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ABSTRACT. Ipropose a social learning model that investigates how confirmatory bias affects public
opinion when agents exchange information over a social network. For that, besides exchanging
opinions with friends, individuals observe a public sequence of potentially ambiguous signals and
they interpret it according to a rule that accounts for confirmation bias. I first show that, regardless
the level of ambiguity and both in the case of a single individual or of a networked society, only two
types of opinions might be formed and both are biased. One opinion type, however, is necessarily
less biased (more efficient) than the other depending on the state of the world. The size of both
biases depends on the ambiguity level and the relative magnitude of the state and confirmatory
biases. In this context, long-run learning is not attained even when individuals interpret ambiguity
impartially. Finally, since it is not trivial to ascertain analytically the probability of emergence of
the efficient consensus when individuals are connected through a social network and have different
priors, I use simulations to analyze its determinants. Three main results derived from this exercise
are that, in expected terms, i) some network topologies are more conducive to consensus efficiency,
ii) some degree of partisanship enhances consensus efficiency even under confirmatory bias and iii)
open-mindedness, i.e. when partisans agree to exchange opinions with other partisans with polar

opposite beliefs, might harm efficiency in some cases.
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1. INTRODUCTION

Individuals form opinions over a myriad of economic, political and social issues based on
information they get from both media and trustworthy acquaintances such as friends, coworkers,
professors, family members, etc. This process of information acquisition usually takes place when
the issue being discussed has no clear-cut right/wrong or true/false distinction or when the set of
information available is not easily or readily understood by individuals. In this case, consulting
friends opinions has its appeal since it is an easy way to gather information. For that, social
networks appear as a primary tool for many people to get informed and debate their world views.
In view of this, it is important to understand how beliefs depend on the way agents perceive and
process the information and on the social network structure. With this regard, I examine one
potential aspect of learning in social networks: how public opinion is affected by confirmation
bias?

Confirmation bias, as the term is typically employed in the psychology literature, connotes
the interpretation of evidence in ways that are in line with existing beliefs. In this sense, an
individual is said to suffer from confirmatory bias if he tends to interpret ambiguous evidence as
confirming his current belief. This can be done in different ways, like restricting attention to favored
hypothesis, disregarding evidence that could falsify the current world view or overweighting
positive confirmatory instances, etc. In all cases, individuals restrict attention to a single hypothesis
and, for that, fail to give appropriate consideration to alternative hypotheses and this process
creates a friction in belief formation.

As per the social psychology literature, individuals show the tendency to interpret ambigu-
ous evidences as supporting their initial impressions. For instance, banks and companies may
misinterpret Central Banks’ stance toward high inflation after ambiguous statements, professors
may misinterpret the quality of students after ambiguous performance, people may misinterpret
scientists after ambiguous announcements, etc. In this view, while relying on friends might help
individuals to aggregate the information in some cases, in others it might lead individuals to
expose themselves to other individuals that rely on their own world view to derive information
from ambiguous evidence. In these cases, efficient aggregation of information is not guaranteed
and I investigate how social opinion is affected by that.

To analyze such phenomenon, I consider a society where agents are interested in learning
some underlying state § € ® = [0, 1]. For example, this underlying state 6 might represent the
degree (from 0 to 1, say) in which the anthropic activity causes global warming. All agents have a
initial prior belief about it and observe a sequence of public signals, one at each date 7. Signals

are either i) informative, ii) uninformative or iii) ambiguous. Signals in the class i) are simply
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binary variables that indicate 1 if right states are more likely and O if left states are more likely.
Therefore, even though there is no noise in the signal, agents can only learn the state (the right
proportion of 1’s and 0’s) asymptotically. Signals in the class ii) are simply disregarded for not
being informative and, for that, prior beliefs are kept unchanged. Finally, signals in the class iii),
the ambiguous one, are open to interpretation. In this case, I allow agents to interpret them using
a fairly general randomization rule proposed by Fryer, Harms, and Jackson (2018) that accounts
for confirmation bias. As per this rule, the interpretation of the ambiguous signal received at
time 7 is influenced, to a greater or lesser extent, by the likelihood of 0 and 1 at time # — 1 (more
details below). Ambiguity in this context has nothing to do with the noise of a signal in standard
information theory or with the classical notion of ambiguity aversion as defined by Ellsberg (1961).
Instead, is just a way of capturing the situations in which people feel compelled to give meaning
to ambiguous evidences about the issue or subject analyzed.

As in Jadbabaie, Molavi, Sandroni, and Tahbaz-Salehi (2012), information exchange between
agents result from multilateral communication. Before the beginning of each period, all agents
meet their social media friends and observe their opinions and precisions about the subject of
interest. At the beginning of every period ¢, the public signal is realized. Thus, each agent first
interprets ambiguous signals (if the case) using the randomization rule, stores it and computes
his Bayesian posterior opinion and precision. After that, every agent sets his final opinions and
precisions to be a linear combination of the Bayesian posterior opinion and precision computed
with the interpreted signal and the opinions and precisions of neighbors met in the period before.
The social connectivity among agents is fixed over time and strong connectivity is assumed, i.e.
all agents are exposed to all the other agents either through a directed or undirected path in the
social networks.

I show that, regardless the level of ambiguity and both in the case of a single individual or a
connected society, only two types of opinions can emerge and both are biased, one left-biased
and the other right-biased. One opinion type, however, is more efficient (less biased) than the
other depending on the magnitude of the state. Opinion efficiency, in this case, is only guaranteed
under a “favorable” combination of “low” ambiguity and “sufficiently pronounced” state. If this
condition holds, I show that the efficient consensus is attained with probability 1, otherwise,
efficient consensus is reached with some probability. Moreover, long-run learning is not attained
even if individuals are impartial when interpreting ambiguous signals. Those results contrast with
some results presented by Rabin and Schrag (1999) and Fryer et al. (2018), where long-run learning
takes place with a positive probability and impartiality helps learning the state. Furthermore,

the network effect presented here, together with signals realizations, reinforces the interpreting
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“tug-of-war” since individuals might have their own biases confirmed (or mitigated) by other
agents.

Finally, since it is not trivial to derive analytically the probability of emergence of the most
efficient (less biased) consensus, I use graphs simulations to show its determinants. I show that
the presence of partisan agents in societies who suffer from confirmatory bias has a double effect
on the expected consensus efficiency: i) it helps to countervail the misinterpretation of initial
signals when there degree of partisanship is low and for that it increases expected efficiency;
and ii) exacerbates misinterpretation of signals when the degree of partisanship is high, reducing
expected consensus efficiency. Moreover, I also show that open-mindedness of partisan agents,
i.e. when partisans agree to exchange opinions with partisans with polar opposite beliefs, might
reduce expected consensus efficiency in some social topologies.

This work, even though it does not generalize results for other conjugate families, seems
sufficiently general to capture some relevant real-world situations. The public signals realized
every period and observed by all agents might represent the information reported by media outlets,
such as TV channels, Radio, Youtube, Twitter, etc. The level of ambiguity of the information content
reported by such outlets, measured by a parameter p, represents the fraction of instances where a
signal conveys two polar opposite meanings at the same time and agents feel impelled to interpret
them. In this regard, agents can be more or less biased when interpreting signals. They can be
biased and conform the interpretation with their prior to some extent, be impartial and choose
an interpretation uniformly at random (say 0 or 1’with the same probability % each) or even go
against their world-view. The interpretation behavior of every agent is dictated by the parameters
of the signal interpretation function.

The structure of this work is as follows. Section 2 provides a brief literature review. Section 3
describes a framework for updating beliefs when agents communicate over a social network and
evidences (signals) are potentially open to interpretation and present the main theoretical results.
Section 4 describes a simulation exercise when there is priors heterogeneity. Section 5 concludes.
There are four appendices. Appendices A and B contain the primitives of the Beta-Bernoulli
conjugate family employed in this work. Appendix C contains the proofs of auxiliary results,

whereas Appendix D presents the proofs main results.

2. LITERATURE REVIEW AND CONTRIBUTION

A great deal of empirical evidence on social psychology supports the idea that the confirmation
bias is extensive and that it appears in many ways. Nickerson (1998) argues that most studies in the

field confirm the human tendency of casting doubt on information that conflicts with preexisting
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beliefs and to be more likely to see ambiguous information to be confirming of preexisting beliefs.
This selectivity in the acquisition and use of evidence, however, takes place without intending to
treat evidence in a biased way or even being aware of doing so. Molden and Higgins (2004, 2008)
identify that both vagueness (when the evidence is weak) and ambiguity (when the evidence is
conflicting) influence the interpretation of an uncertain evidence, whereas Furnham and Ribchester
(1995) and Furnham and Marks (2013) find evidences that the way individuals perceive and process
information about ambiguous situations is related to their degree of ambiguity tolerance.’

In this context, confirmation bias can be seen as an information process that departs from
standard Bayesian updating because agents scrutinize ambiguous signals in line with their world
views. Some examples of decision-making models that account for Bayesian updating deviation
are Hellman and Cover (1970), Rabin and Schrag (1999), Wilson (2014) and Fryer et al. (2018).
In Rabin and Schrag (1999), for instance, signals believed to be less likely are misinterpreted
with an exogenous probability, whereas in Fryer et al. (2018), in its simplest version with binary
states, ambiguous signals are produced with certain probability and agents interpret those before
performing the Bayesian update. To interpret such signals individuals employ three methods that
simply differ in the intensity with which agents conform their interpretation with their current
world-view.

In this regard, Rabin and Schrag (1999) and Fryer et al. (2018) are the closest references to this
work, both in spirit and results. In this work, however, I move away from the binary state space
case and allow states to be continuously distributed over the unit interval according to a Beta
distribution. Binary signals are drawn from a Bernoulli distribution, ambiguous signals appear
with some positive probability and I allow agents to use the interpretation strategies proposed
in Fryer et al. (2018). Two important implication of such modeling strategy are that an impartial
interpretation strategy (flipping a fair coin to interpret ambiguous signals, for instance) is not
sufficient to overcome confirmatory bias and that long-run learning is not attained even when
ambiguity level is “sufficiently” low. Moreover, I introduce a network structure among agents
and allow them to set their final beliefs to be a linear combination of the Bayesian posterior and
the opinions of their neighbors as in Jadbabaie et al. (2012). In this case, since there are network
externalities, is not immediately clear how opinions will evolve as interpretations are influenced by
both the realization of signals and the confirmatory biases of friends. One important implication
of network externalities is that some network topologies induce less biased consensus when there

is heterogeneity of initial priors.

!More recently the concept of tolerance of ambiguity has been conceived by part of scholars to reflect the contemporary
definition of ambiguity proposed by Ellsberg (1961). For a good coverage of the classical literature on ambiguity
aversion, see Gilboa and Schmeidler (1989) and Gilboa and Schmeidler (1993), Epstein and Schneider (2007).
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This work is also related to the literature of biased assimilation in networks. In a nutshell,
this literature focus on models of social learning in which agents have tendency to overweight
the opinion of friends with similar beliefs. Some examples are Hegselmann and Krause (2002),
Hegselmann and Krause (2005), Dandekar, Goel, and Lee (2013) and Mao, Bolouki, and Akyol
(2018). While bias assimilation has to do with the tendency to conform with the majority or leading
individuals, confirmatory bias, as argued above, is some sort of failure in the Bayesian updating
process. From this perspective, modeling confirmatory bias as either a biased assimilation or a
failure in the Bayesian update has different consequences. On the one hand, bias assimilation
presumes that the connections between agents are broken (or temporarily interrupted) according
to how “far” opinions are and, therefore, it implies in non trivial changes in the topology of the
network. Thus, a natural result found in this literature is that long run polarization takes place
when there is biased assimilation. Thus, polarization is a natural product of the initial heterophily
of opinions in the system and the eventual permanent deletion of some links. On the other hand,
modeling confirmatory bias as a Bayesian update failure, like this work, is inconsequential to the
network topology and under the strong connectivity assumption leads to a bias (misinformation)
that can be analytically studied.

Finally, there exists a great deal of works on social learning, both assuming bounded and
fully rationality. The Bayesian social learning literature (fully rational agents) mainly focuses on
formulating stylized games with incomplete information and characterizing its equilibria. More
specifically, rather than considering complex and repeated interactions, most part of the works
focuses on environments where agents are myopic or interact only once. Some works of reference
are Banerjee (1992), Bala and Goyal (1998), Bala and Goyal (2001), Banerjee and Fudenberg (2004),
Acemoglu, Dahleh, Lobel, and Ozdaglar (2011).2

On the other hand, the non-bayesian learning (bounded rational agents) literature focus on
studying generalizations or departures of the seminal DeGroot (1974) model. For instance, De-
Marzo, Vayanos, and Zwiebel (2003) show that the classical consensus result does not rely on the
social weighting matrix being a stationary matrix, Acemoglu, Ozdaglar, and ParandehGheibi (2010)
consider a random meeting (Poisson) model and characterize how the presence of forceful agents,
i.e. agents who influence others disproportionately and hardly revise their beliefs, interferes with
information aggregation, whereas Golub and Jackson (2010) show that convergence holds if (and
only if) the influence of the most influential agent vanishes as the society grows unboundedly.

Jadbabaie et al. (2012) is the first work to consider the possibility of constant arrival of informative

2For an overview of recent research on belief and opinion dynamics in social networks, see Acemoglu and Ozdaglar
(2011).
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signals every period of time in networked environments. The novelty in the paper is that the
update rule that sets the final belief to be a linear combination of the Bayesian posterior and
the opinions of her neighbors is an efficient alternative to the complicated task of implementing
Bayesian update in networks. Lastly, Azzimonti and Fernandes (2018), similar to this work in
modeling strategy, investigate how the structure of social networks and the presence of fake news
affect the degree of polarization and misinformation. The two major differences with respect to this
paper are that i) their model consider the presence of stubborn agents called Internet bots whose
sole purpose is to deceive other agents, whereas the main source of bias in my model derives from
confirmatory bias; and ii) that the connectivity among all agents evolves stochastically, whereas
it is fixed in this paper. Those two features together are the main drivers of misinformation and
polarization cycles in a dynamic system that does not reach convergence, whereas my model
focus on understanding how misinformation depends on both the structure of the network and

the way agents interpret ambiguous signals.

3. THE MODEL

Notation: All vectors are viewed as column vectors, unless stated otherwise. Given a vector
v € R", I denote by v; its i-th entry. When v; > 0 for all entries, I write v > 0. Moreover, I
define v as the transpose of the vector x and for that, the inner (scalar) product of two vectors
x,y € R" is denoted by x " y. I denote by 1 the vector with all entries equal to 1. A matrix W is
said to have size m x n whenever W has exactly m rows and n columns. Moreover, whenever
m = n, W is called a square matrix of size n. The identity matrix of size n is denoted by [. For
a matrix W, I write Wj; to denote the entry in the i-th row and j-th column. The notation Wlf
is used to denote the entry in the i-th row and j-th column of the matrix W*, i.e. the matrix
W raised to the power k. Finally, a vector v is said to be a stochastic vector when v > 0 and

>, vi = 1. A square matrix W is said to be a (row) stochastic matrix when each row of W is a

stochastic vector.

3.1. Network structure. The connectivity among agents in a network is described by a directed
graph G = (N, g), where N = {1,2,...,n} is the set of agents, fixed over time, and g is a real-
valued n x n adjacency (or incidence) matrix, also fixed over time. Each element g;; in the directed-
graph represents the connection between agents i and j. More precisely, g;; = 1 if individual
is paying attention to (e.g. receiving information from) individual j, and 0 otherwise. Since the
graph is directed, it is possible that some agents pay attention to others who are not necessarily
reciprocating, i.e. g;; # g;ji. The out-neighborhood of any agent i represents the set of agents that

i is receiving information from (e.g. i’s references), and is denoted by N?*'(g) = {j : gij = 1}.
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Similarly, the in-neighborhood of any agent i, denoted by N/"(g), represents the set of agents
that are receiving information from i (i.e. i’s followers), N/"(g) = {j : gj; = 1}. We define a
directed path in G from agent i to agent j as a sequence of agents starting with i and ending
with j such that each agent is a neighbor of the next agent in the sequence. We say that a social

network is strongly connected if there exists a directed path from each agent to any other agent.

3.2. Initial beliefs and signals. Let ® = [0, 1] to denote the set of possible states of the world.
For instance, one may find useful to interpret @ as the degree to which the anthropic activity
might cause global warming, such that a state close to 0 means that human activity has no impact
on global warming, whereas a state close to 1 means that human activity is fully responsible for
the global warming. I assume that each agent i in this society starts with an initial belief about an
underlying state f; 0(6) € A®, represented by a Beta probability distribution over the set ® with
shape parameters ; o, Bi o > 0. Given prior beliefs, I denote by opinion of agent i at time ¢ by y; ;
Q¢
o+ :Bi,t.

Conditional on the state of the world 0, every agent observes a sequence of public signals s,

3

yie = E[0] =

one at each date r € {1, 2, ... }. Public signals lie in the set S = {1,0,a, @}. As per the example of
global warming given above, a signal 1 is evidence that human activity is the main responsible for
global warming, a signal 0 is evidence on the contrary (no responsibility), the signal @ contains
no information and a signal a is ambiguous and open to idiosyncratic interpretation (section 3.3
explains how agents deal with those signals).

Signals are independent over time, conditional on the state. With probability 6 € D = [0, 1],
independent of the state, the no informational signal @ is observed and with probability (1 — &)
some signal is observed. Conditional on observing a signal, the probability that the new signal
is ambiguous is 4 € M = (0, 1]. In this case, the signal conveys informational aspects that
could lead one to interpret as either 1 or 0. With the remaining probability 1 — u the information
provided by the signal is clear. In any state 6 € @, the probability that an unambiguous signal is 1
is 8 € (0, 1) and 0 with probability 1 — 6. The signal structure is depicted in the Figure 1.

3See Appendix A for the primitives of the Beta distribution. For tractability, the opinion is intended to be a real
number that summarizes “well” the whole belief. For that, one can understand the opinion of an agent as the Bayesian
estimator of f that minimizes some sort of mean squared error or absolute error. Since the mean, mode and median
of the beta distribution are asymptotically equivalent, as shown in Appendix B, the functional form is believed to be
irrelevant for the results.
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FIGURE 1. Signal structure

3.3. Interpretation of ambiguous signals. Although ambiguous signals are as uninformative
about the state as the signal § and, therefore, should also be disregarded from a pure Bayesian
point of view, agents are constrained to make interpretations of ambiguous signals. This constraint
captures the idea that, in some instances, people react to ambiguous pieces of information. They
fail to perceive the unformativeness of such signal and end up using their prior world view to
derive information from such signals.

Furthermore, one may also think that people might interpret ambiguous information in different
ways. A potential one is to use their prior assessment of the subject to categorize the ambiguous
signal, i.e. the interpretation of an ambiguous signal s, = a as 0 or 1 could depend on how the
agent perceives the state, i.e. if § = 0 is more likely than 6 = 1 (likelihood ratio greater than
one), then the agent could be prone to store s; = a as 0 and vice-versa. Conversely, the agent
could interpret s; = a as 0 or 1 depending on the mode of his belief, i.e. if the mode is greater
(less) than 0.5, then agent stores the ambiguous signal as 1 (as 0). In this sense, the interpretation
depends on the intensity of the confirmatory bias intensity.*

For the interpretation of ambiguous signals, I use a randomization rule proposed in Fryer et al.
(2018), adapted here for some technical idiosyncrasies, which says that with probability y; ; € [0, 1]
the agent i conforms with his posterior at time ¢ and with probability 1 — y; ; goes against it. In

other words, with probability

Vie = Vit ﬂ{yi,t—l >05+ (1 - Vi,t) H{J’i,t—l < 0.5} (1)

“In this paper, I move away from the decision-theoretic aspects of such problem and assume this randomization rule
as given.
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agent i interprets the ambiguous signals as 1 and with the remaining probability (1 — ;)
interprets the ambiguous signals as 0 at time ¢.°

Therefore, the parameter y; ; represents the intensity of the confirmatory bias experienced by
any individual i at any time 7 and its distribution over time can be very general. I only assume y; ;
to be independent of opinion y;; for any i € N, history of opinions of all individuals and all other

parameters in this model. From this randomization rule, there are three definitions of interest.

Definition 1. An individuali € N

(1) has confirmatory tendency lf% < it <1 forallt,
(2) is biased if y;; = 1 forallt.
(3) is impartial if y; = E; [yi:] = % Two distinctions apply:
o always impartial if impartial and y; ; = %for allt,
o moderately impartial if impartial and y; j # %for somek.

(0)

i and sV

;.. » for each individual at any point in

That said, the signal interpretation functions, s

time can be generally defined as
st = s = 0} + Us, = a}L{us > Yis) )
0 = s, = 1) + Ls, = a}liu, < Y, 3)

where v; ; is as defined in Equation (1), s, is the publicly observed signal and u; is the realization
of a continuous U [0, 1] random variable at time ¢ simply used to break the tie. The draws {u,}
are independent across time and also independent of all other random variables in this model.
In words, the signal interpretation functions are basically transforming the observed signals
{5,192, into binary interpretations. When the realized public signal is s; = 1 (s, = 0), all agents
undoubtedly interpret it as 1 (as 0) and set si(g) = 0 and sl-(,lt) = 1 (set sfﬁ) = 1 and sl-(j‘) = 0).
However, when the realized public signal is ambiguous, i.e. s, = a, agents use their their prior

information (summarized by y;,;—;) to categorize the signal as either 0 or 1, as per Equation (1).

For a more detailed description of the signals likelihood function, see Appendix A.

3.4. Belief evolution. We assume that agents update their beliefs based on public signals s; €

{1,0,a, @} and on the influence of friends in their social clique. Before the beginning of each

SFrom Appendix B, notice that since mean and mode of the Beta distribution are very close for different compositions
of parameters (o, §) and are also asymptotically equivalent, Equation (1) uses y; ;—1 (mean and note mode) to interpret
public signals. I believe this is neutral to all results even though I have not checked it.
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period, agent i meets individuals in his neighborhood N?"/(g). These neighbors share their
world-views, summarized by «;; and 8, for all j € N*(g;).°

At the beginning of period 7, a signal profile is realized and the signal s; ; is privately observed
by agent i. After observing the public signal s;, agent i computes his posterior in a standard
Bayesian fashion. Following Jadbabaie et al. (2012), I assume that the final parameters « and
will be a convex combination between the parameters & and f of his Bayesian posterior and the
weighted average of the his neighbors parameters.’

In mathematical terms, the update rule is as follows

i1 — b I:O(,',t + Si(,lt)—f—l] + (1 — b) Zg,‘jo(j,t (4)
J

Biiy1 =0 [ﬁi + s,-(fill] + (1 —b) Zé’ijﬁj,t- (5)
J

Notice that when b = 1, agents fully rely on the signals and behave like a standard Bayesian
agent. As b approaches zero, agents are more influenced by the network, as more weight is given to
his neighbors’ opinions. Moreover, let oy = (ot1 ¢, 02 ¢, - - - ,(xn’,)T and B; = (B1s, Bass - - ,ﬁn,,)T
denote the column vectors of length n of agents beliefs parameters at time 7, [ be an identity matrix
of dimension n and B = diag(b, b, ..., b) be the diagonal Bayesian (or self-reliance) matrix. We

can rewrite equation (4) as
o1 = Bla; + 3521) + (I - B)ga,
= (B + (1- B)g)a: + BsY,

= Wa, + Bs(};. (6)
and equation (5) as
Bis1 = Wi + Bs,, (7)

®Moreover, it is assumed they do that in such a way that the final posterior remains in the same conjugate family
as the prior. i.e. since the initial prior is represented by a Beta distribution, I will assume the posterior will always
be a Beta distribution. This is done by assuming that agents share the real-valued parameters rather than sharing
the whole belief (distribution). This assumption is neutral to all results and asymptotically equivalent to the case in
which agents update their beliefs as a linear combination of Beta distributions. The benefit of doing it is that the both
algebra and intuition get clearer. Moreover, in the spirit of the bounded rational assumption, it is arguable that agents
find easier to handle the mental computation involved in this process when dealing with real numbers than with the
whole distribution.

’One may also think of agents sharing opinions (mean) and precisions (variance) with each other rather than
sharing distribution parameters. Those are equivalent modeling strategies, we only need to use the relationships
_y(@2+y?~y)

o2

y = ﬁ and o2 to fully determine « and f. Algebraic manipulation yields o =

_ af
T (@+B)2(a+B+1)
and § = (02+y20—2y)(y—1).
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where, W = B + (I — B)g is a homogeneous row-stochastic matrix. Notice that since the graph
G induced by the Adjacency matrix g is assumed to be strongly connected, the graph induced by

W is trivially strongly connected as well.

4. THEORETICAL RESULTS

Before illustrating the network effects over the public opinion when agents are exposed to
ambiguity, I first focus on explaining what is expected to happen in the case of a single individual.
For that, one might imagine that this is a special case of the environment introduced in the
previous section when the parameter b = 1. In this regard, the following result shows that only

two types of opinions might emerge when agents interpret ambiguity under confirmatory bias.

Proposition 1 (Polarization). If individual i randomizes interpretation of ambiguous signals accord-
ing to Equation (1), fully relies on signals and disregards people’s opinions (no network effect), then
his opinion converges to either (1 — w)6 + wy; (right-biased) or (1 — )0 + (1 — ;) (left-biased)
almost surely, where y; = IE; [yi;]. The result holds for any initial belief.

The first thing to notice is that both left and right biased opinions may be formed with some
positive probability and that both are biased since any limiting opinion is a weighted average that
places weight u on the confirmatory bias and weight 1 — i in the true state 6. Thus, if the fraction
of ambiguous signals realized is zero, i.e. © = 0, then agents would learn the state asymptotically
and no bias is observed. In this regard, it is clear that confirmatory bias is the main source of
misinformation. Moreover, individuals may exhibit polarized opinions even if individuals with
different confirmatory bias observe a common stream of evidence. In this case, the degree of
polarization naturally depends on the relative bias and the initial priors. Some agents would
naturally have a right bias and others a left bias and the intensity of the resulting polarization
depends on the mass of these groups.

Moreover, depending on the sizes of 6§ and u, we can guarantee which type of opinion will
emerge. For that, it is convenient to partition the space @ x M = [0, 1]? (unit square) into three
regions: region L characterized by both state § and ambiguity u “sufficiently” low, region R
characterized by the combination of “sufficiently” high state 6 and “sufficiently” low ambiguity u
whereas region W is the complement of the union of L and R. If the pair (6, u) falls in to the
region L, then we can say that with probability 1 just the left-biased opinion emerges. Conversely,
if the pair falls in to the region R, then with probability 1 the right-biased opinion is formed
with probability 1. If the pair falls in to the area )V, then we can not tell which opinion type will
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be formed as both might emerge with some positive probability. This remark is generalized as

follows.

Proposition 2 (Opinion types likelihood). For any individual with confirmatory tendency, right-
biased opinion emerges with probability 1 when the frequency of ambiguity is sufficiently low and
the state is sufficiently high (i.e. (6, 1) € R), whereas left-biased opinion emerges with probability
1 when both the state and the frequency of ambiguity are sufficiently low (i.e. (6, ) € L). In all
other cases (i.e. (6, 1) € W), opinion type is a Bernoulli random variable which takes the value 1
(right-biased) with probability p and the value 0 (left-biased) with probability (1 — p). The result

holds regardless his initial beliefs and the observed sequence of signals.

The proof relies on figuring which combinations of € and p are sufficient to let both types of
opinion to fall in the same side of the 0-1 spectrum and which combinations lead opinions to
diverge in location (one above 0.5 and the other below 0.5). In mathematical terms, we have that
those partitions are

1 0 —-0.5
R=30,n)|=<0<land0<pu<—1¢,
.1y <0< tando << 2202

1 6—0.5
L=30,u))0<60<—-and0<u< ,
2 9—)/,‘

W =1[0,1>\{RUL}.
The intuition of Proposition 2 is depicted in Figure 2 for three cases of confirmatory bias. In
case 1, when the agent is roughly impartial, case 2 when the agent has and intermediary level of
confirmatory bias and case 3 when agent is biased.

1.0] 1.0 1.0]

0.8 0.8 0.8

random random

0.6

H
0.4

0.6

H
0.4

0.6

1]
0.4

0.2 right-biased only 0.2 right-biased only 0.2 right-biased only

0.0l 0.0 0.0l
00 02 04 06 08 10 00 02 04 06 08 1.0 00 02 04 06 08 10

e Z] (7]
(a) case 1: y; = 0.505 (B) case 2: y; = 0.75 (c)case3: y; =1

FIGURE 2. Parameter space and emergence of different types of consensus
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The lightly shaded areas on the right represent the set of parameters u (vertical axis) and 6
(horizontal axis) that ensures the emergence of right-biased opinion, whereas the darkly shaded
areas represent the set of parameters that ensure the emergence of left-biased opinion. In both
areas, for a given level of confirmatory bias, the left (right) biased opinion emerge with probability
1 if there is a favorable combination of low frequency of ambiguous signals and a low state, i.e.
below 0.5 (high state, above 0.5). The white area, on the other hand, represents the combinations
of 6 and p such that the opinion type becomes a random variable, i.e. both types might emerge
with positive probability. In order to finish conveying the intuition of the results presented so far

and to introduce the next result, first consider the following example.

Example 1. Suppose that a biased individual (y; = 1) faces a “low” frequency of ambiguity, say
u = 0.20 (i.e. 20% of the non-empty signals are ambiguous) and consider three possible states 0: low,
middle and high, e.g. O = 0.1, 0py = 0.5 and Ogr = 0.9, respectively. In this case, Propositions 1

and 2 show that under state

- right-biased opinion (1 —0.2) x 0.1 4+ 0.2 x 1 = 0.28 is formed with prob. 0,
L, the

left-biased opinion (1 —0.2) x 0.1 + 0.2 x (1 — 1) = 0.08 is formed with prob. 1,
under state

p " right-biased opinion (1 — 0.2) x 0.5 4+ 0.2 x 1 = 0.60 is formed with prob. p € (0, 1),
M, the

left-biased opinion (1 —0.2) x 0.5 + 0.2 x (1 — 1) = 0.40 is formed with prob. 1 — p,
and under state

_— right-biased opinion (1 — 0.2) x 0.9 4+ 0.2 x 1 = 0.92 is formed with prob. 1,
H, the

left-biased opinion (1 —0.2) x 0.9 + 0.2 x (1 — 1) = 0.72 is formed with prob. 0.
Based on the results shown so far and on the numerical example above, one can see clearly
that for an individual with confirmatory tendency, one opinion type is less biased than the other
depending on the magnitude of the state 6. Moreover, in regions L and R the opinion type formed,

even though biased, is the most efficient with probability 1. This generalizes as follows.

Corollary 1 (Efficiency). For any individual with confirmatory tendency and for any ambiguity
level, the right-biased (left-biased) opinion is less biased than the left-biased (right-biased) opinion if

0 > % (9 < %) Conversely, both right and left biased opinions are equally biased when 6 = %

The intuition is that these two opinions are not symmetric around 6 as shown in the Example 1

above. This happens because the bias of each one depends on the relative size of 6§ and y;. Since

we are restricting attention to the case in which individual has confirmatory tendency, i.e. y; > %,
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it is the case that individuals make less mistakes when they are in the correct side of the spectrum.
For that to happen, the ambiguity has to be low enough to not mislead individuals and the state
has to be high (or low) enough to nudge individuals opinions to the correct side.

Besides that, it is not trivial to ascertain analytically the functional form of the probability of
emergence of right-biased opinion when # > 1 and the probability of emergence of left-biased
opinion when 6 < % It is possible to see that all parameters related to the priors («g, Bo), to the
signal structure (8, i, ) and to the confirmatory bias intensity (y) influence it but it is not clear
how to generalize the result. I return to this discussion on Section (5) when I discuss the welfare
consequences of different network topologies.

Another particular case of interest is the one in which the agent is impartial. In this case, it can

be shown that bias is not overcome.

Corollary 2 (Bias from impartiality). If an individual is impartial, then his limiting opinion is

1—wo+pu % almost surely, regardless his initial prior and the sequence of observed signals.

The reason why impartiality does not overcome bias is because it forces individuals to set a
disproportionate probability mass in the center of the spectrum (0, 1). Thus, impartiality make
agents excessively centrists instead making them neutral towards the possible states. One can show
that this phenomenon is a direct consequence of the Beta-Bernoulli conjugate family employed
here that would not take place in the case of a binary state space ® = {0, 1}.

Moreover, under impartiality, for any mass of ambiguity p > 0, if the true state is located in
the left side of the 0-1 spectrum (6 < %), then consensus has a positive bias and lies in (9, %)

1

Conversely, if 6 > %, then consensus has a negative bias and lies in (5, 0). The only instance when

the individual learn the state is when 6 = %, an almost anywhere event. The results presented so
far both extend the intuition and contrast with Propositions 4 and 5 (i) in Rabin and Schrag (1999)
and with Propositions 2 and 3 in Fryer et al. (2018). It extends the intuition to the case in which
the state is continuously distributed over the interval 0-1, and contrasts because impartiality no
longer can help an individual to overcome bias, as per the result above. Moreover, it also contrasts
with previous results as long-run learning is an event with probability zero as it happens almost

anywhere in the full parameter space. The next result elaborates this argument.

Corollary 3 (No long-run learning). For any individual with confirmatory tendency, long-run
learning is an event with probability 0, regardless his initial prior and the sequence of observed

signals.

The intuition of Corollary (3), together with Proposition 1, is that confirmatory bias invariably

nudges opinions and lead to bias. Under interpretation of ambiguity, an individual can learn
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the state only in some very particular situations that almost never happen. Finally, at the other
extreme, one could ask under what conditions an individual would reach an extreme opinion, i.e.
either opinion 0 (extreme left) or opinion 1 (extreme right). The next result shows that those cases
can only be sustained under two extreme conditions: i) the fraction of ambiguous signals to be

maximal (4 = 1) and, ii) individual to be biased (y; = 1).

Proposition 3 (Extreme opinions). An individual i has extreme opinion (0 or 1) only if he is biased
and the mass of ambiguity is maximal (u = 1). The result holds for any state 6 and regardless his

initial beliefs and the observed sequence of signals.

As argued before in the case of long-run learning, this is also considered to be an event that
happens almost anywhere in the parameter space. With all the intuition of what happens in
the single agent case, one may ask what happens if besides learning from signals, agents also
learn from their friends. This case, at first, seems to impose an extra challenge because the
interpretation of ambiguity not only depends on the initial realization of signals, but also depends
on the influence of friends that potentially interpret ambiguity in different ways. The “tug-of-
war” played between left and right biases has one driver more, the network externalities. Before
discussing the implications of a network structure, I define the concept of consensus and state an

instrumental Lemma.

Definition 2. Society reaches a consensus almost surely for any initial beliefs if there is a y such
that for a smalle > 0
P (lim lvie —y| < e) =1
t—00
foranyi € N.

The auxiliary result below illustrates, in terms of ergodicity of a Markov chain, the social
influence of agents derived from the reliance weight matrix W presented in equations (6) and (7).

The proof of such statement can be found in Appendix C.

Lemma 1. The t-th power of matrix W, W', converges to a unique row-stochastic matrix with unit

rank (all rows the same) as t tends to infinity, i.e.

lim Wi = W® =1x" = 11,

t—00
where the invariant distribution 1 is the normalized left eigenvector of the matrix W associated to

the unit eigenvalue, i.e. 7' W =n" and Yomi=1.
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Therefore, I show next that under the assumption of strong connectivity, consensus is reached
in this dynamic system and it has the same functional form of the individual limiting opinion
derived in Proposition 1.

A first case of interest is the limiting case in which individuals exclusively pay attention to
friends. This case can be constructed in two different (but equivalent) ways: i) setting b = 0, for
any ¢ or ii) setting § = 1, for any b. The first one represents the situation where agents disregard
signals completely and are pure conformists, whereas the second represents the case where no
signals enter in the network and agents (forcefully) pay exclusive attention to friends. In both
cases, consensus reached is the same and differently than the classical DeGroot case, limiting
opinion is not properly a weighted average of the initial opinions, even though is still very close
to it. The discrepancy has to do with the fact that agents are exchanging opinions and precisions

(parameters « and B of each individual prior). this is stated as follows.

Proposition 4 (Pure DeGroot: Consensus). If the social network G = (N, g) is strongly connected,
individuals randomize interpretation of ambiguous signals according to Equation (1), and the Bayesian

parameter is set atb = 0, for any & (or equivalently § = 1, for any b), then society reaches consensus
y = > Mijajo
> Mij(ej.0+B).0)

, foranyi € N.

The intuition of this result is that if signals 1, 0 and a are not observed very often ( close to one)
by connected agents, then this will force their priors to converge to a common one. The longer it
takes this society to observe some non-empty signal, the more agents interact and the more likely
they will find a common ground. The implications of this result are highlighted in the Section 5
when I explore the effects of priors heterogeneity on the probability of attaining consensus
efficiency. Next, I introduce the result when there are network externalities and non-empty signals

are observed with positive probability (6 < 1).

Proposition 5 (Network effect). With network externalities, the sequences {y; ;}7>, generated by
the update rule converge almost surely to either right-biased consensus (1 — 1)@ + jy or left-biased
consensus (1 — )0 + (1 — y), foralli € N and where I1 is the invariant distribution matrix,

y =X Myyj and 7 = By [yj4].

Again, the result basically shows that consensus again takes the form of a weighted average
between the true state § and the social confirmatory bias y, where the mass of ambiguity u is
the weight of the later. If 4 = 0, then there is no consensus bias and agent would aggregate
information efficiently. Moreover, the consensus (of any type) does not depend on the parameter

§, i.e. the consensus does not depend on the frequency with which the network receives signals.
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Thus, neither a system that remains “quiet” for a long time (high §) nor a system that receives
information all the time (low §) can influence consensus. Additionally, the parameter b does impact
the vector of social influence (i.e. the invariant distribution 7 of the matrix W (see Lemma (1))
and therefore does impact consensus. As b — 0, the social influence is basically dictated by the
normalized adjacency matrix ¢ and is somehow directly proportional to the degree centrality of
the agents. As b — 1, agents tend to almost disregard in full friends’ opinions and the social
weight of each individual converges to .

Moreover, the results above show that the consensus type in this dynamic system is also a tail
event, i.e. right-biased consensus will either almost surely emerge as the stable equilibrium or
almost surely not emerge. If it does not emerge as an equilibrium of this system, then it is surely
the case that the left-biased consensus has emerged as the equilibrium (and vice-versa). As an
illustration of this result, Figures (3c) and (3d) show the typical opinion sample path of any agent
in the line and wheel networks, respectively, and the convergence to different consensus types

(horizontal lines) in different simulations.

O—O0—=0

(a) Line network (B) wheel network
1.00 1.00
0.75 0.75
c c o e
S S
g_ 0.50 g 0.50
o) " o =
0.25 r 0.25
0.00 0.00
0 2500 5000 7500 10000 0 2500 5000 7500 10000
Time Time

(c) Typical opinion path in line network and type 1 (D) Typical opinion path in wheel network and type
and type 2 theoretical consensus 1 and type 2 theoretical consensus

F1Gure 3. Simulation with parameters 7 = 10,000,n = 3,6 = u =60 = b = 0.5,
a0 = Bio = 1foralli € N (so y;o = 0.5foranyi)and y; = (Yi,s, V2, V3,0) =
(0.8,1,0.2) forallz € T.
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Given the importance of the probability of emergence of the efficient consensus in terms of
social efficiency, the next section is devoted to numerically characterizes it. The exercise is not
trivial and for that I will rely on simulations of the learning process described in Section (3) for

selected classical network topologies and for different sets of parameters of interest.

5. RANDOM GRAPH SIMULATION: DETERMINING CONSENSUS TYPE

Ascertaining p analytically depends on many circumstances. One particular example is when
the initial priors at time ¢ = 0 differ. They can either be skewed to the right or to the left (partisans)
and in different proportions (degree of partisanship). Thus, under this circumstance, the society
is prone to interpret ambiguous signals as 0 or 1 not only according to the initial realization of
the signals, but also according to the initial partisanship. Besides, the heterogeneity of priors has
the consequence of creating centrality heterogeneity, i.e. partisan individuals might be located
at more or less central nodes. This is a challenging instance because partisans might influence
other agents disproportionately and this can amplify the underlying interpreting dispute in the
network. Another example is that agents might differ in the intensity of confirmatory bias they
suffer, i.e. agents with polar opposite bias (say, y;,0 = 0 and y; o = 1, for some i, j € N) might be
directly connected or not and this might play a role on how much this heterogeneity affects the
interpreting conflict. This issue gets particularly hard if one allows different partisan individuals
to suffer from different confirmatory bias. A final example is the association of partisanship
unbalance with the frequency with which the society receives signals (i.e. low/high §). In this
case, the less often signals enter in the network (large §), the more society behaves as purely
DeGrootian agents and consequently the initial heterogeneity of priors might lose importance.
This happens because even though partisans start with very different beliefs, agents communicate
very often and might converge to a common prior even before some ambiguous signal enters the
network.

Those are just some examples to illustrate the challenging nature of computing p analytically.
That said, I proceed with the analysis of p in two general cases: i) when agents are biased but
have common centrist prior and ii) biased agents with heterogeneous priors. Next I explain the

strategy employed to control the inherent multi-dimensionality of this exercise.

5.1. Common prior. The common prior case can be represented by the situation in which priors
parameters have the same configuration, i.e. o; 0 = ¢ € R4 and ;o = B € Ry foralli € N.
In particular, when & = ,3_ = 1, all agents hold a uniform common prior over the unit interval.
For any other value, say o = B=k>1, agents hold a symmetric “bell-shaped” common prior

over the unit interval, centered at 0.5. Moreover, as k — 00, the bell-shaped priors collapse to the
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point %, i.e. the precision of the prior diverges and all opinions are y; o = % Those cases represent
the situation in which agents start as “centrists” and the subsequent asymmetry of interpretation
stems from the signals realizations.® On the other hand, when «; 9 = @ and ;¢ = ,3_ for all
ie€Nanda > f (,3 > 6(), the society holds a rightist (leftist) common prior, i.e. y; o = yg > %
(Vio=yL < %) and as % — 00 (— 0), the bell-shaped priors collapse to the point 1 (0), i.e. the

precision of the prior diverges and all opinions become extreme.

5.2. Heterogeneous priors. The heterogeneous prior case refers to the situation in which there
are three types of agents in the society at time t = 0: centrists (Cy) and two partisans, leftists (L)
and rightists (Ro). To make a distinction between those agents, first let’s consider two param-
eters that intend to measure the degree of partisanship of such agents 17, t, € N. With that, I
define such groups as follows: centrists, Co = {i € N |a; 0 = 1 and B; o = 1}, left-partisan, £y =
{i € N|ajo=1and B;o =1+ 1;} andright-partisan, Ry = {i € N |aj o = 1 + 7, and B; o = 1}.
Notice that the definition implies that initial opinions and precisions y; o = a; o(@;,0 + ,8,-,0)_1

and 0, = (¢t1,0Bi0) " (0 + Bio)” (io + Bio + 1), respectively.

, ifi€£0
241
_ )1 fieC
Yio = 7 iy’ 0
1+1,
+T, ifi € Ry
2+ 1,
and
6 + 51 + 12
2T ifi € Ly
1+ 17
o5 =112, ifi € Co
6 + 57, 2
&, ifi € R
1+,

8To be more precise, interpretation neutrality does not exist as there is a non-neutral tie-break rule described by
Equation (1). Thus, if the very first signal happens to be ambiguous, then it will be interpreted as 1 by all agents, as
per the tie-break rule. This is without loss of generality for the results presented in this work. The tie-break rule
could have been defined in a way that the initial interpretation would benefit the left-interpretation and intuition
and conclusions would remain the same. Finally, if the tie-break rule is neutral towards the initial interpretation,
that would require a more intricate update rule that would force agents to keep the prior unchanged when opinions
are 0.5 whenever they face an ambiguous signal. In such situation, agents would have to draw another signal until
some non-ambiguous realization takes place. I conjecture that results would not change in this case as well, since
the neutral tie-break, even though does not benefit any state, could also trap individuals into a wrong state and the
nature of the problem would remain the same. The modeling effort, however, could change significantly.
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Notice that lim;_, yi 0 is 0, Land 1, whereas lim;_, o Ui_o2 is 400, 12 and +oo0 for left-partisan,

centrists and right-partisan, respectively.

5.3. Simulation. In order to compute the empirical frequency with which the efficient consensus
emerges as an equilibrium in the system (p) when the pair (6, ) € W I simulate the learning
process described on Section (3) many times for a sufficiently long period in all selected classical
networks shown in Figure 4. The number of simulations is described by S € N and the agents

maximal interaction time is ¢t € N.

*e /L\. /I\ é $ j
(B) (c) (D) (E) (F) (G) (1)

(a)

FIGURE 4. Selected network topologies

For each simulation I allow some parameters to vary (see details below) so I can capture changes
in p due to changes in such parameters. However, the choice of the parameters is the same for all
networks in each simulation so I can properly isolate effects on p due to parameters discrepancies.
Moreover, for a small € > 0 and given the chosen parameters in each simulation S, the simulated

frequency of efficient consensus in a network G is computed as

1 , ) 1
ho = ggsjﬂ{ lim y5€ — (1= us)fs + us7s)| < e and fs > - or
. _ |
rlggoyf;G_((l_MS)@S+MS(1—J/S))‘ < € and g <§§ (8)

The description of each exercise follows below.

5.3.1. Exercise 1: common (centrist) prior vs. heterogeneous (balanced) priors. The purpose of this
exercise is to understand how heterogeneous priors affect the probability of emergence of the
efficient consensus. For that, I keep the number of partisans in its minimum, one left and one
right-partisan so the proportion is balanced, and place them uniformly at random in the available
nodes in each simulation. In terms of degree of partisanship, when 7; = 7, = v = 0 agents have
a common centrist prior (uniform distribution over the unit interval) and there are no partisan
agents, whereas when t; = 1, = v > 0 represents the case of heterogeneous priors in which the
degree of partisanship of both partisans is positive and equally balanced.

Moreover, in order to avoid an extra layer of heterogeneity I allow all agents to be biased

¥ = yi: = 1 for all i, . Finally, for every simulation, I fix some selected parameters and draw
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uniformly at random other parameters from the following sets in a way that each network in each
simulations has the same parameters. The description is summarized below and the summary
statistics of the simulations can be found in Appendix E. The simulated probability of emergence

of the efficient consensus p are reported in the Table 1. .

e Fixed parameters (for all simulations)

— Learning: y = y;, = 1 foralli and ¢ and b = 0.5.
— Duration: t = 700.
— Initial conditions: (¢; 0, i) = (1,1) foralli € N, |Lo| = |Ro| = 1.

e Variable parameters (for each simulation S)
— Information:
ds € A =1{0.05,0.20,0.35,...,0.95},
Os € A\ {0.5} and
(s € M is such that (fs, us) € W, |A| = |[M| and sup M = sup A = 0.95.
— Initial conditions:
71 = 1, = 15 such that g € 7 = {0, 1, 10, 30}.
Based on the simulation statistics derived from the Exercise 1 simulations, I present some
results of interest. First, as per the data from simulations with common centrist prior (t = 0, no

partisanship), we can see that topology seems to be innocuous to the probability p. This evidence

is stated as the following result.

Result 1 (Topology neutrality). If all agents are biased and centrists, then network topology has no

impact on consensus efficiency.

The intuition of this result relies on the fact that since signals are public and all agents share the
same bias intensity y; = 1, there is no interpretation diversity regardless signals realization. If
agents start observing signal 1, then all agents will become more rightists and network externalities
can not countervail this effect anyhow. The same argument applies to all other signals, including
the ambiguous one. Therefore, this is identical to the case of a single individual learning from
signals. Moreover, based on the data from simulations with common prior (z = 0, no partisanship)
and low priors heterogeneity (r = 1, low partisanship), there seems to have a non-negative effect

of partisanship on consensus efficiency.

Result 2 (Efficiency of low partisanship). In expected terms, a biased society with low partisanship
(t = 1)isat least as able to reach the efficient consensus as the same biased society with no partisanship
atall (t =0).
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Network H H h h

i p p p p
Size Topology Type Label (z=0) (z=1) (z=10) (z=30)

n=1 ] single agent (SA) 0.688 - - -
n=2 oo line (complete) (A) 0.688 0716  0.698  0.678
N =3 o0 0 line (B) 0.688 0.707 0.608 0.590
A wheel (complete)  (C) 0.688 0730 0726  0.717
[ o o oo ) line (D) 0.688 0.766 0.680 0.648
/T\. star (E) 0.696 0.709 0.630 0.602
n=4d O wheel (F) 0.688 0766 0787  0.794
@ complete (G) 0.695 0.725 0.719 0.718
'—.<I paw (H) 0.694 0.733 0.633 0.559
S 11,539 4,604 4,680 4,554

TaBLE 1. Simulated frequency of the emergence of efficient consensus p.

Partisanship acts in a way that countervails the effect of initial ambiguous signals. Under no
influence of partisans, centrists interpretations are solely dependent on observed signals, therefore
the realization of the initial signals are crucial to determine what bias opinions will have and, for
that, it is determinant to consensus efficiency. On the other hand, when some partisan agents
are present, priors parameters «’s and f’s are shifted up, by right and left-partisans respectively,
which makes opinions more robust to the initial signals realizations. However, it seems that there
is some sort of “optimal” level of partisanship since high partisanship, for most topologies, has a
non-monotonic effect over the probability of emergence of the efficient consensus. This result is

generalized as follows.

Result 3 (Inefficiency of high partisanship). In expected terms, a biased society with low partisanship
(v = 1) is at least as able to reach the efficient consensus as the same biased society with high
partisanship (t = 30). One exception is the wheel network with four agents (network (F)) in which

efficiency seems to increase monotonically with partisanship.
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The intuition is that if there is disproportionately partisanship, then partisan individuals can
create an unbalance similar to the one created by the realization of the first signals. More explicitly,
one can imagine that a partisan agent with high degree of partisanship will almost never interpret
ambiguous evidences in a way that disagrees with his beliefs and a similar effect applies to his
neighbors. However, partisan agents might be more or less connected and even connected to each
other. The later situation is defined as open-mindedness and its effect is particularly important to
consensus efficiency. The definition of open-mindedness stated below is very similar in nature to
the one of heterophily already established in the social and economic networks literature and both

reflect the tendency that different individuals have to connect with each other.

Definition 3 (Open/Narrow-mindedness). For any given network induced by some adjacency matrix
g, a partisan agenti € N is said to be open-minded if, for some other partisan agent j € N with

opposite belief, we have that j € N?"'(g). Conversely, i is narrow-minded if j ¢ N/* (g).

Naturally, in networks A, C and G partisan agents are invariably open-minded because those
networks are complete, i.e. all individuals are connected with every other individual in the
network, regardless their types. In this sense, it makes sense to analyze the effect of open/narrow-
mindedness in networks B, D, E, F and H since it is not always that those agents are connected.

The simulated probability p in those cases are reported in Table ?? and the next result is stated

immediately.
Network Partisans p p p p

(z=0) (z=1) (z=10) (z=30)

pooled 0.688 0.707 0.608 0.59

oo open-minded 0.692 0.703 0.555 0.523

narrow-minded 0.681 0.715 0.714  0.722

pooled 0.688 0.766 0.680  0.648

e e oo oOpen-minded 0.687 0.762 0.662 0.641

narrow-minded 0.689 0.770 0.699  0.656

pooled 0.696 0.709 0.630  0.602
open-minded 0.694 0.700 0.545 0.494
narrow-minded 0.697 0.719 0.713  0.717

pooled 0.688 0.766 0.787  0.794
open-minded 0.682 0.779 0.827 0.833

narrow-minded 0.701 0.739 0.706 0.714

pooled 0.694 0.733 0.633 0.559
open-minded 0.694 0.736 0.629  0.575
narrow-minded 0.693 0.728 0.641 0.529

Result 4 (Open-minded partisans). In expected terms, for biased individuals connected through
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e networks F and H, open-mindedness of partisan agents induces consensus efficiency,
e networks B and E, narrow-mindedness of partisan agents induces consensus efficiency,

e network D, open-mindedness of partisan agents is neutral in terms of inducing consensus

efficiency.

Moreover, for the case of complete networks we have that population size seems to have no

influence whatsoever on efficiency, for any .

Result 5 (Complete networks). For biased individuals connected through a sufficiently large complete
network (n > 3), the size of the network is neutral to the expected consensus efficiency, regardless the

degree of partisanship.
A final case of interest is the one in which agents are connected through a line.

Result 6 (Line networks). In expected terms, biased individuals connected through any sufficiently
long line network (n > 3), high partisanship (v = 30) reduces the chance of reaching the efficient
consensus. Moreover, for any given level of partisanship T > 0, a shorter line (lower n) reduces the

chance of reaching the efficient consensus.

6. CONCLUSIONS

Confirmatory bias is one of the most notorious cognitive biases documented and it appears in
many ways. Since it is a systematic deviation from rationality in judgment, it is expected to have a
significant influence in the process of belief formation. In this sense, since social networks appear
as a primary tool for many people to get informed and debate their world views, one could expect
confirmatory bias to have some influence on the public opinion formation. To date, however, there
has been little understanding of how such phenomenon influences public opinion. To shed some
light on this topic, I consider a social learning model in which a fraction of signals, external to the
social network, is ambiguous and open idiosyncratic interpretation. The interpretation, however,
is affected by individuals’ confirmatory biases. Moreover, I also allow agents to be influenced
by friends in their social clique and to set their beliefs to be a linear combination of the (biased)
Bayesian posterior and the (also biased) friends’ posteriors.

It follows directly from my model that biased individuals connected through a social network
can only reach two types of consensus and both are biased, one to the left and the other to the right.
One consensus type, however, is more efficient (less biased) than the other depending on the state.
Moreover, I show that long-run learning is not attained even if individuals are impartial when

interpreting ambiguous signals. Those results contrast with Rabin and Schrag (1999) and Fryer
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et al. (2018) in which long-run learning takes place with a positive probability and impartiality
helps learning the state. Furthermore, the network effect presented here, together with signals
realizations, reinforces the interpreting “tug-of-war” since individuals might have their own biases
confirmed (or mitigated) by other agents.

Finally, since it is not trivial to derive analytically the probability of emergence of the most
efficient (less biased) consensus, I use graphs simulations to show its determinants. I show that
the presence of partisan agents in societies who suffer from confirmatory bias has a double effect
on the expected consensus efficiency: i) it helps to countervail the misinterpretation of initial
signals when there degree of partisanship is low and for that it increases expected efficiency;
and ii) exacerbates misinterpretation of signals when the degree of partisanship is high, reducing
expected consensus efficiency. Moreover, I also show that open-mindedness of partisan agents,
i.e. when partisans agree to exchange opinions with partisans with polar opposite beliefs, might
reduce expected consensus efficiency in some social topologies. These results suggest that policies
designed to mitigate partisanship and confirmatory bias effects in social networks have to consider

also the positive network externalities induced by them.
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APPENDIX A. BETA-BERNOULLI MODEL AND LIKELIHOOD FUNCTION OF INTERPRETED SIGNALS

At any time ¢, the belief of agent i is represented by the Beta probability distribution with

parameters o, and B; ;

I (ai;+ Bis) . o
, guial (1 — @)l for 0< 6 < 1
fir (0) = T (i) I (Bir) ( ) rEETE ©)

0 , otherwise,

where I'(+) is a Gamma function and the ratio of Gamma functions in the expression above is a

normalization constant that ensures that the total probability integrates to 1. In this sense,
i (0) 0 0471 (1 — G)Pi=t,
The idiosyncratic likelihood induced by the agent i’s interpretation of the public signal s, is
Ci(5e4110) = B5171 (1 — §)ie

and, therefore, the standard Bayesian posterior is computed as
£i(s:4110) fie (0)
[ tsialo) £ @ a8
®

Since the denominator of the expression above is just a normalizing constant, the posterior

fi,t+1(9|3t+1) =

distribution is said to be proportional to the product of the prior distribution and the likelihood

function as

Jiir1018:41) o< £i(5,4110) fi,i (0)

(1) . 0)
106 eai‘t+si.t+l_1 (1 _ 9)ﬂl.t+si.[+1_1 .

Therefore, the posterior distribution is
I (¢ig+1 + Biv+1)
firs1(0) = I (ti+1) I (Big+1)

0 , otherwise,

gi+1-1(] — Q)ﬂi,t+1_1 Jfor 0 <6 <1

_ (1) _ 0)
where & ;41 = @i + ;. and Bit+1 = Pis + Si a1

APPENDIX B. BETA DISTRIBUTION: MODE, MEAN, MEDIAN

Mode. The mode of a random variable beta-distributed is the value that appears most often. It is
the value 6 at which its probability density function takes its maximum value. As per Equation

(9), the mode Qi”';"d, for any i at any point in time 7, is the arg max, f;;(6). Computed as
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dfi,t _ r (ai,t + ,Bi,t)
do r (ai,t) r (,Bi,t)
Implying that

[(ai,, — D% (1= O)Pit — 9% (B, — (1 — e)ﬂw—z] = 0.

(@i = 1O 2(1 = 9P — 9L (B = (1 = 972 = 0,

and therefore

o — 1
_ , fi iy Bir > 1
o+ ,Bi,t -2 of it ﬂl’t
9;,7;0d — 0 9for ai,l = l’ ﬂi,t > 1 (10)
1 s fOI‘ O{i’, > I’ﬁi,l - 1
any value in (0,1) ,for o, Biy =1

Mean. The mean of a random variable Beta-distributed, denoted by 6/¢*” for any i and ¢, is

computed as follows

gmean /1 0 I' (i + Bis)
b o I (o) (Bir)
_ (@i + Bin) 1 (@i +D=11 _ g)Bi.i—1
TT@olr Gl O T
_ I (ip + Big) T (ip + DI (Biyr)
T (i) I (Big) T (i + Bie + 1)
(e +Biy) il () (Bi)) oy
T (i) I' (Bie) (@i + Bi) I (i + Bis) a Qi+ ,Bi,t.

Qai.t_l(l _ Q)ﬂi.z—ldg

(11)

Median. There is no general closed formula for the median of the beta distribution for arbitrary

values of the parameter «;; and B; ;. The median, denoted by 91-”;‘“1 , is the function that satisfies
1

I (i + Bi) 4 o
> 5 9(1,,[ 1 _ 9 ﬂl,l 1 = —.
r (Oli,t) r (,Bi,t) 0 ( ) 2

An accurate approximation of the value of the median of the beta distribution, for both ; ;, B; ; >

med
0i

1, is given by

1
a- _— =
#32.9 (12)
o + ,Bi,t -3
Therefore, if 1 < o;; < Bi;, then Qi’j’t”d < 9{2“1 < 9{26“”. If1 < Bis < ajy, then the order

of the inequalities is reversed. Finally, it is trivial to see that those three statistical measures are

med __
it -

asymptotically equal as «; ¢, B; ; — 00.

*With relative error of less than 4%, rapidly decreasing to zero as both shape parameters increase.
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APPENDIX C. AUXILIARY LEMMAS

Proof of Lemma 1. In order to see how W'’ behaves as t grows large, I rewrite W using its
diagonal decomposition. In particular, let v be the squared matrix of left-hand eigenvectors
of Wand D = (dy,d>,..., d,,)T the eigenvector of size n associated to the unity eigenvalue
A1 = 1. Without loss of generality, we assume the following normalization 1T D = 1. Therefore,
W = v~ ! Av, where A = diag(A1, Az, ..., Ay) is the squared matrix with eigenvalues on its
diagonal, ranked in terms of absolute values, i.e. [A{| > |[A5| > --- > |A,|. More generally, for any
time ¢ we write
Wt =v 1AM,
Since v~! has ones in all entries of its first column, it follows that

t _ g, 2 : to—1.
I/Vij - d] + Arvir v"]’
r

for each r, where A, is the r-th largest eigenvalue of W. Therefore, lim;_, o Wl; = D17, ie. each
row of W' for all t > t converge to D, which coincides with the stationary distribution. Moreover,
if the eigenvalues are ordered the way we have assumed, then |W’ — D17 | = o(|A»]"), i.e. the
convergence rate will be dictated by the second largest eigenvalue, as the others converge to zero

more quickly as ¢ grows. |

Lemma 2. The opinion of every agenti in any point in timet, y; ;, can be written as
_ Yo Wieo +bK(1)
i Wi (g0 + Bjo) +bLG, 1)

Vi

t—1 n t—1 n
where K(i,t) = Z Wlfsj(lt)_k and L(i, 1) = Z Z sz (5]('2)—1( + Sj(lt)—k)
k=0j=1 k=0j=1

Proof. The update process of both parameters described by the equations (6) and (7) can be solved

iteratively for any period ¢ as

-1
o = Whay + Z WkBsfl_)k (13)
k=0

t—1
Br=W'Bo+ Z WkBs, . (14)
k=0
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In agebraic formulation, we have that each entry of the vector in equation (13) can be written as

n t—1 n
B . kp (1)
Ui = Z Wit + Z Z Wi bsj,t—k
j=1

k=0j=1

n t—1 n
_ t k(1)
=D Wiajo+b) Y Wis))y
Jj=1 k=0j=1

n

n t—1
=Y Wrao+b Yy Y Wi,
j=1

k=0j=1
n
= ZVVl;a]’()-l-bK(l,l) (15)
j=1

Similarly for the expression «; ; + B; using both equations (13) and (14) as follows

n

n t—1
i+ Pis = Z W (a0 + Bjo) + b Z Z sz (s;,(;)—k + S](It)—k>
j=1

k=0j=1
n
=Y Wi (a0 + Bjo) + b L. 1). (16)
j=1

Therefore, from the definition of opinion we have that y;; = o 7_133” and the statement is
proven. |
Lemma 3. Let k € [0,1], X1, X5,..., X; be a sequence of i.n.i.d. random variables such that
P(X; > x) = p anduy,us,...,u; beiid U|O0, 1] random variables. Moreover, assume that the

pair (X;, u,) is independent, for any t. In this case, the expressions E [1{u, < 1{X; > x}k}] and
E [1{u, < E[1{X; > x}] k}] are equal.

Proof. The first expression can be written as

E[{u; < {X: = xjk}] = (1 = p)E [I{u, < 0}] + pE [I{u, < k}] = pFu(k) = pk.

The second expression simplifies to

E[1{u, = E[I{X; = xj]k}] = E[I{u, < (1 = p)0 + pkj] = E [l{u; < pki] = pk.
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APPENDIX D. PROOFS OF MAIN PROPOSITIONS AND COROLLARIES

Proof of Proposition 1.

. . Wio + D jes Sz(lk)
Am yig = lim, ) N O
o+ D k1 Sif T Bio+ Dk Sik
g %0 e (e = 1} + M = a}lfue < Yik})
100 @i o+ Bio + Dpey (Msk = 1} + sk = 0} + I{s = a})
o N (e = 1 4 Tse = adlfue < Yik})
oo Gothio L LS (Mse = 1} + Ifsk = 0} + L{se = a})
L E s = B+ E, [1s, = a}]limysoo + Yoy Lk < Yik))
B E, [(1{s: = ]+ E, [I{s; = 0}] + E, [I{s, = a}])
(=81 — )8 + (1 — 8 limy oo + Yy (ke < Yik})
(1-6)

t

1
= (=8 + p lim " Wk < vik Wyik—1 = 0.5+ (1 = yis) Wik < 0.5}1})

k=1
=1 =0 + pE, [Wu, < E; [yie Wyie—1 = 0.5F + (1 — yi,) W{yie—1 < 0.5}1]]
=1 —-wb + pE, [H{u; <E;[1{yi—1 =05} E; 2yi; — 1] + 1 —E; [yi(]}]
The expression above might take two distinct forms because both rational learning and the
repeated average process are Martingales. Thus, convergence is expected to be attained and
random variable E, [1{y; ;—1 > 0.5}] = P (yi 00 > 0.5) takes either value 1 with some positive

probability p € (0, 1) or 0 with probability 1 — p. For simplicity, say the realization 1 of such RV.

is called A and B otherwise. Therefore,

(1 =)0 + pE, [Hu, <E;2yi; — 1]+ 1-E;[yis]}] .if A

llm yi,t -
—o0 (1— w0 + uE, [Lu, <1—E, [yi]}] if B

(1 =)0 + pE, [H{u, <y} Jif A4
(1= + pE, [{u, <1—y} .if B

(I -0 +pk, (1—y) ,if B

(1= + pny: Jif A
1=—wo+pnd-y) ,ifB

(17)

{a—uw+ua@» if A
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[ |
Proof of Proposition 2. The claim is supported by the solution of two system of inequalities S;

(for right-biased opinion) and S, (for left-biased opinion) below.

(1— )b + puy; > 3 (1= )b + puy; <3

(1= )8 + pu(1—7) > 3 (1= )8+ pu(l—7) <3
S1=70<u<l S2=10<u<l

0<6<1 0<6=<1

T<p=l1 T<p=l1

The solution of those systems, together with the equation (17) in Proof of proposition 1 ensure

the uniqueness of opinion types in the parameter spaces defined in the statement. |

Proof of Corollary 1. From Proposition 1, we can write both right-biased and left-biased opinions
as 0 + pu(y; —0)and 0 + (1 — y; — 0), respectively, where the second term in each expression
represents their respective biases. From those expressions, we can see that both sign and magnitude
of those biases naturally depend on the relative size of 6 and y;. For both biases to be positive,
we need 6 < min{y;,1 — y;} = 1 — y;, since y; > % For both biases to be negative, we need
0 > max{y;, 1 — y;} = y;, since y; > % For the right-bias to be positive and the left-bias to be
negative, we need 1 — y; < 6 < y; to hold. The case in which the right bias is negative while

the right-bias is positive never holds, since we assume y; > % Therefore, we have the following

summary.

(1) if & < 1 — y;, then both biases are strictly positive
(2) if 1 — y; < 6 < y;, then right-bias is strictly positive and left-bias is strictly negative
(3) if @ > y;, then both biases are strictly negative.

In the case (1) listed above, we say that the right-bias is less than the left bias whenever
w(yi —0) < u(1 —y; — 0), meaning that y; < % However, this contradicts the assumption that
individual is confirmatory and we can conclude that whenever 6 < 1 — y;, the left-biased opinion
is less biased than the right-biased one. In the case (3), we say that the right-bias is less than
the left bias whenever w(6 — y;) < w(y; + 6 — 1), meaning that the statement is true if y; > %
Therefore, if @ > y;, the right-biased opinion is less biased than the left-biased one. Finally, in the
case (2), we say that the right-bias is less than the left bias whenever u(y; — 60) < u(y; + 6 — 1),
meaning that it can only be true when 6 > % These three arguments together prove the statement

and we conclude that the right-bias is less than the left bias whenever 6 > % (and vice-versa).
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Finally, when 6 = -, the biases are equal since |y; — %| = |% — y;| for any y;. |

1
2
Proof of Corollary 2. When an individual j is always impartial, we have that

1 1
Vie =3 Wyj—1 = 0.5} + > 1{y; ;-1 < 0.5}

1 1

5 IL{yj,t—l > 0.5} + 5 (1 - l{yj,,_l > 0.5})
_ 1
=3

for all . Since u, is a continuous U [0, 1] random variable in every period ¢, we have that

1
Et[ﬂ{”’fl}]:P(utsl):Fu(l):TO:E, (19)
2 2 2 1-0 2

where F,(-) is the cumulative distribution function of U [0, 1]. Thus, equations (17) and (19)

(18)

together prove the statement when agents are impartial (both always impartial and moderately

impartial). |

Proof of Proposition 3. Say extreme opinion 1 (i.e. y; oo = 1) is formed, then as per Proposi-
tions 1 and 2 we know this is the right-biased opinion and therefore it should be the case that
(1 — w)@ + py; = 1. Conversely, say extreme opinion 0 (i.e. yj o = 0) is formed. Then, we
know this is the left-biased opinion and it should be that (1 — )8 + (1 — y;) = 0. These two
conditions together imply that «(2y; — 1) = 1. If we generally consider that 0 < © < 1 and
0 < y; <1, then the relation ©(2y; — 1) = 1 is only met when u = y; = 1. |

Proof of Corollary 3. In measure theory, loosely speaking, a property is said to hold almost
everywhere if, in a technical sense, the set for which the property holds takes up nearly all
possibilities. The concept of almost anywhere can be thought of as the polar opposite case. In this
sense, as per Proposition 2, if (A, i) € R, then long-run learning implies that (1 — )0 + uy; = 6.
Therefore, since > 0, the equality only holds when y; = 6 (almost anywhere). Likewise, if
(6, n) € L, then long-run learning implies that (1 — ©)6 + u(1 — y;) = 0 and the equality holds
only when y; = 1 — 0 (almost anywhere). Conversely, if (8, ) € W learning is a more stringent
event because opinion type is a random variable and long-run learning is not a deterministic event
even if the two previous conditions are met. In all three cases, since parameters are continuously

distributed, there is opinion bias almost everywhere.
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Proof of Proposition 5. As per Lemma 2 in the Appendix C, the limiting opinion of any agent i
can be written as

1 Z'?_l Wiajo + blK(i t)
12—1 5 (@0 + Bjo) +bL(.1)

—ZZ Wi

hm Viy = lim
t—>00

k=0j=1
= lim .
Tl O 4O
- Z Z E(s s y)
k 0j=1

By Lemma 1 we can split both series in the numerator and denominator in two parts

tle
k (1) k(1)
ZZW i Z S,
k=0j=1 k=tmix+1j=1
lim y;, = lim
t—00 t—00 Fmix t—1 n
(0) (1 k(.0 (1)
ZZ s+ st )+ 20 o (s + i)
k=0j=1 k=tmix+1Jj=1
n
T Sw
th —k
. k tleJ’_l.]_l
= lim .
S| ©) )
Z >, E(s i+ sy)
k tmix+1 =1

Since the subindex k spans from t,,;, onwards (i.e. when the chain is already mixed), we can

use the invariant distribution matrix in the previous expression. Therefore the limiting opinion
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becomes
n 1 t—1
¢Y)
DM X s
. . Jj=1 k=tnix+1
lim y;; = lim
t—oo0” t—>o0 I 1 t—1 © -
;= (SJ —k T Sj,t—k)
]=1 k=tmix+1
n t—1
Hij lim Z
11—t Sji—k
. j=1 e t £= 1= i k=tuix+1
Y t—1—ty
I i mix (S(O) S(l) )
Z ij Am " f—l—lmlx Z ik T Sji—k
]=1 k= tm1x+1
n 1 t—1
2;17,-/ t&r&mk Z+1 (ﬂ{s,_k =1} + ssp = ail{u, ¢ < Wj,t—k})
J= =Imix

Sty L S (s = 0l = 1 s = )

m”‘k Fmix+1

X IGE, [1{s; = 1} 4+ Us, = a}T{u; < ¥j.}]

C Y MBI = 0} + Ls, = 1} + I{s, = a}]
(1 —8)(1 =)o + (1 —=6Hu Z 11, []l{ul <Y z}]

(1-19)

where the term [, []l{u, < lﬁj,t}] is as in Proposition 1, implying that the limiting consensus is

(=)0 +pd; yy; Jif A
tlggoy”_ B ‘
(1= +pd My(1—y) if B
|

Proof of Proposition 4. From Equation (15) in Appendix C, we know that «; ;, for any i, can be

iterated forwardly as

azt—z 0‘10+bZZI’szj(lt)k

k=0j=1

Similarly, the expression «;; + B, in Equation (16) can be written as

a,,+ﬂ,,_z (0 + Bo) +bZZ ((0) Sl(lt)k)

k=0j=1
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Thus, if b = 0 (i.e. agents do not pay attention to signals) and for any §, the opinion of any
agenti € N at any time ¢ boils down to
i Wi (0 + Bio)

Vit

and therefore .
B > =1 a0
2 j=1 iy (20 + Bjo)
for any i. Equivalently, if § = 1 (i.e. no signal enters into the network) and for any b, we have

that S'((?—k = Si(,lt)—k = 0 for any i and ¢, since 1{s, = @} = 1 for all ¢ as per Equations (2) and (3).

I,

lim y;, =y
—>00

In this case, the limiting opinion of any agent i can be written as in the case when » = 0 shown

above. [ |

APPENDIX E. SIMULATIONS STATISTICS

E.1. Tests concerning differences among k proportions. To decide whether observed differ-
ences among sample proportions are significant or whether they can be attributed to chance we
must use tests concerning differences among proportions. For that, suppose that x;, x,, ..., x; are
observed values of k independent random variables X;, X, ..., Xx having binomial distributions
with the parameters n; and 6y, n, and 6,, ..., ny and 6. If the sample sizes are sufficiently large,
we can approximate the distributions of the independent random variables
zi= XimO i1k

Vnibi (1 —6;)
with standard normal distributions. Therefore, we know that we can look upon the test-statistic

s (- mi6)?

r = i:ZIZi B ; n;0;(1 —6;)

as a value of a random variable having chi-square distribution with k degrees of freedom. When

the null hypothesis Hy is 6; = 8, = --- = 6k and the alternative hypothesis is that at least one of

the 0’s is different, we can use the pooled estimate

and the test statistic becomes

a random variable whose value has chi-square distribution with k — 1 degrees of freedom because

an estimate is substituted for the unknown parameter 6.
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TABLE 2. Summary statistics - simulated p and parameters (t = 0)
Statistic N Mean St.Dev. Min  Pctl(25) Median Pctl(75) Max
p in network (A) 11,539 0.688  0.463 0 0 1 1 1
 in network (B) 11,539 0.688  0.463 0 0 1 1 1
p in network (C) 11,539 0.688  0.463 0 0 1 1 1
p in network (D) 11,539 0.688  0.463 0 0 1 1 1
p in network (E) 11,539 0.696 0.460 0 0 1 1 1
p in network (F) 11,539 0.688  0.463 0 0 1 1 1
 in network (G) 11,539 0.695  0.461 0 0 1 1 1
p in network (H) 11,539  0.694 0.461 0 0 1 1 1
1] 11,539 0.499 0.302 0.050 0.200 0.500 0.800 0.950
n 11,539 0.652 0.205 0.232 0.475 0.663 0.830 0.950
0 11,539 0.500 0.324 0.050 0.200 0.650 0.800 0.950
Ro degree advantage in (B) 11,539  1.164 0.625 0 0.5 1 2 2
Ro degree advantage in (D) 11,539  1.161 0.626 0 0.5 1 2 2
Ro degree advantage in (E) 11,539  1.321 0.998 0 0.3 1 1 3
Ro degree advantage in (H) 11,539  1.218 0.765 0 0.7 1 1.5 3
Ro and Ly neighbors in (B) 11,539 0.670 0.470 0 0 1 1 1
Ro and Lo neighborsin (D) 11,539  0.500 0.500 0 0 0 1 1
Ro and Ly neighbors in (E) 11,539  0.504 0.500 0 0 1 1 1
Ro and Lo neighbors in (H) 11,539  0.671 0.470 0 0 1 1 1
TABLE 3. Summary statistics - simulated p and parameters (t = 1)

Statistic N Mean St.Dev. Min  Pctl(25) Median Pctl(75) Max
p in network (A) 4,604 0716  0.451 0 0 1 1 1

p in network (B) 4,604 0.707 0.455 0 0 1 1 1
 in network (C) 4,604 0730  0.444 0 0 1 1 1
 in network (D) 4,604 0766  0.423 0 1 1 1 1

p in network (E) 4,604  0.709 0.454 0 0 1 1 1
 in network (F) 4,604 0766  0.423 0 1 1 1 1

p in network (G) 4,604  0.725 0.447 0 0 1 1 1

7 in network (H) 4,604 0733 0.442 0 0 1 1 1

8 4,604 0.501 0.302 0.050 0.200 0.500 0.800 0.950
n 4,604 0.659 0.208 0.232 0.475 0.663 0.836 0.950
0 4,604 0.503 0.324 0.050 0.200 0.650 0.800 0.950
Ro degree advantage in (B) 4,604  1.169 0.621 0 0.5 1 2 2
Ro degree advantage in (D) 4,604 1.178 0.622 0.500 0.500 1.000 2.000 2.000
Ro degree advantage in (E) 4,604  1.338 1.007 0 0.3 1 3 3
Ro degree advantage in (H) 4,604 1.217 0.772 0.333 0.500 1.000 1.500 3.000
Ro and Ly neighbors in (B) 4,604  0.658 0.474 0 0 1 1 1
Ro and Ly neighbors in (D) 4,604  0.498 0.500 0 0 0 1 1
Ro and L neighborsin (E) 4,604  0.507 0.500 0 0 1 1 1
Ro and Lo neighborsin (H) 4,604  0.664 0.472 0 0 1 1 1
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TABLE 4. Summary statistics - simulated p and parameters (t = 10)

Statistic N Mean St.Dev. Min  Pctl(25) Median Pctl(75) Max
p in network (A) 4,680  0.698 0.459 0 0 1 1 1
p in network (B) 4,680 0.608 0.488 0 0 1 1 1
p in network (C) 4,680 0726  0.446 0 0 1 1 1
 in network (D) 4,680  0.680  0.466 0 0 1 1 1
P in network (E) 4,680 0.630 0.483 0 0 1 1 1
 in network (F) 4680 0787  0.410 0 1 1 1 1
7 in network (G) 4,680 0719  0.449 0 0 1 1 1
 in network (H) 4,680  0.633  0.482 0 0 1 1 1
8 4,680 0.504 0.301 0.050 0.200 0.500 0.800 0.950
n 4,680 0.658 0.206 0.232 0.475 0.663 0.830 0.950
0 4,680 0.490 0.323 0.050 0.200 0.350 0.800 0.950
Ro degree advantage in (B) 4,680  1.164 0.624 0.500 0.500 1.000 2.000 2.000
Ro degree advantage in (D) 4,680  1.172 0.623 0 0.5 1 2 2
Ro degree advantage in (E) 4,680  1.327 0.995 0 1 1 1 3
Ro degree advantage in (H) 4,680 1.208 0.753 0.333 0.667 1.000 1.500 3.000
Ro and Ly neighbors in (B) 4,680  0.668 0.471 0 0 1 1 1
Ro and Ly neighbors in (D) 4,680  0.504 0.500 0 0 1 1 1
Ro and Lo neighborsin (E) 4,680  0.495 0.500 0 0 0 1 1
Ro and Ly neighbors in (H) 4,680  0.671 0.470 0 0 1 1 1
TABLE 5. Summary statistics - simulated p and parameters (t = 30)
Statistic N Mean St.Dev. Min  Pctl(25) Median Pctl(75) Max
p in network (A) 4554 0.678  0.467 0 0 1 1 1
p in network (B) 4,554 0.590 0.492 0 0 1 1 1
p in network (C) 4,554  0.717 0.451 0 0 1 1 1
 in network (D) 4554  0.648  0.478 0 0 1 1 1
p in network (E) 4,554 0.602 0.489 0 0 1 1 1
 in network (F) 4,554 0.794  0.405 0 1 1 1 1
p in network (G) 4,554  0.718 0.450 0 0 1 1 1
7 in network (H) 4,554  0.559  0.497 0 0 1 1 1
8 4,554 0.499 0.299 0.050 0.200 0.500 0.800 0.950
n 4,554 0.656 0.207 0.232 0.475 0.663 0.830 0.950
0 4,554 0.501 0.324 0.050 0.200 0.650 0.800 0.950
Ro degree advantage in (B) 4,554 1.168 0.623 0.500 0.500 1.000 2.000 2.000
Ro degree advantage in (D) 4,554  1.142 0.618 0 0.5 1 2 2
Ro degree advantage in (E) 4,554 1.357 1.017 0.333 0.333 1.000 3.000 3.000
Ro degree advantage in (H) 4,554 1.214 0.761 0.333 0.500 1.000 2.000 3.000
Ro and Ly neighbors in (B) 4,554  0.665 0.472 0 0 1 1 1
Ro and Ly neighbors in (D) 4,554  0.502 0.500 0 0 1 1 1
Ro and L neighborsin (E) 4,554  0.515 0.500 0 0 1 1 1
Ro and Lo neighborsin (H) 4,554  0.658 0.474 0 0 1 1 1

41
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TaBLE 6. Two Population Proportions - Result 6

i ci ¢ pi(ci) pj(cj) Cls, Clos, x>  p-value
A) (A) t=0 t=30 0688 0678 -0006 002 1641 02
B) (B) t=0 t=30 0688 059 0082 0115 140542 0
D) D) t=0 7t=30 0688 0648 0024 0056 23694 0
B O t=1 t=1 0707 0766 -0.077 -0.041 41.405 0
B) D) t=30 t=30 059 0648 -0.078 -0.039 32.948 0

TaBLE 7. Correlation Matrix - Probability of efficient consensus (t = 0)

(A4) (B) © (D) (E) (F) (&) (H)
(A) 1 1 1 1 0.981 1 0.979  0.985
(B) 1 1 1 1 0.981 1 0979 0.985
©) 1 1 1 1 0.981 1 0.979  0.985
(D) 1 1 1 1 0.981 1 0979 0.985
(E) 0981 0.981 0.981 0.981 1 0.981 0.981 0.995
(F) 1 1 1 1 0.981 1 0.979  0.985
(G) 0979 0979 0979 0979 0.981 0.979 1 0.983
(H 0985 0985 0985 0985 0.995 0.985 0.983 1

TaBLE 8. Correlation Matrix - Probability of efficient consensus (t = 1)

(A) (B) © (D) (E) (F) (©) (H)
(A) 1 0.555 0.855 0.540 0.601 0.672 0.803 0.571
(B) 0.555 1 0.578 0.464 0.509 0.513 0.567 0.481
(C) 0.855 0.578 1 0.610 0.635 0.784 0.892 0.624
(D) 0.540 0.464 0.610 1 0.480 0.625 0.611 0.523
(E) 0.601 0.509 0.635 0.480 1 0.565 0.633 0.496
(F) 0.672 0.513 0.784 0.625 0.565 1 0.774  0.612
(G) 0.803 0.567 0.892 0.611 0.633 0.774 1 0.619
(H 0571 0481 0.624 0.523 0.496 0.612 0.619 1

TaBLE 9. Correlation Matrix - Probability of efficient consensus (r = 10)

(a) (B) © D) (E) (F) (G) (H)
(A) 1 0.304 0.811 0.194 0.361 0.607 0.780 0.252
(B) 0.304 1 0.339 0.130 0.214 0.276 0.341 0.151
(C) 0.811 0.339 1 0.203 0.410 0.702 0.899 0.261
(D) 0.194 0.130 0.203 1 0.121  0.245 0.191 0.139
(E) 0361 0.214 0.410 0.121 1 0.314 0.433 0.155
(F) 0.607 0276 0.702 0.245 0.314 1 0.690 0.230
(G) 0.780 0.341 0.899 0.191 0.433 0.690 1 0.267
(H) 0252 0.151 0.261 0.139 0.155 0.230 0.267 1




CONFIRMATION BIAS IN SOCIAL NETWORKS

TaBLE 10. Correlation Matrix - Probability of efficient consensus (7 = 30)

(A) (B) ©) (D) (E) ) ©) (H)

A) 1 0.259 0.801 0.130 0.297 0581 0.703 0.135
B) 0.259 1 0.296 0.045 0.137 0.220 0.288 0.071
(©) 0.801 0.296 1 0.141 0.338 0.668 0.828 0.152
(D) 0.130 0.045 0.141 1 0.089 0.172  0.140 0.036
(E) 0297 0.137 0.338 0.089 1 0.256 0.368  0.043
(F) 0581 0220 0.668 0.172 0.256 1 0.654 0.132
G) 0703 0.288 0.828 0.140 0.368 0.654 1 0.159

s
=

0.135 0.071 0.152 0.036 0.043 0.132 0.159 1
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FIGURE 5. Simulated frequency p in & x M : common prior case (7 = 0)
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