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Abstract

We propose a transformed quasi-maximum likelihood estimation (QMLE) for panel mod-
els with interactive effects. The transformed estimator doesn’t need to estimate the interac-
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variables. It is computational simple, and only requires either N or T to go infinity for the
large sample results to hold. The finite sample performance of the transformed QMLE is
examined through extensive simulations, and we find the transformed estimator works re-
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1 Introduction

One of the challenges for panel data modeling is to model the unobserved heterogeneity across
individuals, 7, and over time, ¢t. The factor approach has been popular by assuming the un-
observed individual-time varying effects, v;,, as the product of r time-specific effects that are
common across individuals, f;, and the individual-specific effects but time-invariant effects, A;,
i.e., v; = Aify. The multiplicative form nests the traditional approach of putting the unobserved
individual- and time-specific effects, ~,;, in additive form (e.g., Hsiao (2014)) as special cases
(e.g., Bai (2009) and Hsiao (2018)). However, there does not exist a simple linear transforma-
tion to get rid of the interactive (or multiplicative) effects. The estimation of panel models with
interactive effects becomes much more complicated (e.g., Ahn et al. (2001, 2013), Bai (2009),
Pesaran (2006)). The consistency and asymptotic distribution of the common structural (slope)
coefficients often require both the cross-sectional dimension, N, and time series dimension, T,
to go to infinity. Moreover, if the explanatory variables contain predetermined variables, then
some of the proposed estimators could be inconsistent or asymptotically biased (e.g., Hsiao
(2018), Moon and Weidner (2015, 2017)).

In this paper, we suggest a transformed estimator for the common slope estimator without
the need to estimate the interactive effect (A.f;). The consistency and asymptotic distribution
of our estimator only requires either N or 7" to go to infinity. Moreover, there is no asymptotic
bias even the explanatory variables contain predetermined variables.

The rest of the paper is organized as follows. The model is presented in Second 2. Section 3
proposes a transformed quasi-maximum likelihood estimator (TMQLE) and derives its asymp-
totic properties. Section 4 suggests an average estimator to further improve the efficiency of the
TQMLE. Section 5 provides some Monte Carlo studies to demonstrate the desirability of our
transformed estimator. Concluding remarks are in Section 6. The derivation of the asymptotic
properties of our estimators and a more detailed report of the simulation results are provided
in Appendix A and B.

2 The Model

We consider the panel interactive model of the form
yie = XuB+ v, (2.1)
vie = MNfi+uyg,i=1,...,N;t=1,....T, (2.2)

where x;; denotes a k x 1 vector of observed variables, 3 is a k x 1 vector of unknown constants,

A; is an r x 1 vector of unobserved individual-specific effects that stay constant over time, and



f; is an 7 x 1 vector of unobserved time-specific constants that stay the same across N but vary
over time. The number of factors, r, is unknown to researchers.

Let yi = (Y1, yne), Xe = X1ty .-, %), we = (e, .. une)’, A = (Aq,...,An)" and
F = (f,...,fr)", model (2.1) and (2.2) can be written in the form

yt:Xtﬁ—l—Aft—i—ut, t:].,,T (23)

For model (2.3), we assume:

Assumption A1l: u; is independently, identically distributed over ¢t with E (u:|X¢, A, ;) =
0 and F (ugu}|Xy, A, £) = Q, where Q is nonsingular and the eigenvalues of 2 are O (1). We
also assume u;; has bounded fourth moment.

Assumption A2: rank (A) =r and £A'A =1,.

Assumption A3: rank (F) = r and plimTHoo%F’F = D, and D is a nonsingular diagonal
matrix.

Assumption A4: The sequences x;; conditional on F!~! are fixed constants and the
matrices E (X}X;) over i and F (X!X;) over t are of full rank k, where F¢~1 denotes the
information available up to time period t — 1, X; = (x14,...,%xn¢) and X; = (x41,...,%7) .
We also assume E (Hxit|]4) < C < oo for all ,t.

Assumption Al allows E (ujuji) # 0 for some i and j. However, it also restricts u; to
be weakly cross-sectionally correlated (e.g., Chudik et al. (2011)). Neither does it allow the
variance of any component of uy, say wu;, to become dominant relative to any other ujt.l
Assumption Al also allows x;; to contain predetermined variables such as lagged dependent
variables. Assumptions A2 and A3 are the standard assumptions for a unique decomposition
of Aify in the factor model (e.g., Anderson and Rubin (1956), Bai (2009)). Since it is the
product Aif; that affects y;, not the individual component of A;f;, we shall assume A and
F satisfying Assumption A2 and A3 as the true values. Assumption A4 is equivalent to the
conventional full rank assumption of the explanatory variables, e.g., the matrices % Zf\il XitXy
and % Ethl x;1X}, are full rank. It ensures that there does not exist a nonzero N x 1 constant
vector e such that E (a’X;) = 0, or a nonzero T' X 1 constant vector a* such that F (a*X;) =
0.2

! Assumption A1l can be considered as a restrictive version of Ahn and Horenstein’s (2013) Assumption C with

Rr = 1Ir, i.e., no serial correlation is allowed.
2In the event X; are identical to X; when i # j, we can pool the observations of (y;, X;) and (y;, X;) together

to form a new unit (y;,X;) to satisfy the condition of A4, where y; = % (yi: +y;). The resulting reformulated
model does not affect our transformed estimator under A1 that allows heteroskedasticity and weak cross-sectional

dependence.



3 The Transformed Quasi-Maximum Likelihood Estimator (TQMLE)

Under the assumption that A\; and f; are fixed constants, the quasi-log-likelihood function of
model (2.3) takes the form of

T

T 1
== log|0 = 5 ) (ve = XuB — M) Q7' (v = XuB — ARy (3.1)
t=1

Under the assumption that Q = 021y, Bai (2009) proposes to estimate (3,A,F) by the least
squares method and shows that the least squares estimator of 3 is consistent and asymptotically
normally distributed when both N and T go to infinity (denoted by (N, T) — oo). However, the
least squares estimator could be asymptotically biased if x;; contains predetermined variables
(Moon and Weidner (2017)).

For model (2.3), we note that when N > r, there exists an N x 1 vector w that lies in the

null space of A such that
w/A = 0. (3.2)

As a result, multiplying both sides of (2.3) by such a w’ yields
wy =wXB+wu, t=1,...,T. (3.3)

Proposition 3.1 Conditional on w'A = 0, under Assumption A1-A4, and as T — oo, the

least squares regression of (3.3),

T L/
B8 = (Z X;ww'Xt> (Z ngwlyt> : (3.4)
t=1 t=1

is consistent and
f(ﬁ 5) —a N (0,0225Y) (3.5)

= , T
2 = BE(Wwujw) = wQw and Z, = plimr_co >y Xiww'X,.

where o,

However, A is unknown, hence w is unknown. To find w and (3, we propose to maximize

the transformed quasi-log-likelihood function

T

L= _gbgg Z - X4B) (y¢ — X¢8)' w, (3.6)

subject to
wOw =1, (3.7)

where 02 = E [(W’ut)z} =1.



Proposition 3.2 Under Assumption A1-A4, when N > r, the TQMLE of w and 3 is equiva-
lent to finding the W, which is the eigenvector corresponding to the smallest root of the N x N

matrix

Q121 ZT: (v: = XuB) (v: - XtB)/Q_l/Q, (3.8)
t=1

and B that satisfies (3.4).

S|

We note maximizing (3.6) is equivalent to finding W and B that minimizes

T
S(w,B) = %ZW, (ve — X¢B) (y: — Xu8)' w, (3.9)
t=1

subject to (3.7). Although (3.9) does not involve (A, F), the value of the objective function
depends on (A, F) . The consistency of the TQMLE follows from the conventional proof of MLE

and is provided below.

Proposition 3.3 Under Assumption A1-A4, when N > r, T — oo and % < 1, minimizing
(3.9) subject to (3.7) yields W'A —, 0 and B —p B. Moreover, W and B are asymptotically

independent.

Consequently, conditional on W that satisfies WA = 0, the estimator of 3 which solves (3.9)

is asymptotically normally distributed as below by following the results of Proposition 3.1,

T 1/2
(Z ng"vvv’xt> VT(B - B) =4 N (0,1;). (3.10)

t=1
Since N > r, there could be multiple w that satisfies w/A = 0. However, under As-

sumption A4, B remains uniquely determined (or locally identified) for any w that satisfies
w/A = 0.

Remark 3.1 Under Assumptions A1-A4, when there are multiple w that mazimize (3.6) sub-
ject to (3.7), the unconditional TQMLE of 3 and w lead to B, which is consistent and is
asymptotically mixed normally distributed

VT(B - B) —q / N (0,23) dD,, (3.11)

w/ Qw=1,w/A=0

as T — oo, where ®,, := lim7p_,o, argmin w’ (T*1 Zthl (ve — X40) (yr — Xtﬁ)'> w and
w/'Qw=1,weWy

Wy denoting the null space of A. Although B follows an asymptotic mized normal distribution,
the standard t-statistics involving B remains asymptotically normal (Jeganathan (1980, 1982)).

Therefore, statistical inference of B follows the same standard procedure.



When Q = 021y (i.e., uj is i.i.d over i and ¢ with constant variance), the TQMLE of 3 and

w is equivalent to finding B and w that minimizes
1 7
w = Z —X.B) (yi — Xu8) w, (3.12)
T4

subject to w'w = 1.

The first order conditions for minimizing (3.12) subject to w'w =1 are

T -1/
- <Z X;v—vv—v’Xt> (Z X;v—vv—v’yt> , (3.13)
t=1 t=1
where W is the eigenvector corresponding to the smallest root of the determinantal equation

1

T (ye — XiB) (¢ — XtB)/ — Iy

N

= 0. (3.14)

~~
Il

1

This suggests that when % < 1, w and B can be obtained by iterating between (3.13) and
~ (0
(3.14) from some initial estimator 6( ) until the solution converges.
However if ) # 021, then it is possible that

ww, (3.15)

H \

||M%

ZT:v‘v X, (8—-B) +Af] [X, (8- B) +Af] W ZT:

while B # B, WA # 0, and WA = 0. Although we expect that the chance of such a pathetic
case to arise for a given sequence of realized (X¢, ft);f:l is very small, we cannot rule out such a
possibility in actual estimation. To safeguard the convergent solution of (3.13) and (3.14) is not

such a (B, v_v) , we need to find w that corresponds to the smallest root of the N x N matrix

T
o-1/21 =30 = XeB) (v — XeB) 2712 (3.16)

t 1

Unfortunately, 2 is in general unknown. However, noting that the roots of

T
%Z (ve — XiB) (y: — XuB8)' — 69| =0, (3.17)
t=1
and .
i g (e = XeB) (v — Xe8)' Q712 — 61y | = 0, (3.18)




are identical and the smallest eigenvalue converges to 1 as T' — oo. Let W be the corresponding

eigenvector, then (3.17) implies

T
1 . v
WS (v —XeB) (e — XaB) | W = 0w, (3.19)
T t=1
and
1 T
WOl QT D (v — XiB) (ye — XeB) Q71 = 6w/ (3.20)
t=1

As T — oo, the left hand side of (3.19) converges to
W (24 AN) W = WO, (3.21)

when WA = 0. The left hand side of (3.20) converges to
W2 (Q+ AN) Q72 = W + 0w QT2AN QT A (3.22)

If § = 1, the left hand side of (3.20) equals the right hand side if Q~/?® also lies in the null
space of A. Let w* = Q~1/2®, then W* is the eigenvector corresponding to the unit root of the

determinantal equation

T

> (ye—XiB) (v — XiB) — 6Iy| =0 (3.23)

L
T t=1

However, the covariance matrix (3.23) is not scale invariant. To make sure the matrix is

scale invariant, we transform (3.23) into the matrix

T
1 * * * *
T Z (vi —XiB) (v; = X;B)', (3.24)
t=1
where
* 1 * 1 . 2 1 1 d /
yi = 3yeX{ = ;X with b = tr | ; (ve — XiB) (y: — XuB)'| - (3.25)

Therefore, we suggest the following iterative procedure to obtain the TQMLE (B,v"v) :

Computational Algorithm: If Q = 021y, the TQMLE of 3 and w could be obtained by
iterating between (3.13) and (3.14) when & < 1. When Q # o021y, but is a known constant
matriz, the TQMLE can be obtained by iterating between (3.13) and the eigenvector correspond-
ing to the smallest root of the N x N matriz (3.16) until the solution converges. When Q is
unknown, the TQMLE can be obtained through the following steps:



Step 1: Iterate (3.13) and (3.14) until the solution converges, say B(l).

Step 2: Substituting B(l) into (3.23). Compute b* from (3.25). Obtain the eigenvalues of
(3.24), say (61 > --->dn > 0). Select the eigenvector corresponding to the eigenvalue of the
matriz (3.24) that is closest to 1, say W,

Step 3: Estimate B by

T tyr
E(H—l) _ <Z ng(l)w(l)/xt) <Z X;W(l)‘;v(l)'yt) . (3.26)
t=1

t=1

Step 4: Repeat Step 2 and 3 until the solution converges.
The above iterative algorithm is essentially the same as the one suggested by Bai (2009) and
similar with the one proposed by Gorski et al. (2007), where convergence to a local optimum

for the algorithm is also provided.

Remark 3.2 The estimation method and the asymptotic distribution of the estimator remain
unchanged with heteroskedastic and weak cross-sectional dependence (or spatial dependence) of
the error term ui (e.g., Z;V:1 loij|l < M < oo). It can allow any data generation process
of £y because Afy no longer appears in the transformed equation (3.3). Moreover, the linear
transformation vector w simultaneously takes care of cross-sectional dependence due to Af; and

weakly cross-sectional dependence due to u; as in Hsiao and Zhou (2019).

Remark 3.3 Both the Bai (2009) iterative scheme or the iterative scheme suggested here make
use of the eigenvectors corresponding to the N x N covariance matriz of (y: — X:8) (e.g.,
(3.23) or (3.24)). However, there is an important difference between the two procedures. Bai’s
(2009) iterative scheme corresponds to finding the largest r eigenvalues of the covariance ma-
triz (y¢ — X¢B3), while our procedure corresponds to the eigenvalues smaller than the (r + j)-
th largest eigenvalues, where j > 0. Since the covariance matriz of (y; — X¢B) converges to
(Q+ AAN) and AN is a positive semi-definite matriz, finding the eigenvector corresponding to
the r largest eigenvalues requires the knowledge of the rank of A (Bai (2009)) or to assume
the rank of A is greater than the true rank of A (Moon and Weidner (2015)). Our proce-
dure corresponds to finding the eigenvector corresponding to the smallest root of (2 + AN').
Since Q is of rank N and AN is a positive semi-definite matriz of rank r, the (r + j)-th
eigenvalue is just an eigenvalue of Q for j > 0. If Xy are correlated with Afy, the iterative
procedure between B(l) and the eigenvectors corresponding to the r largest value of the matrix
%E;‘le (yt — Xt,B(l)> (yt — XtB(l))/ may not converge if one starts with an arbitrary initial
estimator (Jiang et al. (2019)) as long as N > max (r,k). On the other hand, our itera-
tive scheme will always converge due to the global identification of B, E (w/|X, Afy) = 0, and



(% EZ;I (yve — Xu0) (yr — Xtﬁ)') w = STHQW = Srﬂ'v”v, where j > 0 for the N eigenvalues of

the matriz (3.23) are arranged in decreasing order (31 > 32 > > ST > 87~+1 > > SN > 0) 3

Remark 3.4 When T is fized and N is large or & > 1, model (2.1) and (2.2) can be written
in the form

where y; = (yi1, - -, vir) , Xi = (Xi1, .-, Xir)" and w; = (g1, ..., u;r) . Under the assumptions
that

Assumption A1': u; is independently, identically distributed over i with E (u;|X;, F, ;) =0
and E (wu}) = Q*, where * is nonsingular and the eigenvalues of Q* are O (1).

Assumption AZ: rank (A) = r and plimy_.cxA’/A = D* where D* is a nonsingular
diagonal matriz.

Assumption AZ: rank (F) =r and #F'F =1,.

we can similarly derive the estimation of W* and B that minimizes
| N
T2 W (yi = XiB) (vi — XiB) W, (3.28)
i=1

subject to W' QU*w* = 1.

Assumption A1 allows weak time dependence in uy but excludes lag dependent variables
to appear as explanatory variables. In other words, X; is strictly exogenous with respect to
Ui, contrary to the fited N and large T case, our suggested estimation method for 3 is consis-
tent and asymptotically normally distributed only if X is strictly exogenous with respect to ug
(Assumption A1"). If x; contains lagged dependent variable, then E (Xu;) # 0. Assumption
A2-A3 are alternative ways of normalization of A and F. However, the formation (3.27) can

allow structural change in the factor loading matrixz A.

4 An Average Estimator

The transformed estimator is consistent and asymptotically normally distributed either N or T’
goes to infinity. It has the advantage that it does not require both (N,T) — oco. In other words,
the estimator converges to the true value at the speed of O (T*1/2) (or O (N*1/2)). However, we
have NT observations for (y;;,x’,)". The Bai (2009) least squares estimators, although requires

both (N,T) — oo, it has also the advantage that the Bai’s least squares estimator converges to

3% being an eigenvector of the matrix Q follows from the (r + j)-th largest root of the determinantal equation

+ S (ye — XeB) (ye — XeB)' — Q| = 0 is also a root of the determinantal equation [Q — dIy| = 0.




the true value at the speed of O ((N T)_l/ 2) . In this section, we propose an average estimator
based on the transformed model (3.3), that also converges to the true value at the speed of
0 ((NT)—1/2> .

We note that given N (> r), under Assumption A2, there are N — r orthogonal vectors,

W1, Ws,..., WN_p, span the null space of A, such that w;A =0for j=1,2,...,N —r. Then

w}yt = w;Xt,B—i—W;ut, ji=12,.... N—r, t=1,...,T. (4.1)
Conditional on w; for j =1,2,..., N —r, the least squares estimator
) T -1/
B V= (Z X;WjW;Xt> (Z X;ij}yt) , j=1,2,....,N—r, (4.2)
t=1 t=1

is consistent and ' .
VI (B - 8) —a v (003 (=) ). (4.3

when T' — oo as shown in the Section 3, where cr? = W;-QW]' and 553) = plimTHoo% Zthl ngjw;Xt.

In other words, there are (N — r) independent estimators of 3. Under the normalization con-
dition w;-ij = 1, then the (N —r) estimators B(j) are asymptotically independent because

W;-le = 0 for j # . Therefore, we propose a v NT-consistent average estimator,

~Ave 1 - ~ ()
A =P (14)

~A .
In order to derive the asymptotic properties of the average estimator 3 Ue, we let ng) =

. . . —1
F S Xiwywiw'X, with 2 = plimr.oZ) and Tyr = y S0 (EY) , and g, =

=1

o\ —1
e Zj\f: o (E(T])) Xiwjwiug. Therefore, for any fixed constant A € R” such that A'A = 1, we

define a scalar random variable Zy nyy = VN — rA'€, and a scalar standard deviation o AMNT =
~ A
VA'E N A The asymptotic properties of 3 " is summarized in the following proposition.

Proposition 4.1 Under Assumption A1-A4, suppose for all fited A and € > 0 we have

T
1
To? > E [Zf,N,t 1 {|Z)\,Nt’ > \/TUA,NTEH -0, (4.5)
>\7N7T t:].

~A
as (N, T) — oo, then 3 " is consistent and

SNV =T (B = 8) —a N (0,14). (4.6)

10



Remark 4.1 Equation (4.5) is a Lindeberg condition for the model indexed by N and T. The
Lindeberg condition is generally required for central limit theorems for i.n.i.d. observations
(e.g., White (2011)).

Remark 4.2 For the case of fired number of common factors, i.e., r is a finite positive con-

stant, the results obtained in (4.6) is asymptotically equivalent to
SVAVNT (BY = 8) —a N (0,1). (4.7)

Proposition 4.1 is derived under the assumption that we know (N — r) orthogonal vectors
that span the null space of A. In practice, neither A nor r are known. To obtain the N — r

orthogonal w;, we note that under Assumption A1-A3,

T
1 1
-X - Xi8) —AN 4+ —Q). 4.8
N 2o X = Xi8) =y ((An+ o) (4.
It is shown by Ahn and Horenstein (2013) and Bai and Yin (1993) that the largest r eigenvalues
are of order O (1) and the rest are of order O (1/min (IV,7T)). Therefore, we propose to use the
transformed estimator discussed in the Section 3 to obtain an initial consistent estimator of 3

and w, say, 3 and W, then compute the sample covariance matrix

T
1 . N/
Spp = —— (—X)( —X), 49
yx NT £ Yt B) |y 3 ( )
and apply the Ahn and Horenstein’s (2013) eigenvalue ratio test to determine r. Once r is
determined, we just use the eigenvectors corresponding to the N —r smallest eigenvalues of S,
in (4.9) to transform model (2.3) and to obtain each B(]) using (4.2).

Remark 4.3 Proposition 4.1 is derived under the normalization condition that w'A = 0 and
w'Qw = 1. As a matter of fact, any (N —r) orthogonal factors that satisfy w'A = 0 subject
to any normalization condition can transform (2.3) into (3.3), and taking the average of such
(N — r) estimators can achieve the V/NT-consistency. However, the asymptotic independence of

E (W}*’utugwf) may not hold, hence the asymptotic covariance matrix of the resulting average

A %A
estimator B* " will be more complicated.

Remark 4.4 One of the advantage of using the average estimator (4.4) relative to simultane-
ously estimating (B, A, F) is that the resulting estimator also possesses v/ NT'-consistency while

there is mo asymptotic bias if x;+ contains lagged dependent variable.

11



5 Simulations

In this section, we investigate the finite sample properties of the TQMLE for panel interac-
tive effects models with heteroskedastic idiosyncratic errors. We consider the following data
generating processes (DGPs):4

DGP1: (Model with two factors)

Yit = T1,it01 + 22,82 + A1 f1,e + A2 foe + Wi, (5.1)

where 8, =1 and By = 2, and uy ~ [IDN (O, Ui,i) with O'iﬂv being independent draws from
(1 +0.5x2 (2)) . The covariates x;; is generated as

Trit = 1+ g + ek fre + cr2gifor + gy b =1,2. (5.2)
DGP2: (Model with three factors)

Yit = T1,it51 + T2,itB2 + i f1,e + Aoifoe + A3, f3,6 + Uit (5.3)

where 3; = 1 and (3, = 2, and x;; is generated the same as (5.2).

For these DGP (5.1)-(5.3), the idiosyncratic errors 7y, ;; of xy i is generated as

Miit = PhiM,it—1 + Vkits K =1,2,

with py, ; are i.i.d draws from U (0.1,0.9) for k=1,2 and i =1,..., N.
We also consider the following generating mechanisms of the common factors for DGP1:
DGP3: (Factors with structural change)

(fity for) ~ IIDN (0,15), t =1,...,[T/2], (5.4)

fie = 0.8f1e—1 + &4
fat = 0.3 fai—1 + &op,

where &, and &y, are i.i.d N (0,1).

DGP4: (Weakly cross-sectionally correlated errors) We assume y;; and x4 are generated

, t=[T/2]+1,....T,

as in DGP1 except that now we let u;; be generated as
Uit = € + b1€i41,t + bagi—1,, (5.5)

where ¢;; ~ IIDN (O, O'g,l) with o2 ; being random draws from (1 +0.5x? (2)) . We let b; = 0.3
and bg =0.2.

4Additional simulations for DGPs with cointegrated common factors or nonnormal errors are provided in the

Appendix B.
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DGP5: Dynamic model (5.6) with i.i.d common factors
Yit = PYit—1 + Tt + M ifie + Ao for + Wi, (5.6)

where p = 0.5 and 8 = 1, respectively, and x;; is generated the same as (5.2).

DGP6: Dynamic model (5.6) with structural changing factors as in (5.4).

For these DGPs, we assume a1, a ~ IIDN (0,1), and vj; ~ IIDN (ojagﬂ) for j =
1,2,3 and U%Li, 012)2,1- are independent draws from (14 0.5x*(2)) . For the factors, we assume
fit ~ IIDN (0,1), for ~ IIDN (0,2) and f3; ~ IIDN (0,3). For the factor loadings, we
assume that Aj;, Ao, Ag; are i.i.d draws from N (1,1) and cg1; and cge; are ii.d draw from
U(,1),fori=1,2,...,N, k=1,2.

In the simulation, we let the number of replication is set to be 1000. We let N = 10, 20, 50
and T" = 100,200,500. For these estimators of our interest, we report the mean estimates,
bias, RMSE, IQR (inter-quantile range, 75%-25% percentile) and empirical size (computed as
the empirical rejection frequency using 5% nominal critical value) for comparison. We use
the fixed effects estimator as the initial estimator in the iteration, and the maximum number
of iteration is set at 50. For the implementation of the average estimator and the Principle
component analysis (PCA) estimator of Bai (2009), we first use the transformed estimation to
compute the residuals for the panel interactive effects model, and then use the eigenvalue ratio
test proposed by Ahn and Horenstein (2013) to determine the number of factors in the model.
Finally, both the average estimator and PCA estimator are based on the estimated number of
common factors. The results are summarized in Table 1-6 for DGP1-6, respectively.

From the simulation results, we observe that: (1) whatever the data generating processes,
be a static or dynamic model (DGP1-4 vs 5-6), or constant or changing interactive structure
(DGP1-2 vs 3 or DGP5 vs 6), or the idiosyncratic error is cross-sectionally independent or
weakly dependent (DGP1-3 vs 4), the transformed maximum likelihood estimation of the slope
coefficients 3, (3.4), perform well even though it is only v/7-consistent. The bias is negligible
and the empirical size is close to the nominal size. (2) The IQR of the average estimator is
much smaller than the TQMLE, reflecting the v/ NT-consistency vs v/T-consistency. However,
the empirical size of the average estimator is not as steady as the TQMLE, so is the PCA
estimator, possibly due to the misleading inference on the determination of common factors, r,

that could lead to the increase of the asymptotical bias in the estimation.

6 Concluding Remarks

We have suggested a transformed QMLE estimator (TQMLE) for panel models with interactive
effects. The advantage of the TQMLE is that (i) computational simplicity; (ii) either N or
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T goes to infinity is sufficient to obtain consistent and asymptotically normally distributed
estimator; (iii) There is no need to find the dimension of f; or A, which is usually unknown,
or for the DGP of x;; to be correlated with f; and to satisfy the rank condition assumed by
Pesaran (2006); (vi) choosing w corresponding to the smallest root of (3.14) is less likely to
be contaminated by the initial estimator of 3 because the solution of (3.14) could still satisfy
w’A = 0. Estimating F by finding the eigenvectors that correspond to the largest r eigenvalues
of (3.14) could fail to converge if the initial estimator is inconsistent (Jiang et al (2019));
(v) The estimation method and the asymptotic distribution remain unchanged whether X,
is strictly exogenous with regard to the idiosyncratic errors u; or if w; is homoskedastic or
heteroskedastic or weakly cross-sectional dependent. Furthermore, our linear transformation
vector w simultaneously takes care of cross-sectional dependence due to Af; and weakly cross-
sectionally dependence due to u; as in Hsiao and Zhou (2019). Furthermore, the efficiency of
the TQMLE can be improved by taking the average of the transformed estimators based on
the orthogonal eigenvectors that lie on the null space of the factor or factor loading matrices.
However, to avoid possible bias due to misspecifying the dimension of common factors, we would
recommend taking a conservative approach towards the empirically determined dimension, say
r*, by letting » = r* 4 ¢, where ¢ can be some constants selected by the investigator with regard

to the trade-off between efficiency and asymptotic bias.?

5Given the same issue would also arise from the least squares or PCA estimator for (3, A, F) and the Moon
and Weidner’s (2015) finding that selecting the dimension greater than r does not affect the consistency and

asymptotic distribution, we would recommend this strategy.
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Appendix: Mathematical Derivations and Additional Simulation
Results

This appendix contains the mathematical derivations of the main results in the paper. Let
tr (A) denotes the trace of matrix A, Apin (A) denotes the minimum eigenvalue of A, and the
norm of the matrix A is defined as |A|| = \/tr (A’A). In what follows, we assume there exists
a generic finite positive constant C whose value doesn’t depend on N and 7T, and may change
case by case.

We first provide the proofs of the results in the main paper and then provide Additional

Simulation Results.

A. Proofs of the Propositions

Proof of Proposition 3.1.  The proof follows straightforwardly from the application of
standard central limit theorem (e.g., White (2001)), since under Assumption Al and A4, w'w,
is uncorrelated with w'X; and is i.i.d. over ¢t with E (w'u;) =0. m

Proof of Proposition 3.2. The Lagrangian of (3.6) subject to (3.7) takes the form

T

L= —% logo?, Z - XiB8) (v — XuB)' w+n (WQw —1). (A1)

The first order conditions are (3.4) and

1 212
L (9l X)) 2
t=1
=3 (e - XuB) (v - XiB) — 50| =0, (A3)
t=1

where § = L1672 The eigenvector of (A.3) is identical to the eigenvector of (3.8). Substituting
(A.2) and (A.3) into the log-likelihood function (3.6) yields

Le= —% (Ind + 1), (A.4)

which is maximized by letting w correspond to the smallest root of (3.8) or (A.3). m
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Proof of Proposition 3.3. Since as T' — oo,

N
I
Nl =
E

W' <Yt — XtB) <Yt — XtB>/W

i
A

Il
N[ =
E

W [Xt (ﬁ—B) +Aft+ut} [Xt (ﬂ—B) +Aft+ut]/\?v

“
Il
i

I
M| =
WE
%

Nl

,[Xt ([3—[3) +Aft] [xt (5—[3) +Aft}'vv+vv' ( iutug> W+ o, (1)

t=1

~~
Il
—

T
= S (v“v,,é) + W (;Zut%) W+ 0, (1). (A.5)

t=1

where the third equality follows from Assumption A1 as u; is mean independent of (X, f;), and
1 /
* [~ 7 - = ~/ A A & > )
s (w.B) = = ;w (X, (8- 8) +At] [X. (8- B) + Ak w >0, (A.6)

where (W,B) is a solution of S* (w,3) subject to (3.7). We note that the objective function
(A.6) is nonconvex in (W,B,A, F) .

We argue the consistency of the estimators by contraposition. Obviously, the minimal value
of S* is achieved if 3 = 8 and WA = 0. Now suppose HB — ,6” > ¢ >0, then S* (W,B) =0if
and only if

WX, (B - B) — WAL, (A.7)

Let WA = ¢/, and —W'X; (6 - B) = ay, (A.7) is rewritten as
cf=a;, foreacht=1,...,T. (A.8)

Since both ¢ and a; are constants given X; and (B — B), for given t, f; is also a given
constant vector, not an arbitrary constant vector. The sequence of realized f; that can satisfy
(A.8) for every t if and only if ¢ = 0 and a; = 0. If ¢ = 0, then WA = 0. Substituting w/A =0
into (A.6) yields

5% (v’if, [3) - ([3 - [3)' (1{ XT: ng*vvv’xt> ([3 - [3) > € \nin (; XT: X;v*vvv’xt> . (A9)

t=1

Under Assumption A4

T

1

rank (plimTHooT Z XQVAVV‘V/Xt> =k, (A.10)
t=1
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and it implies that S* (W,B) in (A.9) strictly positive. It violates the fact that @3 is the
minimizer, as the minimum of S* (w,3) = 0 can be achieved only when B —p B.

Furthermore, when B —p 3, (A.5) converges to
W (Q+AN) W > WOw (=1), (A.11)

where the equality holds iff w/A = 0.

In order to show that w and B are asymptotically independent, we first decompose

1 & R N
T;(Yt_xtﬁ) (Yt—Xt/B) =7

N

(Aft + ut) (Aft + ut)/ + Rﬂ, (A12)
1

o+
I

-~ -~ / A
where Rg = —4 3/ X(B—8) (A +w) — £ S| (Afi + ) (Xt(ﬁ - 5)) 3> Xe(B-
B)(B — B)'X} = 0,(1) by the consistency of 3.

We note that the eigenvector is estimated as

w/Qw=1

T
1 . N
~ st
W = arg minw' tg_l (yt - Xt,B) (yt — Xtﬂ> w

T
1
= arg minw’ [T Z (Afy + ) (Af; +wp)' | W+ WRw.

w/ Qw=1 —1

Since (3 is only involved in Rg, the asymptotic distribution of W is determined by + Zthl (Afy +uy) (Af, +uy)
but not affected by the realization of [5’ In other words,

T
17 . . 1
w3 —q Thm arg minw’ [T Z (Af, +uy) (Af, +uy) | w

—0 wQw=1 —

T
1
~ lim arg minw’ [T Z (Aff +uf) (Aff +u)) | w

T—00 w/Qw=1 1

where (ff,uf) is an independent copy of (f;,u;). An “independent copy” means that (£, uy)
follows the same distribution as (f;, u;), satisfies Assumption A1-A4, but (ff,u}) and (f;, uy)
are statistically independent. Therefore, W and B is asymptotically independent. m

Proof of Proposition 4.1. We note that the explicit solution B(j) = (Eg@) o % Zthl Xiwiwlyt
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implies that the average estimator can be rewritten as

~ Ave 1 N ~ Ave
B By 2 (B -0
j=1
| Ner 1 X .
=N [(:g))lT ZX;W]WQUt
j=1 t=1 i
T N-—r 1
1 1 =)\ =1~/ !
IS Y ) X
t=1 j=1 ]
T
1
=7 &
t=1

Under Assumption Al, the random variable &, is i.n.i.d. across ¢t and so does its linear combi-

nation Zy ;. The mean F [Z) n;] = 0 and the variance

E [Zz,N,t] = (N—r)"'N E [(Egp)) 1th]w W W Xt(~(J)) } A

N—r N-r
SOV =N ( B (=) Xpwjwuwiw X (51| | A

J=11=1,l#j
1 p -
- o ED) ' Xw;wi X, ED)H | A,

where the second equality follows by wQw; = 1 and w;Qw; = 0 for j # [. Since §; are
independent across t, then

T T N—r
1 — ()~ — —(5)y—
Var ZZA,N,t = — by Z (:(T])) 1(X£ij;Xt) (:(T])) DY
(N —r) :
t=1 t=1 j=1
= T b\ szEj 1ZT:XWWX,5 ED | A
(N _ T‘) = T T (] T
N—r
T .
— A/ (E(]))—l A
RED Pl

= TXNEnTA =T03} yp-
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Consequently, we obtain

}\, AAfue_ T
(N—T)T<ﬂ ) SOVN T INg,

OXNNT \/TUA,NT =1

1 T

L Sz
VToxnT =

where by the Lindeberg condition (4.5), we invoke the Lindeberg-Feller central limit theorem
for i.n.i.d sequence of random variables T_1/20';5V7TZ)\’N’13 and conclude (e.g., White (2011))
1 T
m ; Z/\,N,t —q N (0, 1) )
as N,T" — oo. Since k is a fixed constant, the Cramér-Wold-device implies

SV (N =) T (BA“ _ ,6) 4 N0, 1),

as required. m

B. Additional Simulation Results

Using the same notations in the Monte Carlo Simulation section, here we consider five additional
DGPs to investigate the finite sample performance of the transformed estimation.
For DGP A1-A4, we assume y;; is

Yit = 131 + T2,iB9 + Aifie + Aaifor + wi, (B.1)

where 8, =1 and By = 2, and uy ~ [IDN (O, Ui,i) with 0371» being independent draws from
(1+0.5x%(2)) . The covariates z; is generated as
DGP Al:
Thyit = 1+ agi + ck1idi + ckaidei + Mg, kK= 1,2 (B.2)

DGP A2:
Tt = 1+ g + N, k= 1,2 (B.3)

The idiosyncratic errors 7y, ;, of x ;; is generated as

Miit = PriM,it—1 + Vkits K =1,2,

with py ; arei.i.d draws from U (0.1,0.9) for k = 1,2 and i = 1,..., N. We also assume a;, az; ~
IIDN (0,1), and vj 4 ~ IIDN (O,U%M) for j = 1,2,3 and ‘751,1'7 012]% are independent draws
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from (14 0.5x2(2)) . For the factors, we assume fi; ~ IIDN (0,1) and for ~ IIDN (0,2). For
the factor loadings, we assume that Ai;, Ao ; are i.i.d draws from N (1,1) and cg1; and ¢y ; are
iid draw from U (0,1), fori=1,2,...,N, k=1,2.

DGP A3: (Cointegrated factors) We assume y;; and x, ;; are generated as in DGP1 in the

main paper, except now we let the factors are generated as

Jie = fao+ &, (B.4)
for = 0.5f2—1+ &,

where &, and £y, are i.i.d N (0,1).
DGP A4: (Non-normal errors) We assume y;; and xj;; are generated as in DGP1 in the

main paper, except now we let u;; be generated as
uig ~ IIDX* (1) — 1,

fori=1,...,N;t=1,...,T.

DGP A5: Dynamic model (5.6) with cointegrated factors as in (B.4).

The simulation results of DGP A1-A5 are summarized in Table A1-A5. Similar finding as
in the main paper can be observed from these simulations, i.e., the TQMLE performs quite
robust, regardless of whether model is static or dynamic, or the generation of the covariates
T, or whether the common factors are cointegrated, or whether is not normally distributed.
The empirical size is also very close to the nominal value in all our designs. For the average
estimator, even if it is more efficient than the TQMLE with a much smaller IQR, while the
size is not as steady as the TQMLE, suggesting the possibility that its performance depends
on the determination of the number of unknown common factors or the asymptotical bias in

the estimation.
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