Divisible Updating

Martin Cripps
ucL

2018



Model and Notation

I study a model of updating of beliefs:
@ Unknown parameter 6 € {1,2,...,|0|} := O



Model and Notation

I study a model of updating of beliefs:

@ Unknown parameter 6 € {1,2,...,|0|} := O
o Initial Beliefs u = (u!,...,ul®) € A(®)



Model and Notation

I study a model of updating of beliefs:
@ Unknown parameter 6 € {1,2,...,|0|} := O
o Initial Beliefs u = (y',..., u®) € A(®)
@ Signalss € {1,2,...,n} =S



Model and Notation

I study a model of updating of beliefs:

@ Unknown parameter 6 € {1,2,...,|0|} := O

o Initial Beliefs u = (y',..., u®) € A(®)

@ Signalss € {1,2,...,n} =S

e Statistical experiment £ := ((p?)geco) € A°(S)K.



Model and Notation

I study a model of updating of beliefs:

@ Unknown parameter 6 € {1,2,...,|0|} := O

o Initial Beliefs u = (y',..., u®) € A(®)

@ Signalss € {1,2,...,n} =S

e Statistical experiment £ := ((p?)geco) € A°(S)K.
o p!=(pl,....r%) >o0.



The Updating Function
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Updating Rule U,

@ U, is a map from the beliefs and the experiment to a profile of updated
beliefs:U, (1, p*, ..., p®) = (U1, ..., Unn)
U, : A(@) x A°($)X = A(®)", n=23....

@ We will impose some conditions on the function U, and see what
updating rules are consistent with these.
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Some Properties we might want U, to have

@ No update if signals uninformative: U, (y, p,...,p) = (4,...,u), for all
p e A(S), ueA®)and n.

@ The names of the signals do not matter—reorder the signals but don’t
change their probabilities and you just get a re-ordering of
U, .Symmetry

@ Divisibility — see later.

O If there are only two signals, you can find an experiment that
generates any updated belief you want for any one signal and
updating is one to one. Non-Dogmatic



Divisibility

O Typically information/signals comes in bundles: the birthday present
is small but it has expensive gift wrapping.

@ We can process this information in several ways all at once —by
treating the bundle as a signal from a joint distribution.

© Or we can process this information in stages —That is, to update
beliefs once using the first piece of information and its distribution.
And then to update these intermediate beliefs a second time using the
second piece of information and its conditional distribution given the
tirst piece of information.

© Divisibility says that both of these processes generate the same profile
of beliefs
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Divisibility: Why?

O If updating is not divisible — one updating rule does not specify an
individual’s beliefs. We need to know when the updating rule is being
applied.

@ Is a property that is easy to explain to subjects—most would agree that
it is normatively reasonable.

© Ensures a dynamic consistency of beliefs.

© In a dynamic setting is that it allows one summary statistic — current
beliefs. If beliefs are not divisible then in a dynamic setting may need
to keep track of more things.

@ It to allows one studied departure from Bayes: Angrisani, Guarino,
Jehiel, and Kitagawa (2017).



Some of the Literature

Alternatives/Improvements on Bayesian updating that generate
interesting properties (overconfidence, biases, correlation neglect,
interesting biases): Rabin and Schrag (1999), Ortoleva (2012),
Angrisani, Guarino, Jehiel, and Kitagawa (2017), Levy and Razin
(2017), Brunnermeier (2009), Bohren and Hauser (2017), Epstein, Noor,
and Sandroni (2010)

Dynamically consistent preferences, exchangability of actions: Epstein
and Zin (1989), Epstein and Schneider (2003), Ahn, Echenique, and
Saito (2018) .

Divisibility: Gilboa and Schmeidler (1993) called “commutativity”.
Hanany and Klibanoff (2009), show that a “reweighted Bayesian
update” satisfies divisibility.

Zhao (2016) — order independence property.

Statistics Dawid (1984),



Divisibility
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Divisibility: Formally

Un(1, €) = (Ui (4, 1), Up—a(Un2 (1, 1= p1), E)] .

10 e @) Here £’ is the conditional experiment with signals

gl - ( pe—l )
: 1—p9
1/0co

1= (pf
=2,3,.
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An Example of Non-Divisible Updating
@ Arrival process: Good state a bus will arrive in period t > 0 with
probability (1 — a)a’; Bad state (1 — B)B! (x < B).
@ u = 1/2 that the state is good.
@ If nobus arrives in period t = 0, then Bayesian revision gives ' = ﬁaﬂ
@ Epstein, Noor, and Sandroni (2010), Hagmann and Loewenstein (2017)

—(1-M)1 “ A>0. 1
Hi ( )2 :B i - ( )
@ Int = 2 revised beliefs would be

lX“l/ll

=(1—-MNuy+A .

H2 = ( i (1—p1)B + e
O If arrived in t = 2 and just did one big update

2
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The Characterisation Result

The updating satisfies (uninformativeness, symmetry, non-dogmatism,
divisibility), iff there exists a homeomorphism F : A(®) — A(®) such that
the updating satisfies

Beliefs Updated Beliefs

I i

Bayes Updating

Shadow Prior s Shadow Posterior



Equivalently

()]
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Proof of this Result 1: Simplifying the
updating function.

Divisibility and symmetry implies updating has the form

Un(p, €) = (u(p, p1), -, u(p, pn)) -

where: ps ;= (pf : 0 € ©),and u : A(®) x [0,1]I®] — A(®). To see this
recall



s = 1-update depends on only (p?)gco

1 U (w,E) Uy (w,p,°)
S E—— U RSOy

=N Unn(u‘lf ) s=n /H

(UZZ(Ml p-le)l f’ )



Symmetry implies this is true for any s

s=1 Un(wT) U (wpq)=u(w,p,)

/

WE) — sy (W E)

\ U21(M,ps)=U(M:ps)

T TULWE) Up(wp,)=ulwp,)

p.:=(p,2:0 O)



u is homogeneous degree zero in p;

@ Suppose signal 1 is uninformative and consider signal s’
@ Divisibility says
Un = (u(p, ps))ses

{“(% p1) /Un—1<u(i4r1 —p1), (1;9__;1))] :

Equals




u is homogeneous degree zero in p;.

O If signal 1 is uninformative

u(p, p1), Up—a | u(p,1—p1), ( p_19>
——_— —— 1 4
=H

@ For signals s > 1 we get

u(p, ps) = ”(V’ (1—p—sp1))



Deriving a Functional Equation

O If we now re-write the divisibility

u(p, ps) = u(u(p,1—p1),ps ~ (1—p1))
0
where ps <+ (1—p1) := (1f;§)9€®




Deriving a Functional Equation

O If we now re-write the divisibility
u(p,ps) = u(u(p,1—=p1),ps + (1 p1))

where ps + (1 —p1) == (55 b 7)6cO

1-pf
@ Henceu : A°(©) x A°(®@) — A’(O®) solves the functional equation

u(p, 70) = u(u(pu, @), 7+ ¢)

For all y, 7T, ¢ € A°(®)—using homogeneity.



Reducing Dimension

Q Letw:A’(@) — 1R|+®J|r_1 be

H1 HK-1
w (U, ..., =|—...,— .
(1 i) (VK HK )

@ Define ji := Inw(u) € RI®/~1 and 7, $ and 7 similarly
= transformed functional equation for i : RI®/~1 x RI®-1 — RI®I-1

a(p, ) = a(@(g, ), 71— 9), Vi, 7, ¢ € RO
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Translation Equation

(i, x +y) = (i, x),y), Vi, x,y € RIO-1,

A simple solution to this multivariate equation is u(ji, x) = i + x.
This gives Bayesian updating when all the above transformations are
reversed.



Translation Equation

a(p,x+y) = a(a(i,x),y), Vi, x,y € RI®-T,

There is a big literature on the classes of solutions to this equation: Aczél
and Hosszt (1956), Moszner (1995), Aczél and Dhombres (1989).

e Equation says that (ji, x +y) and (ii(fi, x) , y) are both on the same
contour of the u(.,.) function.

@ Note that i = ii(fi, 0).



Points on a contour

u=u(p,0)

u(p,x)




p=u(p,0)
u(p,x)

u(p,x)=c

Slope =

U(H,X)-U(H,O)
-X

Slope



u(p,0)

u(p,x)

o\

Slope independent of x

u(p,x)-u(p,0)
ulp,x)=c Slope = -~

— -UZ(M,O)

Only depends on

______________________________

y+X Y \
X
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Equation of contours

This implies that all contours have the equation ¢ = f(p) + x. (Where
f(.) is a homeomorphism.)

Thus as the value on the contours is arbitrary we can deduce
u(p,x) = g(f(u) + x) where g is another homeomorphism.

But we know u(1,0) = u,s0¢g = f~ L.

Hence all continuous solutions to the functional equation
i(fi,x +y) = i(i(fi,x),y) have the form

iy, x) = f7H(x+ f())

where f is a homeomorphism.

The formal proof of Aczél and Hosszu (1956) uses non-dogmatic
axiom.



Inverting all the transformations.

e This gives

1, (1) ps Fx(1)ps
ulpps) =F (Z%@H)(V) B Z%@Fe(#)ﬁ’g)'

@ Fis defined so that /("% 6y = wo F.
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_ (M Hx )
F = L,
() <29 1y Yo Mg

Gives

1/
Ug (P‘/ (P@Ge@) _ He (P_g) a.
ug (1, (ploco)  mo \pY'/)
Weighted Bayes, Angrisani, Guarino, Jehiel, and Kitagawa (2017),

Bohren and Hauser (2017)
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Examples of Divisible Non-Bayesian F

Yge Pe/ua’ Ty e—Po/He

e—B1/m e~ Bx/uk
F(u) = ( . )

Gives ]
Po BB o0
Hor  Hyp Her Mo Ps

“Inverse multinomial logit”



Relaxing Some Implicit and Explicit
Assumptions

@ Do not assume 1:1 and dogmatism. Instead suppose the function
i(p, x)is Cl.
= For almost all fi (excluding a nowhere dense set) the equation
i(fi,x +y) = i(i(fi,x),y) has a solution of the form

i, x) = fH(x+ f(1)
on a neighbourhood of (,0).



Relaxing Some Implicit and Explicit
Assumptions

Can allow beliefs to lie in a subspace of A(®), (so the dimension of the
set of posteriors is smaller than the dimension of the set of parameters)
and have solutions of the form

a(p,x) = f 1 (Cx+ f(n))

where C is an arbitrary matrix of the appropriate dimension that
contains a square regular matrix. This admits the same kind of
interpretation.
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Properties: Consistency?

Consistency: = updating eventually learns/converges to the truth.

Bayes’ updating satisfies consistency when parameter spaces are finite
or Polish.

= Divisible updating is consistent (provided you don’t choose a silly F).
For all 6 there exists u® € A(®) such that ! — u®, P? almost surely.

If Uy (eq, &) = (eq, ..., e0) p? # p? forall 0 # 6, and u° € A°(®), then,
u* = ey with P probability one.
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Biases in the Learning?

Bayes’ updating = belief in the parameter 6 on average increases
when 0 is true (Submartingale).

The convexity of the homeomorphism is what matters here:

Divisible updating is

Locally consistent =3 1o < E®(ug(n, ps)),
Locally inconsistent & 1o > E%(ug(p, ps)) .
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Biases in the Learning

The Bayes’ updating after the homeomorphism has been applied has a
likelihood ratio that is a conditional martingale

o (1= Flug)\ 1 f(ue)
: ( Flug) )‘ Flr0)

Applying Jensen’s and the monotonicity of f(.) =

1o < E®(ug(p, ps)) if J% is convex.

1o > E®(ug (1, ps)) if J% is concave.
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Under/Over-reaction?

Bayes’ updating

/

0
Var {log 1 ﬁa]/} = Var [log %} .
0

How does the presence of a map F affect this variance? There are two
issues
@ If F! moves points further apart it exaggerates the variability of Bayes.
(Slope of F.)
@ If F maps points to extremities then little updating.



Under/Over-reaction?

Overreaction result:

g (1, ps) } { PG}
Var (log —————| > Var |log — | .
STy p)] = 5

Iff'(u) < f(w)(X—f(u))/(u(1 —p)) forall p.



Under/Over-reaction?

Overreaction result:

g (1, ps) P’
Var {log T— 1o (s, po) > Var logﬁ :

If f'(p) < f(u) (L= f(u))/ (u(1 — p)) for all p.
Underreaction result:
0

g (1, ps) 4
Var {log T— 1o (s, po) < Var logﬁ :

If £/ () > f(u) (1= f(u))/ (u(1 = p)) for all p.



Unbiased /Bayes’ Plausible/Martingale
Updating

This is the property that the expected value of the posterior beliefs equals
the prior beliefs. For any u > 0,n > 1,and £ € A°(S)K

n=), (Z P‘er’§> Uy (1, (p)oco)-

seS \Pe®

o Difficult to explain to subjects and motivate normatively.

@ Characterisation Result: the updating function U, (y, £) is unbiased if
and only if it is the Bayesian update for some misspecified experiment
g



Sufficient Conditions for Full Bayes
Result: Bayesian updating is the only updating that satisfies:
Uninformativeness, Symmetry, Divisibility, Non-dogmatic, and
Unbiasedness.
Why?
Suppose you have a binary experiment that either reveals the state 6 if it is
true but is otherwise uninformative, then

= poF " (eg) + (1 — po)F ' (vo)-

(where ¢g is a vector with one in the 6th entry and zeros elsewhere and yy
has zero in the 6th entry. Hence

0= F o) = By o)

Sol= (69)



Sufficient Conditions for Full Bayes

Result: Bayesian updating is the only updating that satisfies:
Uninformativeness, Symmetry, Divisibility, Non-dogmatic, and
Unbiasedness.

Suppose the binary experiment reveals the state 6 with probability p? if it is
true, then

F(u) — PeFe(V)ee) ‘

u=pop"F " (eq) + (1 — pop")F ( 1— pPFy(n)

or

F (14 - P%@) _ F() = p°Fy()eq
1—pue 1—pPFy(n)
So pg = Fa(p)



What's missing?

@ Domain and range of the function
@ Discrete Domain

@ Random updates

@ Local updates
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