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Abstract

We incorporate stocks that pay no dividends into an otherwise standard, parsimonious dynamic
asset pricing framework. We find that such a simple feature leads to profound asset price implica-
tions, which are all supported empirically. In particular, we demonstrate that no-dividend stocks
command lower mean returns, but also have higher return volatilities and higher market betas
than comparable stocks that pay dividends. We also show that the presence of no-dividend stocks
in the stock market leads to a lower correlation between the stock market return and aggregate
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play.

JEL Classifications: G12.

Keywords: No-dividend stocks, dynamic asset pricing, incomplete information, risk premium,
volatility, market beta, stock market correlation with consumption, market risk premium-volatility
relation, term structure of equity premia.

*Email addresses: aatmaz@purdue.edu and sbasak@london.edu. We thank participants at the 2018 RMI
Risk Management Conference, 2018 SAFE Asset Pricing Workshop, and Patrick Konermann (discussant),
Frederico Belo, Rod Garratt, Michael Halling, Stephen Kou and Christian Schlag for helpful comments. All
errors are our responsibility.



1 Introduction

There are many stocks do not pay dividends in financial markets. For example, in the US,
the proportion of stocks not paying dividends (dividends or share repurchases) is reported
to be around 65% (42%) in 2012 (Farre-Mensa, Michaely, and Schmalz (2014)). Much em-
pirical evidence (highlighted below) reveals that there are considerable differences between
the behavior of dividend-paying and non-dividend-paying stock returns: stocks that pay no
dividends have lower average returns, but also have higher return volatilities and higher mar-
ket betas than comparable stocks that pay dividends. Existing theoretical works (discussed
below), however, do not reconcile with all this evidence. In this paper, we provide the first
comprehensive analysis of the asset pricing effects of no-dividend stocks within a familiar
consumption-based general equilibrium framework. The model supports all of the empirical
evidence above and provides simple intuition for the underlying economic mechanisms at
play. Since the stock market consists of both the dividend-paying and non-dividend-paying
stocks, our model also generates notable implications for the aggregate stock market returns
which are supported by empirical regularities, while offering novel straightforward intuition
for them. In particular, we show that the presence of no-dividend stocks in the stock market
leads to a lower correlation between the stock market return and aggregate consumption
growth rate, possibly a negative relation between the stock market risk premium and its

volatility, and a downward sloping term structure of equity risk premia.

When developing the model, we account for several noteworthy features of no-dividend
stocks that matter for investors while pricing stocks. First, the absence of dividends intro-
duces information incompleteness, and hence necessities the estimation of future dividends
using other relevant fundamental information. Second, it also leads to additional uncertainty
about the initiation date of their dividends. Third, no-dividend stocks do not contribute di-
rectly to aggregate consumption, and hence to the stochastic discount factor. We accordingly
adopt a standard, workhorse, dynamic pure-exchange economy with two types of stocks, a
normal stock, which pays dividends at all times, and a no-dividend stock, which pays divi-
dends only after some random time in the future. Our focus is on the period prior to this
random time. In the absence of dividends, we employ standard Bayesian filtering theory
to estimate the future dividend distribution of the no-dividend stock using other relevant

fundamental information and obtain an estimated pseudo-dividend process. This necessary



filtering process induces additional variation in the estimated pseudo-dividend by making it
more volatile than the corresponding underlying process, which would have been used under
complete information. Our model is parsimonious in the sense that there is a single investor
with standard constant relative risk aversion (CRRA) preferences and the aggregate con-
sumption growth rate has a constant mean and volatility. We obtain closed-form solutions

for all quantities of interest.

Our model generates rich equilibrium implications. We first show that while the normal
stock price is driven by its dividend, the no-dividend stock price by its estimated pseudo-
dividend. More importantly, the presence of no-dividend stocks generates a novel spillover
effect in that the expected dividend initiation time of no-dividend stocks affects the prices
of dividend paying stocks, in addition to affecting their own prices. This is because the
expected dividend initiation time is also the time when the stochastic discount factor shocks
are anticipated to change, and what portion of the normal stock future dividends are expected
to be discounted under the current stochastic discount factor matters for its price. Even
though this spillover in equilibrium is due to a simple economic mechanism, to our best

knowledge it is a new insight that has not been demonstrated previously in the literature.

Turning to stock price dynamics, we find that the mean return of the no-dividend stock
is lower than that of a dividend-paying stock with the same underlying risk, consistent with
the empirical evidence (Christie (1990), Naranjo, Nimalendran, and Ryngaert| (1998), Fuller
and Goldstein (2011)). This is because in the absence of its dividends the no-dividend
stock price is driven by its estimated pseudo-dividend, which does not contribute directly
to aggregate consumption, and hence comoves less with the aggregate consumption growth
rate as compared to a dividend-paying stock with the same underlying risk. Therefore the
investor requires a lower risk premium to hold the no-dividend stock in equilibrium, since
in our model, as also in standard consumption-based asset pricing models, the stock risk
premia are proportional to the covariance of stock returns with the aggregate consumption

growth rate.

Furthermore, we demonstrate that the no-dividend stock commanding a lower mean
return does not necessarily imply that its returns are less volatile or it has a lower market
beta than the normal stock. On the contrary, we show that the no-dividend stock return

is more volatile and has a higher market beta than that of a comparable dividend-paying



stock. This is due to the no-dividend stock price being driven by its estimated pseudo-
dividend, and the estimation process, necessitated by the absence of dividends, inducing
additional variability. This additional variation in the no-dividend stock return also makes its
return contribute to and comove with the aggregate stock market return more as compared
to a dividend-paying stock with the same underlying risk and relative size, leading to a
higher market beta for it. These results are also consistent with the empirical evidence,
which documents that stocks that pay no dividends have higher return volatility (Naranjo,
Nimalendran, and Ryngaert| (1998), Pastor and Veronesi (2003))), and higher market beta
(Boudoukh, Michaely, Richardson, and Roberts (2007), Fuller and Goldstein| (2011))) than
comparable stocks that pay dividends. Moreover, we also offer an alternative interpretation
of the no-dividend (normal) stocks in our model as the growth (value) stocks. This is because
a typical growth stock is one with a low fundamental to price ratio, while also sharing the
three key features of no-dividend stocks in our model. With this interpretation our findings
are also consistent with the documented empirical regularities for growth and value stocks,
since growth stocks have lower mean returns, higher return volatilities and higher market
betas as compared to value stocks (Lettau and Wachter| (2007))).

We further demonstrate the usefulness of our insights, by looking at the model implica-
tions for the aggregate stock market behavior. One notable implication is that the presence
of no-dividend stocks in the stock market leads to a lower correlation between the aggregate
stock market return and the aggregate consumption growth rate. This occurs because of the
simple reason that the stock market consists of stocks that currently do not pay dividends
and hence do not contribute to the current aggregate consumption, while contributing to the
fluctuations in the aggregate stock market returns. Our simple numerical illustration also
shows that the magnitude of this effect can be quite large, resulting in a very low correlation.
This result may help reconcile the observed low correlation in the data (Cochrane and Han-
sen| (1992), |Campbell and Cochrane (1999), |Cochrane| (2005)), |Albuquerque, Eichenbaum,
Luo, and Rebelo| (2016)), [Heyerdahl-Larsen and Illeditsch) (2017))).

Moreover, we show that the presence of no-dividend stocks in the stock market leads to
a non-monotonic and even a negative relation between the conditional risk premium and
volatility of the stock market. This is because the stock market risk premium is a weighted-

average of the risk premia of stocks that make up the stock market. With no-dividend stocks,



which command low risk premia but high volatility, being part of the stock market, the stock
market risk premium is non-monotonically related to, and in particular is decreasing in its
volatility for sufficiently high relative-size of the no-dividend stocks. This result sheds light
on the decidedly mixed vast empirical findings on this relation. For example, numerous
works find the relation between the stock market conditional risk premium and volatility to
be negative (Campbell (1987), Glosten, Jagannathan, and Runkle (1993), [Whitelaw| (2000)),
Harvey (2001), Brandt and Kang (2004)), while many others, consistent with the basic
intuition, find it to be positive (French, Schwert, and Stambaugh| (1987), |Scruggs (1998)),
Ghysels, Santa-Clara, and Valkanov| (2005)), Bali and Peng| (2006),|Guo and Whitelaw| (2006)),
Ludvigson and Ng| (2007)). Rossi and Timmermann (2010)), on the other hand, find a
non-monotonic relation between the conditional risk premium and volatility by showing a
negative relation for high levels of volatility and a positive relation for low and medium levels
of volatility. They argue that the lack of consensus in the earlier empirical literature may
be due to this non-monotonic relation. In line with the evidence in [Rossi and Timmermann
(2010), our model also predicts a negative relation for high levels of volatility, and either a
positive or negative relation (depending on the relative-size of the no-dividend stocks) for

low levels of volatility.

Finally, we show that the presence of no-dividend stocks can lead to a downward sloping
term structure of equity risk premia by showing that short-term assets, claims to short-term
aggregate dividends, tend to command a higher mean return than the stock market. This
is because a short-term asset is more like a normal stock since the no-dividend stock begins
paying out dividends only after some time (which may even be after the short-term asset
maturity). Since the mean return of the normal stock is higher than that of a no-dividend
stock with the same underlying risk, this leads to a higher mean return for the short-term
asset as compared to the stock market. This result is consistent with the findings of van
Binsbergen, Brandt, and Koijen| (2012)), who study a claim on the dividends of the S&P
500 index in the near future, i.e., the short-term asset, and find that the short-term asset

commands a higher average return than the underlying index.

Related works that study no-dividends stocks from an asset pricing perspective are Pastor
and Veronesi| (2003) and [Choi, Johnson, Kim, and Nam| (2013)[f] Our methodology and

!The corporate finance literature, on the other hand, primarily focuses on the firms’ dividend policies and



modeling of no-dividend stocks differ considerably from both these works, and hence do
many of our results, even though each paper contains one result similar to one of our main
results. In particular, Pastor and Veronesi study the effects of parameter uncertainty about
a firm’s average profitability and primarily focus on its market-to-book ratio, and find that
firms that pay no dividends have more volatile returns due to learning effects, a finding
similar to ours. However, differently from our setting, in their framework the stochastic
discount factor is specified exogenously (hence whether a firm pays dividends or not has no
effect on it) and there is no consideration for the additional uncertainty about the dividend
initiation date. Therefore, in their framework, it is not possible to obtain our implications for
the stock price spillovers, stock mean returns, market beta, and the aggregate stock market
returns. On the other hand, (Choi, Johnson, Kim, and Nam| consider a production economy
in which managers choose the firm payout policy while facing non-convex costs in adjusting
dividends and investments. They solve their model numerically and show that firms with a
low probability of paying dividends in the near term command risk premia close to zero, a
result similar to our finding that the no-dividend stock mean return is lower than that of
a dividend-paying stock. Even though our framework differs from theirs in several major
aspects, one key difference is that we explore the information incompleteness necessitated
by the absence of dividends and show how it leads to higher return volatility and market
betas for no-dividend stocks, as well as providing implications of these for the aggregate

stock market returns.

Our work is also related to the literature on the correlation between the stock market
return and the aggregate consumption growth rate. As discussed earlier, this correlation
appears to be weak in the data. On the theory side, leading consumption-based asset pricing
models, such as habit-formation model of (Campbell and Cochrane (1999)), the long-run risk
model of Bansal and Yaron (2004), and rare disaster models of Rietz| (1988)), Barro (2006)
all have difficulty in reconciling this evidence. Recently, Albuquerque, Eichenbaum, Luo,
and Rebelo| (2016) and Heyerdahl-Larsen and Illeditsch| (2017) reconcile with this finding
by developing consumption-based models with a single stock and demand shocks that arise

from the time variation in investors’ rate of time preference, as opposed to having supply

consider issues related to the role of taxes, life-cycle of firms, catering to investor demands and asymmetric
information (e.g., signaling and agency problems) (see Farre-Mensa, Michaely, and Schmalz (2014) for a
recent survey).



shocks in standard models. We complement this literature by offering an alternative, simple,

but novel, explanation that may play a role in explaining this apparent low correlation.

This paper is also related to the vast literature studying the relation between the con-
ditional risk premium and volatility of the stock market. As discussed earlier, there are
numerous works that empirically study this relation, but the conclusions on the sign of the
relation are mixed. On the theory side, a number of works, using a single stock setup, de-
monstrate that a non-monotonic and a negative relation can arise in equilibrium if there
is time-variation in state variables or investment opportunities (Abel (1988), Backus and
Gregory| (1993)), |Veronesi| (2000)), Whitelaw| (2000)). Our contribution here is to illustrate
that, using a simple multiple-stocks setup, a non-monotonic and even a negative relation can
arise in equilibrium for an alternative, simple reason, that the stock market also consists of

no-dividend stocks, which have relatively low mean return but high return volatility.

Finally, this paper is related to the recently growing literature on the shape of the term
structure of equity risk premia. In this literature, van Binsbergen, Brandt, and Koijen| (2012)
show that this term structure is downward sloping, which is somewhat puzzling since it goes
against the implications of numerous leading asset pricing models. Indeed, van Binsbergen,
Brandt, and Koijen| show that the term structure of equity risk premia is upward sloping in
the habit-formation model of Campbell and Cochrane (1999)) and the long-run risk model of
Bansal and Yaron (2004)), and it is flat in the rare disaster model of |Gabaix| (2012). They
also show that in the model of [Lettau and Wachter| (2007)) this term structure is downward
sloping, however they argue that since the stochastic discount factor is exogenously specified
in [Lettau and Wachter| it lacks the necessary micro foundations to understand the exact
nature of the economic shocks ] Several recent theoretical works generate a downward sloping
term structure of equity risk premia via alternative mechanisms (Belo, Collin-Dufresne, and
Goldstein| (2015), [Croce, Lettau, and Ludvigson (2015)), [Eisenbach and Schmalz (2016),
Hasler and Marfe| (2016))). We complement this literature by demonstrating that a downward

sloping term structure can easily arise when the stock market consists of stocks that currently

2In particular, Lettau and Wachter| primarily focus on the quantitative implications of their model for
the value premium, and considerably differs from our model in terms of focus, economic mechanisms, and
consequently results. Moreover, our framework allows us to consider specific issues related to no-dividend
stocks, such as information incompleteness, uncertainty about the future dividend initiation date, which are
not possible to study under their setting.



do not pay dividends.

The remainder of the paper is organized as follows. Section [2| presents our model with
no-dividend stocks. Section |3| provides our results on the stock prices and their dynamics,
while Section [] on the aggregate stock market behavior. Section [5] concludes. Appendix

contains the proofs.

2 Economy with No-Dividend Stock

In this Section, we incorporate no-dividend stocks into a familiar dynamic asset pricing
environment. From the viewpoint of investors there are several noteworthy features of no-
dividend stocks which ought to be incorporated while pricing stocks. First, the absence
of dividends introduces information incompleteness, and hence necessities the estimation
of future dividends using other relevant fundamental information. Second, it also leads to
additional uncertainty about the initiation date of their dividends. Third, no-dividend stocks
do not contribute directly to aggregate consumption, and hence to the stochastic discount

factor. In the following, we provide the details of the model we develop with above features.

2.1 Securities Market

We consider a continuous-time pure-exchange economy with infinite horizon. Available for
trading are two types of risky stocks, each in positive net supply of one unit, and a riskless
bond that is in zero net supply. The first type, which we refer to as the normal stock, pays

out dividends D; at all times with dynamics

dDy
D1y

= pydt + oydwyy, (1)

where ;1 and o7 are constants representing the mean and volatility of the stock dividend
growth rate, and w; is a Brownian motion. The normal stock price S; is to be determined

endogenously in equilibrium.

The second stock type, which we refer to as the no-dividend stock, pays out dividends Do



only after a random time 7 with dynamics

dDay
Do,

= podt + oodwoy, (2)

where ps and oy are constants representing the mean and volatility of the stock dividend
growth rate. The Brownian motion ws is possibly correlated with w; with the correlation
coefficient p15 € (—1,1). The dividend initiation time has an independent exponential distri-
bution, 7 ~ Exp (\2), where the parameter 1/)\s represents the expected dividend initiation
time. Since the no-dividend stock does not pay dividends prior to 7, we refer to the unob-
servable process Do with dynamics during this period ¢t < 7 as pseudo-dividends since its
value at time 7 is the initial dividend. The no-dividend stock price Ss is to be determined
endogenously in equilibrium. We refer to the period prior to 7 when only the normal stock
pays dividends as the main period and the period after 7 when all the stocks pay dividends
as the benchmark period. In what follows, we denote the benchmark period quantities with

an upper bar (7).

2.2 Absence of Dividends, Incomplete Information and Learning

The absence of dividends on the no-dividend stock during the main period ¢ < 7 introduces
information incompleteness while estimating the distribution of the future dividends, an issue
that does not exist for the normal stock| This necessities using other relevant observable
(albeit noisier) information for estimating the future dividends. Towards that, we consider a
fundamental news process F» that contains valuable information about the future dividends of
the no-dividend stockﬁ Since the no-dividend stock dividends Dy could in principle start very

far in the future and the fundamental news process Fy needs to contain valuable information

3To see this note that the dividend level of the no-dividend stock at a future time u > 7 can be written
as In Do, = In Doy + (2 — %O’%) (u—1t) + o2(way — war). Hence while forming a rational estimate of future
dividends, in addition to the known parameters s and s, the investor needs to know the current level Dy,
which is not available during the main period. The future estimates of D5 are then used in the determination
of the stock price in equilibrium via So; = Ey [ fTOO §t7uD2udu], where & ,, is the stochastic discount factor.

4For simplicity, we assume there is only one fundamental news process for the stock as this is sufficient
for our purposes. In reality, there are numerous financial and accounting news series, such as cash-flows and
earnings news/announcements, which contain valuable information about a stock’s future prospects in the

absence of its dividends. Such series would be good candidates for our fundamental process.



about dividends, we assume a long-run dependency between D, and Fy by imposing simple

mean-reverting (stationary) dynamics for their logarithmic difference as follows
d (ln Fo —In th) = K9 [(2 — (111 Foy —In th)] dt + ngw;kt, (3)

where ks > 0, (2, and 15 are constants representing the mean-reversion, long-run mean, and
the volatility of In F'o; — In Do, respectively, and w3 is a Brownian motion independent of all
other Brownian motions introduced earlier. In economic terms, the long-run dependency (the
cointegration between In Fy; and In Dy;) is equivalent to assuming neither the fundamental
news process Fy nor the dividend D, grow to be infinitely larger than the other in the long-

runf| Note that the dynamics of the fundamental news process Fy itself is readily deduced
from the dynamics f as

dln Foy = (ug — %O‘% + k2l + ko ln Doy — Ko ln th)dt + oodwoy + I/de;t. (4)

As reveals, the mean growth rate of the observable fundamental news process F» contains

information about the unobserved pseudo-dividend D, during the main period t < TH

In the absence of dividends on the no-dividend stock, we employ the standard Bayesian
filtering theory to estimate the unobserved pseudo-dividend Dy during the main period ¢ < 7.
We assume a normally distributed prior for the (logarithmic) pseudo-dividend with mean

IH\DQO and variance V5y. The Bayesian updating rule then implies that the time-¢ posterior

SFor instance, in the simpler special case of (o = 0, the expected long-term (logarithmic) fundamental
news gives the expected long-term (logarithmic) dividend, that is, lim, o E¢ [In F'y,] = limy, o0 E¢ [In Doy, ].
In general, the long-term relation between the growth rates of the fundamental news process Fy and the
dividend Dy in our model is in line with the behavior of the steady-state of the Gordon growth model in
which dividends, earnings, and book equities all grow at the same rate under the so-called clean-surplus
accounting (Campbell (2017, p. 131)).

6Since the fundamental news process is assumed to exist irrespective of whether the stock currently pays
dividends or not, for symmetry, we may also consider a corresponding fundamental news process Fj for the
normal stock having a similar structure with dynamics

din Fyy = (uy — %O’% + k1G1 + k1 In Dy — k1 In Fyp)dt + o1dwyy + v dwiy,

where k1 > 0, (1, and v are constants representing the mean-reversion, long-run mean, and the volatility of
In F'1; — In Dy, respectively, and wj is a Brownian motion independent of all other Brownian motions intro-
duced earlier. However, as there is no information incompleteness about the normal stock future dividend
distribution, the information contained in the fundamental news F} is redundant in our analysis.



distribution conditional on the information set G; = o {(D;s, Fbs) : 0 < s < t} is also normally

distributed as presented in the following Lemma [T}

Lemma 1. Let the prior of the (logarithmic) pseudo-dividend In Dy at time 0 be normally
distributed with mean lﬁbgg and variance Vag. Then the posterior of In Dy at timet > 0 condi-
tional on the information G = o {(D1s, Fas) : 0 < s < t} is also normally distributed with mean
lﬁbgt and variance Vo such that the mean estimate of the pseudo-dividend Doy = E[Doy|G] =

exp(lﬁ\Dgt + Vo), henceforth the estimated pseudo-dividend, satisfies the dynamics

dD 1— p2)o2 1%
= 2 = Mgdt —+ /)120'2dw1t -+ ( P12)0'2 + k2 Vot
Dy V(1= 3503 + 13

(1 = ply)os + raVar)?
(1 _1;%2)2(7% + V% - (1 - ,0%2)0'3 dt, (6)

doy, (5)

dVyy = — [
where @y is a Gi-Brownian motion independent of the Brownian motion wy.

The posterior variance V5, is deterministic and converges to its constant non-zero steady-
state value, denoted by Vaoo, in the long-run (see in the Appendix). To ensure that
learning is optimal in the sense that it leads to more precise estimates over time, we set
the exogenous prior variance V5o to be greater than the steady-state posterior variance, that
is, Voo > Vgooﬂ One notable implication of Lemma [1] is that the estimation, necessitated
by the absence of dividends, induces additional variability in the estimated pseudo-dividend
D, dynamics , making it more volatile than the underlying pseudo-dividend D, (see also
f in the Appendix). This is because there is an additional uncertainty about the
mean estimate of the pseudo-dividend D5 captured by the posterior variance Vi, which would
not be present had the dividends been observable. This additional uncertainty amplifies the
shocks to the fundamental news process during the estimation and leads to a more volatile

estimate of the pseudo-dividend.

"The steady-state posterior variance being less than the prior variance not only makes sense economically,
but is also consistent with models of learning about a constant parameter. In these models, the posterior
variance declines over time and converges to zero in the steady-state since the investor eventually learns about
the true parameter value (e.g., Brennan| (1998)), |[Pastor and Veronesi| (2003)), |Cvitani¢, Lazrak, Martellini,
and Zapatero| (2006), |Collin-Dufresne, Johannes, and Lochstoer| (2016))). However, differently from these
models of parameter uncertainty, in our setting the investor learns about a stochastic process, and moreover
stops learning at a (random) time 7 once the dividends are initiated for the first time, since this leads to
complete information.

10



Remark 1 (Alternative fundamental news process). We specify the fundamental news
process so that there is a long-run dependency between between Dy and F» for the econo-
mic reasons discussed above. However, this specification is not necessary for our mechanism
and results, which also obtain under an alternative familiar, but somewhat less plausible in
our setting, specification of fundamental news that takes the form of a “signal plus noise”
process

dIn Fop = In Doydt + vedws,. (7)

This is because, under this alternative formulation, the investor again uses noisier information
when estimating the distribution of future dividends, and this procedure induces additional
variability in the estimated pseudo-dividend for the same reasons as discussed above after
Lemma [I] Therefore all our subsequent results remain valid with this specification. We

provide the details of the analysis with this alternative formulation in the Appendix.

2.3 Preferences and Endowments

There is a single investor in the economy who chooses a non-negative consumption C' and
a portfolio strategy in the two risky stocks and riskless bond so as to maximize her CRRA
preferences from intertemporal consumption
c,
Cpt)=e Pt 8
u( ts ) € 1 _ ,77 ( )
where f is her rate of time preference, ~ is the relative risk-aversion coefficient, subject
to the appropriate budget constraint. The single investor is endowed with all the wealth
in the economy, which is a claim against the exogenously specified aggregate consumption
(endowment) Y with dynamics at all times given by

dY;g o d-Dnt

where py =Y, app, With the summation >, taken only over the stocks that currently pay
dividends, and «,, are the appropriate constants in each period representing the sensitivi-

ties of the aggregate consumption growth rate to each dividend shock. Economically these

11



sensitivities can be thought of as the average relative share of dividends in the aggregate

consumption in each period.

As @D illustrates, the fluctuations in aggregate consumption are driven by current divi-
dend shocks. In particular, during the benchmark period ¢ > 7, a positive (negative) shock to
any dividend D; or D, increases (decreases) the aggregate consumption. The magnitude of
the increase/decrease is determined by the benchmark period sensitivity parameters, a; and
ag, respectively. In contrast, during the main period ¢ < 7, the no-dividend stock pays no
dividends, hence its associated sensitivity is zero, and the shocks in aggregate consumption
only arise from the shocks to the normal stock dividends with the sensitivity a; +as < 1| In
sum, we can rewrite the aggregate consumption dynamics explicitly in terms of the constant
sensitivities and the dividend dynamics — as

ﬁ B (051 =+ ag),uldt + (Ozl + ag)aldw1t7 t<T, (10)
Yy (11 + aopig)dt + aqordwiy + agoadway, t>T.

As a final note, in our specification the aggregate consumption Y; does not necessarily
coincide with the aggregate dividends D14 + D147}, where their difference can be thought
of as the investor’s implicit non-financial income (such as labor and government transfers).
This specification is not only consistent with the data, since the aggregate dividend is only
a fraction of the aggregate consumption (Santos and Veronesi (2006)), but is also present in
numerous asset pricing models, including |(Campbell and Cochrane| (1999)), Brennan and Xia
(2001)), Bansal and Yaron| (2004)), Barberis, Greenwood, Jin, and Shleifer| (2015)).

Remark 2 (Stock dividends and output). Our specification of the aggregate consump-
tion dynamics is in the spirit of |Lucas| (1978), in which stocks are claims to the trees whose

output (dividends) are perishable and must be consumed in that period. This way if a stock

8We equate the sum of the sensitivities across periods, so as to capture the feature that the sensitivity of
the aggregate consumption growth rate to the aggregate dividend is the same in both periods. This assump-
tion is also motivated by and is consistent with models in which aggregate consumption equals to the sum
of multiple dividends in which introducing an additional dividend reduces the relative shares (sensitivities)
of existing dividends while their total sum remains 1 (see, for example, [Martin| (2013))). Moreover, this way
we also ensure that when the mean dividend growth rates are the same, u; = po, the aggregate consumption
mean growth rate remains the same for both periods. We also note the slight abuse of notation that rather
than introducing a new notation for the main period normal stock sensitivity, throughout the paper we use
the sum of the benchmark period sensitivities a;; + o as discussed above.

12



currently does not pay dividends, it does not contribute to the current aggregate consump-
tion. We capture this economic mechanism, which is key to our analysis, in a tractable
way through the constant sensitivities, which in turn lead to constant mean and volatility
of the aggregate consumption growth rate in each period, as illustrates. This simplifies
the analysis leading to the stock prices being as in the Gordon growth model during the

benchmark period, as discussed in Section

In a Lucas-type framework such as ours one cannot distinguish between a firm’s output
and dividend since all the firm’s output is paid out as dividends. We here provide an
alternative interpretation of the no-dividend stock in terms of its output process containing
a single regime switch. That is, one can also interpret the no-dividend stock dividends
during the benchmark period (new-regime) as the firm’s additional output over and above
its output in the main period (old-regime), which is normalized to zero in our model. With
this interpretation all the three key features we discuss for no-dividend stocks are still relevant
since the additional output would still alter the shocks of aggregate consumption, and this
would occur at a random time, and the information incompleteness about the new-regime
dynamics again necessities the estimation of future additional output using other relevant

fundamental information.

3 Equilibrium Stock Prices and Dynamics

In this Section, we investigate how the presence of no-dividend stocks affect equilibrium stock
prices and their dynamics. In particular, we first demonstrate that their presence generates
a novel spillover effect in that the expected dividend initiation time of the no-dividend stocks
affects the prices of normal stocks. We then show that the mean return of the no-dividend
stock is lower than that of a normal stock with the same underlying risk, consistent with the
empirical evidence. We demonstrate that the no-dividend stock commanding a lower mean
return does not necessarily imply that its returns are less volatile nor it has a lower market
beta than the normal stock. On the contrary, we show that the no-dividend stock return is
more volatile and has a higher market beta than that of a comparable normal stock, also

consistent with the empirical evidence.
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Equilibrium in our economy is defined in a standard way. The economy is said to be
in equilibrium if the equilibrium consumption, portfolio strategy, stock and bond prices are
such that the investor chooses her optimal consumption and portfolio strategy, and the good,
stocks and bond markets clear. The tractability of our model leads to closed-form solutions
for stock prices and their dynamics for both periods, as presented in Propositions ﬂ
The normal and no-dividend (instantaneous) stock mean returns r; and ro are defined as
rie = By [(dSy + Ddt) /Sydt] and roy = B, [(dsgt + Doglypspydt) /SQtdt]

3.1 Stock Prices

Proposition 1 (Equilibrium stock prices). The equilibrium normal and no-dividend

stock prices during the benchmark period t > 7 are given by

S = = Dy, (11)

Sor = Doy, (12)

and during the main period t < T by

1 ri—pr+ A

S = = Dy, 13
SR (13)
Sy = — 2B, (14)

= 2t
To — fi2 T2 — f2 + A2

where the equilibrium stock mean returns r, and r, for n =1,2, are as in Proposition |4 and

the estimated pseudo-dividend Dy, is as in Lemma .

Consequently, during the main period, all else being fized,

i) The normal stock price is decreasing in the expected dividend initiation time 1/\s of

the no-dividend stock when r1 > 71, and is increasing otherwise.

it) The no-dividend stock price is decreasing in its expected dividend initiation time 1/\y.

9The usual parameter restrictions that are necessary to ensure that the stock prices are well defined and
finite in our model are provided in the proof of Proposition 1 in the Appendix.
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During the benchmark period ¢ > 7 when all stocks pay dividends, each equilibrium
stock price is driven by its current dividends D,;, as in standard asset pricing models. In
our setup, these prices follow the simple Gordon growth model with the constant discount
terms given by the stock mean returns net of dividend growth rates. During the main period
t < 7 when only the normal stock pays dividends, the equilibrium stock prices still have
simple structures, though differ in two major ways. First, while the normal stock price is
still driven by its current dividend D;;, the no-dividend stock price is now driven by the
estimated pseudo-dividend Do, in the absence of its dividends. Second, both stock prices
now have additional terms adjusting for the change in the equilibrium stochastic discount

factor shocks at the random time 7, due to the change in aggregate consumption shocks.

The new additional terms during the main period reveal that the no-dividend stock’s
expected dividend initiation time 1/)\s not only affects its own price So; but also spills over
to the normal stock price Sy;. This is because the expected dividend initiation time is also the
time when the aggregate consumption, and hence the stochastic discount factor, shocks are
anticipated to change. Since stock prices are the total expected discounted future dividends,
what portion of the normal stock future dividends are expected to be discounted under the
current stochastic discount factor matters for its price. This spillover effect is noteworthy
since it is not present during the benchmark period, in which each stock price depends only
on its own parameters, apart from the obvious indirect dependence through its endogenous
equilibrium mean return (Proposition . Moreover, even though the no-dividend stock’s
expected dividend initiation time spilling over to the other stock prices is due to a simple
economic mechanism, to the best of our knowledge this is a novel result and has not been

demonstrated previously in the literature.

Consequently, Property reveals that the normal stock price decreases in the no-
dividend stock’s expected dividend initiation time (1/A2) when its mean return is higher
than that in the benchmark period, and increases otherwise. This condition arises because
an increase in the expected dividend initiation time increases (decreases) the portion of the
normal stock price arising from the value of dividends during the main (benchmark) period
with the discounting at ry (71). Therefore, if the main period mean return is higher than
that in the benchmark period, that increased portion is discounted at a higher rate and this

leads to a lower normal stock price. This result can also be seen in the two polar cases of the
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expected dividend initiation time. In the polar case of 1/\; — oo, the no-dividend stock is ne-
ver expected to pay any dividends. In this case, we essentially have a single dividend-paying
stock economy at all times, and our stock price expression for the main period simply
becomes Sy = Dy¢/(r1 — p1), which again follows the simple Gordon growth model. In the
opposite polar case of 1/\s — 0, the no-dividend stock is expected to start paying dividends
at this instant. In this case, we essentially have a two dividend-paying stock economy at all
times, and our stock price expression for the main period becomes Sy = D1/ (1 — 1),
as in the benchmark period. Hence, depending on whether the mean return in the single
dividend-paying stock economy r; is higher or lower than that of in the two dividend-paying
stock economy 7, the normal stock price in one polar case can be higher or lower than the
other.

Property on the other hand, illustrates that the no-dividend stock price always
decreases in its expected dividend initiation time, all else being fixed. This is to be expected
since, all else being fixed, an increase in its expected dividend initiation time means that
the stock is expected to pay dividends for a shorter period of time and this leads to a lower
price. Again, this result can be seen immediately in the two polar cases. In the polar case
of 1/Xa — o0, the no-dividend stock is never expected to pay any dividends, and our stock
price expression for the main period simply becomes 0 as expected. In the opposite
polar case of 1/\; — 0, the no-dividend stock is expected to start paying dividends at this
instant, and our stock price expression for the main period gives the price just prior to
observing the first dividend rate and hence becomes So; = Doy /(o — ug)

10 At this point, we believe it is helpful to highlight that Propositionproperties are ceteris paribus
(all else being fixed) results and do not necessarily imply that one stock price is higher than the other. In
particular, for suitable parameter choices of the dividend processes 7, either equilibrium price ratio,
S1¢/ D1y or Sai/ ﬁzt, can be greater, less, or equal to other. Indeed, it is straightforward to show that when
both stocks have the same underlying risk, o; = o9, there exist a unique p5 > p; as a function of the
expected dividend initiation time 1/\y such that both stocks have the same price ratios during the main
period. This also illustrates that our model does not necessarily contradict the classic [Miller and Modigliani
(1961) finding that a firm’s dividend policy does not affect its value.
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3.2 Stock Mean Returns

Proposition 2 (Equilibrium stock mean returns). The equilibrium mean returns of the

normal and no-dividend stocks during the benchmark period t > 7 are given by

71 = T+ (0107 + azpr20102), (15)
Py = 7 +7(a1p120109 + a03), 16)

and during the main period t < T by

ri = r+v(a1 + az)of, (17)

ro = 1+ y(a1 + a2)pi2o102, (18)

where the equilibrium interest rates in the benchmark period ¥ and the main period r are

7= B+y(aap + asp) — 37 (v + 1) (efof + 0303 + 2a1a9p120102), (19)
r = B+(ar + a2 — 37 (v + 1) (a1 + az)?07. (20)

Consequently, during the main period, the mean return of the no-dividend stock is lower than

that of a normal stock with the same underlying risk o1 = o9.

Equilibrium stock mean returns consist of the interest rate (the first terms) and the risk
premium (the second terms)H The stock risk premia in our model are proportional to the

covariance of stock returns with the aggregate consumption growth rates, as in standard

1We do not focus on the interest rate behavior in our analysis since it is a common component across
stocks and our main focus is on the differing behavior of mean returns across the two types of stocks.
Moreover, as we show in the Appendix, the equilibrium mean returns for the main period 7 only
take into account of the continuous covariance between the stock returns and the state price density, without
taking into account of their possible discrete covariance at time 7 since it is zero. This is because even though
there are discrete changes in stock prices at the random time 7, there are no associated discrete changes in
the aggregate consumption levels, and hence no discrete changes in the state price density, that is & =
lim;, - & = &, leading to a zero risk premium for the discrete covariance: Ay (/- — 1) (Spr/Spr— —1) =0
for n = 1,2. Moreover, by not taking into account of discrete change components, the main period mean
returns we report in Proposition [2] as well as the main period volatilities in the following Proposition [3]
are the quantities comparable to those reported in empirical studies, which are based on no-dividend stock
portfolios constructed and rebalanced frequently to ensure they do not contain any dividend paying stocks
recently.
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consumption-based asset pricing models. During the benchmark period when all stocks pay
dividends, each stock risk premium is made up of a variance component and a covariance
component. The variance component is due to the fact that each stock dividend, which
drives the stock price, contributes directly to the current aggregate consumption with the
sensitivity a,,, thereby requiring the risk premium ~ya,02. The covariance component is due
to the fact that each stock dividend (potentially) comoves with the other, thereby requiring
the risk premium ~ay,p120102. However, during the main period when only the normal stock
pays dividends, each stock risk premium has only one component. For the normal stock this
is the variance component since its dividend, which drives its price, is the sole contributor
to the aggregate consumption. For the no-dividend stock it is the covariance component
since its estimated pseudo-dividend, which drives its price, does not directly contribute to

the aggregate consumption, but only (potentially) comoves with it.

A notable implication is that the no-dividend stock mean return is lower than that of
a normal stock with the same underlying risk, o1 = 09, during the main period. This is
intuitive because as discussed earlier the no-dividend stock price is driven by its estimated
pseudo-dividend, which does not contribute directly to the aggregate consumption, and
hence comoves less with the aggregate consumption growth rate as compared to a normal
stock with the same underlying risk. Therefore the investor requires a lower risk premium
to hold the no-dividend stock in equilibrium[?] This result is consistent with the empirical
evidence, which documents that stocks that pay no dividends have lower average returns
than comparable stocks that pay dividends (Christie| (1990), Naranjo, Nimalendran, and
Ryngaert| (1998), Fuller and Goldstein| (2011))).

3.3 Stock Return Volatilities and Comovements

Proposition [3| presents the equilibrium stock return volatilities og, for each stock n = 1,2
defined as 0% , = Var, [dSn;/Snedt].

Proposition 3 (Equilibrium stock return volatilities). The equilibrium volatility of the

12Tn the very special case of no-correlation, p12 = 0, the investor in fact does not require any risk premium
to hold the no-dividend stock in equilibrium.
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normal and no-dividend stock returns during the benchmark period t > v are given by

syt = 01, (21)
08yt = 02, (22)
and during the main period t < T by
st = 01, (23)
o = st + (ALl 1)

where the posterior variance Vay is as in Lemma .

Consequently, during the main period, the volatility of the no-dividend stock return is higher

than that of a normal stock with the same underlying risk o1 = o9.

During the benchmark period when all stocks pay dividends, the volatility of each stock
return is constant and equals to the volatility of its dividend growth rate, o,. During the
main period when only the normal stock pays dividends, the return volatility of the normal
stock is still as in the benchmark period, while the return volatility of the no-dividend
stock is the volatility of its estimated pseudo-dividend growth rate. Therefore, the posterior
variance Vo, along with the parameters of the fundamental news process ko, v all affect the

no-dividend stock return volatility.

Consequently, we show that the no-dividend stock return volatility is higher than that of a
normal stock with the same underlying risk, o1 = 09, during the main period. This is intuitive
because as discussed earlier, the no-dividend stock price is driven by its estimated pseudo-
dividend, and the estimation process, necessitated by the absence of dividends, induces
additional variability, which is reflected in the stock returns. This result is also consistent
with the empirical evidence, which documents that stocks that pay no dividends have higher
return volatility than comparable stocks that pay dividends (Naranjo, Nimalendran, and
Ryngaert| (1998), Pastor and Veronesi| (2003)).

Proposition [ presents the equilibrium market betas for stocks g, for each stock n = 1,2
defined as fg,+ = Covy[(dSnt/Snt), (dSt/St)] /Var, [dS;/S;], where S; is the aggregate stock
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market price given by S; = Si; + Sa.

Proposition 4 (Equilibrium market betas). The equilibrium market beta of the normal
and no-dividend stocks during the benchmark period t > 7 are given by
Bot = —= _Ufglt/?t +_P120102§2t/5'£ - (25)
0158,/ S} + 0553,/ SF + 2012010251152/ S
5 120102511/ St + 0552/ Sy
035%,/S? + 0353,/ S? + 2p12010251,52; /53

(26)

and during the main period t < T by

0151t/ St + p1201025at /St

1= 02 V024 r0Vor )2
0153, /SE + | pia03 + ( piZ)z 2 gt) 53,/S2 + 2p12010251152/ S?
(1=pig)oy+vy

Bsie = : (27)

1—p3))o3+raVay )?
12010951/ Si + ( p03 + & ﬂi2)202 2227 ) S5/,
(1=piy)og+vy

552t = B) 2 s (28)
1- 024Ko Vo )2
72552+ (oot + BT ) 512 4 2piacroasie/ 2

(1—p%2)ag+ug

where the posterior variance Vay s as in Lemma |1l the stock prices Sp; and S, for n = 1,2
are as in Proposition |1, and S; and S; denote the stock market price during the benchmark

and main periods, respectively.

Consequently, during the main period, the market beta of the no-dividend stock is higher than

that of a normal stock with the same underlying risk o1 = o9 and relative size S14/St = Sat/St.

During the benchmark period, the equilibrium market betas are in terms of the under-
lying risks o,, and relative sizes S,;/S;. When both stocks have the same underlying risk and
relative size, they have the same market beta. During the main period, the market betas
are additionally affected by the posterior variance V5, along with the parameters of the fun-
damental news process ko, vo. This is because the no-dividend stock is part of the aggregate
stock market, and hence the no-dividend stock volatility not only affects its own market beta
but also the market beta of the normal stock through the stock market volatility/™|

13Note that, since the no-dividend stock’s expected dividend initiation time 1/\s affects both stock prices
during the main period (Proposition , in general, it also affects the market beta of both stocks through
the relative sizes.
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Consequently, the no-dividend stock market beta is higher than that of a normal stock
with the same underlying risk and relative size during the main period. This is because the
no-dividend stock return is more volatile (Proposition , and hence it contributes to and
comoves with the aggregate stock market return more as compared to a normal stock with
the same underlying risk and relative size. This result is also consistent with the empirical
evidence, which documents that stocks that pay no dividends have higher market beta than
comparable stocks that pay dividends (Boudoukh, Michaely, Richardson, and Roberts| (2007)),
Fuller and Goldstein| (2011))).

Remark 3 (Our model’s relation to value vs growth stocks). In our model, we
refer to the second stock type as the no-dividend stock since it does not pay dividends
prior to some future random time 7 and has zero dividend yield during this main period.
Therefore, one could also think of the no-dividend (normal) stocks in our model as the growth
(value) stocks, since in the literature a typical growth (value) stock is one with a low (high)
fundamental to price ratio, where this ratio typically is the book-to-market, earnings yield,
dividend yield, or the ratio of cash flows to price (Lettau and Wachter| (2007))). Moreover,
the three key features of no-dividend stocks in our model are also valid for growth stocks. For
example, growth stocks too share the element of estimation of their true future dividends,
since their current low fundamentals are not representative of their eventual significant future
dividends. Second, growth stocks also share the element of having additional uncertainty
about the initiation date of their main dividend paying period. Third, due to their low
current fundamentals, the growth stocks currently contribute little to aggregate consumption,
and hence to the stochastic discount factor. With this interpretation our findings are also
consistent with the documented empirical regularities for growth and value stocks, since as
summarized in Lettau and Wachter| (2007)), in the data, growth stocks have lower mean
returns, and yet they have higher return volatilities and higher market betas as compared

to value stocks.

4 Equilibrium Stock Market Implications

As we have shown in the previous Section, there are considerable differences between the nor-

mal and no-dividend stock return characteristics. Since these stocks make up the aggregate
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stock market, these differences in their return characteristics have notable implications for
the stock market returns. In this Section, we show that the presence of no-dividend stocks
in the stock market leads to a lower correlation between the stock market return and the
consumption growth rate, a non-monotonic and even a negative relation between the stock
market risk premium and its volatility, and a downward sloping term structure of equity risk

premia.

4.1 Stock Market Correlation with Consumption

Proposition [5| presents the equilibrium correlation of the stock market return with the aggre-
gate consumption growth rate, psy: = Covy [(dS;/St), (dY:/Y:)] /\/Var; [dS;/Si] Var, [dY: /Y],
where S; is the aggregate stock market price given by S; = Syt + S2:. In Proposition [3, when

making comparisons, the benchmark period sensitivities are evaluated at their relative size,
/(a1 +ag) = Sui/(S1+Sat), which are proportional to the relative dividends, Dy, /(Dys+Day).
We make this economically sensible adjustment when investigating the correlation behavior
during the benchmark period to prevent our model yielding spurious effects due to our sim-
plifying specification of constant sensitivities a,, in Section[2.3] This is because, a;, represents
the sensitivity of the aggregate consumption growth rate to the shock in dividend D,, during
the benchmark period, and hence a high (low) level of dividend D,,, and hence the stock
price Sy, should be accompanied with a high (low) sensitivity a,, to obtain economically
sensible implications of our model. On the other hand, the economic quantities during the
main period are insensitive to the values of a,,, and hence our main results for this period,

as well as our earlier results in Propositions [IH4] do not require this adjustment /]

Proposition 5 (Equilibrium stock market correlation with consumption). The equi-
librium correlation of the stock market return with the aggregate consumption growth rate

during the benchmark period t > 7 is given by

(0410% + a2p120102) §1t/§t + (04203 + a1 p120109) §2t/‘§t

psyt = —— — ——— ;o (29)
\/(J%S%t/SE + a%S%t/SE -+ 2p12010251t52t/8t2) (OC%U% + a%a% + 20510(2p1201(72)

4Moreover, even though we make this adjustment for the benchmark period correlation, our numerical
analysis shows that the implications of Proposition [5|hold more generally for a wide set of parameter values
for the benchmark period sensitivities.
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and during the main period t < T by

(Ozl + 0[2) U%Slt/st + (Oq + Oé2> plgalazsgt/st

psyt =
1—p2.)024k9Vay )2
| (oastrse + (shod + USRI 55,52+ dpuamansius/5F) (o + oot
(30)

where the posterior variance Vo, s as in Lemma |1l the stock prices Sp; and S, for n = 1,2

)

are as in Proposition |1, and S; and S; denote the stock market price during the benchmark

and main periods, respectively.

Consequently, the correlation of the stock market return with the aggregate consumption

growth rate during the main period is lower than that of during the benchmark period.

During the benchmark period, a shock to any dividend D; or Dy causes fluctuations in
the aggregate consumption, with the magnitude of the effect being driven by the sensitivity
parameters a, (Section . This leads to the covariance, and hence the correlation, of
the stock market return with the aggregate consumption growth rate to depend on both
dividend growth rate variances and covariances (the numerator of (29))). However, during the
main period, the shocks in aggregate consumption arise only from the shocks to the normal
stock dividends D;. Hence the covariance of the stock market return with the aggregate
consumption growth rate only depends on the normal stock dividend growth rate variance
and covariance (the numerator of (30)). Moreover, as in the case of market betas, the
correlation of the stock market return with the aggregate consumption growth rate during
the main period is additionally affected by the posterior variance V5, and the parameters of

the fundamental news process ko, vo, through the stock market volatility.

The notable implication here is that the correlation of the aggregate stock market return
with the aggregate consumption growth rate during the main period is lower than that
of during the benchmark period. This result is intuitive as it simply says that when the
stocks that do not contribute to the current aggregate consumption are also part of the
stock market, the stock market return is less correlated with the aggregate consumption. In
our model, this result follows from two effects that reinforce each other. The stock market
return covaries less with the aggregate consumption per consumption volatility, but it is also

more volatile (since the no-dividend stock return is more volatile) during the main period as
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Figure 1: Correlation of stock market return with consumption growth rate. This
figure plots the equilibrium correlation of the stock market return with the aggregate consumption
growth rate against the normal stock relative dividend, D;/(D; + D2) during the benchmark
period and Dy /(D1 + 132) during the main period. The parameter values are: p; = pe = 11.6%,
g1 = 0 = 10.93%, P12 = 0.25%, )\2 = 0.1, R = 5%, (2 = 0, Vy = 27.4%, ‘/20 = 0.58, Y= 3,
£ =0.10,t=0, a1 + ag = 15%, and a1 = (a1 + a2)D1 /(D1 + D2).

compared to the benchmark period.

Figure [1] illustrates our correlation result by plotting the equilibrium correlation of the
aggregate stock market return with the aggregate consumption growth rate against the

normal stock relative dividend[’] We see that during the main period, as the normal stock

15The parameter values used in all our figures are determined as follows. First, consistent with the
findings of [Santos and Veronesi| (2006), we set the total sensitivity a; + as to the relative-share of the
aggregate dividend in the aggregate consumption during the main period, 15%. We then match the mean
and volatility of the aggregate consumption growth rate during the main period to the corresponding ones
in the data, 1.74% and 1.64%, respectively, as reported in [Campbell (2017). This gives the mean and
volatility of the normal stock dividend growth rate as u; = 11.6% and o1 = 10.93%, which we also use
for the corresponding quantities for the no-dividend stock, ps = 11.6% and o9 = 10.93%, and also set the
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relative size gets smaller and the no-dividend stock becomes more dominant in the stock
market, this correlation monotonically decreases. As discussed in the Introduction, this
correlation appears to be weak in the data (Cochrane and Hansen| (1992), |Campbell and
Cochrane (1999), Cochrane| (2005)), Albuquerque, Eichenbaum, Luo, and Rebelo| (2016)),
Heyerdahl-Larsen and Illeditsch! (2017))), and leading consumption-based asset pricing models
have difficulty in reconciling this evidence. Our contribution here is to demonstrate that
this low correlation may be due to a very simple reason that is typically not considered
in standard consumption-based asset pricing models. That is, the stock market consists of
many stocks that currently do not pay dividends and hence do not contribute to the current
aggregate consumption or dividends, while contributing to the fluctuations in the aggregate
stock market returns. Therefore, it naturally follows that the stock market returns, which
are partially driven by the fluctuations in no-dividend stocks, correlate less with the current

aggregate consumption growth rate.

4.2 Risk Premium-Volatility Relation

We next investigate our model implications on the relation between the conditional risk
premium and volatility of the aggregate stock market. Although this relation has been
empirically investigated extensively, the conclusions on the sign of the relation are mixed.
In recent work Rossi and Timmermann| (2010) argue that the lack of consensus in the earlier
empirical literature may be due to the non-monotonic relation between these quantities. We
here demonstrate that the presence of no-dividend stocks in the stock market can indeed
generate a non-monotonic relation between these endogenous quantities. Towards that, in

Proposition [6] we first present the equilibrium stock market risk premium and volatility in

correlation coefficient to p12 = 0.25%. We choose Ao = 0.1 so that the expected dividend initiation time is
10 years. We set the mean-reversion k9 and the long-run mean (> of the fundamental news process to 5%
and 0, respectively, and match its volatility to the reported volatility of the earnings growth rate (29.5%) in
Longstaff and Piazzesi| (2004) — this yields vo = 27.4%. We choose the prior variance Vg so that it satisfies the
simpler sufficient condition given in footnote|17|in the Appendix with equality, Vag = (v2/k2)+/ (1 — p35)03,
which for our parameter choices implies the prior variance to be Va9 = 0.58 for the level of the (logarithmic)
pseudo-dividend. The relative risk aversion coefficient is set to v = 3 and the current time t = 0. We use a
sufficiently high rate of time preference § = 0.10 so that the stock prices are finite, and hence well-defined.
Finally, consistent with our discussion above we evaluate the benchmark period sensitivities at their relative

dividend shares, a,, = (a1 + a2)D,, /(D1 + D).
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our model.

Proposition 6 (Equilibrium stock market risk premium and volatility). The equili-
brium risk premium and volatility of the aggregate stock market during the benchmark period

t > 7 are given by

rg, —T = Y(10% + azp1aoi102)(S1t/St) + V(a1 pr20102 + as03) (St /St), (31)
5575 = \/0'%5%/5? + U%Sgt/gg + 29120102§1t§2t/§t27 (32)

and during the main period t < T by

rs, —r = (a1 + 062)0'%(51t/5t) + v(o1 + a2)p12o102(S2:/St), (33)

O'St

1 — piy)o3 + kaVay )?
0252,/52 + | p2,0% + ( f 12)2 22 jt) S2,/52 4 2915010251452/ 52. (34)
(1 = pfy)os + v3

where the posterior variance Voy is as in Lemma |1, the stock prices Sp; and Sy for n = 1,2

are as in Proposz'tz’on S, and S; denote the stock market price.

In both periods, the equilibrium stock market risk premia are simple weighted averages
of the normal and no-dividend stock risk premia, where the weights are the relative sizes
of the stocks. These stock relative sizes also affect the equilibrium stock market volatility
as they determine the extent to which each stock’s volatility contribute to the stock market
volatility. We demonstrate the relation between the stock market risk premium and volatility
in our model with a scatter plot in Figure [2| where each point is obtained by varying the
normal stock relative dividend (D; /(D + D2) during the benchmark period and D, /(D; +l32)

during the main period).

As Figure [2] illustrates, during the benchmark period when all stocks pay dividends,
the relation between the stock market risk premium and volatility is monotonically posi-
tive, consistent with the standard intuition. However, during the main period when only
the normal stock pays dividends, this relation becomes non-monotonic and even negative.
This is because the stock market risk premium is the (relative size) weighted-average of the
corresponding risk premia of stocks that make up the stock market. Therefore, when the

no-dividend stocks, the stocks that command low risk premia but high volatility, are also
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Figure 2: Stock market risk premium versus volatility. This figure plots the equilibrium
relation between the conditional risk premium and volatility of the aggregate stock market return
for varying levels of normal stock relative dividend, D;/(D; + Ds) during the benchmark period
and D1/(D; + 132) during the main period. The parameter values are as in Figure .

part of the stock market, the stock market risk premium is non-monotonically related to its
volatility. In particular, the risk premium is decreasing in its volatility for high volatility
levels, corresponding to high relative-size of the no-dividend stocks, which are represented

by the points on the lower right corner in Figure Our prediction is in line with the

16We note that as can be seen from the y-axis for Figure [2, our model generates a low risk premium for
the stock market for plausible parameter values. This is to be expected given our simplistic setting, e.g.,
a single investor, standard CRRA preferences, constant mean and volatility for the aggregate consumption
growth rate, which is very similar to the settings of the original “equity premium puzzle” literature. It is
well-known in this literature that models with these simplistic features yield fairly low risk premium for
reasonable parameter values (typically less than 1%) as opposed to what is observed in the data (typically
around 6%). In order to preserve simplicity and tractability, in this paper we refrain from introducing other
features that are typically employed in the literature to obtain a more realistic equity premium, and leave
that for future research.
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empirical evidence in Rossi and Timmermann (2010), who find a non-monotonic relation
between the conditional risk premium and volatility by showing a negative relation for high

levels of volatility and a positive relation for low and medium levels of volatility.

As discussed in the Introduction, numerous works find a negative relation between the
stock market conditional risk premium and volatility (e.g.,|Campbell| (1987), |Glosten, Jagan-
nathan, and Runkle (1993)), [Whitelaw| (2000), Harvey| (2001)), Brandt and Kang (2004)),
while many others, consistent with the basic intuition, find this relation to be positive, (e.g.,
French, Schwert, and Stambaugh| (1987), |Scruggs (1998), |Ghysels, Santa-Clara, and Valka-
nov| (2005), Bali and Peng| (2006), Guo and Whitelaw (2006), |Ludvigson and Ng| (2007)).
On the theory side, a number of works, using a single stock setup, demonstrate that a non-
monotonic and a negative relation can arise in equilibrium if there is time-variation in state
variables or investment opportunities. Our contribution here is to illustrate that, using a
simple multiple-stocks setup, a non-monotonic and a negative relation can also arise in equi-
librium for a very simple reason, that the stock market also consists of no-dividend stocks,
whose mean return-volatility relation goes against the standard intuition (low mean return

but high return volatility).

4.3 Term Structure of Equity Risk Premia

Finally, we investigate our model implications for the shape of the term structure of equity
risk premia. There has been growing interest in this term structure following the findings
of van Binsbergen, Brandt, and Koijen (2012)), who study a claim on the dividends of the
S&P 500 index in the near future, i.e., the short-term asset, and find that the short-term
asset commands a higher average return (and Sharpe ratio) than the underlying index, and
conclude that the term structure of equity risk premia is downward sloping. As discussed in
the Introduction, this empirical finding is considered somewhat puzzling since it goes against
the implications of several leading asset pricing models. We here demonstrate that the
presence of no-dividend stocks in the stock market can generate this downward sloping term
structure of equity risk premia. Towards that, we define the short-term asset following [van
Binsbergen, Brandt, and Koijen| (2012)) as a claim to the aggregate dividends upto maturity

T at a time t, and then present its equilibrium mean return along with the corresponding
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one for the stock market, denoted by rs, .. and rg,, respectively, in Proposition m

Proposition 7 (Equilibrium short-term asset and stock market mean returns). The
equilibrium mean returns of the short-term asset and the stock market during the benchmark

period t > 7 are given by

~ hit7S1 _ hat. 7Sy _

/r.StT - = - — 71 + = = = T2, (35>
’ hit, 751t + hat, 7 S2¢ hat,7S1¢ + hat,7S2¢
S S
S, = T+ =T, (36)
S1t + Sot S1t + Sat
and during the main period t < T by
hit 7S hat 1Sa¢
r = : ry + : 9, 37
Se.r hit, 751t + hat, 752t ! hat,7S1¢ + hat, 752 2 (37)
St Sat
= + , 38
"5t S1t + Sot " S1t + Sot "2 (38)
where
hopr = 1—e mmmm)T=0 0y =1 9 (39)
(7 —pp ) (T— (1 —p1 ) (T—
hir = 1 e ima) T _ <)\2T1 —mt A2) L Y
’ T1— f1+ A2 1 —T14+ A2 7
—(Fe—p2)(T'—t) _ p—(ra—pa+A2)(T—t)

hoor = 1-— e~ (r2—pat2)(T=t) _ (ro — p2 + A2) ¢ ¢ , (41)

r9 —T9 + Ao

and the stock prices Sp; and Sp; for n = 1,2 are as in Proposition |1, and the mean returns

Tn and r, for n=1,2 are as in Proposition @

Consequently, during the main period, the mean return of the short-term asset is higher than
that of the stock market if and only if hiy > hoyr when the stocks have the same underlying

risk g1 = 09.

The short-term asset and the stock market equilibrium mean returns are weighted avera-
ges of the mean returns of the normal and no-dividend stocks. For the stock market these
weights are simply the relative sizes of the stocks, whereas for the short-term asset the
weights also include deterministic terms h,; 7, which represent the fraction of each stock

in the short-term asset. In particular, during the benchmark period, these fractions have
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Figure 3: Term structure of equity risk premia. This figure plots the main period equilibrium
risk premium of the short-term asset and the stock market against the maturity date of the short-
term asset 7' — t. The parameter values are as in Figure |1l with D; = Dy = 1.

simple forms and are driven by the dividend yield 7,, — u,, and the short-term asset maturity
T —t. During the main period, as f illustrate, these fractions are more involved and
are additionally affected by the no-dividend stock’s expected dividend initiation time 1/\s.
These more complicated forms for the fractions h,.r arise because the short-term asset is a
claim to the aggregate dividends upto T — ¢, during which the aggregate dividends (and the
stochastic discount factor) shocks may remain the same or change due to the initiation of
the no-dividend stock dividends.

Importantly, we find that during the main period the mean return of the short-term asset
is higher than that of the stock market if and only if the fraction of the normal stock in the
short-term asset is greater than the corresponding fraction for the no-dividend stock. This

condition is satisfied for plausible parameter values since the short-term asset is more like
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a normal stock than a no-dividend stock. This is because the value of the short-term asset
only depends on the aggregate dividends upto its maturity, during which the no-dividend
stock may not start paying dividends, and hence it is represented less in the short-term
asset. Moreover, the normal stock mean return is higher than that of a no-dividend stock
with the same underlying risk, oy = o9, (Proposition , and hence by giving a higher weight
to the stock with the higher mean return, the short-term asset mean return becomes higher
than that of the stock market. In fact, as we show in the proof of this proposition in the
Appendix, when the no-dividend stock does not start paying dividends for sure until the
maturity of the short-term asset, the short term asset mean return becomes identical to the

normal stock mean return, which is always higher than the stock market mean return.

This result also implies a downward sloping term structure of equity risk premia as
illustrated in Figure [3| which plots the main period equilibrium risk premium (mean return
minus the interest rate) of the short-term asset and the stock market against the maturity
date of the short-term asset T'—t. We see that during the main period, the shorter the
maturity of the short-term asset, the higher its risk premium, which converges monotonically
to the stock market risk premium as its maturity increases. We note that even though we
do not provide it for brevity, the corresponding term structure for the Sharpe ratio is also

similar and downward sloping in our model.

5 Conclusion

In this paper, we provide an analysis of stocks that pay no-dividends in an otherwise stan-
dard, parsimonious, consumption-based asset pricing framework. Our analysis leads to
closed-form solutions for quantities of interest and profound implications that are supported
empirically. We first find that the presence of no-dividend stocks generates a novel spillover
effect in that the expected dividend initiation time of the no-dividend stocks affects the prices
of normal stocks. Consistently with empirical evidence, we also find that no-dividend stocks
command lower mean returns while having higher return volatilities and higher market betas
than comparable stocks that pay dividends. We also show that the presence of no-dividend
stocks in the stock market leads to a lower correlation between the stock market return

and the consumption growth rate, a non-monotonic and even a negative relation between
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the stock market risk premium and its volatility, and a downward sloping term structure of

equity risk premia.

The framework we consider in this paper is parsimonious in the sense that there is a
single investor with standard CRRA preferences and the aggregate consumption growth rate
has a constant mean and volatility. Therefore, this framework can be extended in several
different dimensions to study other potentially important issues such as, heterogeneous in-
vestors, more exotic preferences, more general aggregate consumption process. For instance,
considering decreasing relative risk aversion (DRRA) preferences rather than CRRA may
yield interesting implications in our framework. This is because investor’s relative risk aver-
sion would be more sensitive to the shocks for the normal stock than to the shocks for the
no-dividend stock, which may help explain the findings of Fuller and Goldstein| (2011)) that
no-dividend stocks command lower mean returns even more in declining markets. We leave

these considerations for future research.
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Appendix: Proofs

Proof of Lemma We employ the standard Bayesian filtering theory (e.g., Liptser and
Shiryaev (2001)), Theorem 12.7) to estimate the unobserved pseudo-dividend Dy given the
information set G; = o {(D;1s, Fbs) : 0 < s < t}, during the main period. We denote the vector
of relevant observable processes by X; = { InDy; InFy }T along with the vectors consisting

of its drift terms

1.2

H1 — 50
AOE 1 9 271 s AlE
p2 — 505 + KaCo — Ko In Flgy

: ] , (A1)

and the variance and covariance matrices of observable and unobservable processes as

0_2 g10
Yoo = [ ! prao1o2 ; Yo = [ p120102 03 } (A.2)

2 2
P120102 05 + 15

The filtering theory then implies that if the prior of the In Dy at time 0 is normally distributed
with mean 1@20 and variance Vsg, then the posterior of In Dy at time ¢ > 0 conditional on
the information G; is also normally distributed with mean lﬁbgt = E [In Dy|G;] and variance
Vor = E [(ln Doy — lﬁ\Dgt)2|Qt] that satisfy the dynamics

. 1 _
Dy = (2 = 503)dt + (Suo + VarA]) T (42X, = (Ao + Arln Dyy)d| (A.3)
W = = [(Suo+ VarA) B3 (Buo + Ve A])T = 03] dit. (A.4)

Substituing (A.1)—(A.2) into the posterior mean dynamics (A.3]) and rearranging yields

— 1 v3 — koVas (1 — p2y)o2 + KoVay
dln Doy = (,uQ — *U%)dt + p1209 2 dwis + \/02 + V2 d@; , (A5)
2 (1= piy)os + 13 202 (- phy)os +v3 '

where the innovation process @3 is given by

o 1 1 _
dy, = ———— {d In For — (e — 703 + kolo — Ko ln Foy + Koln Doy )dt |
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with the correlation dwy,dws, = (,01202 /\Jo% + 1/22) dt. Since it is typically more convenient to
work with independent (uncorrelated) Brownian motions, we define a new Brownian motion

w9 that is independent of the Brownian motion w; through the relation

| P li_ 1
dws, = 212 2 dw + o2 4+ 2 d ot
oy + oy +

which after substituting into (A.5)) yields the dynamics

1— 2 2
(0= p12)s +rabor (A.6)

— 1
dln Dgy = (ug — ,U%)dt + p120adwy; +
2 \/(1 — pi2)o3 + V3

Substituting (A.1)—(A.2) into the posterior variance dynamics (A.4]) yields

2

- [t el )t ) ),
t— = — Y2 )
0t(03 +v3) — pfaotos

which after rearranging becomes as reported in @ The steady-state value of the posterior
variance Vo is the positive constant which solves the quadratic equation resulting from

setting dVa; = 0 in @, and given by

1
Vi = = (1= #h)8 4 8)(1 = o) — (1= ) (A7)

Moreover, the closed-form solution for the posterior variance at all times follows from the

well-known solution to the Riccati equation and is given by

T gemt’ (A.8)

V2t = VQoo
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where we have defined the constants

m o= 2Ky (1 - piy)os
B (1= piy)os +v3’

oV [\(1= )3 + )L = p)od + (1= )] = (1 = pho)odd

p = )
aVao |\(1 = a)o3 +1B)(1 = o) — (1= po)o] + (1 = a)od
Voo — /(1= )3 +13)(1 — pha) a3 + (1 — pfy)03

q = .
r2Va0 + \/((1 = pla)od + v3)(1 = ply)od + (1 = piy)os

It is also easy to see from (A.8)) that the prior variance Vy is greater than the steady-state
posterior variance, Voo > Voo, if and only if p + ¢ > OE

Finally, applying It6’s Lemma to the relation for the estimated pseudo-dividend Dy =

exp(lﬁbgt + %Vgt) gives its dynamics as

dDQt
Doy

= dln Dy + = (dln Daydin Dy + dVa) = din Dy, + azdt

where the second equality follows from the posterior variance dynamics of @ and (A.6)),
which after substituting into the last expression above yields .

The volatility of the estimated pseudo-dividend is readily given by the dynamics as

232 2
9 o, (1= piy)og + kaVay)
~ = + . A9
"Dat W (1= )03 + 13 (4-9)

Since Voo > Vo > Voo, at all times ¢, (A.9) takes its minimum value, o2, when the posterior
variance is at its steady-state (A.7]) implying

D ‘ > 02, (AlO)

that is, the estimated pseudo-dividend is indeed more volatile than the pseudo-dividend at

all times. O

17 A simpler sufficient condition for Vag > Vaso to hold is given by Voo > \/ (1 — p3,)03, which is satisfied
for an appropriate choice of an initial prior.
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Proof of statements in Remark [I} Under the alternative “signal plus noise” specification
of the fundamental news , the corresponding quantities of (A.1)—(A.2) in the proof of

Lemma, [1] become

A()E
0

M1—%U%] A=

0 o2 0
Ll Yoo = 0 1/3 ) Yuo = [ p120102 0 ] .

Following similar steps to those for the filtering in the proof of Lemma 1| yield the dynamics

for the posterior mean and variance as

— 1 Vor .,
dln Dyy = (ug — §U§)dt + prooadwys + V—thw%
V2
N e
2

where the innovation process @3 is given by dws, = i [d In Fo — lﬁgtdt} , with the correlation
dwidws, = 0. In this case, the steady-state value of the posterior variance Va, is simply given

by Vaso = 12021/1 — p3y, and the volatility of the estimated pseudo-dividend by

V2
|2 2 Vo
Opyt = \|P1202 + 2

from which we again conclude that OBy > 02 that is, the estimated pseudo-dividend is

more volatile than the pseudo-dividend under this alternative specification also. O

Proof of Proposition We proceed by determining the equilibrium state price density
process in our economy. We then recover the equilibrium normal and no-dividend stock

prices over the benchmark period ¢t > 7 and the main period ¢ < 7.

In this economy, the equilibrium state price density process ¢ at all times is given by the

marginal utility of the representative investor evaluated at the aggregate consumption
& =e Py, (A.11)

By no arbitrage, the normal and no-dividend stock prices during the benchmark period ¢ > 7
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when all stocks pay dividends are given by

- —Et [ / §anudu]  forn=12 (A.12)

Applying It6’s Lemma to £D,,, using the dynamics of the dividends f and the state
price density for the benchmark period

dé

5 = —rdt — fyalaldwlt — ’)/OéQOQdCUQt, <A13)
t

where 7 is the equilibrium interest rate in the benchmark period given by , yields

d& D
&Di —(r1 — p1)dt + (1 — yan) ordw — yagoadwst,
§eD1t
d&D
&t Dot = —(ro — p2)dt — yayordwiy + (1 — yag) oadwsy,
§tDat

where the constants 7; and 7 in the drift terms are given by

rn = 77—1—’)/(0&10%+062p120102), <A14)
rg = 77+fy(a1,0120102+a203), <A15)

Since the process {D,,, for n = 1,2, has a constant drift of —(7, — p,,) during this period, we

have

Et [ganu] = 6_(Fn_un)(u_t)§tDnta

which after substituting into the stock price expression (A.12)) yields
St = / e~ =)W= gD, for n =1, 2.
t

Evaluating the simple integral (under the parameter restriction of 7, — u,, > 0, so that the
stock price is finite, and hence, well-defined) leads to the stock price expressions f

over the benchmark period.

We next determine the stock prices during the main period ¢ < 7 when only the normal

stock pays dividends. By no arbitrage, the normal stock price during the main period is
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given by
1 T _
Slt = éTEt {/ quludu + 57'517' 3 <A16)
t t

where 7 is an exponential random variable that is independent from all Brownian motions
with its conditional distribution function for all times ¢ due to its memoryless property given
by

Glu—t)=P(r<ulr>t)=P(r<u—t)=1—¢ 201,

with the corresponding density function
g (u—1t) = Age 2=, (A.17)
Hence, the first term in (A.16|) becomes

E, {/ §uD1udu] =E; {/ qulul{u<T}du} =k {/ D1 P (u < 7|7 > 1) dul,
t t t

where the last equality follows from taking the expectation with respect to 7 and the property
of indicator functions. Substituing the right tail probability P(u < 7|7 >¢) =1 -G (u—t) =

e—*2(u=1) gives the first term as
E, [ / quludu} _E, [ / §uD1ue_)‘2(“_t)du] , (A.18)
t t

where now the expectation needs to be taken with respect to the Brownian motions only.
Applying [t6’s Lemma to £D,,, using the dynamics of the dividends and the state price

density for the main period

& = —rdt — 7(@1 + a2)01dw1t7 (A.19)

&t

where r is the equilibrium interest rate in the main period given by , yields

d&i D1y
&tDhy

= —(7”1 — ,ul)dt + (1 — ’}/(Oél + ag))aldwlt,
where the constant r1 in the drift term is given by
r1 =7 +v(oq + ag)oi. (A.20)
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Since the process ¢D; has a constant drift of —(rqy — p1) during this period, we have
E; [€uD1] = e”1mm)=Dg, Dy (A.21)
which after substituting into (A.18]) yields

E: {/ quludu] = / e*(T1*M1+>\2)(uft)du§tDlt _ ;ftDltv (A.22)
¢ ¢ r1— p1 + A2

where the last equality follows from solving the simple integral (under the parameter re-
striction of 1 — 1 > 0, so that the normal stock price is finite, and hence well-defined for any
value of \y). For the second term in (A.16]), we substitute the normal stock price at time 7

given by to obtain

B [6-51,] = ——E,[6:Dy.].

Ly 251
Taking the expectation with respect to 7 gives

E¢ (6 D] = Ey [/ §uD1ug (u—t) du} =Ey {/ qulu)\zefh("*t)du )
t t
and using the conditional expectation result (A.21)) for this period again, we obtain

A
2 Dy (A.23)

E, [, D1y] = / e ) ) gy Dy = N2
¢ £+ D1s] t 2§ D1y T

Substituting (A.22)—(A.23) into (A.16)), and rearranging gives the normal stock price during
the main period as reported in . Note that there is a discrete change in the normal stock

price at time 7 given by

- 1 71— 1+ A2 >
Sir — Spr = — Dy, — ATt ) A.24
! ! 7“1-#1( T R ( )

where S1,_ denotes the left-limit of the price just prior to 7, S, = lim;_,, Sis.

Finally, we determine the no-dividend stock price during the main period, whose price,
by no arbitrage, is given by
1 1

- 1
Sot = EEt [57527} o aEt ST (A.25)
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where the second equality follows from substituting the time 7 price given by . Since in
the absence of its dividends during the main period ¢ < 7 the investor uses the estimated
pseudo-dividend Dy (Lemma (1)) to estimate the distribution of future dividends, we simply

substitute Do, for Do, in the above expectation to obtain
Bi(6:Dar) = Bx [6-Dr] = i | [ 6uDaug (u =) du] =i | [ €uDaudoe ™20 0au] (2.2
t t

where again the second equality follows from taking the expectation with respect to 7/
Applying Itd’s Lemma to Do, and using the dynamics of the estimated pseudo-dividend
and the state price density for the main period (A.19) yields

d&; Dy
&t Doy

(1 — piy)os + rkoVay
\/(1 — p1p)o3 + 13

= —(TQ — ug)dt + (p1202 — ’y(Ozl + ag)al)dwlt + dagy,

where the constant ro in the drift term is given by
ro =1+ (a1 + a2)p120102. (A.27)
Since £Dy has a constant drift of —(ry — ug) during this period, we have
Eq {fuﬁm} = ¢ (r2mm)=g By
which after substituting into yields

A ~
2 & Doy, (A.28)

E, [, Dsr —/Ooe“?#?w)(“t)dm Dyp= — 22
¢ [&- Dar] t 2§t Doy it

where the last equality follows from solving the simple integral (under the parameter re-
striction of ro — po > 0, so that the no-dividend stock price is finite, and hence well-defined
for any value of \y). Substituting into gives the no-dividend stock price during
the main period as reported in . Similarly, the discrete change in the no-dividend stock

18Note that during the main period ¢t < 7, the estimation of Dy does not affect the aggregate consumption,

and hence the state price density &, since the fluctuations in aggregate consumption are driven by current
dividend shocks, D;.
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at time 7 is given by

_ 1 /\2 N )
Sor — Spr = — Dy — — 22 p, ), A.29
2 ? Tz—ﬂz( Tt ( )

where again So,_ denotes the left-limit of the price just prior to 7, So,— = limy_,, So.

The condition for property that during the main period, all else being fixed, the
normal stock price is decreasing in the expected dividend initiation time 1/Xs of the no-
dividend stock follows from taking the partial derivative of with respect to 1/Xe. Note
that %SU < 0 if and only if %Su > 0, and we have

8 1 ™ —771

—8 D
g 1 — 1 (11— 1+ A2)? !

ty

which is positive if and only if r; > 7. The condition for property that during the main
period, all else being fixed, the no-dividend stock price is decreasing in its expected dividend
initiation time 1/\y follows from taking the partial derivative of with respect to 1/\s.
Note that m&t < 0 if and only if %Sgt > 0, and we have

iS 1 To — [U2
g Ty — pa (12 — po + A2)?

Doy,

which is always positive since ro — ps > 0. O

Proof of Proposition [2 The benchmark period equilibrium mean returns for the normal

and no-dividend stocks are given by adding the interest rate to their risk premia:

d&; dSns

e gt Snt,

for n=1,2. (A.30)

Applying It6’s Lemma to the benchmark period stock prices f leads to the continuous
dynamics for the stock prices as
dSnt  dDpy

= = n n nts f :172 A 1
5 Do, M dt + opdwng or n (A.31)

which after substituting into (A.30) along with the benchmark period state price density
dynamics (A.13)) gives the benchmark period equilibrium mean returns as 7y and 75 in (A.14))
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and (A.15).

The main period equilibrium mean returns for the normal and no-dividend stocks are

given by adding the interest rate to their risk premia:

_ dgydSu

ft Snt 7

forn=1,2. (A.32)

Applying It6’s Lemma to the main period stock prices — leads to the continuous

dynamics for the stock prices as

dSit dD1;
S5, Dy p1dt + ordwiy, (A.33)
ds dD 1= p2)02 + KoV

A — 2 _ podt + praoadwis + ( ,012)(72 + Ra Y2 dioy, (A34)
Su D JO— Aot + 3

which after substituting into (A.32)) along with the main period state price density dynamics
(A.19) gives the main period equilibrium mean returns as r; and r5 in (A.20]) and (A.27).

The property during the main period that the mean return of the no-dividend stock is

lower than that of a normal stock with the same underlying risk follows immediately by
comparing and . O

Proof of Proposition [3] The equilibrium volatilities of the normal and no-dividend stock
returns during the benchmark period ¢ > 7 are given by the diffusion terms in ,
and during the main period ¢ < 7 are given by the diffusion terms in (A.33]) and ,
respectively. The property during the main period that the volatility of the no-dividend

stock return is higher than that of a normal stock with the same underlying risk follows
immediately by comparing and using the relation (A.9)—(A.10j). O

Proof of Proposition 4. During the benchmark period ¢ > 7, the aggregate stock market
price is given by S; = Si; + Sa;, with dynamics

@Jert - <d§”+?1’5dt>s_”+<dig”+?2tdt>512t

St St St S St 1t S t
= .. .dt—FO'lidwlt +02@dw%, (A35)
St St
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where the second equality follows from substituting the benchmark period stock price dy-

namics (A.31). The dynamics (A.31]) and (A.35) readily yield the covariance between the

individual stocks and the aggregate stock market returns as

dSy dS;| 1 551 Soy
C - = — = A.36
Ovy lsu St] i 01 3, + p120102 g, ( )
dSQt dSt 1 S QSQt
C — = 2, A.37
o [S% SJ G (4.37)

Using (|A.35]), we obtain the aggregate stock market return variance for this period as

dS| 1 St o [ Sot Sit So
v to2(22) 42 o1 22 A.38
A [ S, ] a1 ( S, ) 72 ( St ) P11 Sy Sy ( )

Substituing (A.36)—(A.38)) into the definition of the market beta

Cov [dSm dit}
¢ Snt ’ St

Pl )
Var {@}
¢35,

Bsnt =

gives the equilibrium market beta of the normal and no-dividend stocks for the benchmark
period as reported in f.

During the main period ¢ < 7, the aggregate stock market price is given by S; = S1: + S,

with dynamics
sy &dt — (dslt D”dt> Su + dSzt Sat

St St St Sue Sy Sar Sy
(1 — p32)o3 + KaVay So

\/(1 — p3y)08 + 13 O

S1t Sot
= ...dt+ (01 + o2p12 ——da, (A.39)

d
S, St) et

where the second equality follows from substituting the main period stock price dynamics
(A.33) and (A.34), which also yield the covariance between the individual stocks and the
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aggregate stock market returns as

dSlt dSt 1 QSIt SQt
_ o1t 22t A4
Cov, [ Sip SJ dt Titg, T P201027g " (A-40)
dSy dS;] 1 Sit (1 — p2y)o2 + kaVar )2\ St
C [7} — - = 2 o2 1 —=—=. (A4l
V|55, | d P1201027 + <P120'2 + (1—p%)o2 + 12 S; ( )

Using (A.39)), we obtain the aggregate stock market return variance for this period as

dS;] 1 Sie )2 (1 — p2y)03 + KoVt )2\ [ Sar\? St Sot
Var, | 22t L _ 52 () 2 9 12)92 () 9 Ol D2t
ar [ S, ] a5 ) T\t T ez 5, ) TEpeoieg e

(A.42)

Substituing (A.40)—(A.42)) into the definition of the market beta

dSys dS;
COVt |: St Sy

dit} ’
Var, [ 5

Bsnt =

gives the equilibrium market beta of the normal and no-dividend stocks for the main period
as reported in —.

The property during the main period that the market beta of no-dividend stock is higher

than that of a normal stock with the same underlying risk and relative size follows by
comparing and . This property holds when

Slt SZt Slt

2 -

— < -+

o St + p120109 St P120102 St P

2 2.4 ((1 = pio)a3 + kaVar )? Sat
12 (1= pta)os +v3 St

which after substituting Si;/S; = Sa:/S: simplifies to

(1 — piy)os + kaVay )2>

2 2 2
o1 < | pP1203 +
( (1= pip)os +v3

For the same underlying risk o; = o9, the above condition always holds due to the relation

A9) (A10). 0
Proof of Proposition [5| Using the dynamics and (|A.35)), we obtain the equilibrium

covariance of the stock market return with the aggregate consumption growth rate during
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the benchmark period t > 7 as
dS; dv;| 1 B 9 Sty 9 Soy
Cov, [&7 Y}] o (06101 + a2P120102) ?t + (a202 + 041,0120102) ?t (A-43)

Substituing (A.38]) and (A.43)) along with the variance of the consumption growth rate during
this period

dY;] 1

Vart |::| dt

into the definition of the correlation

= ajo] + 0303 + 201a2p1201 09,

% 2%
COVt {St, Y;

wart 4] Var, [44] ’

gives the equilibrium correlation of the stock market return with the aggregate consumption

pPSYt =

growth rate during the benchmark period ¢ > 7 as reported in . Similarly, using the
dynamics (10) and (A.39)), we obtain the equilibrium covariance of the stock market return

with the aggregate consumption growth rate during the main period ¢t < 7 as

Cov, {dSt dYt} 1

S, — = (a1 + a2)

» (A.44)

o221 S, Lt (o + a2) praoios Sztt
Substituing (A.42)) and (A.44)) along with the variance of the consumption growth rate during
this period

= (a1 + OQ)2 O‘%,

var 2] £

Y, | dt

into the definition of the correlation
COVt [Tf’ %}

pPSyt =
wart 1] Var, [92]

gives the equilibrium correlation of the stock market return with the aggregate consumption

growth rate during the main period ¢ < 7 as reported in .

The property that the correlation of the stock market return with the aggregate con-

sumption growth rate during the main period is lower than the corresponding correlation
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during the benchmark period follows by first noting that the main period correlation (after

canceling out the sensitivity parameters from numerator and denominator) is given by

0151t + p120252¢

pPSYt =
1-p2,)03+KoVay )2
\/U%S%t + (p%a% + (A= pyp)optraVar) ) S%t + 2p120109S51+59¢

)

ZALE

and the benchmark period correlation when the sensitivities are evaluated at their relative

size oy /(a1 + az) = Spt/(S1s + Say) becomes

\/0'%5'1215 + O'%Sgt + 2P120102§1t§2t

psyt= 202 . 202 & G
\/‘71 Sit + 0555 + 2p12010251 52

Rearranging yields the result pgy: < psy¢ if and only if

((1 = plo)o3 + KoV )?
(1= pio)os +v3

o1 St + (P%ﬂ% + > S2, 4 2p12010951:S2; > (01517 + p1209Sar)?

and this strict inequality always holds since ((1 — p%,)02 + kaVar)? > 0. [l

Proof of Proposition [6} During the benchmark period ¢ > 7, the aggregate stock market
price is given by S; = Sy; + Sy with the dynamics as in (A.35]), which immediately gives
the stock market risk premium as the (relative size) weighted-average of the normal and

no-dividend stock risk premiums as in . The benchmark period stock market volatility
(32) is given by the square root of (|A.38)).

During the main period ¢ < 7, the aggregate stock market price is given by S; = S1; + So;
with the dynamics as in (A.39), which immediately gives the stock market risk premium as
the (relative size) weighted-average of the normal and no-dividend stock risk premiums as in
. The main period stock market volatility is given by the square root of . O]

Proof of Proposition During the benchmark period ¢ > 7, by no-arbitrage, the short-

_ 1 T
Sr = L1, [ / quudu] ,
& ¢

where the aggregate dividend is D, = Dy, + Ds, for all u > t, and the state price density is

term asset price is given by

as in (A.11)) with the benchmark period aggregate consumption dynamics in . Using the
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individual stock results in the proof of Proposition

g 1 — e~ (P1—p1)(T—t)
iEt [/ §uD1udu] = / e—(rl—ul)(u—t)duDlt _ 6_ Du
! 1= H
T ¢ 1 — ¢~ (Fa—p2)(T—t)
iEt l/ §uD2udu] = / e—(T’z—ug)(u—t)duD% _ e _ Do,
! T2 — M2

where 71, 79 are as in 7, we obtain the benchmark period short-term asset price as
gt,T = Blt,Tglt + BZt,T§2t7 (A-45)

where Sy, So; are as in f and the deterministic processes Bnt;p, for n =1,2, are as in
139)-

The benchmark period mean return of the short-term asset 7is, ;. is given by adding the
interest rate to its risk premium:
_ _ d&dSir
Fo =g ISt OOtT A.46
ST &t St,r ( )
Applying It6’s Lemma to the benchmark period short-term asset price (A.45)) leads to the
continuous dynamics for the short-term asset price as
dSyr hat St dSh haot 1Sat dSa

OLT gt - B e 3
ST h1e St + hoe1Sor S1e hierSi + hoyrSa Sa

which after substituting into (A.46|) along with the mean return relation for stocks (|A.30))

leads to

T’_Sth =r+

h1 7S _ hau, 7S _
— ——— (" —7)+ (rg — 7).
hie,1S1e + hot, 752 R 7S1t + hay1Sa
After canceling out the interest rates gives the benchmark period equilibrium short-term

asset mean return as in ([35)).

The equilibrium mean return of the stock market is simply given by the short-term
asset mean return evaluated at h,,7 = 1, since limy_,oo Sy = S; and limg o hper = 1 for
n=12.
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During the main period ¢ < 7, by no-arbitrage, the short-term asset price is given by

1 T
St,T = *Et [/ guDudu] )
&t t

where the aggregate dividend is D, = Dy, + Daulpysry for all w > ¢t. However, the relevant
stochastic discount factor dynamics is not immediately clear since the no-dividend stock may
start paying dividends before the short-term asset maturity, hence altering the stochastic
discount factor shocks. To determine the short-term asset price, we first find the short-term
asset price for a fixed 7 denoted by S7r, which is decomposed into two cases, T' < 7 and

T>rT1,as
Str = S{rlir<ry + Sirlirsqy- (A.47)

Then by taking the expectation of S7, with respect to 7 — ¢, we determine the main period
short-term asset price S;r. In the first case 7' < 7, the aggregate dividend is D, = Dy, for
all t < u < T, and the state price density is as in (A.11) with the main period aggregate
consumption dynamics in . In this case, we have

1 T
Sir=—E [/ quludU] ;
’ &t t

and using the individual stock results in the proof of Proposition

1 — e~ (ri—p1)(T—1)

1 T T
—E; / EuD1ydu| = / e~ =r)=D gy pyy = Dy,
&t t ¢ 1 — H1

where r; is as in , we obtain the short-term asset price for a fixed 7 in the first case as

R R A () 5 A4
t,T — " — 1t- ( . )

We note that in this case when the no-dividend stock does not start paying dividends for sure
until the maturity of the short-term asset, the short-term asset price becomes proportional
to the normal stock price , and hence its mean return becomes identical to the normal
stock mean return. In the second case T' > 7, the aggregate dividend is D, = Dy, and the
state price density is as in with the main period aggregate consumption dynamics
in for all t < u < 7, but the aggregate dividend is D, = D1, + D2, and the state price
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density is as in (A.11)) with the benchmark period aggregate consumption dynamics in (|10))

for all 7 <wu < T. In this case, we have

tT_ Et {/ guDludu+§T T

where the time-7 short-term asset price is as in the benchmark period and is given by

_ 1 — e~ (F1—p1)(T—7) 1 — e—(T2—p2)(T—7)
ST,T = ¢ — D1 + ¢ — Do...
! T2 — 2

Using the individual stock results in the proof of Proposition

’ _ o (r1—p1)(m—1)
7Et |:/ g'u,Dludu:| = / e_(rl_rul)(u—t)duDlt _ 1 e D1t7

— M
and
1 — e~ F1=p)(T—7) | 1 — e~ (FPa—p2)(T—7)
*E TROT = — —E TD T — —E TD T]
& t[g T} 1= 1 & ¢l Darl ¥ T2 — p2 & ¢ 6 D]
with
aEt (&:D1,] = e*(?“rﬂl)(ﬂ'*t)plt’
gEt [ETDQT] = e_(TQ_“Q)(T_t)BQta

we obtain the short-term asset price for a fixed 7 in the second case as

—(r1— T—1 — (71— T—r (o T
- 1 — e (ri—p)( )D1t+1 —e _( 1=11)( )6_(T1_M1)(T_t)D1t+1 —e _( 2—p2)(T—T)

e—(r2=12)(r=0) P,
(A.49)

Finally, substituting (A.48} into ( , and taking the expectation with respect to
T — t, using the 1ndependent exponentlal distribution for its density given by (A.17] -, we
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determine the main period short-term asset price S;r as

00 | _ o= (ri—p1)(T—)
St7T = )\2/ Dltl{uzT,t}e*’\Wdu
0

L —
0 [1 _g=(ri—p)u 1 _ o= (F1—p1)(T—t—u)
+)\2/ c + c - e~ (r—mu Dltl{T—t>u}€_/\2udu
0 T — M1 1 — U1

00 | _ o= (ra—p2)(T—t—u) ~ A
+)\2/0 — 6_(T2_“2)uD2t1{T—t>u}€_ 2 du,

which after removing the indicator functions becomes

_ e (r1i—pm)(T-1) oS
St,T = 1 € Dlt)\Z/ ef)‘Qudu
L — T—t
T—t
+ Dlt)\g/ (1 — e_(”_“l)”) e M2y,
=M 0
T—t
+ Dlt/\2/ (1 _ e*(ﬁ*ul)(T*t*uD e~ (ri—p)ug—=Aou g,
ry— p1 0
T—t
+ [th)Q/ (1 — e—(Fz—Mz)(T—t—U)) e~ (ra—p2)u g =Aou g,
T2 — [2 0

Evaluating the simple exponential integrals and rearranging yield
St = h1e 751 + hot 75, (A.50)

where Sy, S9; are as in f and the deterministic processes hir, horr are as in (40)—
[@).

The main period mean return of the short-term asset rg, .. is given by adding the interest

rate to its risk premia:

(A.51)

Applying It6’s Lemma to the main period short-term asset price (A.50)) leads to the conti-

nuous dynamics for the short-term asset price as

dS hit TS dsS hot TS dS
8T gt 16, TO1¢ 1t 2t,TO2t 2t

St N hit St + hotwS2t St hagrSie + harrSar Sor

which after substituting into (A.51]) along with the mean return relation for stocks (|A.32))
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leads to
hit, 751 hot TS24

r+ ry—r)+
hie 1 S1e + hat, 752 ( ) hie,7S1e + hat, 7524

TSy p = (ro—r).

After canceling out the interest rates gives the main period equilibrium short-term asset

mean return as in ([37)).

The equilibrium mean return of the stock market is simply given by the short-term
asset mean return evaluated at h,,r = 1, since limp_,o Sy = Sy and limgp_,o0 by = 1 for
n=12.

The property during the main period that the mean return of the short-term asset is
higher than that of the stock market if and only if hi;7 > hoy7 when the stocks have the
same underlying risk oy = o9 follows from comparing and . Since the mean returns
are weighted averages of the individual stock mean returns and the normal stock has a higher
mean return r; > o when stocks have the same underlying risk o1 = o2 (Proposition , this
property holds if the weight that is given to the normal stock in the short-term asset mean

return is greater than the corresponding weight in the stock market mean return, that is

hae, 751t - St
hit,0S1t + hot St~ St + Sar’

and this inequality holds if and only if A7 > hor 7. O]
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