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Abstract

Two players compete for a prize in an all-pay auction where their private binary valua-
tions are independent from each other. A contest organizer commits to disclose additional
information about the opponent’s valuation to each player — privately or publicly — to max-
imize either players’ expected payoff or total expected effort. I characterize the unique
equilibrium of the contest when the organizer discloses a public signal to all players and
a symmetric equilibrium when he discloses a private signal to each. When the organizer
discloses privately, I show that any partially informative private signals induce higher ex-
pected payoffs for players and lower total expected effort than when no signal is disclosed.
When the organizer discloses publicly, I characterize a public disclosure policy that induces
higher total expected effort than when no signal is disclosed. I also characterize optimal
public signals that maximize players’ expected payoff. Finally, the ranking between private
and public signals in terms of maximizing players’ expected payoff is indeterministic. In
terms of revenue ranking, the all-pay auction with the public disclosure policy dominates
the first- and the second-price auctions with binary independent private valuation regardless

of whether private or public disclosure is used in these winner-pay auctions.
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1 Introduction

When employees compete for a promotion, firms for market share, or lobbyists for policies,
the outcomes of such contests, e.g., payoffs of contestants and their total effort invested, are
largely determined by their beliefs about opponents’ competitiveness. This notion implies that
an informed contest organizer — whether an employer, regulator, or government — can manipulate
players’ beliefs through information disclosure to select favorable outcomes. This paper studies
how the organizer should disclose information before the contests to obtain desirable outcomes.

On the one hand, the contest organizer may disclose information to achieve one of two
objectives. A natural objective is to maximize players’ total effort invested in competition,
e.g., in promotion contests. Alternatively, the organizer may also disclose in order to maximize
players’ expected payoff. For instance, an industrial association discloses information to improve
the welfare of member firms who compete in the same market. On the other hand, information
disclosure can usually take one of two forms. The organizer can either whisper information to
each participant or broadcast it to all. The aim of the paper is to find the optimal signals that
the organizer whispers or broadcasts in order to achieve a given objective.

I model the contest as a first-price all-pay auction with two players who have independent,
private, and binary valuations {vp,v;} which are players’ "type". In addition, each of them also
observes a binary signal s € {h,[} disclosed by the organizer. When the organizer whispers to
each player, he in effect discloses to each player a private signal whose distribution is conditioning
on the opponent’s valuation. When the organizer broadcasts to all players, he in effect discloses
a public signal whose distribution is conditioning on all players’ valuations.

When signals are disclosed privately, both players’ type and the signals they observe are
private information. I characterize a symmetric equilibrium and show that the increment of the

following likelihood ratio

Pr(s—;|v; = vp)

(1)

Pr(s_;lv; = vp)

determines the monotonicity of equilibrium. Specifically, when the increment of (1) (from s_; =
to s—; = h) is larger than the threshold vy /v; — v;/vp, the equilibrium is nonmonotonic. The
intuition is that such an increment measures the informativeness of the private signals. A

sufficiently large increment features a sufficiently transparent environment in which players have

Tt has been shown that the total effort in the contest can be boosted by concealing all players’ private
information in the all-pay auctions (Fu et al., 2014; Lu et al., 2018), partially revealing such information to
the opponents in Tullock contests (Serena, 2017), providing reviews (Gershkov and Perry, 2009) of previous
performance or publicly announcing it (Aoyagi, 2010) in multi-stage contests, disclosing opponent’s previous
performance (Sheremeta, 2010) or his expenditure (Fallucchi et al., 2013) in rent-seeking contests.



to randomize in overlapping intervals. When the increment of the likelihood ratio is less than the
threshold, however, the equilibrium is monotonic such that the high type bids higher than low
type with a probability one. Furthermore, the high (low) type’s effort first order stochastically
increases (decreases) in the signal it observes. Intuitively, the high type is motivated to exert
more effort when the opponent is likely to be a high type as well, whereas the low type is
discouraged under the same circumstances.

Given the equilibrium characterized, I show that partially informative private signals always
induce a strictly higher payoff for players and a strictly lower total expected effort than when
no signal is disclosed (i.e., in the IPV setting). Compared to other auction formats, the all-pay
auction induces strictly lower revenue than the second-price auction in which bidding valuation is
still the dominant strategy even when players observe the private signals (Fang and Morris, 2006).
However, the revenue ranking between the all-pay and the first-price auction is indeterministic.

When the organizer discloses publicly, the unique equilibrium is symmetric and can be non-

monotonic in players’ type. I show that the monotonicity of a likelihood ratio

Pr(v_;|v; = vp, $;)

(2)

Pr(v_;lv; = vy, s;)

is sufficient and necessary for nonmonotonicity of the unique equilibrium. Monotonically in-
creasing likelihood ratio (2) (MLRP condition) features a highly competitive environment in
which each player believes that her opponent is equally competitive as she does. In the resulting
Strong Competition Equilibrium (SCE), each player earns zero expected payoff. Alternatively, a
monotonically decreasing likelihood ratio (2) (rev-MLRP condition) features an uncompetitive
environment in which each player believes that she is likely to compete against the opposite
type. In the resulting Weak Competition Equilibrium (WCE), players earn a strictly positive ex
ante expected payoff. Finally, if (2) is nonmonotonic in v_;, the bidding strategy in the resulting
Monotonic Strategy Equilibrium (MSE) is monotonically increasing in types.

The intuition behind the connection between (2) and the monotonicity of equilibrium is that
the likelihood ratio (2) being monotonic indicates that the public signal is sufficiently informative.
In that case, players either learn that they are very likely exposed to the same (increasing (2))
or the opposite (decreasing (2)) type of their opponent. This high level of transparency forces
different types to bid in overlapping supports. If (2) is not monotonic so that the signal is not
informative enough, then players can hide behind their private information and play the MSE
similar to what they do in the IPV setting (Konrad, 2004; Amann and Leininger, 1996).

In terms of the optimal public signals that maximize players’ payoff, Lu et al. (2018) analyze

partial disclosure policies in the all-pay auction. According to Serena (2017), the partial disclo-



sure policy is a mapping from a set of anonymous valuation profiles,? {(vy,, vs), (vn, 1), (vi,v1)},
to a binary decision between concealing (C') or disclosing (D) each profile to both players.? Such
partial disclosure policies are special cases of the public signals in the current paper. Lu et al.
(2018) show that the disclosure policy {C,C, D}, i.e., the low type has complete information
and the high type holds prior belief, maximizes players’ expected payoff, and the maximum is
min{pp (vy, — v;), prpivr }. 1 show that this maximum is the upper bound of payoffs for all public
signals. However, I also show that many other public signals induce the same maximum and
provide full characterization of these signals.

Lu et al. (2018) also show that fully concealing the valuation profile, i.e., {C, C, C}, induces
maximum total expected effort which is equal to the effort in the IPV setting. In Section
4, however, I characterize a public disclosure policy that induces a total effort strictly higher
than such a maximum. It is based on some public signals that induce an SCE with efficient
allocation.* Azacis and Vida (2015) characterize the equilibrium bidding strategy in the first-
price auction (FPA) with any symmetric, possibly correlated, binary signals. The authors show
that the revenue of the FPA is at most equal to the revenue in the IPV setting. This result, in
fact, implies that the all-pay auction with the public disclosure policy can raise higher revenue
than first- and second-price auctions with any symmetric binary signals.

Since private disclosure can, at best, induce a total effort equal to the effort in the IPV setting,
public disclosure thus dominates private disclosure in maximizing total effort. Alternatively, in
terms of maximizing players’ expected payoff numerical examples suggest that there is no general
ranking between the two modes of disclosure. Another interesting observation is that the low
type player always earns zero payoff in public disclosure but earns positive payoff in private
disclosure. Consider a scenario in which both players are low type but only one player observes
the correct private signal "l". Since she wins for sure in this scenario, which happens with
strictly positive probability, she earns an information rent. An inequity averse organizer may
take this into account when choosing disclosure policies. Finally, the large differences in the
outcome of contests under the two modes of disclosure policies suggest that whether the signal

disclosed is common knowledge or not is an important aspect of information design in contests.

2The disclosure policy is anonymous in the sense that the policy depends on the type profile that does not
differentiate the identities of players. See Serena (2017) for more details.

3For example, {C, C, D} corresponds to the disclosure policy which conceals the valuation profile (vn, vs), i.e.,
both players have the high valuation, and (vs,v;), i.e., players have different valuations, and discloses the profile
only when it is (v, v;), i.e., both players have the low valuation.

4Note that in the SCE players earn zero expected payoff and thus efficient allocation in such an equilibrium
produces the highest possible total effort, which equals the social surplus with allocative efficiency. However,
Proposition 4 shows the impossibility of inducing such an equilibrium with both signal realizations "h" and "I".



Related literature: Prior studies on first- and second-price auctions have shown that receiving
private signals (Fang and Morris, 2006) or public signals (Azacis and Vida, 2015) enable bidders
to earn a higher expected payoff and bid lower in winner-pay auctions with IPV than when no
additional signal is observed. This paper shows that, in the all-pay auction, receiving private
signals also enable players to earn higher payoff and bid lower. However, receiving public signals
may induce players to bid higher and earn lower expected payoff than when no signal is disclosed.
In the literature of information disclosure in contests, Lu et al. (2018) also focus on the all-pay
auction but restricts attention to public disclosure policies, which are first studied by Serena
(2017). This paper extends the analysis of disclosure policies in contests to include not only a
larger set of public signals but also conditionally independent private signals.

A strand of rapidly developing literature on information design/Bayesian persuasion in con-
tests has emerged in recent years.® On Tullock contests, the literature focuses on public disclosure
and studies Bayesian persuasion in a one-sided private information setting (Zhang and Zhou,
2016) as well as partial disclosure policies in a two-sided private information setting (Serena,
2017). On all-pay auction contests, the emerging literature focuses on public Bayesian persua-
sion in the all-pay auction with either one-sided (Feng and Lu, 2016; Zheng et al., 2018) or
two-sided private information (Zheng et al., 2017). Since all existing and ongoing studies focus
on public disclosure in contests, comparison between public and private disclosure — as in the
current paper — is not possible.”

Also related is the literature on the all-pay auction with affiliated values. It shows that the
sufficient condition for the existence of monotonic strategy equilibrium is that players’ valua-
tions are not "too affiliated" (Chi et al., 2018; Liu and Chen, 2016; Siegel, 2014; Krishna and
Morgan, 1997). Analogously, this paper shows that the sufficient condition for the existence of
MSE is that the public signal disclosed is not too informative. When the public signal is suf-
ficiently informative in the sense that a likelihood ratio is monotonically increasing, this paper
characterizes a SCE based on a similar equilibrium characterized by Chi et al. (2018) for the
case when players’ valuations are sufficiently affiliated. Similar to Chi et al. (2018) but focusing
on a two-player setting, Liu and Chen (2016) characterizes an equilibrium for the case when

valuations are "negatively correlated", which is similar to the WCE given in this paper. In a

SPrior to studies on Bayesian persuasion and information design in contests, earlier studies focus on comparing
effort and welfare between complete information and one-sided private information (Denter et al., 2018), complete
information and two-sided private information (Kovenock et al., 2015; Morath and Miinster, 2008; Fu et al., 2014).

5This paper is also broadly related to the Bayesian persuasion literature (Rayo and Segal, 2010; Kamenica and
Gentzkow, 2011) which focuses on designing optimal signals to manipulate the belief of a receiver who then takes
an action. The literature has also been extended to multiple-receiver settings (Mathevet et al., 2017; Bergemann
and Morris, 2016; Alonso and Camara, 2016a,b; Wang, 2013). The current paper differs from this literature in
that it focuses on information design with a somewhat restricted set of signals but a rather general action space,
i.e., the continuous action space in the all-pay auctions.



general setting, Rentschler and Turocy (2016) provide an algorithm to characterize symmetric
equilibria for any distribution of discrete signals. Since I focus on designing optimal signals in
the all-pay auction, I restrict attention to binary type and binary signal setting.

The remainder of this paper is structured as follows. Section 2 presents the model setup.
Section 3 analyzes private disclosure in an all-pay auction and compares revenue across auction
formats. Section 4 analyzes public disclosure and characterizes optimal public signals. Section 5
compares the two modes of disclosure. Section 6 discusses the main implications of results and

concludes.

2 The model

The Contest: Two risk-neutral players compete for an indivisible prize in a contest. Player
i’s (i € {1,2}) private valuation is independently drawn from a binary distribution: v; = vy,
with probability p, € (0,1), and v; = v; with probability p; € (0,1), where vy > v; > 0 and
pr + pr = 1. In addition, player i also observes a signal, s; € {h,l}, regarding her opponent’s
valuation v_;. The distribution of the signal will be discussed in detail shortly.

Players choose their efforts, (b;,b_;), simultaneously in the contest, which is a first-price
all-pay auction. That is, the player who chooses higher effort wins and both players incur the
costs of their own efforts, and ties are broken with equal probability. Formally, the player with

the valuation v; chooses effort b; earns the following payoff:

—b;, if by < b_;
Ui(biybfiavi) = v; — by, if b; > b_;
%’UZ' — bi, if bz' = b_z'

Equilibrium: I refer to a player with valuation v, (v;) as a "high (low) type player". I also
refer to player 7 with v; who observes signal s; as "type (v;, ;) of player i". Denote by Gy, s,)(b)
the c.d.f of type (v;, $;)’s mixed strategy, and denote by G;(b) player i’s c.d.f of effort. Formally,

a Bayesian Nash Equilibrium of the contest is defined as the following.

Definition 1. A Bayesian Nash Equilibrium (BNE) of the contest is a vector of strategies
G = (G1,Ga) such that for all b; € supp[Gy, )], we have

b; € arg max Ui(b,v;, 8i;G—)

Timing: For both private and public disclosure, the game starts when the organizer announces

and commits to a disclosure policy. The policy specifies the distribution of signals to be disclosed



to players. After each player has observed her valuation and signal realization, she chooses an
effort in the contest.

Social surplus and revenue: The social surplus with efficient allocation is plzvl +(1- plz)vh
given that valuations are independent. The total expected effort of the contest without disclosure

is equivalent to the seller’s revenue in the all-pay auction with IPV| i.e., (1 — pi)vl + p,%vh.

3 Private signals

In the private signals setting, player i’s signal is generated as the following:

Pr(s; =llv_; =v) = Pr(s; =hlv_y=vy) = q€]

Pr(si=nhlv_j=v) = Pr(s;=llv_; =v,) = 1—gq.

When g = 0.5, the information structure corresponds to the IPV setting and ¢ = 1 corresponds
to complete information setting. The signal s; is player ¢’s private information. Thus, the type
space is two dimensional with four types in total: (v, s;) € {vn,v;} x {h,{}. Denote by Pr(v_;|s;)
the probability that the opponent’s valuation is v_; conditional on player ¢’s signal s;. Upon

receiving a signal s;, player ¢ updates her belief according to Baye’s rule:

1 —
Pr(vp|h) = Prd and  Pr(ulh) = —21L=9)
prg+ o (1—q) prg +pi(1—q)
pr(1—q) g

Pr(vp|l) =
(onl) pr (1 —q) +pig

and  Pr(yl|l) =

pn(1—q)+miq

It becomes clear in the next section that the following condition is sufficient and necessary

to allocative efficiency of the contest:
Pr(s; =llv_s=v,) Pr(si=hlvi=v) 1-q _ vy

= = > —.
Pr(s; =llv—; =v;)  Pr(s; = hlv_; = vp) q v,

Such a condition can be rewritten in two (equivalent) versions as given in Condition 1 below.

Condition 1. Pr(s; = ljv_; = vp)vp = Pr(s; = lv_; = v))vy; and Pr(s; = hlv_; = vp)y <

Pr(s; = hlv_; = v)vp,.

I refer to the opposite of Condition 1, i.e., (1 —¢q)/q < vi/vp, as "Condition —1".

3.1 Equilibrium

The equilibrium of the contest with private signals is characterized formally in Proposition 7,

which is given in Appendix A2. Here, I provide verbal descriptions and graphical illustrations.
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Figure 1: Left panel: MSE; Right panel: NMSE

e Monotonic strategy equilibrium (MSE): see left panel of Figure 1. When Condition
1 is satisfied, there exists a symmetric equilibrium in which all types of players randomize
uniformly in connected, nonoverlapping supports. Type (v;, h) randomizes in the lowest
support [O,E(Uhh)], then type (v,1) randomizes in a higher support [B(w7h),5(vl7l)]. Type

(vn,1) randomizes in the support [b(,, 1), b, )] and type (v, h) randomizes in the highest

Support [B(’U;“l) ? B(vh,h)] °

e Nonmonotonic strategy equilibrium (NMSE): see right panel of Figure 1. When
Condition —1 is satisfied, there exists a symmetric equilibrium in which all types of players
randomize uniformly in a common support [b, b]. In addition, type (v;, h) also randomizes

uniformly in support [0, b] with a positive probability mass and type (vp,, h) also randomizes

uniformly in support [b, B(vh,h)] with a positive probability mass.

In summary, the contest has a symmetric equilibrium which is monotonic when Condition 1
is satisfied and nonmonotonic when Condition —1 is satisfied instead. Note that when ¢ = 0.5
Condition 1 is true and the former equilibrium replicates the equilibrium in the IPV setting
(Konrad, 2004). Note also that when ¢ = 1 Condition —1 is true and the latter equilibrium
replicates the equilibrium in the complete information setting (Baye et al., 1996).

To understand the monotonicity of equilibrium, note that Condition 1, in fact, implies that

Pr(si=hlv_i=wvy) Pr(si=lv_i=vn) _vn v 3)
PI‘(SZ‘ = h"l)_i = ’Ul) PI‘(S,‘ = l”l)_i = 1)[) = () Uhp

i.e., the increment of likelihood ratio Pr(s;|v—; = vp,)/ Pr(si|lv_; = v;) from [ to h is no larger than
a cutoff vy, /v; — v /v. The magnitude of such an increment reflects the signal’s informativeness.
An increment lower than the cutoff means that the signal contains little information about the
opponent. Hence, players determine their strategies mostly according to the private valuation

rather than the private signal and hence, they play MSE similar as they do in the IPV setting.



Alternatively, Condition — 1 implies that the reverse of (3) is true with strict inequality, which
means that the increment of the likelihood ratio is larger than the cutoff. A large increment
suggests that receiving signal h indicates a significant higher chance that the opponent has vy
than receiving [. Such a high level of transparency leads high type players to bid similar efforts
as low type players when they both believe that the opponent is likely to be low type and hence,
the nonmonotonicity in NMSE.”

Analogous to Condition 1, a "monotonicity" condition is shown to be sufficient for the
existence of MSE in the all-pay auction with affiliated values (Siegel, 2014; Krishna and Morgan,
1997) and a "highly competitive" environment arises where only nonmonotonic equilibria exist
when such a condition is violated (Rentschler and Turocy, 2016; Chi et al., 2018). Condition 1
requires that the signals players observe not be "too informative", similar to the interpretation

that monotonicity condition requires the signals players receive are not "too affiliated".

3.2 Expected payoff and total expected effort

Proposition 1 shows that both players benefit from partially informative private signals.

Proposition 1. When the organizer discloses private signals, player i (i = 1,2) earns strictly
higher expected payoff when q € (%, 1) than when q = %, 1, and the total expected effort is strictly

lower when q € (3, 1] than when q = 3.

Figure 2 presents two examples of player i’s expected payoff which are always higher when
q € (0.5,1) than when ¢ = 0.5,1. The thick green curves correspond to ¢ < ¢* is the expected
payoff of each player in MSE and the thick red curves correspond to g > ¢* is the expected

payoff of each player in NMSE.
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Figure 2: Thick green (red) curves for ¢ < ¢* (¢ > ¢*) is the expected payoff in MSE (NMSE)
Left panel: vy, = 1, v; = 0.5, and pp, = 0.2; Right panel: v, = 1, v; = 0.5, and pp, = 0.9.

Figure 3 shows the effort of each player corresponds to the same examples in Figure 2. The

"Note that type (vn,!) and (v;,1) play exactly the same mixed strategy in NMSE.



thick green curves are the expected effort of each player in MSE and the thick red ones are the

effort in NMSE. As seen from the figures, the difference between NMSE and MSE has significant

impact on the expected effort. The expected effort experiences a sudden drop at ¢ = ¢* = vhvivz
where transition from MSE to NMSE takes place. These examples are consistent with Kovenock
et al. (2015) and Morath and Miinster (2008) in the sense that the total expected effort is lower

when ¢ = 1 (complete information) than when g = 3 (IPV).
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Figure 3: Thick green (red) curves for ¢ < ¢* (¢ > ¢*) is the expected payoff in MSE (NMSE)
Left panel: vy, = 1, v; = 0.5, and pp = 0.2; Right panel: v, =1, v; = 0.5, and p, = 0.9.

3.3 Revenue comparison across auction formats

Fang and Morris (2006) analyze the first- and the second-price winner-pay auctions with the
same private signals setting in the current paper. This allows a revenue comparison across the

all-pay auction and the winner-pay auctions with private signals.
Proposition 2 (Revenue Ranking). In terms of revenue ranking:
o The second price auction dominates the all-pay auction when q € (%, 1].

o The ranking between the first-price and the all-pay auction is indeterministic.

When players observe private signals, bidding one’s valuation is weakly dominant in the SPA
(Fang and Morris, 2006). This implies that the revenue in the SPA is equal to the one in the
IPV setting which, according to the revenue equivalence theorem, is the same as the revenue of
the APA in the IPV setting. Thus, the fact that the total expected effort in the APA is strictly
lower when ¢q € (%, 1) implies that, with private signals, the SPA raises higher revenue than the

APA. See Figure 4 for examples that illustrate the results.
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Figure 4: Revenue: FPA (dashed); APA (solid); SPA (horizontal)
Left panel: v, = 1,v; = 0.5, pp, = 0.2; Right panel: vy = 1,v; = 0.5,pp, = 0.9

4 Public signals

For public signals, it is always the case that s; = s_; = s and that s is common knowledge.
We focus only on distribution of signals that are symmetric across players. Specifically, the

distribution of public signals is determined by the following parameters:

ap = Pr(sy =sy=hlvy =vy=vp) ap = Pr(s; =s9=1vy =vy =vp)
Brn = Pr(sy = s9 = hlvy # v9) B = Pr(sy = s2=1v1 # v9)
Y = Pr(sy =s2 = hlvy =vy =1;) m = Pr(si=sa=1lvi =v2=1)

where ag, Bs,7s € [0,1] for s € {h,l} and ap, + oy = B, + B = v + 7 = 1. Here, a (75) is the
probability that players receive signal s when both players have high (low) valuation. Alterna-
tively, B is the probability that players receive signal s when they have different valuations. We
refer to a given public signal by its parameter vector (ap, B, yn) since the rest of parameters
aq, i, can be uniquely determined. See Table 1 for the (joint) distribution of the class of
public signals I study in this paper.

(Uha h) (vhv l) ('Ulv h) ('Ula l)

(vn,h) | Phow 0  pupiBh 0

(vp, 1) 0 phoy 0 prpLB
(vi, h) | PrpiBn 0 Pin 0
(v, 1) 0 PP 0 i

Table 1: Public signal (ap, Br,Yn)

The above public signal captures the IPV setting when (ap, Br,v4) = (0,0,0), (1,1,1), or

10



(0.5,0.5,0.5), and captures complete information setting by (o, Bn,vn) = (1,0,1) or (0,1,0).
It also captures partial disclosure policy {C,C, D} in Lu et al. (2018) and Serena (2017) by
(an, Br,ym) = (0,0,1) or (1,1,0).8

Denote by Pr(v_;|v;, s) the probability that player —i has value v_; conditional on player i

has value v; and receives signal s. Thus, the conditional probabilities can be written as:

DO, Prbn
Pr(vp|vop, h) = ————— Pr(vplui, h) =
(onlen, 2) Prhan + piBu DPrBh + Pivh
hOY
Pr(vp|op,l) = _ Prn Pr(vpl|u,l) = 7}%5[
proq + piB PR+ it

When "Rh" is observed, Condition 2 and 3 determine monotonicity of equilibrium:
Condition 2. Pr(v;|vp, h)vy, = Pr(vi|u, h)u,
Condition 3. Pr(vp|vp, h)vy, = Pr(vp|vg, b))y,
while Condition 4 and 5 determine monotonicity of equilibrium when "I" is observed:
Condition 4. Pr(v|vp, vy = Pr(vvg, Dy,
Condition 5. Pr(vp|vp, vy = Pr(vg|vg, Dy

We also define Condition =2, =3, =4, and —5 as the corresponding conditions that are the
reverse of the above conditions. For instances, Condition —2 is Pr(v|vp, h)vy, < Pr(vi|v, h)uy,
and Condition =5 is Pr(vy|vp, vy < Pr(vg|vg, D).

For signal realization h there are three possible combinations of conditions which determine
equilibrium of the contest: (a) Condition 2 and 3 satisfy; (b) Condition =2 and 3 satisfy; (c)

Condition 2 and —3.° For signal realization [ there are three possible combinations analogously.

4.1 Equilibrium

The equilibrium of the contest with public signals is characterized in Proposition 8 given in
Appendix A. Here, I illustrate the equilibrium with verbal descriptions and graphics.

For each signal realization "h" and "I", there are three types of equilibrium and each type
corresponds to one of the combinations of conditions. When "h" is observed, there are three

types of equilibrium as given below:

8See Appendix A for a complete summary of special cases in public signals.

?Conditions =2 and =3 cannot be both satisfied, as Condition =2 implies Pr(vs, v, R)vs = vy, —Pr(vi|vn, h)v, >
vp, — Pr(vi|vi, h)v; > Pr(vp v, h)v; which contradicts Condition —3. Similarly, Conditions -4 and —5 cannot be
both satisfied.

11



Figure 5: Equilibrium mixed strategies under different conditions
Left panel: MSE (2 & 3); Middle panel: WCE (2 & —3); Right panel: SCE (=2 & 3)

e Monotonic strategy equilibrium (MSE): see the left panel of Figure 5. Type (v, h)
randomizes uniformly in the support [076(1);,]1)]’ while type (v, h) randomizes uniformly in
the support [B(Ul,h),g(vh,h)]. Monotonicity of strategy in this equilibrium ensures efficient
allocation. The sufficient and necessary condition of the MSE is Condition 2 and Condition

3.

e Weak competition equilibrium (WCE): see the middle panel of Figure 5. Type
(v, h) randomizes uniformly in the support [0, b, 1)}, while both type (vs, h) and (v, h)
randomize uniformly in the support [b(v}“h), vy]. Such nonmonotonic equilibrium strategy
causes some efficiency loss. The sufficient and necessary condition of WCE is Condition 2
and Condition =3. They jointly imply the following two (equivalent) versions of "reversed”

monotonic likelihood ratio property (hereafter rev-MLRP):

Pr(vp|vp, h) _u Pr(v|vp, h) o Pr(v|vg, h) < U Pr(vp|vg, h)
Pr(vp|v,h) ~ wup  Pr(ulug, ) Pr(vj|on,h) ~ v~ Pr(vplon, h)

The former (latter) indicates that, compared to the low (high) type, the high (low) type
player is more likely to compete against a low (high) type opponent. Thus, players are
likely to compete against the opposite type of the opponent. In such an uncompetitive
environment, the high type of each player always earns a payoff of p (v, — v;) since the

upper bound of equilibrium support is v;.

e Strong competition equilibrium (SCE): see the right panel of Figure 5. Both type
(v, h) and (vp, h) randomize uniformly in the support [O,E(Uhh)], while type (vp, h) also
randomizes uniformly in the support [B(vz,h)v vp]. Such nonmonotonic strategy causes some

efficiency loss in the equilibrium. The sufficient and necessary condition of SCE is Con-

dition =2 and Condition 3. They jointly imply the following two (equivalent) versions of
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monotonic likelihood ratio property (hereafter MLRP):

Pr(vfon,h) v Pr(valon,h) - Pr(oloyh) on _ Pr(ulv, h)
Pr(vi|v;, h) ~ vy Pr(uvp|ug, h) Pr(vy|vn, h) — v Pr(v|on, h)

The former (latter) indicates that high (low) type is more likely to compete against a high
(low) type opponent. Thus, players compete in a very competitive environment in which
they are likely to be evenly matched. In fact, such fierce competition drives all types of

players’ payoffs down to zero.

There are three similar equilibria for signal [: MSE/WCE/SCE when Condition 4/4/-4 and
5/=5/5 are satisfied, respectively. The analysis with regard to "h" applies equally to "I".
4.2 Optimal public signal: Payoff maximization

We now turn to the optimal public signals which maximize each player’s expected payoff.

Proposition 3. The maximum expected payoff of each player when the organizer discloses public
signals is min{pp (v, — v;),pppivn}. Furthermore, the following signals induce the mazimum

pr(vn — vi) when ppop < vy

v — v
b ah:thli Cdehgw;
v — v
o ap,=0,=0, and7h>1—w

and the following signals induce the maximum pppvy when prop = vi:

b v
Ph V=Y

o ap > , Bn =1, and v, = 0;

o ahél—%ﬁ,ﬂh:@ and v, = 1.

The maximum payoff given in Proposition 3 is strictly larger than ppp;(vy, — v;) which is
the expected payoff in both the IPV and the complete information settings. See Table 2 for an
illustration of the first signal, which provides no information about the opponent to the high
type of each player. The player thus holds prior belief. For the low type, it provides noisy
information when 7, > 0 and complete information when v, = 0. On the other hand, Table
3 illustrates the third signal. It provides the high type noisy information when «; < 1 and no
information when aj = 1; however, it provides complete information to the low type of each
player.

Lu et al. (2018) characterize the same maximum as given in Proposition 3 and show that

the unique optimal disclosure policy satisfies two requirements: (a) the low type of each player

13



‘ (Uhv h) (Uhv l) (vh h) (’Ul, l) ‘ (’Uh, h) (’Uh, l) (Ulv h) (Uh l)
(vn, h) i 0 DPhDI 0 (vn,h) | prap 0 PhDI 0
(vp, 1) 0 0 0 0 (vp, 1) 0 Pray 0 0
(vi,h) | pam 0 Rl 0 (vi,h) | pami 0 0 0
(v1,1) 0 0 0 piu (v1,1) 0 0 0 I

Table 2: ap = 8, = 1, and v, < Y=Lath, Table 3: «ay, >

i B =1, and 5, =0,

p} Uh Ul

has complete information and (b) the high type of each player holds prior belief. The signals
illustrated in Tables 2 and 3 imply that only one of the requirements is needed. In particular,
only (b) is met in the former and only (a) is met in the latter. In fact, none of the requirements
(a) and (b) is necessary to achieve the maximum payoff. The class of public signals that satisfy
Conditions 2, =3, 4, and —5 does not have to meet either requirements; however, it ensures that
WCE is played regardless of whether h or [ is observed. Thus, each player earns an ex ante

expected payoff of py, (v, — v;), which equals the maximum.'?

4.3 Optimal public signal: Effort maximization

It is mathematically difficult to find optimal public signals that maximize total effort by solving
constrained optimization problems. Instead, I take a different approach. Consider the case when
Condition 2 is binding and players observe "h". It can be verified that type (vp, h) randomizes in
[E(vl’h), vp] and type (v, h) randomizes in [O:B(vl,h)] in the unique equilibrium from Proposition
8 in Appendix A3. A similar equilibrium is played when Condition 4 is binding and players
observe "I". I refer to such an equilibrium as the "efficient SCE" since it features both allocative
efficiency, which maximizes social surplus, and fierce competition, which drives players’ expected
payoffs down to zero.

However, Conditions 2 and 4 can never be both binding: see Proposition 4 below.

Proposition 4. When the organizer discloses public signals, the total expected effort of the

contest lies strictly below the social surplus when there is efficient allocation, plzvl +(1 —p%)vh,

Nevertheless, the organizer can increase total effort by choosing the largest possible parame-
ters (ap, Bh,yn) which ensure that Condition 2 is binding. In this case, whenever players observe
signal h the efficient SCE is played. Meanwhile, choosing parameters as high as possible increases
the probability that players observe signal h and thus, that SCE is played.

The signal that meets the above criteria is

(o, Bryyn) = (LBm 1) (4)

0T his corresponds to case 1 in the proof of Proposition 3 given in Appendix B.
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where B is determined by solving for 3 in binding Condition 2 in which aj, = 7;, = 1 is set.!! This
signal assigns the value of 1 to two of three parameters (ay, Oy, ) and ensures that Condition
2 is binding. It indeed induces an expected effort higher than in the IPV setting under some

conditions.

Lemma 1. The public signal (4) induces a total expected effort strictly higher than the expected

effort in the IPV setting, i.e., p%vh +(1- p%)vl, if and only if B > By = -2

2uptu”

Another possible candidate signal that meets the requirements is given by

(ah, Bryn) = (1 Pt Pno >, (5)

Y 9y
Up — PIV1 Vp — PV

where the value of 55, and ~y;, are obtained by letting a, = 1 and 8, = 5, in binding Condition 2.

Such a public signal always induces an expected effort strictly higher than in the IPV setting.'?

Lemma 2. The public signal given by (5) induces a total expected effort strictly higher than the
effort in the IPV setting, i.e., pivp + (1 — p3 )v;.

The contest organizer can then apply a disclosure policy based on the two signals to increase

total effort, see Proposition 5 below.

Proposition 5. The following public disclosure policy induces a total expected effort strictly

higher than in the IPV setting:
o Signal (4) if B > Ba;

e Signal (5) if Bn < B,

whereBQEBl[l—i-thh( L_ | Pnu 2)}

VR =PIV (vh—p1v1)

Proposition 5 is illustrated in the following numerical examples.

Example 1. Let v, = 2,v; = 1,p, = 0.5. Then, 3, = 0.5 in signal (4), and By > max{B; =
0.2, By = 0.3780}. Thus, signal (4) induces higher expected effort, 1.4375, than (5), 1.3611,
which are both greater than the effort in the IPV setting, 1.25.

Example 2. Let vy, = 2,v; = 1,pp, = 0.25. Then, Bh = 0.2808 in signal (4), and B; = 0.2 <
By < By = 0.2960. Thus, signal (5) induces higher expected effort, 1.1075, than (4), 1.1004,

which are both greater than the effort in the IPV setting, 1.06.

"Two other possible signals fall in the same category: (1,1,prvn/(vi — pon)) and ((vn — prvi)/pror, 1,1).
However, these are not feasible signals as prvn/(vi — pivn) > 1 and (v — prvr)/pror > 1.
12Two other possible signals share the same feature as signal (5) are: (a) an = Br = vi/prvr — pi/pr and

vh =1; (b) an =y = [\/pf (vp —vi)?2 + 4p%vhvl —pi(vp — vl)] /2prv; and B, = 1. The problem with the former

is that ay, and S, do not always lie in [0, 1] and when they do, our simulation suggests the total effort is no higher
than (5). The latter signal is not feasible since ay and «y, do not lie in the interval [0, 1].
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Example 3. Let vy, = 2,0, = 1,pp, = 0.125. Then, B, = 0.1375 in signal (4), and B, <
min{B; = 0.2, By = 0.2494}. Thus, signal (5) induces higher expected effort, 1.0291, than the
effort in the IPV setting, 1.02, which are both greater than the effort induced by (4), 0.9985.

4.4 Revenue comparison across auction formats

Azacis and Vida (2015) analyze private and public disclosure in the first-price winner-pay auction
with independent private value. The authors show that the highest possible revenue in the first-
price auction with either private or public signals is equal to the revenue in the IPV setting. For
second price auction, it has been shown that bidding one’s own valuation is still dominant under
either public (Azacis and Vida, 2015) or private disclosure (Fang and Morris, 2006). Therefore,
according to Proposition 5 we have the following result on revenue ranking among the three

auction mechanisms when players receive public signals.

Proposition 6 (Revenue Ranking). Under the public disclosure policy given by Proposition 5,
the all-pay auction dominates both the second- and the first-price auction with any private or

public signals.

5 Ranking private and public signals

In this section, we compare private and public signals in terms of maximizing players’ expected
payoffs or the total expected effort. We start by showing some numerical examples suggesting
that there is no general ranking between the two signals in terms of maximizing players’ expected
payoffs. On the one hand, the following example suggests that the maximum expected payoff

induced by public signals is greater than all the possible payoffs induced by private signals.

Example 4. Suppose p, = %, vp, = 2 and vp = 1. According to Proposition 3, the maximum

expected payoff for player i with public signals is prpyvn = pp(vn — v;) = % The expected payoff

: : ; ; 5 13\2 | 49 : ; : 49 1
with private signals in MSE is —3 ( — @) + 169 which reaches its mazimum at {g5 < 5 when
q= %, and in NMSE is % - m — %q which reaches its mazimum at % < % when q = %

On the other hand, the following example shows that a private signal induces an expected

payoff of each player greater than the maximum payoff induced by optimal public signals when
prvp < vp, Le., pp(vp — ).

Example 5. Suppose p, = %, v, =2, vy = 1 and q = 0.7. First, note that the cutoff value
s ¢~ = %; thus, with private signals the set of parameters entails an NMSE, which makes the
expected payoff 0.2297. Second, note also that ppvp, —v; = —0.6 < 0; thus, the mazimum expected

payoff with public signals is pp(vy, — v;) = 0.2 < 0.2297.
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Similarly, the following example shows that a private signal induces an expected payoff
greater than the maximum expected payoff of each player induced by optimal public signals

when ppvp = vy, i.e., pppivp.

Example 6. Suppose pp, = %, vp, = 100, vy = 1 and ¢ = 0.7. First, note that the cutoff value

100 .

101; thus, with private signals the set of parameters entails an MSE, which makes the

s ¢& =
expected payoff 27.844. Second, note also that ppvy — v; = 49 > 0; thus, the maximum expected

payoff with public signals is pppivy, = 25 < 27.844.

The above examples imply that there is no deterministic ranking between public and private
signals in maximizing players’ expected payoff.

Let us turn to the comparison of signals in terms of maximizing total expected effort. Recall
from Proposition 1 that the total expected effort with private signals when ¢ € ( %, 1] is always
lower than when g = % This implies that the maximum effort that private signals can induce
is equal to the effort in the IPV setting, i.e., (1 — pi)vl +p,2111h. Recall that Proposition 5 shows
that a public disclosure policy can induce higher total expected effort than in the IPV setting.
Thus, public disclosure dominates private disclosure in maximizing total expected effort.

Finally, there is another interesting observation in comparing the equilibrium strategy in the
contest across private and public disclosure. Recall from the preceding section that the low type
always earns zero expected payoff in all equilibria when signals are disclosed publicly. When sig-
nals are disclosed privately instead, the low type always earns positive expected payoff since type
(u,1) of each player randomizes in a support strictly above zero in the symmetric equilibrium.
To see the intuition behind this, consider a scenario in which both players turn out to be the
low type: v;. In public disclosure, the low type of each player has neither competitive advantage
— since she is the weakest type — nor informational advantage — since the signal is public. In
private disclosure, however, type (v;,1) of each player has an informational advantage over type
(v1, h) of the opponent since the latter player receives a wrong signal. Such a possible scenario

provides a special "information rent" to a player even if she is the weakest in competition.

6 Conclusion

When players receive additional information regarding the opponent’s valuation, they are always
better off if the information is disclosed through conditional independent private signals. They
may be worse off if the information is disclosed through public signals. In terms of maximizing
total expected effort, a public disclosure policy is shown to outperform any private signals.

The comparison between private and public disclosure in contests raises several policy impli-
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cations. In practice, information is usually disclosed publicly in order to facilitate transparency
and to restrict overexpenditure in rent-seeking activities.'3 However, this paper shows that pub-
lic disclosure can also backfire since it can induce higher total expenditure than no disclosure.
This is the case when, for example, a contest organizer who aims to maximize players’ expected
payoff miscalculates the informativeness of public signals, ends up increasing total expenditure.
Private disclosure, however, always reduces expenditure. Intuitively, the distinction arises from
the fact that, unlike in private disclosure, signals disclosed publicly are common knowledge and
serve as a coordination device which can either soften the competition or intensify it.

There are multiple directions to generalize the current paper. First, a general disclosure
policy with partially correlated signals may be able to induce an even higher expected payoff
of players. Since none of the two modes of information disclosure in this paper dominates the
other, it can then be expected that a combination of the two might perform better. * Second,
following the literature on auctions with a general information structure (Bergemann et al.,
2017), it is also interesting to consider the lower or upper bounds of players’ expected payoff or
total expected effort when there are no restrictions on information structure. Lastly, the number

of players can be generalized to n players.

Appendix A

A1l: Special cases in public signals

Table 4 below shows the partial disclosure polices in Serena (2017) and the corresponding public

signals in the form of (ap, Bn, Yn)-

Partial disclosure policies ‘ {C,C,C} ‘ {D,D, D} ‘ {C,C,D} ‘ {D,C,C}

(0,0,0) (0,1,0) (0,0,1) (0,1,1)
Corresponding public signals
(1,1,1) (1,0,1) (1,1,0) (1,0,0)

Table 4: Partial disclosure polices and corresponding public signals

A2: Equilibrium of the contest with private signals

Proposition 7. Ifq € [%, 1], then there ezists a symmetric equilibrium in which all types ran-
domize over connected supports.

When Condition 1 is satisfied, then

3Kovenock et al. (2015) show that total expenditure is lower under full disclosure than under no disclosure.
' Consistent with this conjecture, Mathevet et al. (2017) shows that the optimal signals in games with finite
actions always consist of an optimal private signal and an optimal public signal.
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type (v, h) mizes over [O,E(Uhh)] uniformly according to

_ (1 —q) +png

Conm®) == 0 o,

type (vy, 1) mizes over [B(Wh),g(vl,l)] uniformly according to

pr(l—q) +mgq
p) = thin A T Ay,
G(vlul)( ) pquUl

type (vp,l) mizes over [B(UZ’Z),E(%J)] uniformly according to

pr(1—q) + pig
G n(b) = 2o — 4 TPl
R N

type (vp, h) mizes over [B(vh,l)vg(vh,h)] uniformly according to

pi(1—q) + prq
Gy () = L= TP0dy,

Phqun
where
B L _ pl(l - Q)2vl
(vi:h) p(1—q) + prq’
2
T T big-u
b = b +
(v,l) (v,h) ph(l _ q) + piq
= - pr(1—q)vp
b = b 4+ —_—
(vnsl) (vi,0) (1 —q) + piq
thZUh

b, = by g+ ——
(vn.h) )™ (1= q) + pra

When Condition —1 is satisfied, then

e type (vp, h) mizes over [b,B(Uhyh)] uniformly according to

_ Pt —q),  Prqva+piv

1- q),
Pha?up, Pha>vp ( )

G(’l}h,h) (b)

and mizes over [b,b] according to

I

o N g 1—gq 1-q¢ p(l—q) qu—1—-qvpv,—1y
(Uh7h)()_ P b_
2¢ —1 \vy vy 2¢ —1ppg+pi(1 —q) quy — (1 = q)u; vy
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e type (vp,1) and (vy,1) miz over [b,b] uniformly according to

)

1 (a4 1-4q 1-q p(l—q vi—u
Gon ) (b) = Gupsy (b) = < )b (1-q)

uo 2 —1png+pi(l—q) wp
e type (v, h) mizes over [b,b] uniformly according to

1 q l—gq

1-q p(-9q qu-(Q-quyon—u  v—wu
2q = 1png+pi(1 —q) qun — (1= q)u vp (1 —q)v —qup’

and mizes over [0,b] according to

prg +pi(1— Q)b
i (1—q)°v

)

G(’Uz,h) (b) =

where

Prqun + pi(1 — )y
prq +pi(1—q)
s _ gt =)=l — (1—q) por
[Pha +pz(1 —q)] [qun — (1 = q)v]]
p(l—q) (1-qu
prq +pi(1 —q) qun — (1 — q)u;

<

(vh,h) =

I

(vn —vr) .

A3: Equilibrium of the contest with public signals

Proposition 8. When players receive the public signal (o, Br,Vn), the unique equilibrium is
symmetric, and all types randomize over connected supports.

Specifically, for type (vp, h) and (v, h):

e [f Condition 2 and 3 are satisfied, then type (v, h) mizes over [O,B(W,h)] and (vp, h) mizes
over [B(vl,h)75(vh,h)] according to CDF G, ) (b) and Gy, n)(b), respectively:

PrBL + DY
Con @ = "
Go (b)) = Phon tuBny v Pyn Pron + P
(vn.h) DhORVL U PhOt PRBR + Divn
where b =P 4 gnd b = —Phlh 4 1]
(vh) = ppBrtpin (Wnh) = prog+piBr P (v3,h)-

o [f Condition 2 and —3 are satisfied, then type (v, h) mizes over [b(w“h),vl] according to
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CDF Gy, 1y(b):

_ Br (puBr + piyn) v — n (Pron + piBr) v P18y + Pran
Glonm(b) = 5 b= h—"rs (vn — 1),
pr (87 — anyn) viur pr (87 — anyn) vn
while type (vi, h) mizes over [by,, ny,vi] according to CDF Gy, ) (D)
Cony (B) —ap, (PrBr + pive) va + Br (piBh + pron) v bt B, 1B + pray (o — 1),

v (87 — anyn) viur p (B2 — anyn) vn

and mizes over [0,b,, py| according to CDF Gy, ) (b):

PrBr + D1k
Con® = "

where b Y (P1Brtpran)

2(vn,h) = Br(rBrtpivn)vn—n (01Batpran ) (vn — i) v

If Condition =2 and 3 are satisfied, then type (v, h) mizes over [O,E(Ulyh)] according to
CDF G(vh,h)(b):
Yn (Praen + piBr) vi — Br (PrBr + Pivn) v

G b) = :
(vn.h) (b) i (@nyn — B) vivn |

and mizes over [b,, py,vn] according to CDF Gy, p)(b):

_ PnontpiBu,  piPn
PhOR VR phon’

G(Uh,h) (b)

while type (vy, h) mives over [0, by, ny)] according to G, p(b):

_ap (pyn + prBr) va — Br (piBr + pran) vy
G(Ul h) (b) - 2 b7
’ o (v, — BE) vhug

pi(anyn—B7 )vnvl
an (PR +PrBR)VE—Br (P18 +PraR) VL

where B(W,h) =

Alternatively, for type (vp,l) and (v;,1):

e [f Condition 4 and 5 are satisfied, then type (v;,1l) mizes over [075(%1)] and (vp,l) mizes
over [B(WJ),B(%J)] according to CDF Gy, 1y(b) and Gy, 1y(b), respectively:

prBtpony

G(vl’l)(b) B D
Gy (b)) = Phy +plﬂzb v P Phou + piB
! = —b—— ;
wn.0) PLOYVL v Phy PRBL+ Py
where b(vz,l) = phézl:;ﬂz v; and b(vh’l) = pih(fé)lhfll)lﬂl vy, + b(vl,l)'
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e If Condition 4 and =5 are satisfied, then type (vn,l) mizes over [b,, v, v according to

CDF G(vh,l) (b) N

Bu (B + poy) vw — i (prea + piBi) oy | PPt pren
pr (87 — cumi) vnur pr (87 — i) v

G(vh,l) (b) =

(Uh _Ul)7

while type (vi,1) mizes over [b,, 1y, vi] according to CDF Gy, 1y(b):

1B + pray
p (B — aum) v

Gl = —au (i + pin) vn + B (P + prcu) o1y 5

p (B — aum) vhor

(% *vl)v

and mizes over [0,by,, ] according to CDF Gy, 1)(b):

PR+ Dt b

G l b =
() (0) P
_ Y (PiBitprou) _
where b(vhvl)  BulprBitpiv)vn—vi(piBitpron)u (v = vi) vr.

o [f Condition —4 and 5 are satisfied, then type (vp,l) mizes over [0,5(%1)] according to CDF
G(’Uh,l) (b) 3

Y (preu + piBr) vi — B (pnBr + mivi) vn b

G b) =
(on1) (D) pr (i — B7) vio,

Y

and mizes over [b(,, 1y, vn] according to CDF G, 1)(b):

_ Pt piBy, Pl
Proqvp prau’

G(vh D) (b)

while type (v, 1) mizes over [0, b, 1] according to Gy, 1 (b):

vy + prB) v — B (B + prou) vy .
o (o — B7) vpuy

)

o
G(’Ul,l) (b) = : (

pi(ciyi—BE)vnvr
a(pryi+prBr)on—Bi(P1Bi+prar)vr

where B(UM) =

Appendix B: Proofs

Proof of Proposition 1

Proof. Note first that when ¢ = %, the model is equivalent to the IPV setting and thus it is
well known that the expected payoff of a player is ppp;(vy, — v;). Note also that when ¢ = 1, the

model is equivalent to the complete information setting, thus the expected payoff of a generic

player is also ppp(vy, — vp).
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In the MSE where (1 — q)v, > quy, the expected payoffs of each type of players are:

~pndPon + 11— @)*o pig*or + pa(l — g)%on

vn, h)’s payoff:  w(y, 1) (q) = vn
(vn, h) (on.) (@) pra +pi(l—q) pr(l —q) +ma
9 2
: pPIqULR — P1q°U; p(1—q)v
vh,1)’s payoff: 7} - a
( ) (Uh:l)( ph(l — q) + piq Pnq +pl(1 - Q)
: Pig(l = g (1 = q)*v
vy, 1)’s payoff: M q) = -
(v1,1) (o) (@) pr(l—q) + g prg+mpi(l—q)

(v, h)’s payoft: Wg\{)[ m(a) =0

Thus, the ex ante expected payoff of each player is given by

™(q) = pullong +p(1 = @)y, 1) (@) + Prlpn(1 = @) + piglnly, (@) + pilpn(1 — @) + piglmly, ()
= pnpi(vn —vi) + papi(2q — 1) -
(1= @) (prg + (1= @))vn  (=pn — 4 — 3png”® — Pia + 2p30° + 4png + ¢*)uy
(pr(1 = q) +pa)(pra + pi(1 — q)) (pr(1 = q) +pa)(pra + pu(1 — q))
pi(l—q)u

WV

PrPI\Vh — U} +ph 2q_1 /1 N
( ) ( )th+pl(1 —q)

> prpi(ve — vr)

The first inequality is due to the condition (1 — q)vy > qu;.
In the NMSE where (1 — q)v, < qu, the expected payoffs of each type of players are the

following;:
1—gq)
vp, h)’s payoft: N :pl(—v —v
(vn, h)’s pay (n.h) (@) o i 7q)( h— 1)
- ’ 1-9)%)
vp,1)’s payoff: 77\ = (vn — ) ( pig v — P v)
( h ) p y (Uh,l) q) qvh _ (1 _ q)vl ph(]. . q) +plq h phq+pl(1 _ q) l

1—q)u q (1-9q) )
vy, 1)’s payoff: N = ( < — vy —
( l ) pay W(vl,l) (Q) qup, — (1 — q)vl ph(l _ q) + niq Pha +pl(1 — q) )pl( h l

(v, h)’s payoff: W(thh)(q) = 0.

Thus, each player’s expected payoff is given by:

q(prg +pi(1 — q))vn — (1 — q)(—pn — 3¢ + 2prg + 2)v;
(qurn — (1 = @)v) (prg + pi(1 — q))
(1—q)(2¢ — 1)y,
qup, — (1 = @)v) (prg + (1 — q))

M) = papi(on — )

> prpi(ve — vr)

Therefore, each player’s expected payoff 7(q) is equal to 7 (¢) when ¢ < ¢* and 7V (q) when

q > q*. This completes the proof of the first part of the equilibrium.
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Now we turn to the second part. The social surplus, S.9, is p?vl + (1 - p?)vh in the MSE
since the prize is efficiently allocated in such an equilibrium. However, SS' is less than that in
the NMSE. Thus, the total expected effort can be calculated by letting the social surplus to

minus the total expected payoff of both players:

R(g) = SS-—2m(q)
< piu+ (1—pi)oy —2-7(q)
< piu+ (1 —p)on — 2papi (v — v1)

= phun+ (1—pp)u
This completes the proof. ]

Proof of Proposition 2

Proof. In the SPA, it is still dominant to bid one’s own valuation even when players observe
private signals. Thus, the prize is efficiently allocated and the revenue of the SPA is p%vh +(1-
pi)vl. Proposition 1 then immediately implies the first part of the proposition.

In terms of the FPA, examples in Figure 4 show that, with private signals, the FPA can either

raise higher or lower revenue than the APA. The second part of the proposition follows. O

Proof of Proposition 3

Proof. Note first that there are 3 x 3 possible cases as it is not possible to have either =2 and
=3 satisfied simultaneously or =4 and —5 satisfied simultaneously. In this proof, we denote by
Viw,,s:)(@hs Bryvn) as the expected payoff of a type (v;, ;) player when the public signal players
observe has the parameters (ap, O, 7). Furthermore, we denote by V(ap, Br,vn) a player’s ex
ante expected payoff when the public signal is (ap, Bn, Vh)-

Case 1: When Condition 2, =3, 4 and =5 are satisfied, then by the equilibrium strategy
given in Proposition 8, the expected payoffs of each type of players are: Type (vp,h)’s ex-
pected payoft: Vi, n)(an, Bn,vn) = vn —vi; type (v, h)’s expected payoft: Vi, n)y(an, Br, vn) = 0;
and type (vp,1)’s expected payoff: V(,, 1y(an, Br,vn) = vi — vi; type (v, 1)’s expected payoff:
Vo) (@ Brs ) = 0.

Thus, player i’s expected payoff is pp, (v, — v;) for all values of (ap, B, yn) satisfying Condi-

tion 2, =3, 4 and —5. Suppose ppvp > v; then according to Condition —3

DhBh o> DPhO, o > ap, "
Pl + DV pron + piBh Pran + piBu

24



And according to Condition —5

PR o> DhQy o ay o
prBi+ v pou + miBy pray + i3

After rearrange, we have ypap < ppSp (Brn — ap) and vy < pp (1 — Br) (ap, — Br) which then
implies o, = By. This is because oy, # £, would imply that there is a negative parameter among
ap, oy, Vi, and vy, which contradicts to the assumption that all parameters are nonnegative. But
then ap, = By, implies that there is a negative parameter among «j, and vy, and another negative
parameter among «; and ;. This is also a contradiction. Therefore, it must be true that
prop < v and hence, the maximum payoff in Case 1 is pp(vy, — v;) < pppP1Vp-

Case 2: When Condition 2, 3, 4 and 5 are satisfied, then the expected payoffs of each type

of players are: Type (v, h)’s expected payoff: V{,, n)(an, Br,vh) = phazz-il;azﬁh vy, — phﬁilr;oz% v

type (v;, h)’s expected: Vi, pny(@n, B, ) = 0; type (vp,1)’s expected payoff: Vi, i) (an, Br, ) =

Py, — —PIL—;; type (v, 1)'s expected: Vi, 1) (n, Br, 7n) = 0

Thus, player i’s expected payoff is

V(an, Busvn) = o (Pran + piBr) Vie,ny + ph (Prea + pi81) Vie,
B Phoy + DB prhou + i
= prpon — | ol PRIV
PhBh + D1k PrBL+ P

Note that the expected payoff is maximized if the second term is zero. There are two cases
which could let this happen. First, ap = 7, = B = 1. In this case, Condition 2 and 3 now
become pvp, = 0 and ppvp, — v; = 0. Condition 4 and 5 are irrelevant as the probability of
receiving a signal [ is zero for players with vy. Second, oy = 8; = v, = 1. In this case, Condition
4 and 5 become pyvp, > 0 and ppvp, — v; = 0. Thus, ppvy, — v; = 0 is true in both cases and thus,
it is true that the maximum satisfies pppjv, < pp(vy — vy).

In fact, under these two sets of parameter values, (vp, h) randomizes in an interval with zero
as the lower bound while (v;, h) bids zero with probability one in the unique equilibrium. This
is similar as Case 6 below.

Case 3: When Condition =2, 3, 4 and 5 are satisfied, then the expected payoffs of each type
of players are: Type (vp, h)’s expected payoff: V{,, n)(an, Bn,vn) = 0; type (v, h)’s expected

PO

_ B,
prhoutpiB P

payoff: Viy, n)(an, Br,vn) = 0; type (vn,1)’s expected payoff: Vi, 1)(an, Bu, ) =

P17

gV type (v1,1)’s expected payoff: V{,, 1y(an, Br,vn) = 0.
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Thus, player i’s expected payoff is

B kel
V(an, Bravn) = prn(phou +pifi < Vp — Uz)
( ) ( ) pray + P13 PR+ D1

pray + P13

= papiSivn —
P+ Dt

PrpiMivL,

and when v, = B, = 0, V(ap, Br, vn) reaches its maximum pppjvp. Check the conditions when

v = B, = 0 in the order of Condition -2 and 3, 4 and 5:

-y < Oanduwvy, >0

«
b v, > 0and Proy

_ —— v —v; = 0.
Proq + i Proq + D -

Thus, Condition —2 and 3 are satisfied, but Condition 5 imposes a restriction on ap: «ap €

[0,1 — 2L_"_]  Since «y is restricted to be between zero and one, we need 1 — 2L >
Ph VA= Ph VAU

which then implies ppvp, = vy, thus, pp (v, —v;) = prpivn = V(aw, Bry vh)-

Case 4: When Condition =2, 3, =4 and 5 are satisfied, then the expected payoffs of each
type of players are: Type (vp, h)’s expected payoff: Vi, uy(an, Br,7n) = 0; type (v, h)’s expected
payoff: Viy, ny(an, Br,vn) = 0; type (vp,1)’s expected payoff: Vi, 1)(an, Bn,vn) = 0; type (vr,1)’s
expected payoff: V{,, 1)(an, Bn, vn) = 0. Thus, player i’s ex ante expected payoff is 0.

Case 5: When Condition 2, 3, =4 and 5 are satisfied, then the expected payoffs of each type

of players are: type (uy,h)’s expected payoff: Vi, n)(an, Br,vn) = phaZZf-Zzﬁh vp — phﬁiljr};)m ug;

type (v, h)’s expected payoff: V,, ny(an, Br, 7n) = 0; type (vs, 1)’s expected payoff: Vi, 1y (an, Br, vn) =
0; type (v, 1)’s expected: Viy, 1y (an, Br,vn) =0

Thus, player i’s ex ante expected payoff is:

Pran + piBh

V(an, Brsvn) = PrpiBrvn —
( ) PrBh + Divh

PrP1Yn

It is maximized at pppyvp, when v, = B, = 1. See below (in the order of 2 and 3, -4 and

3) that Condition —4, 5, and 2 are satisfied, whereas Condition 3 imposes a restriction on ay,:

P _ v
Qp 2 Ph Vh—VL "

«
P > 0and 2R
PrQn + P PhQp + Dy

—v; < Oand vy >0

vp—v; =20

Since «aj, has to be between zero and one, we need £L—Y

oo S 1 which then implies v; < ppop,

and thus pp,(vy, — v;) = pPrP1UR.
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Case 6: When Condition —2, 3, 4 and —5 are satisfied, then the expected payoffs of each
type of players are: Type (vp, h)’s expected payoff: Vi, »y(an, Br,7n) = 0; type (vi, h)’s expected
payoff: Viy, ny(an, Br,vn) = 0; type (vp,1)’s expected payoft: Vi, 1)(an, Bn,vn) = v — vi; type
(v1,1)’s expected payoff: V{,, 1y(an, Bu,vn) = 0.

Thus, player i’s ex ante expected payoff is:

V(o Br, vn) = pu (Pray + piBr) (v, — vp)

p

which is maximized at py, (v, — v;) when o, = By, = 0. In this case =5 implies ppvp, < mvl <

vy, then py, (v, — v;) < prprvp. Furthermore, =5 also implies that v < 7”;5)’;% < L.

PhVh
VI —PiVh

Condition 4 does not impose restrictions, as it implies either that ; < when v; > pjup,

or that vy, > Ulp_h;’;h when v; < pjvp. In the latter, any v > 0 satisfies the condition. In the

former, since it is always true that v; — pjun, < ppup, thus any +; < 1 satisfies the condition.

Vi—PhVh

) and the maximum is
PiVh

Therefore, the optimal signal is o, = 85, = 0 and any v; € [0,

pr(vh — v1) < prpivp-
Case 7: When Condition 2, 3, 4 and —5 are satisfied, then the expected payoffs of each type

of players are: Type (vx,h)’s expected payoff: Vi, n)(an, Br,vn) = phailf};nﬂhvh - phﬁi’r}mhvl;

type (vi, h)’s expected payoff: Viy, n)(an, Br, 7n) = 0; type (vn, 1)’s expected payoff: Vi, 1y (an, Br, vn) =
vp, — g5 type (v, 1)’s expected payoff: Vi, 1 (an, Br,vn) = 0.

Thus, player i’s ex ante expected payoff is:

V(an, Busvn) = Pr(Pran + piBr) Vie,,n) + pr (Proa + piBi) Viw, 1)
2
7. Bh
= PrPVK — PR+ Praqup, + —— 2 (prag, + piB) vl
PrBh + DV

2 2
< PrPIVR — PRV + PROqUR + DR QRUR

= pu(vn — )

The inequality is due to Condition 3 which is equivalent of ppapvy — % (proy, + pifn) vy =

0. In other words, when Condition 3 is binding, the expected payoff reaches its maximum of
pr (v, — vy). Thus, any public signal (ap, B, vn) which satisfies the binding Condition 3 and
satisfies Condition 2, 4, =5 maximizes the expected payoff.

Suppose ppvp > vy, then =5 implies

0 PhOy Prbi ( Q Prbi >
> Uy — v > — U1
proy + i PR+ Py proy +piBr prBi+pivi

prbL o vy < ppPr(ap — Br). Similarly, Condition 3 implies

\ o
and thus, Pray+piB < prBItPIN
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phafﬁpzﬁh < phé’hhfzwh thus ypan < ppBr (B — ap). Hence, it must be true that ap = fp.

But then there is a negative parameter among ~; and «;, and another negative parameter
among 7, and ap. This is a contradiction. Therefore, it must be true that ppvy < vy and thus,
pr (vn = vi) < prpivn = V (e, Bry n)-

Case 8: When Condition 2, =3, 4 and 5 are satisfied, then the expected payoffs of each
type of players are: Type (vp, h)’s expected payoft: Vi, ny(an, Br,vn) = v — vi; type (v, h)’s

expected payoff: Vi, ny(an, Br,7n) = 0; type (vp,1)’s expected payoff: V{,, 1y(an, Br,7n) =

1B
prou+piBi

by
prBi+pin

vy — vy; type (v, 1)’s expected payoff: Vi, 1y (an, Br,yn) = 0.

Thus, player i’s ex ante expected payoff is:

V(an, Busvn) = h(Pran + piBr) Vi,n) (@, Bus Yr) + ph (Prou + piBi) Viw, 1) (@h, Brs Th)
noq + pif
= pn (phon + 1) v — Ph (phoéh + pi1Bh + ppPl’Yl) vy
PR+ Py

It is decreasing in ;, thus let v = 0, and we have

V(an, Busn) = pr (Pran (Ve — vi) — piBrvr) + prpivn

which is increasing in «j, and decreasing in 8. Now, given that v; = 0, the conditions become

the following (in the order of Condition 2 and —3, 4 and 5)

DiBn DI PrOp PrBn
Vp — v = 0and vp — v <0
photn + piBn PrbBn + 11 prhon + piBa PrbBn + 1
B POy
—————vp, = 0and ————v, —vy; =0
Phoy + piBi g Phoy + piBy g

Condition 5 then implies: py (vy — v;) — prvg = pran (vp — vp) — piPrvr and thus, V(ap, Br, vh) <

Prh&

pp (vp, — v). To reach the maximum, Condition 5 must be binding, i.e., TR

vy = .

PhOg (8%}
v
phogtpiB P > prou+piIBL

; : g Phlh __PubBh ap _ _pubBh
ap, > By. This then violates Condition —3 as oo o8 VT Bt VU > (phahﬂ?zb’h phﬂhﬂn) v >

Suppose ppvp > vy, then by binding Condition 5 we have v; = v; thus

(1 — I#ﬂhm) v; > 0. Contradiction. Thus, it must be true that pp, (v, — v;) < prpPIUA.

Case 9: When Condition 2, =3, =4 and 5 are satisfied, then the expected payoffs of each
type of players are: Type (vp, h)’s expected payoff: V,, ny(an, Br,vn) = vi — vi; type (v, h)’s
expected payoff: V(y, pn)(an, Br,7n) = 0; type (vp,l)’s expected payoft: Vi, 1y(an, Bu,vn) = 0;
type (v, 1)’s expected payoff: V,, ;y(an, Bn,n) = 0.

Thus, player i’s ex ante expected payoff is:
V(an, Br, Yn) = pr (Pran + piBr) (vn — v1)
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which is maximized at pj (vp — v;) when oy = f;, = 1. In this case, Condition =3 implies

PrUp < phfﬁvl < vy which then implies that pp (v, — v;) < pppivn. The condition also implies

VI=PnVn
that v, < o< 1.

PhVn

v
T when v; > pyup,

Condition 2, in fact, does not impose a constraint. It implies that v, <
and vy, > % when v; < pyvp. In the latter, any ~y;, > 0 satisfies the condition. In the former,

since it is always true that v; — pjvp, < ppon, any v, < 1 satisfies the condition. Therefore, the

Vi—PhVh ]

optimal signal in case 9 is oy, = B, = 1 and any 7, € [0, oior

We can now conclude that the maximum expected payoff is min{ppp;vp, pr(vy — v;)}.
As for the optimal public signals given in the proposition, the first signal corresponds to case

9, the second to case 6, the third to case 5, and the last to case 3, respectively. O

Proof of Proposition 4

Proof. Suppose Condition 2 and 4 are both binding. Denote by 71 = ap/Bh, 72 = Br/Yh, T3 =

/B, and 74 = By/vy. Thus, r18, = oy and 738 = oy, and hence f; = 1771 g, = =L

ry—ry’ r3—nry’

Similarly, by royn, = Br and r4y; = F;, and hence v; = 122:7“14, Yh = é:’;ji. Then, according to
ap =110y = r1rey, and o = r3f; = r3ryy;, we have
ri(rs —1) _ rire(1 —1y) (6)
r3s —T1 9 — T4
7"3(1 — 7’1) _ 7’37’4(7’2 — 1) (7)
ryg —7r1 ro — Ty
Condition 2 and 4 are binding also implies that
2
%TQ +1 U
2
??Tg + 1 _ %
%7“4 +1 Ul
(6) divide by (7):
ry3—1 _ ro(l —1y) (8)
1—mr ra(re — 1)
Represent r1 by r; = %rg + % and r3 by r3 = %’;m + 1%. Plug in (8) and rearrange,
we have
Up — U T2 Up Up — U T4 Up,
— —T9 = — —T4 (9)
ppur 1—r2 ppur =14  y
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However, due to the shape of the function

vp— U T v,
=Ry
ppor 1—x
there do not exist any ro > 1 > 74 or 4 > 1 > ry satisfy (9). Contradiction. ]

Proof of Lemma 1

With the public signal (1, Bh, 1), Condition 2 is binding, and Condition 3, 4, and —5 are satisfied.

Furthermore, b( = 0 since v; = 0.

Uhrl)

In this case, the expected effort of type (vp,h) is & (1 + M) vy, the expected effort of

2 PhtDPiBh
type (v, h) is . Bpl+p vy, the expected effort of type (vp,[) is %vl and the expected effort of type
hPPh 1
(v, 1) is ;Tlh The total expected effort is two times the sum of these expected efforts weighted

by their corresponding probabilities. We can then calculate the difference between such total

expected effort and the effort in the IPV setting, p7vp, + (1 — p?)uy:

phpl(q;]; — ) (2vn +v1) By — v - (10)

Therefore, (3, > 2U:l+vl is sufficient and necessary for (10) to be positive.

Proof of Lemma 2

With the public signal (1 Pl Pl ), Condition 2 is binding, and Condition 3, 4, and —5

> vp =PIV’ VR —PIY]

are satisfied. We can then calculate the expected effort for each type:

e Type (v, h) : The expected effort of this type is %plvl and a player is such a type with

probability p;(pnBn + pivn)-

e Type (vp, h) : The expected effort of this type is pjv; + %(vh — pvp) and a player is such a

type with probability pn(pray, + pifh)-

e Type (v;,1) : The expected effort of this type is

v, — v Lp(vy, —vp)v Vh — 0 Vp — V1)V, 1 Vp — V1)U
h—u 1pi(on z)z+<1_ h l)[pl(h l)l+ (vl_pl(h z)z)]

U —Piu 2 v — pug Vp, — DLy Vp, — DL 2 vp — DU

and a player is such a type with probability pp(pnB; + piyi). So the probability weighted
expected effort of (vy,1) is

(o (00 + Vvpor = 2piv}E) + pi(vn — v)?] po(on — v)ur
2(vp, — prug)? .
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e Type (vp,l) : The expected effort of this type is plon—vur 4 % (Ul — w)} and a

Vh—P1V1 Up—P1v1

player is such a type with probability p;(pra;+pi5;). So the probability weighted expected

effort of (vp, 1) is

prpi(vn — 1) [2p1 (v — vi)vg + PrURYY] (11)
2(vp, — prug)?

Hence, the expected effort of type (vp, h) and (v, h) weighted by their corresponding prob-

ability is given by

1 1
2« | pi(puBn + pivn) - Sh + pr(pran + piB) - <plvl + i(vh - pzvz))] (12)
_ prpivd + pion(vn + prvy) (13)

Unh — PLU;

Difference between (13) and the effort under the IPV setting, p?vy, + (1 — p2 vy, is given by

2.9, 92 2
prP;v; + prvn(vp + prug) ;' (2pp, + 1)vi (v — vp,)
iV +Ph [Bon £ (1—piyu] =P
Up — DU vy — DU

Adds up the probability weighted effort of type (vp,!) given by (11):

2
i (2pn + Dvi(vp — vpy p(vp —v)u 1 pi(vn — vy
L Juil )+2pz(PhOéz+plﬁl) ¥+* vz—¥
Vp — DU Vp — DU 2 Vp — DIV
_ puon —w)u (P} — po)vn + (9} — 2p5p1)vil]
(v — pro)?

Adds up the probability weighted effort of type (v, h) given at the beginning of this proof:

pi(vn — v))vi(vn — pwr) (07, — p)vn + (07 — 207 01) v

(vn — prog)3
n pi(vn — v [pn (o1 + Dowvr — 2p07) + pi(on, — v1)?]
(v — prur)?
_ pppi(on — v)or [(vn — pr)? + (vn — pron)proi (14)
(vn — prur)?
> 0
This completes the proof. O
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Proof of Proposition 5

The signal (1, 34,1) induces higher expected effort if the difference between (10) and (14) is

positive. This is equivalent of

(1 + pr)viv + pivd + (p3 — pupr — 2p1)vpv}

2 3 >
(2up, + 1) Bn (0n — pror)?

By separating Bh, it can be shown that the above inequality is true if and only if Bh > Bo.

Proof of Proposition 7

Proof. The MSE part is proven by showing that each type of players is indifferent in their
equilibrium supports and there is no profitable deviation exists. Here, I only show the prove
that type (vp,h) is indifferent in its equilibrium support and there is no profitable deviation.
The proof for other types can be done in the same fashion and thus is omitted to save space.

The expected payoff of type (vp,h) when choosing an effort within her own equilibrium

support, (E(Uml),g(vh’h)), is given by:

p(1—q) +prg(l —q) Pra?
(1 —q) + prg pi(1—q) + prg

G (v,,0) (D)o, — b

Plug in (vp, h)’s mixed strategy G(,, »)(b), the expected payoff is vy — by, 4y, which is exactly
her equilibrium payoff. Now we check whether type (vp, h) wants to deviate to the supports of
other players.

If type (vp, h) deviate to (vp,l) ’s support, the expected payoff becomes

pi(l—q) prg(1 — q) }
Gv b vp —b
{pl(l—Q)+phq (1 —q) + prgq ( h,l)( ) ¢ Un

plug in the equilibrium mixed strategy of (vp,1), G( and rearrange. Then, the coefficient of

’Uh,l)a
the effort b becomes
pg+p(l—q) ¢
p(l—q)+pngl—q

(15)

which is also the first order derivative of the above expected payoff function w.r.t b. If pp < py,
that is, expression (15) is positive, then type (vp,h) can increase her payoff by increasing b,
until it reaches the upper bound of (vj,1)’s support, B(Uml), which is also the lower bound of
(vp, h)’s own equilibrium support. This suggests deviating to (vp,[)’s support is not profitable.
If, however, pp, > p; and thus (15) is negative, type (vp, h) should choose the lower bound of

(vp,1)’s support, E(’Uz,l)) instead of any effort higher. Thus we need to check whether the expected
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payoff of choosing E(Uhl) is higher than (vp, h)’s equilibrium expected payoff.

Let (vp,h)’s equilibrium expected payoff be 7rEk n) and her payoff from choosing B(Ul,l) be

Vh s

T (op.1) (D)) then the difference between the two:

* 7 q L —4
. — Ty by ) = pr(l — - vy >0
(vh,h) ( hvh')( ( lvl)) ph( q) Prq +pl(1 - q) ph(l - q) +plq "

Thus, we have shown that type (vp, h) do not want to deviate to (vp,1)’s support. An important
observation is that the expected payoff from a type deviate to another type’s support is always
a linear function of b, due to the all-pay rule. This fact ensures that it is impossible that the
optimal deviating effort lies in the interior of others’ supports unless the player finds it indifferent
across all efforts in each support. This means a simpler way of checking the equilibrium is to
compare the equilibrium payoffs of each type with the payoffs from choosing each types’ upper
bounds of their equilibrium supports.

Since I have shown that E(U) 1,0) is not profitable to deviate to, the only things left to check are
the profitability of choosing B(vl,h) and zero. When (vp, h) chooses E(Uhh), the expected payoff is

(1l-p(-gg  (1-p(1-g°
pg+(1-pA—q " pg+(1-pA—0q)

vy (16)

The gap between her equilibrium expected payoff and (16) is:

(1-p)(1—-4q)
pg+(1—=p)(1—gq

] [(1 = q)vn — qui]

which is positive when (1 — q)v, > qu;. It is trivial to show that choosing zero cannot be more
profitable. Thus, it is not profitable for (vp, h) to choose outside of her equilibrium support.
When quv; > (1 — q)vp, the proof, again, consists of showing that players find all efforts in
the equilibrium support indifferent and that there is no profitable deviation exists. It is easy to
check that all types are indifferent when choosing an effort in [b, b], thus it is omitted. Here, we
show that type (vp, h) doesn’t find it profitable to deviate to [0,b] and that type (vp,l) doesn’t

want to deviate to [b, by, -

If type (vp, h) deviate to (0,b), then the expected payoff is

p(l—q)q
prg +pi(1—q)

which is increasing in b since qup, > (1 — ¢)v;. Hence, it is not a profitable deviation.
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If type (vp, 1) deviate to (0,b), then the expected payoff is given by:

ng’

(1= g+ prg)on — (1= 0)* (pn(1 — 9) + ) v,
Pr(1 —q) + g

u (g —1)% (pr(1 = q) + i)

G(vl,h) (b)vh —b=

It’s increasing in b because

¢*(pra + (1 — @)p)on — (1 — @)* (pu(1 — q) + p1g) v
> Plpng+ (1 —@)p)u — (1 — ) (n(1 —q) + ap) v

= (2¢-1) (p(1 — @) + pra® + (1 — q)) v > 0.

Hence, it is not a profitable deviation.

If type (v, 1) deviates to (0,b), the expected payoft:

Pr(2¢ — 1)
(1 —=q) (pn(1 — q) + p1q)

which is increasing in b. Hence, it is not a profitable deviation.

If type (vp, 1) deviates to (b, B(U}“h)), the coefficient of b in the corresponding expected payoff

—pi(2q — 1)
q(pn(1 —q) + p1q)

which is negative. Hence, it is not a profitable deviation.

If type (v, 1) deviates to (b, E(Uh,h))7 the coefficient of b in the corresponding expected payoff:

(1= q)* (pra + pi(1 — @) vt — ¢ (pr(1 — @) + prg) v
q*vn (pr(1 = q) + piq)

- -0’ ena+p(-9) — ¢ (- ) + 1) "

¢*vn (pr(1 = q) + piq)
2=V -g+pg+A-gn) =,
¢*vn (pr(1 = q) + mq) e

Hence, it is not a profitable deviation.

If type (v;, h) deviates to (b, B(vh’h)), the coefficient of b in the expected payoff:
(I-q@u—qun) _ qun—(1-qu

= < 0.
qUh qUp

Hence, it is not a profitable deviation. Thus, in general, there is no type has profitable deviation.
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Proof of Proposition 8

In this proof, Lemma 3, 4, 5 prove that the strategy profile corresponding to Condition 2 and
3 is the unique equilibrium. In particular, Lemma 3 shows that type (vp, h) must randomize in
a higher, nonoverlapping, support than type (v;, h). Lemma 4 shows that each type of players
is indifferent for any bid in their equilibrium support and none of the types find it profitable to
deviate to any bid outside of the equilibrium support. Lemma 5 shows that there does not exist
any asymmetric equilibria when condition 2 and 3 are satisfied.

Similarly, Lemma 6, 7, 8 prove that the strategy profile corresponding to Condition 2 and
=3 is the unique equilibrium. In particular, Lemma 6 shows that type (vp,h) and (v, h) must
randomize in overlapping supports and the expected payoff of type (v;, h) must be 0. Lemma 7
shows that each type of players is indifferent for any bid in their equilibrium support and none
of the types find it profitable to deviate to any bid outside of the equilibrium support. Lemma 8
shows that there does not exist any asymmetric equilibria when condition 2 and —3 are satisfied.

Finally, Lemma 9, 10, 11 prove that the strategy profile corresponding to Condition =2 and
3 is the unique equilibrium. In particular, Lemma 9 shows that type (vp,h) and (v, h) must
randomize in overlapping supports and the expected payoff of both types must be 0. Lemma
10 shows that each type of players is indifferent for any bid in their equilibrium support and
none of the types find it profitable to deviate to any bid outside of the equilibrium support.
Lemma 11 shows that there does not exist any asymmetric equilibria when condition =2 and 3
are satisfied.

The proofs for the case when players observe "l" is exactly the same as the case when they
observe "h" and hence, are omitted. The rest of the proof are shown in the following order:

Lemma 3, 4, and 5; 6, 7, and 8; 9, 10, and 11.

Lemma 3. When Condition 2 and 8 are satisfied, then in any symmetric equilibrium types (v, h)
and (v, h) randomize in nonoverlapping supports. Furthermore, the support of type (vp,h) is

higher than the support of (v, h).

Proof. For the first part of the lemma, suppose both the two types randomize in a same interval

(b1, b2), then for any b € (b1, b2) it must be true that

Ph np
<th(vh,h)(b) " g vl,h)(b)> v —=b = K, n

bnap +p16h PrOp +pl6h (
pnn Pk
Gy )+ — PTGl 0) ) u—b = K,
(Phﬁh i G )+ s G ( )) v (ouh)
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where Ky, n), K(y,n) are constants. Thus, solve for G(,, »y(b) and Gy, 1) (b):

Br (PrBr + pivn) v — Yh (Phan + piBr) vy .

Gy b) =
) Ph (Bh — anyn) vhur
. 1By + phomn (on — 1)
ph (Bj — anyn) vn
—ap (PRBr+P1YR) VR +Br (P1BRFPROR) VL Br (p1Br+prar)(Wh—v)
G( h) (b) = pl(ﬁ%—ah’}’h)vhvl b+ ” (ﬂz—&h'}/h)’l)h 5 for b € [b(vh,h) s ’Ul]
vy,

Bnt
Wb, for b € [Oab(vh,h)]

Thus, the slop of Gy, n)(b) is

T (PrBr + Piyn) v — Yh (Phoy, + PiBr) Ui
pr (87 — anvn) vauy

_ PiBh . PR
(phan+piBn) Uh (prBr+Di171) vl
ppn (B2 — cnvn) vavy

= (pnbBn + pivn) (Pron + pi1Br)

and the slop of Gy, ) (b) is

—ap, (prBr + piyw) vn + B (D1Br + Prow) vg
p (B2 — ) vhur

PrBh _ PrOp
PrBrtrim) 8~ oiBn+pran) VP

prpi (B2 — anyn) vpur

= (pnBn +2ivn) (P1Br + pran)

For the slop of Gy, n)(b) to be positive and Condition 2 to be satisfied, it must be true that
(B,zl — ozh*yh) > 0, for the slop of G(vhh)(b) to be positive and Condition 3 to be satisfied, it must
be true that (5}% — Oéh’Yh) < 0. Thus, when Condition 2 and 3 both satisfied, type (vp,h) and
(v1, h)’s support cannot be overlapping.

Now we prove that the support of (vy, h) must be higher than the support of (v;, h). Suppose

o~ ~

instead that the type (v, h) mixes over the interval [b, b], but the type (vp, h) randomizes in the
interval [O,A]. Note that the lowest possible effort for each player must be 0. However, this then
implies type (vp, h) must earn an expected payoff of 0, which cannot be true in any equilibrium
as she can also deviate by choosing v; to earn positive payoff. This is because any effort above

vy is strictly dominated for type (v, h). O

Lemma 4. When Condition 2 and 3 are satisfied, the mixzed strategies given in the proposition

form a symmetric equilibrium.

Proof. When Condition 2 and 3 are satisfied, we first show that a player with type (v, h) is in-
different in the equilibrium support. By plugging in the mixed strategy G ., n) (b) in equilibrium,
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the expected payoff indeed equals zero:

Pivn

PO b0
PrBr + D1k

G(”L)l ,h) (b)

For type (v, h), we plug in G, »)(b) and the expected payoff is also a constant:

D1Bh DOy, D1Bn DIVh
EE— (on,h) (0) —————— | vp = b v

= h— !
pran + piBh Pran, + piBh pran + piBh PhBh + D1k

Note that Condition 2 guarantees the above expected payoff of type (vp, h) to be nonnegative.
Now we check for profitable deviations when each type deviates to effort levels that are
outside of her equilibrium support. When type (vp, h) deviates to the support of (v, h), the

expected payoff becomes

o) —L0 oy = (th/)’hﬂ)mvhﬂ)b

—————,

pran + piBh Yh PhOth + PLBR V1

This expected payoff is increasing in b given that Condition 2 is satisfied. Thus, type (v, h)
does not want to deviate to the support of (v, h). When type (v;, h) deviates to the support of
(vp, h), the expected payoff is:

DiYh PrBh >
———— 4+ Gy, b)——————— v, —b
<Ph,6h + pivn (enm )ph/Bh o)

B <Ul Br o + piBn 1> b < PiVh v Yn o Brpi+ arpn )
= ., — ., . —DbPh—
Vp Op DRBR + PV PrBh + DYk Uh ah (Brpn + Yupr)
This expected payoff is decreasing in b given that Condition 3 is satisfied. Thus, this is not a

profitable deviation. O
Lemma 5. When Condition 2 and 3 are satisfied, then there is no asymmetric equilibrium.

Proof. Denote by Bl(vh,h) and BQ(Uh’h) the upper bound of equilibrium support of player 1 and
2, respectively. Based on a similar argument from the proof of Lemma 3, type (vp, h) of both
players must choose efforts no less than (v;, h). Thus, it must be true that in any equilibrium,
we have El(v}“h) = BQ(U}“h). If there exists an asymmetric equilibrium, then it must be true that
El(vhh) #* Bg(vm). Suppose without loss that Bl(vhh) > EZ(vl,h)- Since type (v, h) of player 1 is

indifferent between any effort in [0,52(%;1)], thus her expected payoff being zero indicates that:

PR PrBr + Pivn
— G buyy—b=0 & G b) =——b
PrBr + Pivn 2(u1) () 2(01.) (1) DIVRUL
and by(,, p) = % = by, 1) as given in the proposition. Since type (v;, h) of player 2 is also
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indifferent between any effort in [0752(14,}1,)]7 thus her expected payoff being zero indicates that:

Pivh DPhBh + Pivn
——— Gy (D) —b=0 & Gy p(b) = ————b
PrBr + D1k o ”h)( Ju o l’h)( ) PIynUl

and it can be shown that Gy, ) (b(y,n)) = 1. Thus, it must be true that by, p) = Bg(vhh), which

is then a contradiction. O

Lemma 6. When Condition 2 and —3 are satisfied, in any symmetric equilibrium types (v, h)
and (vy, h) randomize in overlapping supports. Furthermore, the upper bound of supports B(U}“h) =

B(Uhh). Finally, the expected payoff of (vi, h) is 0 and the expected payoff of (v, h) is vy, — vy.

Proof. Suppose types (vp, h) and (v, h) randomize in nonoverlapping supports in an equilibrium.
Then the support of (vp, h) must be higher than (v, k), and the mixed strategy of these types
must be equivalent to those given in the proposition which correspond to the case when Condition

2 and 3 are satisfied. In that case, type (v, h)’s expected payoff must be zero. However, by choos-

ing by, ) the type (v, h)’s expected payoff must be vy — by, p) = phé)hhfgz’m v — pho]c):i;zﬁh vp > 0,
as Condition —3 is instead satisfied. Thus, in any symmetric equilibrium it cannot be true that
the supports are nonoverlapping.

In any symmetric equilibrium, it cannot be true that both types earn positive payoff, as one
of the types must have the lower bound of support equals 0. Suppose both types have lower

bound equals 0, then both earn a payoff of 0. In that case, the indifference conditions in the

overlapping part of their supports are

(photh on,h) (D) + %G vl,h)(b)> vpb—b = 0

proy + DiBh ( phan + B (

Phbn PR >
——— Gy (0) + ———C () Ju—b = 0
<Ph5h i Gl O+ e e Gl () ) v

and thus

G B — Br (PrBr + pivn) v — Yn (Pran + piBr) v b
(Uh7h)( ) - 2
pr (87 — anyn) viur
G p o~ O (PrBr + vivw) vn + Br (Phaw + pifBy) vy b
(Ul7h)( ) - 2
v (87 — anyn) vaur

By letting Gy, 1)(b) = G(y,)(b) = 1, we have

- pror (87 — cnvm) vnvg 1

b h) —
O (on B+ o) Pron + iBn) BBy — Py,
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and

- ~ oap (Bh — anyn) vhur 1

b, n) =
©h) = (pn B + pivn) (D18 + prom) — P S Vb T Bphhfgm)w

thus their difference is

Blonh) — Dwr.)

B prot (B — anyn) vnor 1 1
R (P + Pryn) (Prech + pin) <(Phglhﬁi;,llﬁh) B (phgﬁig’m) ) (Ph%i%ﬁ%) N (plg:i};;hah))
prpi (BF — anyn) vn < 1 B 1 >
(P + Pvn) (Pt + Pin) (Phaliff‘};lﬂh) B (phﬁilj";l'Yh) (Plﬂff;hah) N (Phﬂglill];l’Yh)

= 0.

This means B(Uh,h) < B(vl,h). Note that for type (v, h), B(vhh) < v; must be true as any effort
above v; is strictly dominated. But then type (vp, h) has an incentive to choose B(Uhh) to earn
vy, — E(UZ’h) > vy, — v > 0. Thus, there is a contradiction.

So the only case left is type (v, h) earns positive expected payoff whereas type (v, h) earns
0. Thus, the lower bound of (vp, h)’s support must be positive. It cannot be true that g(v}“h) <
B(vl,h) < vy, as then the expected payoff of (v;, h) would be positive. It cannot be true that

B(vh,h) < E(Ul,h) = vy, as type (vp, h) prefers B(Uhh) over any efforts in the interval (g(vh,h)75(vl,h))-

In particular, we have for type (v, h) in the interval [g(vh,h)ag(vl,h)] that:

DPIVh DPhBh
_Ph g ) + ) w—b=0
(phﬁh o o (0) B+ )

thus

) = PrBr+ Py b prbBh

Gy (b
() YR UL DI

Now if type (vp,h) increase the effort from B(vmh) to b € (B(Uhyh),g(vbh)) the expected payoff

increases by

PiBr . _
PP ) = Gy (B )] on — [b = Bry
oran + oo LG (®) = Gy B )] on = [ = b))

+ piyn v -
_ PiBn Pt pnvn b~ Baym] > 0

Phan +piBn P Uy

This is positive, according to Condition 2. Contradiction. Thus, we must have B(v}“h) > E(Uhh).
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Suppose B(Umh) > E(Uhh), then in the interval [B(UZ’h),E(Umh)], type (vp, h) must be indifferent

Prth PiBh A
R L e b+)vbzm
<ph04h + B¢ wi (®) pron + 1B ) " (vn,h)

nd thus the mixed strategy is

) = Pran + B0+ Twin) 1B
PhQp vp PhQp

G (1) (

If type (v;,1) increases her effort from B(Uhh) to b € (B(Uhh),g(vh’h)) then the expected payoff
increases by
PrBn _ _
PRt 8) = Gy (B )] vt — [b— By
o 1 oo LG (0 = Gony ()] o0 = [0 = buy)

_ PhPh_ phontpibr v [b— By, iy] > 0

PrBr+ DY PhOR Up

This is positive, according to Condition —3. Contradiction. Thus, it must be true that B(v}“h) =

5(Uz,h)'
Consider the interval [b('uh,h)ag(umh)], where type (v, h) and (v, h)’s indifference conditions
must be
Prh B R
7G v b + 7G v b > vV — b — ™ v
phbh PR >
761 v b + 7G v b v — b — O
<ph6h ey G )+ 2 = G ()
and thus

a h) = Br, (prBr + pivn) v — Yh (PO + P15h) v,
(onh) pr (B2 — anyn) vav

. Pi1Bh + proy oo
pr (87 — anyn) vn (onh)
—ap, (prBh + pivn) vh + Br (P18 + pron) vy

Gy m(®) = b
(o) (6) p (B2 — ) v +

P1Br + pray oo
p (B2 — ) vn (vn,h)

Given that E(Umh) = E(Uhh) = 3, we have Gy, ) (B) = G(y,1)(B) = 1, this implies 7(,, 1y = v —v;
and 8 = v;. O

Lemma 7. When Condition 2 and -8 are satisfied, the mized strategies given in the proposition

form a symmetric equilibrium.

Proof. When Condition 2 and —3 are satisfied, we show that type (v;, h) and (v, h) are indif-

ferent in their equilibrium support. After plugging in the expression of G, 5)(b) and G, p)(b)

40



as given in the proposition, the expected payoff of type (v;, h) when choosing an effort in the

interval [b( ),Ul] is indeed a constant: zero.

Vp,h

phBh PIYh )
G n)(b)————+ G n)(b)—F———— |Juy—b=0
( ( h,h)( )ph5h+p17h (l,h)( )phﬁh+pl7h !

Similarly, type (vp, h)’s expected payoff is a constant v, — v;:

Gy my(b)— "L + Gy b)”‘b:“_“
( (ont) )phOéh + 1B () )phah b)) " S

Since only type (v, h) is choosing an effort in the interval [O,Q(U}uh)], by plugging the Gy, 1)(b)

given in the proposition in, her expected payoff in this interval is

Pivn

PO b =0
PrbBr + D1k

G(vl,h) (b)

Now we prove that both types do not want to deviate to any effort outside of their equilibrium

support. When type (v, h) deviates to [0,b(,, 1], then her expected payoff would be

oo (D) B R Bn (pnh + pryn) vn — h (pron + pibr) vi
CehI o, + puBa VYR (Brpr + anph)
This is increasing in b. Hence, type (vp, h) does not want to deviate. O

Lemma 8. When Condition 2 and =8 are satisfied, then there is no asymmetric equilibrium.

Proof. If player 1 has El(vh,h) = Bl(vhh) = vy, then player 2 must have BQ(U}“h) = Bg(vhh) = 1.
To see why, suppose Bg(wwh) < Eg(vm) = vy, then by the same argument in the previous lemma,
type (vp, h) of player 1 is strictly better off by reallocating probability mass from the interval
(BQ(U,Hh),BQ(%h)) to vy. Similarly, if EQ(Uh,h) = > BQ(Uhh), then the previous lemma indicates that
type (vg, h) is strictly better off by reallocating probability mass from the interval (52(1}[7h) , Eg(vh ,h))
to v;. Thus, it must be true that Bl(’uh,h) = El(vl’h) = Bg(vmh) = EQ(vl,h) = vy, which means the
expected payoff are the same as in the unique symmetric equilibrium.

By Gi(vy.h)(b1(uy,n)) = 0, it can be verified that by, n) = b(y, ») as in the symmetric equi-
librium. Similarly, it can be verified that by, n) = b, .n) BY Go(uy,.h)(bogu, ny) = 0. Therefore,

b1(wn,n) = b2v,h) = b(vy, ) In any equilibrium. O

Lemma 9. When Condition =2 and 3 are satisfied, in any symmetric equilibrium types (v, h)

and (v, h) randomize in overlapping supports. Furthermore, both the two types earn an expected

payoff of 0.
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Proof. Suppose (vp, h) and (v, h) randomize in nonoverlapping supports in a symmetric equilib-

rium, then again it must be true that (v, h)’s support is higher than (v, ). This implies type

A — _ pp PLYR T
(vn, h)’s expected payoff must be vy, — by, n) = phahlJF};’l/Bh v, — phﬁ;er}pm v; < 0, as Condition —2
is satisfied. Therefore, the two types must have overlapping supports.
Again, it cannot be true that both types earn positive payoff. Suppose type (v, h) earns
positive payoff and type (v;, h) earns zero. Thus b, ) > b(y, 5y = 0. In the interval [0, b,, »)l;

type (v, h)’s indifference condition is

Divn
_ G bluy—b=0
PrBr + DI (o (D)
thus
PrBn + D1y b
G(’L)l,h) (b) = o

Divh Uy

Now if type (vp,h) decreases her effort from b, 4y to b € (O,Q(U’“h)), her expected payoff
increases by

PiBn
onon & i [G(vl,h)(b) G(vl,h)(b(vh,h))} Un [b b(vh,h)}

PiBr PubBh + Divh U ] [ }
= — — 1| |b=0 >0
|:ph06h +oBn P vy ~(vn,h)

According to Condition —2, the above is positive. Thus, it is profitable for type (vj,h) to
decrease the effort until 0. This implies the expected payoff of type (vp, h) must also be 0, which

implies E(Uh’h) = vp, as any vy > E(Uh,h) suggests type (vp, h) earns positive expected payoff. [

Lemma 10. When Condition -2 and 3 are satisfied, the mized strategies given in the proposition

form a symmetric equilibrium.

Proof. When Condition -2 and 3 are satisfied, both type (vp, h) and (v, h) are indeed indifferent
in the equilibrium support [0, B(vh ny]- This is because, after plugging in the mixed strategies given

in the proposition, they both get zero expected payoff:

PrBn PR >
Gy (0)————+ Gy (b)——— oy —=b = 0
< (onm )phﬁh oo )l )phﬁh +pom)

Gopmyb)————— + Gyn)(b) ——————— Jop—b = 0
< (on) )phOéh + piBn (o )Phah +pl5h) "

Type (vn, h) also get zero when choosing an effort in [b(,, 4, vs], since the expected payoff is zero
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after plugging in G, 5)(b):

Pi1Bh DPhOp
PP G (b ) vh—b=0
<ph04h + piBn (enm )phah o) "

Type (v, h) does not want to deviate to [E(vl,h)avh] as

PrBh DiVh
G, b + ) v —b
< (o) )phﬁh o prBh o)

_ </3h (piBr + pran) v 1> bt ( Rl O L )
an, (piyn + prBr) vn Pivh +PrBr  an piyn + Prbh

which is decreasing in b. Thus, none of the two types want to deviate. O

Lemma 11. When Condition =2 and 8 are satisfied, there does not exist an asymmetric equi-

librium.

Proof. The only thing to check is that Bl(vl,h) = Bg(vhh). Suppose Bl(vl,h) > BQ(UZ’h). Type (vp, h)
and (vy, h) of player 2’s expected payoff when choosing a effort in the interval (0,52(%;0).

PrhOh Pi1Bn
————— G b))+ ——— Gy W v —b = 0
<phozh + i 1( h,h)( ) onah + 2B 1( z,h)( )) h

P PiVh
By + oo 1 b) + ————G b)Jvu—b = 0
(ph5h+pl’Yh 1( h,h)( ) 2B + P 1( z,h)( )) i

when means

Br (PrBr + pivn) v — Yh (Pran + DiBr) Vi B
pr (87 — anyn) vaur
—ap, (prBr + pivw) vn + B (P1Br + Prow) vg
o (B — apyn) vhuy

Then according to Gy, p) (El(vl’h)) = 1, we have El(vm) = E(Uhh). Similarly we can find

Ga,n) (b), and according to Goy, p)(ba(u,n)) = 1, we have by, py = by, p). This is in con-
tradiction to Bl(wh) > Eg(vl,h)- -
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