi] = E [(E [0lsi, hi, ] — vhs — p)I E lg7;] + Cov [(B[0]si, hi, p] = vhi = p), qui] = 5 (vVar [0]si, hi, p] + ) E |:(‘ﬁi)2:|
1
= Cov (B [0]si hirp] = vhi = ) aii] = 5 (7Var [0]sq. hisp] + O E [(67)]

where we use the fact that E[(E [0|s;i, hi,p] — vhi — p)] = (5 -E [p]) E[¢;;] = 0, given the assumption

that qoi; = 0.15
The optimal precision choice 7; is given by the solution to H (77;) = 0, where

dCouv [(E [0]ss, hi,p] — vhi — p) , ¢1;] +%Var 10153, s, p]? Var [qm_l (vVar [0]si, hirpl + ¢) oVar [q7;]

H (TSi) aTsi 5 87—31'

The expression H (75) can be rewritten as

~ 19Cou[(E [0]ss, hi,p] — vhi — p) , ¢};]

H st) — -\ si)
(i) = 5 S N (1)
where we use the following two relations
E ERLZT - 7 ) T li *
0Cov [( [9|3 h p] '.Yh p) Qh] _ (’}/V(IT [(9‘81', h“p] + C) M . ’YVCLT [9|Si) hiap]Q Var [qh] ’
(97'51' 37'51'
oVar [0|s;, hi, p]

= Var [0]s;, hi, p]* .

OTs;

The second order condition of the information choice problem is given by

OH (7si) _ 0°Cov [(E [0]sq, hi, p] — vhi — p) , 45;]
OTs; or2

st

-\ (Tsi) < 0,

which is strictly negative, guaranteeing that the first order condition is necessary and sufficient for
optimality, since

9*Cov (B [0si, hs,p) = vhi =p) i) _ ,  Var[8si, hi,p]  9Cov [(E [6]hs, si,p] = vhi — p) , 4]
or2 yVar [0]si, hi, p] + ¢ OTsi

st

c <0,

which uses the fact that

dCov [(E[0|hi, si, p] —Yhi —p),q¢f;] 1 1
ov [(E [0 Sap] v p). 4 = ;wzz Var [E [0]hs, si, p] — vhi — p| + Var [0]s;, hi, p| + ;C >0,
Tsi

where w; is defined in Eq. (9) in the text.

Equilibrium

5When ¢o; = 0, the expected risk premium is given by

T-Elp =020 2 = (1= 22) - L = Tar Bl =0
P P
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Lemma 2. (Existence and symmetry of equilibrium)

Proof. Since all investors are infinitesimal, any two investors face the same first order condition, given
the choices of all other investors. Because the objective function is strictly concave in the precision of the
investor’s private information in all its domain, there is at most one solution to the first order condition.
Therefore, any two investors make the same precision choice and any equilibrium has to be symmetric.
This argument establishes that any equilibrium must be symmetric.

For a given equilibrium of the trading stage we know that H (7s;) is continuous in 75 € (0,00),
lim, 0 H (7si) = 00, and lim, ;oo H (75;) = —00. If there is a unique equilibrium in the trading game
it follows from the intermediate value theorem that there is always a solution to the first order condition
H (75;) = 0. If there are multiple equilibria, there always exists a probability 7 such that

7H (15;) + (1 — m) H (15;) = 0,

where H (-) and H (-) are the first order conditions of the investor when the high and low equilibria in
the trading game are played with probability 1, respectively. O

Finally, in a symmetric equilibrium,

OH (7s;)
o7 ors Tei=Ts
877—8 T*.:Ts B - aH(T%) < O,
* O7si Ti=Ts
which implies that the equilibrium is unique. It is thus sufficient to show that % < 0. From
s ITS=Ts
the definition of H (-)
0H (TSi) _ 9*Cov [(E [0|h17 Si)p] - ’Yhi — p) ) QL]
OTs OT5iO0Ts ’
In a symmetric equilibrium,
8°Cov [(E[6]hs, 5i,p] — vhi — ) , 4] _
OTi0Ts S
L AVarBlshop? @ (2 (Cov[(EBIh,sipl — v — ) aid + L) e | 9 (%)
(vVar [6]si, hi,p] + ¢)* @ \ +Var [0]si, hi, p| 75 + Var [0|hs, s;, p] PR o7

()
determines whether information acquisition choices are strategic complements or
(5
substitutes. Since in both stable equilibria 5.~ > 0, there is a unique equilibrium in the information
choice game given the equilibrium sunspot. This highlights that the multiplicity of equilibria in the
information acquisition game comes directly from the multiplicity in the trading game and not from
strategic complementarities in information acquisition.

The sign of

Theorem 3. (Effect of trading costs with endogenous precision of the signal on the
fundamental)

Proof. The implicit function theorem implies that for any equilibrium in the trading stage

% OH (7s;)
dei _ dc <0
de _ OH(7s:) ’
OTsi
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Figure A.2: Best responses for different sunspot values 7 /trading costs ¢
because
OH (Ts; 0?Cov [(E [0|h;, 5i,p] — Yhi — P) ¢ w? 1
(o) _ OLov (B o0 Pl =00 =)o Gh) 5 (oo (8 [, 56,5] — vhi )l + © ) <0
9 91y s 41q
Oc 0T 0c ~ ~

Since in any sunspot equilibria the first order condition is a linear combination of the first order condition
for the case in which each equilibria is played with probability one, the first result follows. The second
ol &=
Xh
OTs

result follows directly from the fact that > 0 in both stable equilibria. 0

The left plot of Figure A.2 illustrates best responses for a given ¢, while varying the sunspot
probability 7. The right plot of Figure A.2 illustrates best responses for a given sunspot probability ,
while varying the level of trading costs.

Endogenous precision of the signal about the aggregate hedging

Consider the benchmark model with symmetric investors with the only difference that investors also
receive a private signal about the aggregate hedging need. More specifically, in addition to the

i = 5+5ni7

where
Emi ™~ N (O,T&l) .
and ¢,; is independent of all other random variables in the economy.
Also, before any information is revealed, we allow investors to choose the precision of this signal at
a cost Ay (7yi), where A, (-) is continuous and twice differentiable and it satisfies, A} (-) > 0, A7 (-) >0
and the Inada condition lime_mo )\;7 (Thi) = 0.
Then, in a symmetric equilibrium in linear strategies

Aqii = ass; — aphi + ayni — app + 9,
where market clearing implies an equilibrium price

a. o — oy
20— —15+ E
Qp Qp Qp

p:
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Then, the unbiased signal of 6 contained in the price is p = z;s (p — a%) =0- @5. Solving the

optimal filtering problem from the perspective of investor i allows us to write

700 + TsSi + Tpi (15 + 7%7?@ Llhi:; 71i77’i>
E [9|h’u Si, nlvp] -
To + Ts + Tpi
and ,
1 [
Var|0|h;, si,ni,p] = ————, here o= 5 o 1)
[ ‘ iy Siy Tl p] To + Toi + T w Tpi (%—%) (7—6 Th Tm)

The first order condition for the investors in the trading stage is

. PYZ’VG’T [0|h27317771ap} +c

In a symmetric equilibrium,

1 Ts 1 Qg Th
asziia ah:— ’Y— )

KTy + Ts + Tp K ap —anTp+ Ts + Tp

1 « T, 1 7 To0
ap = — 2 1 , ap=——"— and ¥ =aq,

Kap —QnTy+ Ts + Tp KTs+ Tp

o+ Ts + T

Qs

o2 is given by the solution to
h—Qn

where

Qs

3 2
Qg Qs
7<ah_an> (7s +7n + ) — <ah_an) (Th + 1) + 7 (70 + 75) py—— — 7 =0.

Investors’ information choice An investor i chooses 7,; to solve max,,, E [v;] — A (74;) where
E [v;] is given by

E[v;] = E[(E [0]si, hi, p] — vhi — p) E [q7;] + Cov [(E [0]si, hi,niy p) — vhi — ), q7;] — % (YVar [0]si, hi,p] +¢) E [(QL-)Q]
= (0 — Ep]) Eg;] + Cov [(E[0]s:, hi,ni, p] — vhi — ), 3] — % (vVar [0]si, hi, ni, p] + ¢) E [(qi‘iﬂ ,

where we use the fact that E[(E [0|s;, hi, p] — vhi — p)] = (5 —-E [p]) E[g};] = 0, given the assumption
that go; = 0.
The optimal precision choice 7,; is given by the solution to H (T;Z) = 0 where

. 10Cov [(E[0]si, ki, ni, 0] — Yhi — D), 45
H(Tni):§ EP 87'7,1-] il

— )\;7 (Tm') .

where we use that

0Couv [(E[0]si, hi, p| — vhi — D) , q7;]

oVar [q7;] oVar [0]s;, hi, ni, )
OTy; v
Ti

OTyi 0Ty

Var [q7;] -

= (vVar [0]s;, hi, p] + ¢)

The second order condition of the information choice problem is given by

OH (14i) _ 9*Cov [(E[0]s4, hi, p] — vhi — p) 1 41]

- 5\// ;
OTyi 87’% (i)
2
1 Qg E[0 ivh”ia - hl_ ) *i 3
=—-2— 770[ — | Var|[0|s;, hi,p]?’ 9Cov [E [0)s Pl=y b ]c =N (7y) <.
Ki \ @y + oy OTyi
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Equilibrium
Lemma 4. (Existence and symmetry of equilibrium)

Proof. The proof is analogous to the proof of Lemma 2, since for any given equilibrium of the trading
game the first order condition of the information acquisition game is

where H (T5i) is continuous in 7,; € (0, 00), lim, ;0 H (m9i) = 00, and lim, ;0 H (Tpi) = —oo0. O

Theorem 4. (Effect of trading costs with endogenous precision of the signal on the
aggregate hedging need)

Proof. The implicit function theorem implies

OH (7p;)
87’;2- - _ A@cn <0
ac aH(Tni) ’
Oy
because
2
2( &
OH (., vVar [0]s;, hi, p] Ttas 1 9Cou [(E [0]ss, hi, p| — vhi — D), ¢
() _ D (). oo (5 ol — o )t 4 L 2C BBt =t )] |
dc K2 K OTi

Since in any sunspot equilibria the first order condition is a linear combination of the first order
condition for the case in which each equilibria is played with probability one, the first result follows.

o ===
The second result follows directly from the fact that % > ( in both stable equilibria. []

ni

Proofs: Section 6
Linear trading costs

Investor i wealth is given by wa; = na; + q1:0 + qoip — quip — ¢ |Aqu;|. Investor i solves the well-behaved
problem stated in Eq. (21), with the necessary and sufficient condition for optimality given in Eq. (22).
Note that the optimal portfolio demand can be written as

E [0]s;, hi, p] — vhi —p — ¢sgn (Aqi;) E[0]si, hi,p] — vhi — p
E [0]s;, hi, p| — vhi — D yVar [0]si, hi,p]

wi; Q14

q1; =

The distributions of p, p|f, and p|d, as well as the conditional moments E [0|s;, h;, p| and Var [0|s;, hi, p]
take identical expressions as in the benchmark model. Matching coefficients with our guess in Eq. (23),
we show that as, ap, ap, Y1, and ¢~ must satisfy

N 1 Ts N 1 y s g N 1 75
= - h:— - = —
Kk TetTs T K T+ Tst+ o) T kTs+ T

79 —
Pt = ap (We —vVar [0]s;, hi,p] g0 — <Z>> , and

_ T —-
= 0 — Vv 0 iyhia )
v “r (Te+7‘s+7'ﬁ VVar Bls Pl ¢>
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where k = yVar [0|s;, hi, p|. It follows that
v+t ( To
T —q,

— 9 ~Var[0]s;, hi, .
2 ot Tt ar [0)s p]%)

Note that asset prices behave identically in the models with linear and quadratic costs. The cubic
equation in (A.10) characterizes again the equilibrium.

Theorem 6. (Irrelevance theorem with linear trading costs)

Proof. It suffices to show that g;: is independent of c¢. The proof is identical to the one of Theorem

1. O

Random heterogeneous priors

Given the realization of his prior, investor ¢ solves

max (E [9@, 54, hi,p} —h; —p) qri — %Van [9@, Si, hz‘ap} qi; - g (Aqui)?.

q1i
Investor ¢ optimal net portfolio demand is given by

E [9@@', 54, hup] —p —vhi —yVar; [9@, 54, hipp} o
~Var; [9@1‘,8@', hi,p} +c .

Aqy; =

In a symmetric equilibrium in linear strategies in which all investors are ex-ante identical, we guess (and
verify) that the optimal net asset demand of investor i takes the form

Aqri = gl + ags; — aphi — app + 1.
Market clearing implies an equilibrium price of the form

p= g4 Sop Chyy Y
Qp Qp Qp Qp

We denote by p = z;i’p — g;z Mg — % the unbiased signal of § for a given external observer (denoted by
e), which is distributed as follows

pl0~ N (9, (75)_1> where (T]g)_l = <Z>2Te_1 + (Z]:)?Té—_l.

The solution to the optimal filtering problem implies that

1
T+ Ts+ T

Qs Thi1g

Tg?i—l-TSSi—l-Tﬁ (f)—i-ah o

E [9!52',8@‘,}%,25} = Z) and Var {0|§i,si,hi,ﬁ} =

T9+ Ts + Tp

—\ 2 —\ 2
-1 Ozg —1 ah —1
T (a> Ty +(a> (75 + )"

Matching coefficients with our initial conjecture, we show that oy, as, ap, o, and 1 must satisfy

where

1 o 1 T ap  Th
0p=———"""—""""—, Qp=— |7~ p—
KT+ Ts +Tp K T9+Ts +Tp Qs T+ T
1 Ts 1 75
g = ———"——, Q= and

- ) - )
KTo+Ts +Tp KTs+ Tp

T T _
Y= ay, <p01“9_ ~Var [9]9@,81‘,])] qo> ,

TsTo+ Ts + Tp

where we define k = vVar {0@, Si, hi,ﬁ} +c.
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Theorem 6. (Irrelevance theorem with random heterogeneous priors)

Proof. 1t suffices to show that ££ and £ are independent of c. We can write
S S
__ _ _ Tp Qp _Th
a T O _ T ey s et
—_ = — and —— Ts
Qs Ts s ToFTs T

=3

Both ratios are independent of the trading cost ¢, because 7, which is a function of 22, is independent
of c. O

e

Strategic investors

Investor i solves the well-behaved problem stated in Eq. (25), with the necessary and sufficient condition
for optimality given in Eq. (26)
In a symmetric equilibrium in linear strategies, investors portfolio demands take the form

Aqi; = ags; — aph; — app + .
The equilibrium price implied by market clearing is given by
—- — <N M N M
Y a2 s o > j=1€hj
o o o o N @ N

where we use @, @y, @p, and ¥ to denote the equilibrium choices of other investors. In this case, the
residual demand for investor ¢ is given by
D4 OsSj Doj Oy Zj;&i% Ag;
— — — + — + —.
> j#i Op >_j#i Op D4 O D Op

P—i =

which allows us to write the price impact term for investor i as

ap_i 1 1

The unconditional distribution of the equilibrium price p is given by

Gy 0 (@Y (@) L (w\ ' (@)
peN| =0+ — (= '+ 2] i+ =] 2+ 2] L2
a o \a) a) ° a) N \®,) N

We denote by p = Z;’s’p — % the unbiased signal of 6 for a given external observer (denoted by e), which
is distributed as follows

g (0.()7). where () - (§)<+N)+N

Solving the filtering problem of strategic investors involves an adjustment to account for investor i’s own
signal. We the denote the unbiased signal in prices from the perspective of investor ¢, p;, by

a, ¢ 1 Agy
ﬁ@-:%p—g—— q _ZJ ahZh

s @ AN i 5 g

The information contained in the price for an investor 7 also corrects for the fact that h; contains
information about §. The following signal is given by
ap T

h;
pl+0757'h+7'6

<9~N<9 T:I),

’pz
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where the price informativeness from the perspective of an investor 7 is given by

—1 _ O(ih 2 1 Th_l 7_8—1
() = <a> <(Th+”) TN TN
Matching coefficients with the guess we get the following system of equations for the set of parameters
we conjectured:

1 Ts 1 Qp, Th 1 Tpi ap
Qs =———, Qap=—_ |7~ Tpi— , Qp =T 1 -—= ,and
KT+ 7s + T R g Th + 7§ R To + Ts + Tpi Qs
1 1 - P
==— 0 — 15— | — yVar|0|s;, hy, ,
v %<Te+fs+m (T" T’”as> "Var [6ls: Zp]qo)

where we define

1 Tfn‘ 1

— + —.
N-lasm+ts+1 (N-1)a,

kR =~Var[0|s;, hi,p] +c+

Compared to the competitive case, the scale effect & is dampened by the pecuniary price impact

Op—i __ 1 _ 1 . . . . 11 Thi N
P T Y oy . (N-Dap > 0 and the informational price impact N-Tas retretry” Formally, & > &,

which makes strategic investors less reluctant to trade.

Theorem 7. (Irrelevance theorem with strategic investors)

Proof. 1t suffices to show that % is independent of c. We can write

Ts

Qg 7'0+Ts+7-1;i

A N — 7 Om_Th

Oh T Thig, Tht7s
which is independent of ¢, because Thiv which depends on % as shown in Eq. (27), is not a function of
c. O

Dynamics

The wealth accumulation equations for investors at dates 1 and 2 are

C
wa; = ng; + q1i02 + w1 — quip1 — B (AQM)2

C
wi; = n1; + qoi (61 + p1) + woi — (Aqos) po — 5 (Agoi)?.

The indirect utility of investor 7 at date 1 is a function of his initial asset holdings qo;. Formally, we can
write V' (qo;) as

V (qoi) = E[U; (was) [s0i, hoi, po] = —E [e7 7% |s04, hoi, po] = — ¢ [Blwailsoishoi,pol— 3 Var(wsilsoi hoi pol]
Let EOi [] =E HSO%’, hoi,po], VCL’I“Ui H = Var HSOia h()i,po] and (COUOi H = (COUOZ‘ ['|50i7 hOi,po]. Then,

investor ¢’s portfolio choice in period 0 can be written as

max Eo; [wa;] — lVami [wa;]
qoi 2

which can be written as
* C 2 C %12
max (Eo; [01 + p1] — po) qoi — vh1igoi — 3 (Agoi)” — §E0i [(A(hi) }
- %Vami [01 + p} + cqii] @ — 7 (1 + ¢) Covg; [n2i + af; (B2 — p1) , 3] q0i-

93



The first order condition for this problem is

o = Eo; [01 + p} + cqi;] — po + cqg—1i — vhii — v (1 + ¢) Covg; [n2; + ¢35 (62 — p1) 5 47
0i v (Varg; [61 + py + cqfy]) + 2¢ ’

In a symmetric equilibrium in linear strategies qg; = ®s050i — anohoi — apopo + o, where

1 50 1 0 o —ThO 50
_ S _ Qh0 ThOTTS50 _ p
as0) = — , Qpo = |V — y  Opo = — 1-— , and
K Ts0 + Too + Tp0 R Ts0 + Too + Tpo R Ts0 + Too + Tp0

052= %0 . X
(paso + Eo; [p1 + ¢qi;] + cqg—1i — v (1 + ¢) Covo; [n2; + q3; (02 — p1) ,QM) ;

A=

o =

Ts0 + Too + Tpo

where we define & = v (Varg; [01 + p} + cqi;]) + 2c.
The measure of price informativeness is

Q50 2
o = | —= (7'60 + ThO) .
apho

Theorem 8. (Irrelevance theorem in dynamic environment)

Proof. Tt is sufficient to show that 22 is independent of ¢, since we know from the benchmark model

aho
that g:; is independent of c. g;zg is the solution to the following system which is independent of ¢, thus,
the proposition holds
as0 #ﬁ‘f‘ﬂoo
W it
T TrotreotTeo

General utility and signals

From the expression for the equilibrium price, we show that

9q1; O 9915 0
o _ o di and P _ J G245 di
o f ag; di % [udi

which implies Eq. (29) in the text. Table 2 provides a comparison between the general case and the
benchmark model with ex-ante identical investors.

’ General model \ Benchmark model ‘
V (P> 54, hi, ¢, Qh') (E [9\313 hup] — Yihi — )C]u - *VW [9’&, mP] q]_, % (AQM)2
AQU (p> Si, hi7 C) Aqlz = QS; — ahh'z app + 77/)
p({si},{hi},c) p:%;(g—%zaﬂL;ip

9p Op as __Qan
007 9 ap’ ap
[
126 as
52 o

Table 2: Equivalence between general and benchmark models
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Theorem 8. (Irrelevance theorem in dynamic environment)

Proof. Because investors may be ex-post heterogeneous, we cannot conclude in general that [ %di =
K3

s hi
8‘1“ . When 8f =9 — 1, we can find instead

00
aqh 9q1;
dlogtt _ dlog (| Jai])  dlog (| Gpai]) ‘f | & di|
de dc dc ’ 86%1; ‘ ’ J 9 dq1i dz‘

which corresponds to Eq. (30) in the text.
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Online appendix (not for publication)

A Filtering

Investors observe two pieces of information about the fundamental 6, the private signal s; and the
public signal p. Moreover, the realization of their individual hedging need reveals information about
the aggregate hedging need in the economy ¢ and, thus, about the noise contained in the price. In the
equilibrium in linear strategies, the unbiased signal of the fundamental contained in the price can be
summarized in p = 0 — %5 . The linear system that characterizes the unknown fundamentals and the

information observed by an individual investor is the following

5 1 0 ; 10

hl=1]o0 1 lé +lo 1 [ESZ]
= g

b 1 -& 0 0 hi

- HEHIEE)
| s 2]

A standard application of the Kalman filter yields

R | S S i 700 + Tsisi + TpiD + =i
1) it P To + Tsi + Tpi i Thilhi — 3:: (1si +79) D+ %Tsisi + 3::7'69
and _
0 1 L&
Var si,hi,p] = | _ Mo
Hé] Tt | & ()
where

PR

21

%
&

2
«

Tﬁi—(s> (Tg—i—Thi) and Tp =
Qp,

Note that we can write E[0] s;, hi, p] as follows

- B g . s 1 Th h.:
E[0] si, hi, p] 790 + Tsisi + Tpid + S Thib T TS T (p ’ o l>
S . g =
iy Vi, P 7_0_’_7-51._’_7—1% TG+Tsi+Tﬁi 5

where E [§| h;] = —Thih,.

Ts+Thi
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dl &s
O[
B Derivation of T
The sign of ( )can be determined as follows. We can write
[y . __ _ _ .
d(ﬁ) _ @ [dloga dlogah] 0y fda“dz B %dz
dc an de dc an g ap,
— dr; 4To1s;.hs v 1 —_— d(g::)
« (671 g . Qg To|s;,h Thi (6 ThH .
S (G ) g S gy [ T Be(p Ty ) TRy
ap ap, a; ) dc g dc Ki T + Tsi + Tpi Oh \ To|si,hyp =
T d7g|s;,h;p A7o|s;,hy 0
_ a5 /(am B %) 1di_/(am B asz) 1 v Tl di_/asz Tolsi i g
ap, an a5 ) K an O Ki TO|si hip dc [P dc
T AT, hip d7)s;,hsp
_ O /(ahi _asi) ldi_/ahi 1% T | g +/asz 1% ) Felen
ap ap a5 ) K an |\ KiTo|sp,hep  dC as \ Ki To|s; hip de
R [ dTglsiihiVP dTG\sl,hl,p
— % / (ahl _ CYSZ) idZ o / ahzl fY’L TG|si,hi,p dZ —c aS’L 1 TG\GZ, isD
ap an as ) K On Ki To|s; hip dc o, ki dc
Therefore
d(%) d<§>
;Ch ap; g\ 1. vi 1 Qg 1 Th . ;ch
== — — — | —di — ——Ftc—=—2 di—=5
o On Qs /R Ki To|si,hi,p Qs Ki J 70| hip o
_f 0551 _ ahz i
142 %1 4 oQu) _Toi
+ f K;'L Te‘glﬂ P + ¢ As Te‘sivhiﬂp
Where we use the following results
__ dorg da — dag, do
dlogas g f “etdi dlogay i f “qkdi
dc s Qs dc an ap,
dTg - h.
dr;  Olsphop
dasi _ 1 dK/Z Tsi ]- Tsi dT7—9|si,hi,p _ o Ki Te\si,hi,p
o s 2 = —qy | g [sihir
dc /@% de 79+ Toi +Tpi Ki (1o + Tsi + Tﬁi)Q dc dc dc
— Qs
dopi 1 dk; T Thi N R Thi d(@)
dc K7 de Y an Ty A+ Tei + Tpi Ki dc lOTh To + Tsi + T dc
dr; [ ot d(ijfb)
_ Kq 1 Thi Qg TO|si,hip de
= —Op; - - + .
dc ki To+ Tsi + Tpi Opy dc o
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dT@\Sivhi,p dr; dT9|Si,hz'7:D
d/ﬁi —1_ Yi dT9|Si,hi,p —1_ Yi TO|s;,h;p - de i 11— Yi TO|si,hi\p
- 2 - e
e (Tels hi p) de Tolsihip  AC ki ki Tolsihip A€
d d o d (073) dTe\siyhim —\d (@) d(%)
To isPi s Tpi « an To|s;,hy, « ay, Tpi

ohip _ D01 _ o (s o (15 Thi) = P =g (2 o (T5 A+ Thi) = 22—
d d d ' d d ’ s
C C Qp, C C Qap, C 7—9|3i,hi,p a:;l

Finally, we can write

[osdi [Sdi B {Oési,%i} E; [ahi,{%} E; [as] E; LH + Cov; [asi; ,.H Ei [ons] E {,.H + Cov; {ahi, ,,H
@ a @ an @ @
= Cov; [OéSi 1} — Cov; [ahi 1} = Cov; {%i _ o 1 }

Qs Ki ap Ky Qs
(@)
So the sign of —

Qs ay’ KTZ
4 (%) (f St di ‘“d@) ( {a ani 1 D
sgn | ——= | = —sgn - =sgn [ Cov; | — — ——

is determined by

de 0l oy 0s  an  Ki
Because
5 2 1
Qs p, | Qsi . Qhi L
dlog (ﬁ) e Cov; [075 o HJ
de Xs , _ s
an 1+2f L (L1 — 4cla) T
Ri \ Fi T0|sy,hyp Xs | TOlss,hyp

C Equilibrium with classic noise trading

For the question we study, it is important that we introduce aggregate hedging needs to have a meaningful
filtering problem, as opposed to modeling directly some form of “noise demand”. In particular, what
matters for our irrelevance result is that the source of noise that makes the filtering problem non trivial
affects the primitives of the portfolio problem solved by investors.

Here, we eliminate the aggregate uncertainty arising from hedging needs and solve our model using
the more standard stochastic noisy demand for the risky asset. We specifically work with the symmetric
competitive benchmark model, and we further assume that 7,; = co and § = 0. We introduce noise
traders, modeled as a random variable x, such that

JUNN(O,T:;I)

These assumptions prevent the equilibrium from being fully revealing. We guess and verify that investors’

portfolio demands take the form
AQM = Qs8; — Qpp + P, (A17)

where o and «,, are positive scalars and 1 can take positive or negative values. The market clearing
condition [ Agqi;di 4+ z = 0 implies an equilibrium price of the form
o, vz
p= g By L
p ap  Qp
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We can write the distribution of the price p as

_ — N\ 2 2
p~N %9+¢,<O‘5> Tg‘l+<1> !
Qp Qp \ X Qp

While the conditional distribution of the equilibrium price p given the fundamental 8 follows

— 2
oM 1
pld ~ N a0+¢’<> O'i
Qp Qp \ %

We again denote by p = Z;’S’p — % the unbiased signal of 6, which is distributed as follows

plo ~ N (Q,Tﬁ_l) ., where 7= (@) T2 (A.18)
As in our benchmark model
R T,gg—l-TSSi—i-Tﬁﬁ R 1
E[0]s;,p] = E[0]s;,p] = d Varl0l|s;,p]| = Var|0l|s;,p] = ———
[Olsi, p] = E [0]ss. ] ot sty ar [8]si,p] = Var [6]s:. p] o+ 7o+ 75

Substituting these expressions in investors’ demand functions, given by Eq. (7), we can write ¢1; as

(Tg@ + Tosi + T (%p - i)) Var [0]si, p| —p —~yVar[0|s:, p] qo

Qs

Agr; =
. yVar [0]s;, p] + ¢

9

where we define k = yVar [0]s;, p] + ¢. As in our benchmark model, matching coefficients with our initial
guess in Eq. (A.17), we are able to characterize o, y, and 9 as the solution to a system of equations.
It is clear from Eq. (A.18) that % is negative, because «y, is a decreasing function of ¢, that is

drp

0
dc<

Remark. The model with exogenously given noise trading demand spuriously concludes that high trading
costs decrease price informativeness and increase price volatility. It implicitly models the behavior of a
group of investors in the economy as if they were fully inelastic to trading costs.

D Equilibrium without learning

For reference, we characterize as a benchmark the equilibrium of the competitive economy when there
is no learning. To ease the notation, we use E; [f] for E [f|s;] and Var; [0] for Var; [f]s;]. For reference,
we derive market clearing in the case without learning as follows:

. E; [0] —vihi —p ) . / .
iAGuidi = [ wi (= —qoi | di= [ I';(E; [0] —vihi —p —viVar; i)di =0,
/ wi AGridi / w ( -~ Var [ qoi | di (E; [0] — vihi —p —viVar; [0] qoi) di =0

where I'; = m = %Vm}[e} and [Tidi= [ Wdi. We can write the equilibrium price as

p= /gi (IE; [0] — vihs — viVar; [0] qos) di,
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1
where g; = T 15 &= T yiVarylolte 5 Ji is the contribution of investor ¢ to the harmonic average of demand
S yiVar;[0]+e
1
sensitivities. When ~; = v, we can write g; = %G]“d = 1. In the general case,
f’yVari[GH»c 4

dp _ / dgi (E; [0] — yihi — viVar; [0] qoi) di,

de dc
where ) X ‘ 1 .
dgi _ 1 T Var 0]+ c J Sarre T il Wd’é
de v Var; [0] + ¢ (f mdif
So G 20 | agrrop® Z swanmrre | svanpredi- Note that
%di =0

So we can write

dp dgi
= Cov; [Z, E; [0] = vihi — viVar; [0] qo;
Therefore, the price goes up or down when c¢ increases depending on the cross-sectional covariance of

‘ilgci, which captures the change induces in demand elasticities, with E; [0] — ~v;h; — v;Var; [0] qoi, which

captures the desire for trading unrelated to prices. The main takeaway of this analysis is the following.

Remark. In the model without learning, the equilibrium price is independent of the level of trading costs
as long as v;Var; [0] is constant.

E Welfare of external investor and price informativeness

The choice of price informativeness as the variable of interest is justified by the fact that it corresponds
to the welfare of an external investor who must make a choice based on its expectation about 6.
Formally, assume that there exists an external investor who solves
minE {(a: - 9)2‘1] ,
x

where 7 is the investor’s information set. We assume that the external investor has the same prior over
0 as all the other investors in our economy, and only observes the asset price p, so Z = p. It is optimal
for the external investor to choose

790 + 75D
z=E[0]p] = 7{1,
Ty + Tp
where p and 75 are given in Eq. (A.3). The welfare W (Tg) of this external investor is given by
W (r5) = ~Var (0] 5] = — - ife’
o P

which is an increasing function of price informativeness.
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