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Abstract

We show how to correct a misspecified stochastic discount factor (SDF) to obtain
an admissible SDF, namely an SDF that prices a given set of assets correctly. We
construct the admissible SDF in the context of the traditional Arbitrage Pricing Theory
(APT), which we extend to capture misspecification from pervasive (systematic) risk
in addition to idiosyncratic risk. If the number of assets is large, the admissible SDF
recovers fully (1) the contribution of the missing pervasive factors without requiring
one to identify the missing factors and (2) the effect of idiosyncratic risk, which can
play a significant role in asset pricing. Our approach applies both to reduced-form and
equilibrium models, either linear or nonlinear. In an empirical application, we use our
methodology to correct the SDF based on the consumption CAPM model and find that
Size and Profitability are the most significant missing risk factors, whereas Value and

Intermediary Capital are not significant.
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1 Introduction

Hansen and Jagannathan (1991) provide the bound that any admissible stochastic discount
factor (SDF) must satisfy and Hansen and Jagannathan (1997) characterize the distance
between any given SDF and the set of admissible SDFs and provide the linear correction
to make any misspecified SDF admissible. There is a large literature that builds on these
papers: some of these papers show how to sharpen the bounds while others generalize the
correction; see, for example, Ghosh, Julliard, and Taylor (2017) and Orlowski, Sali, and
Trojani (2016). Our objective in this paper is to develop a new methodology to construct
an admissible SDF from a given candidate SDF that depends on K observed risk factors,

as commonly used in financial economics.

There are a number of challenges in going from the candidate factor SDF, called the
beta SDF, to an SDF that prices the N assets correctly, especially when N is large. The
first is the presence of model misspecification. For instance, the K risk factors may not
span the entire space of factors that are priced. Other sources of misspecification include
mismeasured factors, idiosyncratic pricing errors such as sentiment, and omitted nonlinear
terms that should have been included according to an equilibrium asset-pricing model. In
order to account for these sources of misspecification, we extend the traditional APT so that
it captures not just small idiosyncratic pricing errors but also pricing errors that are large
and pervasive, while still satisfying the no-arbitrage condition. Then, we use the extended
APT to show how the beta SDF can be corrected to obtain an admissible SDF'; we call the
correction term the alpha SDF. The theory we provide ensures that the corrected admissible

SDF is nonnegative.

The next challenge is that the alpha SDF is a function of idiosyncratic risk, which is not
directly observable. We show how to construct a version of the corrected SDF using only
observable quantities based on the notion of linear projections; we label this the projection
SDF. To understand the economic forces driving the alpha SDF, we demonstrate that for
large N, the alpha SDF recovers fully the contribution of the missing factors, mismeasured
factors, and nonlinearities without requiring one to identify the missing factors. Indeed, the

regression R? from projecting the alpha SDF on the space spanned by a set of candidate



missing factors converges to one as N increases, if the candidate factors span the true set

of missing factors. This result holds regardless of the length of the time series, T'.

The final challenge is to estimate the corrected SDF. The general nonparametric formu-
lation of the admissible SDF by Hansen and Jagannathan (1991, eq. (5)) involves estimating
the covariance matrix of returns, which depends on N(N + 1)/2 quantities. The extended
APT addresses precisely this problem. It captures the rich cross-sectional structure of as-
set payoffs, while ensuring that the second-moment payoff matrix is nonsingular even when
N > T. Moreover, the extended APT accomplishes this with only a small number of param-
eters, of the order of N, once one imposes a suitable sparsity structure on the covariance
matrix of return idiosyncratic innovations. This sparsity structure is not overly restrictive
exactly because the cross-sectional dependence of payoffs is captured by the observed and

latent factors accommodated by the extended APT.

We evaluate our methodology using simulations based on the Fama-French five fac-
tor model. The simulations demonstrate that our methodology is remarkably effective in
correcting misspecification arising either from missing factors or idiosyncratic risk. In an
empirical application, we use our methodology to correct the beta SDF based that is based
on the consumption-CAPM. We then use the correction term to evaluate the contribution
of factors that are missing in the consumption CAPM but are prominent in the empirical
asset-pricing literature. We find that the Size and Profitability are missing risk factors,

whereas Value and Intermediary Capital are not.

The rest of the paper is arranged as follows. We discuss the related literature in Sec-
tion 2. In Section 3, we describe our modeling assumptions and the extended APT. In
Section 4, we characterize the SDF implied by the extended APT and study its behavior as
the number of assets increases. In Section 5, we provide two representations of the SDF—
the first in terms of returns and the second in terms of a one-factor beta model. In Section 6,
we describe how our approach applies also to nonlinear SDFs from equilibrium asset pricing
models, such as Breeden (1979), Campbell and Cochrane (1999), and Bansal and Yaron
(2004). In Section 7, we explain in greater detail how our approach compares to that in

Hansen and Jagannathan (1997), Ghosh, Julliard, and Taylor (2017), and Kozak, Nagel,



and Santosh (2018). We illustrate our theoretical results using a simulation experiment in

Section 9 and using empirical data in Section 10. We conclude in Section 11.

Technical results are collected in a series of appendices. Appendix A contains the proofs
for all the theorems. A decomposition of the SDF return in terms of the returns on “alpha”
and “beta” portfolios is given in Appendix B. Different forms of misspecification that our
framework can capture are described in Appendix C. Basic notions about the SDF from the
existing literature are described in Appendix D. Details of how to estimate the extended
APT are given in Appendix E and our approach for computing p-values is described in

Appendix F.

2 Related Literature

Arrow (1964) introduces the notion of state prices that paved the way for the concept of the
SDF.! Ross (1978) shows that the absence of arbitrage opportunities implies the existence
of a strictly positive SDF when there are only a finite number of states of the world; for a
survey of work in this area, including the extension to the case where the number of states
is infinite, see Delbaen and Schachermayer (2006). Chamberlain and Rothschild (1983)
show that the law of one price, a concept weaker than no arbitrage, implies the existence
of an SDF that is not necessarily positive when asset payoffs have finite variances. The
existence of an SDF for an infinite sequence of assets, as considered in our work, does not
follow directly from the law of one price but requires a form of asymptotic no arbitrage.
We complement these papers by providing a closed-form expression for the SDF. We allow
for correlation between latent and observed factors, which is not a problem when all factors

are unobserved, as is assumed in these papers.

The idea of misspecification of the SDF motivates the work of Hansen and Jagannathan
(1991), in which they provide the minimum-variance bound that must be satisfied by any
admissible SDF; Luttmer (1996) extends their analysis to economies with proportional
transaction costs, short-sale constraints, and margin requirements. Snow (1991) shows

how to bound higher moments of the pricing kernel. Stutzer (1995) shows how, using the

1For a comprehensive treatment of the SDF in the absence of misspecification, see the excellent textbooks
by Cochrane (2005) and Back (2017).



Kullback-Leibler Information Criterion, one can construct an entropy bound for the risk-
neutral probability measure that naturally imposes the nonnegativity constraint on the SDF.
Ghosh, Julliard, and Taylor (2017) build on this approach to derive bounds on the SDF
(and, as explained below, also show how to correct the SDF for misspecification). Bansal
and Lehman (1997) and Alvarez and Jermann (2005) derive restrictions on the entropy

bound to decompose the SDF into transitory and permanent components.

Instead of the least-square projections in Hansen and Jagannathan (1997), Almeida
and Garcia (2012) consider minimum-discrepancy projections that take into account higher
moments of asset returns. Backus, Chernov, and Zin (2014) exploit the term structure of
entropy to measure the pricing ability of the SDF implied by models with recursive utility
and habit. Liu (2015) generalizes the basic entropy bounds of Stutzer (1995) and Backus,
Chernov, and Zin (2014) by developing bounds on the SDF based on a generalized entropy
function and uses these bounds to estimate the distribution of rare events. Almeida and
Garcia (2017) derive SDF bounds that generalize the variance (Hansen and Jagannathan,
1991), entropy (Stutzer, 1995; Bansal and Lehman, 1997; Backus, Chernov, and Zin, 2014),
and higher-moment bounds (Snow, 1991) that allow one to distinguish models where dis-
persion comes mainly from skewness from those where it comes from kurtosis. Orlowski,
Sali, and Trojani (2016) extend and unify the literature on bounds on SDFs by showing
how variance, entropy, and Hellinger bounds can be obtained from the same minimization
problem; an application of this theory to puzzles in international finance is presented in
Sandulescu, Trojani, and Vedolin (2017). In contrast to these papers, our objective is not
to identify a bound on the SDF; instead, we provide the exact correction required for a
proposed SDF to become admissible. As a by-product of our analysis, the corrected SDF,

expressed as a projection on the set of payoffs, satisfies the variance bound exactly.

In contrast to the large literature on bounds on the SDF, there is less work in the area
of correcting the SDF for misspecification error because of the intrinsic difficulty in finding
a satisfactory solution. Hansen and Jagannathan (1997) explicitly recognize that, when
using SDF's, there is the possibility of pricing errors, which may arise either because the
model used is an approximation to the true model or because there is an error in measuring
the relevant factors. They address the question: “How large is the misspecification of the

stochastic discount factor proxy [their emphasis|?” In doing so, they provide the pricing



factor that is the smallest additive nonparametric adjustment (in a least-squares sense)
required to make a given SDF admissible. Almeida and Garcia (2012) provide an additive
correction term that is based on minimum-discrepancy projections. Ghosh, Julliard, and
Taylor (2017) provide a multiplicative nonparametric correction using a Kullback-Leibler
entropy-minimization approach. These papers provide a non-parametric specification of the
correction. Although this ensures admissibility of the corrected SDF, it is challenging to
estimate the correction accurately when the number of assets to be priced is large relative to
the number of observations.? Our work contributes to this stream of the literature by using
the extended APT to identify the required correction for the SDF that, on the one hand is
sufficiently flexible to mitigate various sources of misspecification and, on the other hand,
can be estimated accurately even when the number of assets is large; in fact, having a large
number of assets allows us to reconstruct precisely the correction required to account for
model misspecification because the larger the number of assets the better one can span the
systematic variation in returns. Moreover, our approach allows us to tease out the source
of misspecification and to understand why is the correction leading to an admissible SDF":

we can distinguish between idiosyncratic and systematic pricing errors.

In contrast to the nonparametric approach adopted in these papers, Kozak, Nagel, and
Santosh (2018) assume that the SDF is spanned by a set of pervasive latent factors, which
they estimate using principal components. By assuming that all the factors are latent, they
successfully mitigate the risk of misspecification from omitted pervasive factors, assuming
that the correct number of factors is identified. Just like them, we allow for the possibility
of latent pervasive factors; however, we allow also for the possibility that the SDF depends
on a set of observed pervasive factors. More importantly, our approach allows for the
possibility of sentiment or firm-specific characteristics to influence the SDF. Feng, Giglio,
and Xiu (2019) provide one method for identifying the set of observed factors to include in

the specification of the beta SDF, while latent factors are reflected in the alpha SDF.

There are a number of papers that show how one can exploit the duality between mean-
variance optimal portfolios and SDFs. Chamberlain and Rothschild (1983) show that the

mean-variance frontier is spanned by the projection of the SDF on the space of payoffs

2This is precisely the same problem that is encountered when estimating the portfolio weights in a mean-
variance setting using the sample means and covariances of the individual asset returns; see, for instance,
DeMiguel, Garlappi, and Uppal (2009).



(“projection-SDFE”) together with the mean functional. This result has been extended by
Hansen and Richard (1987), who also show that the projection-SDF has minimum second
moment. This implies that the projection-SDF in terms of returns belongs to the lower
(inefficient) branch of the Markowitz mean-variance frontier. We show that both the can-
didate (beta) SDF and the correction (alpha) SDF can be expressed as inefficient returns

not belonging to the SDF frontier; however, the sum of the two is on the SDF frontier.?

Our analysis of the SDF in the presence of model misspecification is founded on the
classical APT, which allows for idiosyncratic pricing errors. The classical APT of Ross
(1976) is formalized by Chamberlain (1983), Chamberlain and Rothschild (1983), Huberman
(1982), and Ingersoll (1984). Just as in Chamberlain (1983), Chamberlain and Rothschild
(1983), and Ingersoll (1984), we do not restrict the covariance matrix of the residuals to be
diagonal; that is, we allow for correlated error terms. All these models deal with a large but
countable number of assets. Building on the work of Al-Najjar (1998), Gagliardini, Ossola,
and Scaillet (2016) extend the APT to allow for an uncountable number of assets and also
relax the boundedness assumption of the maximum eigenvalue of the residual covariance
matrix. In particular, Gagliardini, Ossola, and Scaillet (2016) show that the APT bound-
inequality leads to zero pricing error for each asset when there is a continuum of assets. This
is partly a consequence of the fact that they consider the unweighted sum of the squared
pricing errors, as in the traditional APT setting. In the same setting with a continuum
of assets, Renault, van der Heijden, and Werker (2017) extend the APT to squared excess
returns allowing one to price common factors in the idiosyncratic variance of returns. We
extend the classical APT and show that it can allow not just for idiosyncratic pricing errors

but also for pervasive (systematic) pricing errors.

3 The Extended APT: A No-Arbitrage Model with Misspec-

ification

In contrast to the traditional APT, which allows only for idiosyncratic pricing errors, in this

section we extend the APT so that it can capture also systematic pricing errors that would

3Moreover, we show that these returns can be expressed as the returns of the alpha and beta portfolios,
which are the two inefficient portfolios that span the entire Markowitz efficient frontier.



arise if there are missing pervasive factors in the return-generating model.* Then, in the
next section, we demonstrate how the extended APT model can be used to construct the
term that is required to make a misspecified SDF admissible; that is, the SDF that prices

all assets correctly.

3.1 The Traditional APT

We now list the assumptions on which the APT is founded. We then describe how to relax
these assumptions in order to obtain the extended APT. We study a market with an infinite
number of assets.” Let the N-dimensional vector Ryi+1 = (Rigt1, Rotg1,-- -, BNes1)
denote the vector of gross returns on the N risky assets with py; its conditional mean at

date t.

Let Ry be the gross return on the risk-free asset. If a risk-free asset does not exist, then
one needs to extend the set of payoffs with the unit payoff and use in place of the risk-free
rate one of the following three returns: (1) the return on the minimum-variance portfolio;

(2) the return on the zero-beta portfolio; (3) the constant-mimicking portfolio return.

The classical APT requires two main assumptions. The first assumption is of a linear
factor structure for the returns Ry ;1. Let f;11 be the K x 1 entire vector of observed risk
factors; Byt = (814,82, .., 8n,)" denotes an N x K full-rank matrix of factor loadings
with ith row Bl{,t; and, ens41 = (€1,441,€2¢41,---,EN+1)" denotes an N x 1 vector of
idiosyncratic residuals. Our definition of the classical APT may appear to be different
from the usual definition, which does not assume knowledge of the observed risk factors.
However, the difference is only illusory because {1 — E;(fi11) is still unobserved given that
E¢(fi11) is, in general, unknown regardless of whether the f; are observed or not. We prefer
to formulate the classical APT in this way because we will formulate the extended APT

below assuming that the K factors we observe are not the full set of risk factors.

4A statistical criterion to assess whether the error terms in a given model share at least one common
(pervasive) factor is provided by Gagliardini, Ossola, and Scaillet (2017).

SInstead of considering a sequence of distinct economies, we consider a fized infinite economy in which
we study a sequence of nested subsets of assets. Therefore, in the Nth step, as a new asset is added to the
first NV — 1 assets, the parameters of the first N — 1 stay unchanged. These unchanging parameters can be
interpreted as the parameters one would get in the limit as the number of assets becomes asymptotically
large.



Assumption 3.1 (Linear factor model). We assume the N-dimensional vector Ry of

gross asset returns can be characterized by:

Rnit1 = png + By (1 — Ee(fii1)) + envst,

where, at any time t + 1, fi11 has the K x K conditional covariance matriz 2y and en 141
is distributed with zero conditional mean and N X N conditional covariance matriz 3y ¢,
with § and XN being positive definite. Moreover, en+1 and fi11 are conditionally un-

correlated; that is, Et(sN7t+1f{+1) = O0yxxi- Finally, assume that K < N.

The second assumption rules out arbitrage when the number of assets is large. Given an
arbitrary portfolio strategy a with weights wq,, = (w{,, wg,,...,w} ;)" of N risky assets,
and using 1y to denote an N-dimensional vector of ones, we define the associated portfolio

gross return as R{,; = Ry, Wi, + Ry (1 — 1ywg, ).

Assumption 3.2 (No arbitrage). There are no arbitrage opportunities for a sufficiently
large number of assets; that is, there is no sequence of portfolios along some subsequence

N’ for which:

vary(Riy ;11w ;) =0 as N — oo and (uny — Rpdn)'win, >0 >0 for all N,
where § denotes an arbitrary positive scalar.
Note that the above definition of no arbitrage for a large number of assets does not

rule out non-negative SDFs (see Chamberlain and Rothschild (1983) and Back (2017)), in

contrast to the definition of no arbitrage in Hansen and Richard (1987).

Under Assumptions 3.1 and 3.2, the expected excess return can be written as:

E:(Rn+1 — Rpedln) = png — Rpln = oy + By,

where the vector of pricing errors is ant = (unt — Rptln) — BytAs, and the vector of
—1
visk premia, Xy, s the limit of (Bl S3}Bry)  Biy, I3} (kns — Buly) as N = oo

Ingersoll (1984) derives the precise condition for this limit to exist: Let g;ar(A) denote

the ith eigenvalue of a symmetric matrix A in decreasing order for 1 < ¢ < M. Then, if

SThroughout the paper, we use § to denote an arbitrary positive scalar, not always taking the same value.



glK((B’N,tZ}fVltBN,t)_l) — 0 as N — oo and Assumptions 3.1 and 3.2 hold, then Ingersoll
(1984, Theorem 3 and ftn. 10) shows that A; is unique and prices assets with bounded
squared error. Obviously, if the observed factors are traded portfolio (gross) returns, then

At = Ei(fi11) — Ryl

More importantly, Ross (1976), Huberman (1982), Chamberlain and Rothschild (1983),
and Ingersoll (1984) show that if 3y, has bounded eigenvalues for large IV, then the APT
implies that the unique A; prices assets and the resulting pricing errors, a, satisfy the

following bound:

-1
a?v,tEN’taN,t < 6apt < 00, (1)

where d,p¢ is some arbitrary positive scalar.

Several comments apply to our specification of the data-generating process for asset
returns. First, the above arguments, such as the existence of the risk premia corresponding
to the observed factors f; 1, require the associated loadings matrix By to be of full rank
for any IV and ¢. In turn, this means that we are not allowing any of the observed factors,
to be spurious or almost-spurious, in the sense of Jagannathan and Wang (1998), Kan and
Zhang (1999) and Kleibergen (2009).” Therefore, as customary in empirical asset pricing,
for instance when estimating risk premia, one needs to use the various tests for spurious
factors before implementing our method empirically. Second, all our theoretical results hold
at every instant t; hence our specification of the APT as a conditional asset pricing model.
When taking our model to the data, if time-variation is desired one needs to parametrize

this; we explain in Section 8 how this can be done using state variables.

3.2 The Extended APT

With respect to the restriction in (1), there are two possible cases for ¥y ; as N — oo. The
existing APT literature has focused on studying the first case in which f;;; indeed includes
the entire set of risk factors, and thus, the pricing errors are idiosyncratic (implying that all
the eigenvalues of ¥ ; are bounded a.s.). We now extend the APT model in the existing

literature to the second case in which f; ;1 does not include all the risk factors, and therefore,

"More generally, we are not allowing any column of By ; to be a linear combination of the other columns.

10



the pricing errors are related to pervasive factors; that is, at least one of the eigenvalues of

YNt is unbounded.

Theorem 3.1 (No-arbitrage constraint on ay with large pricing errors). Suppose that
the vector of asset returns, Rnty1, satisfies Assumptions 3.1 and 3.2. Suppose that for
some finite 1 < p < N the following three conditions hold: (i) supy gpn(Enyt) = 00;
(11) supy gp+1 N(Ene) < 6 < oo; and, (iii) infy gnn(Ent) > 6 > 0. Then, the APT

restriction in (1) is satisfied by the pricing error an, represented as

ani = AN iAmisst T AN, (2)
and the idiosyncratic covariance matriz given by:

YN = AntAy, + Chy, (3)

where Cn ¢ is a symmetric matriz with bounded eigenvalues, AN is an N X p matriz whose

1
jth column equals g (En4) vin(Eny), where 1 < j < p, vin(Eny) is the eigenvector of
3N, associated with the eigenvalue gin(XNt), Amissi 15 some p X 1 vector, and an; is

some non-zero N X 1 wvector that satisfies a’NJC]_V?ltaN,t < < oo.

Theorem 3.1 shows that the common perception that the pricing error ay needs to be
small in the APT is not accurate. In fact, it states that if the pricing errors are large so
that the maximum eigenvalue of Xy is asymptotically unbounded, then the contribution
of the pricing error to the portfolio return could also be large, but for this to satisfy the
no-arbitrage condition, any portfolio earning this high return would not be well diversified

and would be bearing idiosyncratic risk.®

Recall that, in general, latent factors can be determined only up to a rotation. Our
formulation of aiy s and ¥ in Theorem 3.1 implies a specific rotation where, in particular,

we follow Chamberlain (1983), and assume that

covy(fmiss,t+1) = Ip. (4)

8For additional details of the relation between well-diversified portfolios and deviation from exact pricing,
see Chamberlain (1983, Corollary 1).

11



However, other rotations might be considered although this one provides a nice interpreta-

tion of the risk premia Ay,iss ¢ as (multivariate) Sharpe ratios.”

Observe that the first term in (2), AntAmisst, 1S associated with p latent or missing
pervasive factors, indicated by fy,;ss ¢, in which Ay ; are the factor loadings and Ajiss¢ are
the risk premia for these missing factors. In particular, pervasiveness of the latent missing
factors is implied by A’N’tA Nt — 00 as N increases; see Connor, Goldberg, and Korajczyk
(2010) for further discussion. The second term in (2), ayy, is the asset-specific part of
the pricing error a;; for instance, ay; could be interpreted as representing managerial
skills or views of analysts about specific firms which, in contrast to Ay, must satisfy

aly,an; < 0 < oo as N increases because of no arbitrage.
b

Our result in (3) implies that the purely idiosyncratic covariance matrix has bounded
eigenvalues for any N. Although this can be interpreted as a form of sparsity, for practical
implementation of our methodology one needs to parametrize Cy, in particular, imposing
that it is a function of a number of parameters of the order of O(N). This implies an
even stronger form of sparsity than the one expressed by the bounded-eigenvalue condition.
For instance, diagonal or even spherical Cy; represent special, important, cases of possible
parameterizations, as explained in our estimation section below. However, note that thanks
to the factor structure specified for the observed and latent common risk factors, f;1; and
finisst+1 respectively, assuming such sparsity is reasonable because it does not limit the

ability of the extended APT to capture cross-sectional dependence in asset returns.

9To better understand the implications of such a rotation, consider the factor structure in the (standard-
ized) latent factors:

ant + ANt (Fmiss,t+1 — Et(Fniss,t41)) + Met1,

where m:41 has zero conditional mean, conditional covariance Cy ¢, and is conditionally uncorrelated with
fiss,t+1. Then, such factor structure has mean an,; and covariance ¥y, which for any symmetric non-
singular matrix Q.,iss,¢, can be expressed as:

1 1
2 02

miss,t

Amiss,t = aN,t + AJIF\,J)\T and

ant =an;: + An:Q miss,t

miss,t

1 1
_ 2 -2 / — AT Il
2N,t = AN,tQmiss,tﬂnziss,tﬂmiss7tAN,t + CN,t = AN’tQmiss,tANyt + CN,t7

1
2

where A}r\,‘t = AN Q In other words, we are assuming that the latent factors in Theorem 3.1 are

miss,t*®
_1
2

miss. 1, Of some un-normalized missing factors, say il
,

a rotation, by means of the matrix € miss, 41 With risk

1 1
premia )\Tmiss,t = 87 o5t Amiss,t, covariance Qmiss,t, and loadings A;\,,t. Therefore, Amiss,t = mess,tAIniss,t;
that is the risk premia Amiss,+ have the interpretation of Sharpe ratios. The same identification assumption

1
-2
miss,t?

Therefore, each of the elements of fy,ss,¢+1 is a given linear combination of all the elements of f;iss,tﬂ.

(4) is obtained when considering any rotation by means of H:Q for any orthogonal matrix H;.

12



4 The SDF with Model Misspecification

In this section, we report our main results about the SDF in the presence of model mis-
specification.'® We consider a situation where one wishes to price a given set of N assets
using a candidate SDF that is linear in a set of K observed risk factors; the nonlinear case

is treated in Section 6.

4.1 The SDF under the Extended APT

We now derive the closed-form expression for the SDF when the extended APT is used to
capture model misspecification. These results complement Chamberlain (1983), who shows
existence and continuity of the “cost functional” (i.e. the SDF) under the classical APT,

without providing closed-form expressions.

The salient aspect of the extended APT is that the implied SDF depends on both com-
mon and idiosyncratic risk premia and risks (unless any¢ = Ox). In turn, this reflects
the possibility that pure idiosyncratic risk, arising when the elements of ey ;41 are only
mildly cross-sectionally dependent, affects asset prices. This occurs when the idiosyncratic
component of expected returns, ay; are not all zero. For this case, Chamberlain (1983,
Section 3) shows that the properties of the mean-variance frontier are still valid, although
the frontier will not be well-diversified. Raponi, Uppal, and Zaffaroni (2019) formalize fund
separation, namely that the mean-variance frontier is now spanned by two inefficient port-
folios, with special properties: one portfolio contains only common risk and the other only
idiosyncratic risk. However, the idiosyncratic component €y 41 can also mask unspanned
common risk, due to omitted pervasive factors. In this case, the elements of ey ;41 will be
strongly cross-sectionally correlated because the missing pervasive factors induce a factor
structure. Although we start our analysis with the simplifying assumption of conditional
independence between the common observed factors ;1 and the idiosyncratic shock e 441,
the possibility that ey 41 contains missing pervasive factors requires us to generalize to the

case when the two components are correlated.

0For background information, we also described existing results about the SDF in the absence of model
misspecification in Appendix D, where we follow Hansen and Richard (1987) and often refer to Chamberlain
and Rothschild (1983); for textbook treatment, see Cochrane (2005) and Back (2017).

13



Theorem 4.1 (SDF in closed form and its linear projection). Under Assumptions 3.1 and

3.2 of the APT, for a given i+, there exists an admissible SDF of the form

Miy1 = pmye + by (Frp1 — Eo(fry1)) + Sy en et

with
by = —pim Qt_l At

CNt = —HUmt Efv’lt Qanp ¢ (5)
and in terms of a linear projection on the set of payoffs (1, R ,,,), the projection SDF is

m:—&-l = proj(m41|(1, R?V,t—&-l))

= pm,t + (by Bl + CEV,tEN,t)V;V}t (R e1 — Ee(Riyp41)),
where V n is the (conditional) covariance matriz of excess returns.

Remark 4.1.1. Regarding mj, |, note that Et(R?V,t—i-l) = pnt — Rpyln = aniy + By,
implying that one always recovers the true expected excess return by combining the alpha
and beta components of returns. In other words, the extended APT mitigates completely

model misspecification.

Remark 4.1.2. Notice that, although they have the same pricing implications, E(m} +1)2 <

E(m¢41)? because mj, ; is the unique minimum-variance SDF for a given mean fip, ;.

Remark 4.1.3. Chamberlain (1983, Cor. 1 (i)) shows that exact pricing (i.e. when expected
excess returns are an exact linear combination of the betas) holds if and only if the SDF (i.e.
the cost functional) is well diversified. This is confirmed by our result in (5), from which
we see that ¢y = Oy if and only if the pricing errors ay; = On. This implies that the

SDF my41 is not a function of idiosyncratic risk €411 if and only if exact pricing holds.!!

Remark 4.1.4. The result in the theorem above holds for both traded and nontraded
observed factors, f;. In both cases, these factors can be constructed as the limit of portfolios
that have zero idiosyncratic risk. Indeed, for the case of nontraded factors, one just replaces
them with the corresponding mimicking portfolios that are asymptotically valid when N is

large, which is exactly the setting for which the APT is designed.

HThe term C'N’teN,tH has zero mean and (conditional) variance CE\,’tE]_\,ltcN,t. The latter is zero, implying
C§v,t€N,t+1 is zero a.s., if and only if ¢+ = On, which by non-singularity of ¥y ., is equivalent to aen,s = On.
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We now show how the SDF under the APT is related to the SDF under a traditional

factor model, as discussed above.

Theorem 4.2 (Decomposition of SDF and its linear projection). Under Assumptions 3.1

and 3.2, for any fumz, the admissible SDF can be decomposed as
_ B
Mip1 = Myyq + My,

where
mtﬁ-i,-l = lm,t — Pt (Fr1 — Et(ft—f—l))lﬂt_l)\ty (6)

« _ / —1
M1 = —m €N, 4125 N 1 ON ¢

such that covy(mg,, mfﬂ) =0.

The projection SDF can also be decomposed in terms of linear projection on the set of
payoffs (1, R?V,Hl):
mi =mg+ mtﬁ:p
where
mtﬂL = Mm,t — Mm,tA:t /N,tV;T,lt (R?V,Hl - Et(RﬁV,t+l))7 and

-1
m?jl = _Mm,ta§\7,tVN7t( (]i\f,t—&-l - Et(R?\f,t+1))~

Remark 4.2.1. The implications of the above theorem for the pricing of asset returns are:

1 1
E; ( m”? =
' < o [ ?V,t+1 ]) fmt [ QN ]
1 0
E mo‘ == 9
' ( = [ N+ ]) fomt [ —QN }

and, because my11 = mg | + mt’BH, we have:

e (e [ g, |) =m0, ]
‘ i R?V,t—&-l Hom,t Oy |-

However, notice that although mtﬁ 1 1s misspecified for the excess returns R 141 it prices

the observed factors correctly, because Et(mf 1 (fir1 — Rpelg)) = O,
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Remark 4.2.2. In terms of the first two moments of the decomposition of the SDF, we

have that
Eo(m))y1) = tim,s, By ((m)1)%) = 1 (1+ A2 A0),

]Et(m?Jrl) =0, Et((m?Jrl)Q) = N?n,talN,tzﬁ,ltaN,p

Remark 4.2.3. The term mf 41 in (6) is exactly the “classic” factor SDF used in the

existing asset-pricing literature.

Remark 4.2.4. The term m¢, is not an admissible SDF; for instance, E;(mg_;) = 0 for

any ftm.t-

4.2 Nonnegativity of the SDF

The SDF characterized in the previous section may not always be nonnegative. In this
section, we show how one can identify the SDF implied by the extended APT so that the
SDF is always nonnegative. There are at least two approaches for addressing this problem.
The first approach is to specify that the SDF is an ezponential function of the payoffs (see
Ghosh, Julliard, and Taylor (2017) and Gourieroux and Monfort (2007)), which then leads
to an SDF that is nonnegative by construction; this approach is illustrated below. The
second approach, not pursued here, is that of Hansen and Jagannathan (1997, Eq. (24)),
who show that it is convenient to express the SDF corrected for model misspecification as the
payoff to an option, which is always nonnegative. Both approaches require an assumption
regarding the distribution of payoffs.!? For simplicity, we assume throughout that returns
are conditionally normal but one can consider other distributions, allowing for asymmetry

and fat tails.!3

Theorem 4.3 (Nonnegative SDF in closed form). Under Assumptions 3.1 and 3.2 of the
APT and assuming that returns are conditionally normally distributed, there exists an ad-

missible SDF m;ﬁrl, with the given mean [y, ¢, of the form

mjﬂ = exp [:U’jn,t + bi(frr1 — Ee(fip)) + C/N,tEN,tJrl},

121f the distribution of payoffs is absolutely continuous but time is discrete, then markets will be incomplete
and the admissible SDF is not uniquely defined.

13Examples are the generalized-elliptical distribution, the generalized-error distribution (Box and Tiao,
1973), and the variance-gamma distribution (Madan and Seneta, 1990).
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with
+ 1 ro—1 1 / -1
Kt = In pime — 5)‘1:915 A — §aN,t2N,t ANt
b; = —Q; ' Ay,
CNt = _EJ_V,lt QN

When the risk-free asset is available
+ 1 ro—1 1 / -1
Pt = — In Ryy — iz\tﬂt At — §O‘N,t2N,t an;.

Theorem 4.4 (Decomposition of the nonnegative SDF). Under Assumptions 3.1 and 3.2 of
the APT and that returns are conditionally normally distributed, the admissible nonnegative
SDF can be decomposed as

mtil = m?fl mtﬁ-:_h
where

_ 1 _
My = tm,e exp [— N (i1 — By(fi41)) — 5*29,: lAt],

1
a+ / —1 / —1
my g = exp [— aNﬂfEN’tEN,t—i-l - §O‘N,t2]v,taN,t:|a

such that cov(mg, mfjl) =0.

Remark 4.4.1. The implications of the above theorem for the pricing of asset returns are:

B+ 1 _ 1
E; <mt+1 [ R?V,H—l ]) = HUmt [ o ]

1 1
a+ _
. (th [ R?V,t+1 ]) B [ Byt ] '

. + . at, B+ .
Given that m/, | = m{m; |, we have:

1 1 1
Ey <m2:i-1 [ Re :|> = covt(m?—:l |: Re :| 7mtﬁ—:_1) +Et(m?—&j—1 |: Re ])Et(mtﬁj_l)
N,t+1 N,t+1 N,t+1

1 1

_ o+ B+
= cov(mizy [ By,(fi — Rpeli — \i) ] M) i [ By ]
1 1

— a+ B+
- Et(mt+1)covt(|: BN,t(ft _ th]-K _ At) ] 7mt+1) + gt |: BN,t)\t ]

17



0 1
=k (th)Et([ Bn:(fi — Ryl — Ay) } th) T [ B ]

because E;(f; — Ry 1x — )\t)mffl) —fm,t A¢ and Et(mtﬂ) 1.

B+

Notice that, just like in the case where the SDF is a linear function of the factors, m; '

prices correctly f;11 — Rpy1k (and the risk-free asset), because ]Et(mf:l (fir1 — Rplk)) =
Ok, although it is misspecified for the returns R?v’t 41 unless an; = Oy. Moreover, the
pricing errors o ¢ still have the interpretation of prices for the idiosyncratic shocks because

Et(m?fﬁN,tH) = TQN.

Remark 4.4.2. In terms of the first two moments of the decomposition of the SDF, we

have that
1ro—1
Ev(mi;) = b, By ((mfh)2) = 2, %% >,
’ —1
E, (mtjl) L, Et((mtjl) ) — N EN N

4.3 Projection of Components of Nonnegative SDF under Extended APT

Just like in the case where the SDF is a linear function of the factors, mj, "1 is a function of
the unobservable quantity ey 41, and hence, cannot be implemented. Thus, we develop a

projection version for it that is feasible.

Corollary 4.4.1 (Representation and decomposition of the nonnegative SDF in terms
of nonlinear projection). The nonnegative SDF m;ﬁrl can be represented in terms of the
exponential function of the linear projections on the set of payoffs (1, R§V7t+1), which can be
decomposed as:

- ax+ . Bx+
My = Myyg Mgy

where
B+ 'n/ —1 /pe e 1i/o-1
mt+l = HMm,t €XpP [ Y N,tVN,t(RN,tH - Et(RN,t+1) - 5)\t9t )\t}7 and

ak+ / -1 e e / -1
My = exp {_ O‘N,tVN,t( Ve — Ed(Ry 1)) — §O‘N,t2N,tO‘N,t]-
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Remark 4.4.3. It follows that:
E(my RY t11) = On and Ei(my ) = g as N — oc.

Therefore, the feasible mril prices correctly the risky assets, and it prices correctly the

unit payoff asymptotically, whilst maintaining nonnegativity.'4

Remark 4.4.4. Note that the linear projection versions of both myy; and mal, in view of
their admissibility property, are identical and equal to m;, ;, which is given in Theorem 4.1.
However, because mj,; has the form of a portfolio return, there is no guarantee that it is

nonnegative, unlike m;7; .

Remark 4.4.5. Close analogies exist between mfjfl and the nonnegative nonparametric
SDF of Ghosh, Julliard, and Taylor (2017); in particular, between our correction factor
mto‘:f and their equation (8), because the latter can be expressed as an exponential function
of the payoffs (1, Ry +1), net of a constant. These analogies are discussed in greater detail

in Section 7.

4.4 Characterizing Components of the SDF for Large N

In this section, we study the properties of the SDFs when the number of risky assets is
large. In particular, we characterize the behavior of the components of the linear projection
SDFs, m¢; and mfjl, as the number of assets, IV, increases to infinity. As an important
by product, these results allow us to directly derive the behavior of the nonlinear projection
SDFs, mta_:f and mfﬁr, without additional arguments. These results are practically relevant
but also economically important, because studying the behavior of the correction terms (the
mgf, and mg}T) for large N sheds light on the reasons why the alpha SDFs are able to

successfully mitigate misspecification in the candidate beta SDFs.

Recalling the expression for the linear SDF given above,

Myt = frm,e + By (f1 — Ee(fir1)) + iy enst,

140One can construct also another, asymptotically equivalent, nonnegative SDF that prices the unit payoff

correctly for any N by setting m; 1 = m‘t)‘;frmf_:’ﬁ with mfﬁ"’ = fm,t €XP [ — ABN VL (RY g1 —

Kt (R7V,t+1)) - %EQ( 7V,t+1)/V;[,1tEt (R7V,t+1):|7 and mfjf+ = exp [— a/N,tVXz,lt( 7\7,t+1 - Et(RiV,tJrl))}
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one needs to ensure that myyq is well defined, i.e. is not diverging when N is arbitrarily
large. Noticing that the last term of the SDF is the only part that depends on N, a
sufficient condition for this is that vart(c’]\ws Nit+1) < oo almost surely. It turns out that

this is implied by the no-arbitrage condition that underlies the APT; in fact,

2 -1 -1 2
varg(mg ) = CiN,tENJ CNt = Hmt a?\f,t 2N,tzN,tzN,taN,t < Mm,t5apta
where 0,p¢ is defined in (1). Similarly, with respect to our nonnegative-SDF formulation,

Er((mih)?) = eXhaEneans < g,

Having ensured that our formulations of the SDF are, by non-arbitrage, well-defined for
arbitrarily large N, we start by studying the behavior or mfjl, which is the SDF implied

by a factor structure in the absence of any type of pricing error.

Theorem 4.5 (Properties of mf_:l and mf_ﬁr for large N). Under Assumptions 3.1, 3.2,

and N7'BYy ;S By —p Dy > 0, then as N — oo,
mtBL —p mtﬂJrl = fmt — e AN (F1 — Ee(fi41),

_ 1 _
mit —p it = pmpexp | = NQ7 (frn — Ei(fia)) — SNy Al
Thus, the projection versions mfil and mfﬁr recover, respectively, mf 41 and mfjl ex-
actly with respect to the set of observed factors as N — oco. Of course, the SDF components

mf 1 and mfj:l will still be potentially misspecified, in general, unless an ¢ = On.

Next, we look at the component of the admissible SDF associated with misspecification,
mygy, and mf‘jf To simplify the analysis, we first consider the setting where this component
depends only on firm-specific attributes, such as characteristics or sentiment; that is, an; =
an,. We then, subsequently, study the case when misspecification is solely due to missing
pervasive factors. In practice, both effects are likely to be relevant when correcting a
misspecified SDF. It is important to allow for firm-specific attributes because these cannot
be captured by common (systematic) factors that are missing from the model. Our theory

indicates that the pricing effect of such firm-specific attributes is first-order important and,

indeed, our empirical work will show that these have a substantial affect on asset prices.

Theorem 4.6 (Properties of mg, and m?ﬁ' for large N when ay; = any). Under As-

sumptions 3.1, 3.2, we have that NﬁlB’NiE]_V’ltBN,t —p D¢ >0 and N_%ak,’tE]_V’ltBN,t —p
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0, then as N — oo,

fr1 =M = 0,
m mg; —p 0 (7)

mtajf — mtofl —p 0. (8)

Remark 4.6.1. Equations (7) and (8) suggest that oy, the idiosyncratic pricing error
associated with firm-specific attributes, has a non-negligible contribution to the prices of
assets, even though the no-arbitrage condition of the APT requires these pricing errors to

be small, as specified in (1).

Remark 4.6.2. The additional assumption N 7%a§\7,t2]7\/,1tB Nt —p 0 is not strictly nec-
essary for our result but it simplifies our exposition, namely that the projected and non-
projected version of the alpha SDF, although both provide the required correction, have
exactly the same limiting behavior. Moreover, such additional condition does not imply
that oz’NthjV}ta ~,+ must equal zero at the limit, that is it allows some assets to exhibit a

potentially very large pricing error.

Note that, unlike for the case of the beta SDF, Theorem 4.6 does not specify the exact
form of the limit of m{¥, and f mfi‘f However, this can be derived as follows. Further to
the regularity conditions made, now assume that

/ —1 I 51
oy XN Et1 —d N(0,0;), where oy XN AN —p O¢.

Then, m{, and m¢,, share the same limit (in distribution), namely

1
N 1
Mty —>d Hm,t0f Me+1,

where 7,41 ~ N(0,1). Therefore, even though the APT condition in (1) implies that the
large majority of the pricing error ay; vanishes asymptotically in N, both m, ; and mg,
do not vanish asymptotically. In other words, mg,; and m{; have a first-order effect on
asset prices that does not dissipate even for large N. The same applies to the nonnegative

SDFs, namely m{};" and m{} share the same limit (distribution), namely

1 1
mf‘jl —>q exXp [— 07 Ney1 — §5t .

When N is very large, it appears that the nonnegative formulation is more useful as the

limit alpha SDF will exhibit a Gaussian distribution (around zero), and thus it will take
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negative values with probability of 50%. In turn, this could lead to negative values of the
limiting corrected SDF, although with a smaller probability, than 50%, as the corrected

SDF is centered around fiy, ¢

Next, in contrast to the case above, we consider the case where the misspecification in

the model is related only to pervasive factors; that is, an s = AN Amiss,e With ay; = Op.

Theorem 4.7 (Properties of mg}; and mf‘if for large N when oy = ANt Amiss,t). Under
Assumptions 3.1, 8.2, N"'Byy S 'By; —p Dy > 0, N"'By,C\Bn: =, Fr > 0,

N_lA’NiC&ltAN,t —p Et >0, and An; and By are not asymptotically collinear,*® then

as N — oo,
. !
m?—s-*l —miy —p 0 with  mg' ) —p _Mm,t}‘miss,t(fmiSS,tJrl — Ei(fniss,t+1))s
ot ok 0 with me L Ey(Eisers1)) — SN A
My g — My —7p we My —p €XP | — Apigs tImiss,t+1 — Bt (Imiss,t41)) — o Amiss,tAmiss;t |5

where fiss141 15 the p X 1 wvector of missing factors and Apmisst are the associated risk

premia.

Remark 4.7.1. The limit of m$7, and my}{ will have precisely the same mathematical
form as an SDF corresponding to a factor model (i.e. just like mfjl and mfjl), but with
respect to the set of missing factors f,,;ss++1. That is, in light of the identification condition

that vary(f,iss,t41) = I, the above result becomes

-1
mta+*1 —p _Hm,t)\;m'ss,t (Vart(fmiss,t+l)) (fmiss,t+1 - Et(fmiss,t—ﬁ—l))‘

Therefore, the corrected SDF mj, ;, satisfies

M =mbT A+ meE =yt — g (Fert — Be(Fyp1)) (vary (Fugr)) " Ay = mysa,

) and Ay = (A}, A/ .. .)'. Notice that vary(Fyi1) is

where we define: Ft+1 = (ft/Jrly f! miss,t

miss,t

block-diagonal, as we assumed uncorrelatedness between the observed and missing factors;

below, we will show how to modify our results when this assumption is relaxed.

5By asymptotic collinearity of the generic matrices Cny,Dy we mean that, as N — oo, either

NMp,Cy — 0 or DyMc,Dy — 0 or both, depending on whether the number of unobserved fac-
tors p < K,p > K or p = K, where M¢, =In — CN(C’NCN)ACR, is the matrix that spans the space
orthogonal to any full-column-rank matrix Cy, where Cx is a IV X p matrix and Dy is a N x K matrix.
When p < K, a sufficient condition for asymptotic collinearity is Cxy = Dnxd + Gy, for some constant K X p
matrix § and some residual matrix Gy satisfying GGy — 0. When Gy is a matrix of zeroes, then Cy
and Dy are perfectly collinear.
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Similarly, for the nonnegative corrected SDF
* * k — 1 —
my = mimit =, MmteXp[ (Fer1—E¢(Fry1)) (vary(Fei1)) 1At—§A2(Vart(Ft+1)) Ay =mify.

It is important to note that preliminary estimation of the missing factors, f; ss is not
required for deriving the corrected, admissible, SDF, reducing the impact of sampling vari-

ability of the estimated SDF.

Remark 4.7.2. Notice that the mg, ; is rotation-free, meaning that it is independent of

the rotation assumed for the latent factors. In other words, we are recovering the SDF

associated with the true missing factors, fin-s si1- In fact,
1
—HMm, tAmzss t(fmiss,t+1 — Ky (fmiSS,t-Fl)) = —Hm t>\mzss tszss tQ;mss tﬂmzss t(fmi557t+1 - Et(fmi557t+1))

~1
= ~Hm t)‘mzss tQmis&t(f:niss,t-i-l - ]Et(f:niss7t+l))’

and

Al

maiss,t?

! ir
)‘miss,t)‘miss t=A

miss t mass,t

recalling that )\Ims&t and €2,,,;55¢ define the risk premia and covariance matrix associated

with the fmzss A1

Recall that, as pointed out above, mg{; and mfjﬁl, the projections of m¢, ; and mf 1
are not orthogonal for any finite N. However, as N — oo, m{f; and mf_:fl becomes (condi-

tionally) orthogonal; that is, covs(mg}, mf_tl) —p 0, implying that:

E (mt+1mt+1> E, ((mt—H) ) + Op(N™ ) E; ((mt+l))2 +Op(N7%)-

4.5 Detecting the Missing Factors

Our result above shows that, for the case of missing pervasive factors, m{; converges to
a linear function of the missing factors themselves. Note that this result does not require
identification of the factors because the spanning arises automatically as N becomes large.
The same argument applies to the logarithm of mf‘jl* Although not necessary for the sake

of pricing, economically it is interesting to detect such missing factors. It turns out that, in

our framework, a simple regression approach achieves this goal.

23



In particular, the R? of the regression of m on an intercept and the missing factors
finiss,t is defined as:

’lesslesleT less')’mzss

2
R =
miss m® M;, m® ’
: : / /
in which Fyiss = (fniss,1 - - fiss, ), m® = (m---m$)" and
Ymiss = (F! . My, Foniss) "F. . M F . Foiss) 'F. . m®
'7mzss_( miss=Y+lr mzss) missVAlp ML ( miss mzss) missTL -

Defining A = M;, A for any T' x a matrix A and the projecting matrix Po =1, — M =

A(A’A)7tA’, for any full-column rank matrix A of rank a we get the following result.

Theorem 4.8 (Detecting the missing factors). Under Assumptions 3.1 and 3.2, as N — oo,

(i) If any = AniAmisst- If By, ZyBy: —p Di > 0, By, Cy\By; —p Fr > 0,
A?V’tCR,ltANJ —p Et > 0 and Ay and By are not asymptotically collinear, then as

N — oo:
T
’A)/miss _>p YA = _(szss mzss Z f miss tht
t=1

and R2 fYAszngmZ‘SS’yA — ghPlessgA — éA mzssgA
miss p SAMlTéA gqulTéA £A£A ’

in which EA = (§A17 T 7£AT), with EAt = Mmﬂf—l(fmiss,t - Et—l(fmiss7t))/Amiss7t—1-
Moreover, when fimt = tms Amisst = Amiss and Er_1(Fnisst) = E(fnisst) then:
Am —p YA = —mAmiss, and
R2.

Mmiss

=, 1.

(it) If oy = any. If the conditions of Remark 4.6.2 hold, then as N — oco:

ﬁ’miss —d Ya = (F;nzssﬁmiss)il(f‘;nisséa)v and

R2 d (/IF;TLZSSFmiSSFYa 5/ mzss éa 5/ mzss Sa
miss észlTEa E(/leTéa éaﬁa 7

setting &€, = (Ea1, -+, &ar)’ with &4 ~ N(Qlﬁ?n,t_l((st—l — ht_lHt__llht_l)) mutually inde-
pendent. Moreover, when [ty = [im, the same result holds except that the limit R? will

now be functionally independent of tiy,.
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Remark 4.8.1. When the nonnegative SDFs are considered, the same results above apply

replacing m§* with log(mg™).

Remark 4.8.2. In the above theorem, the result of part (i) holds for every finite T', as

long as T > K. Regarding part (ii), under the following three mild conditions Tflégéa —p

Eﬁa >0, F/ éa = OP(T%)7 and, TﬁlF/ Finiss —p Yr

miss miss miss

> 0:

R? —p 0as N, T"— oo.

Miss

This implies that we can detect whether the pricing errors are driven only by ay as opposed

to missing factors.

Remark 4.8.3. If one erroneously considers a set of observed factors Fiong, none of
which is spanning the a-SDF, assuming for simplicity that ay = Oy and assuming that

Mmt = Hm, Amiss,t = >\mi587 Et—l(fmiss,t) = E(fmiss,t)a then as N — o0,
)‘ImissFlmisst?w,,ong Fmiss)\mz‘357 (9)

>\, F, Fmiss )\miss

miss— miss

2
R —p

miss

Moreover, as T" — oo, if the correct and the wrong missing factors, Fi,iss and Furong,
respectively, are uncorrelated (in population), the right-hand side of (9) converges to zero.
This is contrast to part (ii) of the theorem. The right-hand side of (9) is identically equal

to zero if Fy;ss and Fyrongfactors are orthogonal for a given T

4.6 The SDF under the Extended APT: Non-Orthogonal Components

All the previous results were derived under the assumption that the observed risk factors f;
and the unobserved idiosyncratic shock €411 are (conditionally) orthogonal, as formalized
in Assumption 3.1. However, one can envisage situations where orthogonality does not
necessarily hold, the best example being when there are missing pervasive factors that are

hidden in the idiosyncratic shock and are correlated with the observed risk factors.

In this case, note that an observationally equivalent representation of the SDF my g
exists such that the observed risk factors f; and the unobserved idiosyncratic shock ey ;41
are orthogonal. In particular, setting en++1 = Nnt + ANt (Frniss t+1 — Et (fniss,t+1)), as from
Section 3, with nx ¢ and f,,,;65¢+1 being mutually uncorrelated,

Miy1 = pmye + by (fri1 — Er(fi1)) + cyrenist, (10)
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= fmt + by (Fri1 — Ep(fi41)) + CN €N 41, (11)

setting the K x p matrix of covariances Q¢ = covy(fi41, f,’mss’t 41) with
b; = b; + Qt_thAlN,tCNm

ENt+1 = NONt+1 + ANt (Emiss,t+1 — Ee(fnisse+1)),  where

; _ frniss,t+1 — Et (fniss,t+1)
f . L= I - /Q 1 < miss,t+ 188, .
miss,t+ ( D Qt t ) ft+1 _ Et(ft+l)
Notice that covt(ftﬂ,ﬁms’tﬂ) = Ogxp by construction, because fmiss’t+1 represent the

linear-projection residual from projecting fiss 41 — Et (fmiss,e+1) on fi1 — Ee(fip1).

Although the two representations (10) and (11) are observationally equivalent, the one
based on correlated components, that is (10), has the advantage of ensuring a clearer inter-
pretation of the parameters, such as the ones for loadings and risk premia. For instance, the
loadings associated with f;;; in representation (11) differ from the (true) loadings of f;1 in
representation (10), a consequence of the omitted-variable bias. This can be immediately

seen by comparing the extended APT in the orthogonal and non-orthogonal representations:

Armiss, frniss,t+1 — Et(Frniss,i+1
Ry 11 =an: + (An Bay) < ”;j” ) + (Ant, Bry) < mmf::l _ Eigfzﬁ; e+1) > + Mi+1,

_ A N S\miss,t A N ~miss,t—l—l - Et(f‘miss,t—l-l)
=an;+ (Ans, Byy) < A, ) + (AN, Bny) < frr — Ey(£11) + Met1,

where
Ayy=An, (I, - Q02;'Q))z, (12)
By =By + AN Qi ", (13)
Aisst = (Tp — Q21 Q0) 72 Amiss — Q2N (14)

and fmi557t+1 have (conditionally) unit covariance matrix and are uncorrelated with the

16
fi1.

161p particular, the fmiss’t+1 are given by:

Bienrer = (I, — QU1 Qu) ¥ (1, — Qi) ( Trissrrt ~ Evlfmisscin) )
fir1 — Ee(fi1)
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It follows that, unless one makes use of the mappings between the parameters of the
orthogonal and non-orthogonal representations, namely (12)-(13)-(14), the orthogonal rep-
resentation parameters confound completely the original parameters, in particular in terms
of loadings and risk premia of the missing factors, without any additional computational
and efficiency gain, because the total number of parameters remains unchanged. On the
other hand, if one makes use of the mappings to back out one set from the other, then
it is unclear whether keeping the orthogonal representation brings any advantages to the
analysis. Based on this consideration, this section is written in terms of the non-orthogonal

representation of the extended APT.

We now show how all our results can be generalized to allow for the case of correlated

observed and missing factors. In particular, we need to generalize Assumption 3.1 to:
Assumption 4.1 (Linear factor model: correlated case). Assumption 3.1 holds with
Ei(fir1€r41) = Py,

for some non-zero K x N matriz Py such that perfect (conditional) correlation between

the fi11 and the g441 is ruled out:
i, _1
Iy — EN,Qt N,tQt PN7t2N§ > 0.
Although the expression for expected excess returns is unchanged, the (conditional)
second moment for excess returns becomes:
covy(Ry 41 — Rply) = Vv = BN QBly, + Zn ¢ + Py By, + By Py

We first show how the expression for the linear and exponential SDF changes, as a result

of the lack of orthogonality. Then, we analyze their large-IN behavior.

Theorem 4.9 (SDF in closed form for the correlated case). Under Assumptions 4.1 and

3.2 of the APT, for a given jip ¢, there exists an admissible SDF of the form

M1 = pmye + by (Frp1 — Eo(fr1)) + Sy ienert,

with

bt = —fms (Qt_l)\t — Q;'Py Hy L (an, - P’lv,tﬂt‘l)\t)) ,
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CNt = ~Hmt (H&,lt(azv,t — P2 1>\t)> :

setting

/ —1
Hy:=3n: — Py, 2 Py

When expressed in terms of a linear projection on the set of payoffs (1’R?V,t+1): the
SDF is
m;tk+1 = proj(mq41|(1, R?V,t-‘,—l))
= Hmt + (b;[QtBlN,t +Pn + C/N,t[EN,t + P/N,tBQV,t])VKf,lt( Je\f,t+1 - Et(Rjev,t+1))

= pm,t — (@t + BN,t}‘t)/VRf,lt( 7V,t+1 - Et(R?V,t—&-l)v

where V n is the (conditional) covariance matriz of excess returns.

Although the expressions for the coefficients in the SDF, namely b; and cy; differ from

before, one obtains the decomposition into the alpha and beta SDEF:
_a B
M1 = My + My,

where

B _ / «@ _ /
My, = pmt — fm,tDy(frp1 — Ee(fi41)) and mi ) = —pim €y 11En,

where b; and ¢y are defined in Theorem 4.9. In terms of the pricing of asset returns:

E, ( m? 1 = 1
T N+l Ham,t (Ent+BniPnyi)en:

o ) B
t i+1 Ry i1 Hmt —(Ene +BaiPrgeny |

Notice that now covt(mfﬁrl,mfﬂ) = u%mbgPN,tcN,t # 0. Despite this, as for the previ-
ous orthogonal case, the misspecified mf 1 prices the observed factors correctly, that is
Et(mfﬂ(ftﬂ — Rylg)) = O
Likewise, one obtains the decomposition in terms of linear projections as:
m¥.. = mo&* + m,@*
t+1 = M4 t+1
with

mtﬂ—il =pm ¢ + b [QBy, + PN,t]Vz_v,lt (R?V,tﬂ - Et(RﬁV,H—l))?
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m?—s—*l :C/N,t[EN,t + P/N,t QVt])VKf}t( ?V,t-&-l - Et(R?V,t+1))-

Given the strong analogies found between the specifications of the linear and nonnegative
SDF cases, we can introduce the nonnegative SDF for the case of correlated components,
and its corresponding decomposition in terms of (nonlinear) projections, without a formal

proof.

Theorem 4.10 (Nonnegative SDF in closed form for the correlated case). Under Assump-
tions 4.1 and 3.2 of the APT and that returns are conditionally normally distributed, there
exists an admissible SDF mt++17 with the given mean [y, ¢, of the form

with

1 Q P b/
+ L o L y
Pt = 10 fim ¢ Q(bt ’CN:t) < ?V,t XN ) ( CEJ &

by = = (97" A - Q7 Py HR (e, — Pl 270

C]—’\—fzt - <H]_V,1t(aN7t - P/]V,tﬂt_lAt>> )

recalling Hyy = Xy — P’N,tQt_IPN’t. When the risk-free asset is available one replaces

In ptyn e with —1In Ry into ,u;;’t.

The relevant decomposition of the nonnegative SDF in terms of (nonlinear) projections
is given by:
mify = mit mi,
where

* _ 1
mtﬂ-&—l‘_ = Hm,t €XP [brl(QtBlN,t + PN,t)VN,lt(R?V,tH - Et(R?V,t—f—l) - §bj'ﬂtbﬂ’

and

_ 1 Oxxrx Png b,
mfﬁf = exp [Cﬁ,t(zN,t + P/N,tB§V,t)VN,1t( ?V,t+1 - Et(R?V,t—i-l)) - §(bt+’acﬁ,t) ( P/;t Sae ( Cﬁt )]

We complete this section by showing how the previous large-N results extend to the non-

orthogonal case. For simplicity we focus on the case when the pricing errors are only driven
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by missing pervasive factors, that is an; = AN tAmiss,e. This implies

/ / !/
PN,t = Covt(ft-i-l? fmiss,tJrl) Nt — Q: N,t>
setting the K x p matrix of covariances Q; = covy(fi11, ), 101)-

For the linear SDFs, under Assumptions 3.1, 3.2, and N ! (ANt BNﬂg)’C&lt(AN,t, Bnt) —p

D; > 0,as N — oo,
My = mgf + mg:
_ £ — E: (£,
= bt = it Nimiss.: M) (Ana Brva) Vi (<AN¢’ B ( e ))
I, Q fnisst+1 — Et(fiss,t+1)
N o )‘/ ) ,A/ P t > < miss,t+ mass,t+
p o = it Kmiss 1 At) ( Q: fi1 — Ei(fi1)
= HUm,t — Nm,tA:f(Vart(Ft—&-l))il(Ft+1 - Et(Ft+1)) = Mt41,

recalling that ¥y = (f/

miss,t?
(Ip Q;
Qt Qt

fi,1) and Ay = (N

\/ o
m’iss,t7>‘t)7 where now Val"t(Ft+1) =

) is not block-diagonal any longer.!”

By the same arguments, regarding the (nonlinear) projection of the nonnegative SDF,
* * * _ 1 _
mity = meml =y pmgeap |~ Ay (var(Fii1) 7 (Fry — E(Fep)) — S At(vary(Fei1)) A

Therefore, the correction carried out by the (feasible) mf; and m{{ delivers, for large
N, precisely the infeasible SDFs, respectively in the linear and exponential form, that

correspond to the case of K + p common risk factors (f},;.,,,f/1)". As for the orthogonal

case, we are selecting a specific rotation of the true factors (fg;l st f/ +1)’ such that

_1
< fmiss,t ) _ Ht szgss,t 0p><K f;iss,t ,
ft+1 0K><p IK ft-i-l

for any p+ K x p+ K orthogonal matrix H;.

"By an extension of Lemma 1, under our assumptions,

_ I A
(Ane.Bua) Vi (AneBug) = (& Q)
’ Qt Qt

!
recalling that Vn ;= (An,t, Bnt) ( (Ii 82 ) (AN, Bnt) + Cht.
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5 Representations of the SDF

In this section, we establish two important representations of the SDF under the extended
APT. The first one is in terms of the returns of mean-variance efficient portfolios. The

second is the one-factor beta representation.

5.1 The SDF Frontier in Terms of Returns

This section describe the interpretation of the SDF as returns. In particular, we extend
the well-know duality between admissible SDF and efficient portfolio to a duality between
misspecified SDFs and inefficient portfolios, yet with very special properties. In particular,
once we map the SDF components m{; and mtﬁjl into the returns’ space, we show that
they correspond to the (excess) returns of two portfolios, denominated as the alpha and
beta portfolios, respectively, (these portfolios are described in detail in Raponi, Uppal,
and Zaffaroni (2019)). These two portfolios turn out to be inefficient; that is, they lie
inside the efficient frontier, as opposed of being on the efficient frontier. However, they
satisfy two-fund separation: they span the efficient frontier, in particular the lower branch
of the efficient frontier, which corresponds to the SDF frontier; that is, the set of admissible

minimum-variance SDF's.

We first need some definitions. Under Assumption D.3 from Hansen and Richard (1987,

Assumption 2.4), the return
. myy
Ry = 7Et((mf+1)2)

is well defined, implying that the space of returns R = {x4y; € X : p(x441) = 1} is not
empty. We define R}, the pricing functional, namely the SDF mapped into the returns
space. Hansen and Richard (1987, Lemma 3.1) show that the return R}, is the minimum
conditional second moment return: E;(R; +1)2 < Ey(Ry11)? for every Ry11 € R. Moreover,

Ri,y prices all excess returns: Ey(Ri, R}, ) = 0 for every R}, € R® = {m141 € X :

p(x41) = 0}).
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We first show how the return pricing functional R}, is related to mgy; and mfjl In

particular, define:

Qk ﬁ*
My RB* — My

ok * ’ t+1 — .
Ey (mifimi,) E, (mtﬂ+1mt+1)

Rt+1

Then, under Assumptions 3.1 and 3.2, the pricing functional R}, has the following decom-

position in terms of returns:

* my 1 * .
Rt+1 == % = Oé Rt+1 + ( )Rt+1 Wlth (15)
Er (miy,)
e B (mgrimi)
t = 5
Et (m4)

Unlike m{', ; and me, the projections mg; and mfjl, and thus Ry, and Rtﬁjl, are not
orthogonal for any finite N. However, as N — oo, R{'}; and Rf:l become (conditionally)
orthogonal, namely: In fact,
covt(m?jl, mf_tl)

Eo(my ym& ) Be(mimit)  Eo(mp, me )Ey(mi, m7 )

2 -1
Mm,tO‘N,tVN,tBNi)‘t

cov (R, Rt+1) —p 0.

This implies that 0 < k" < 1 as N — oo, although these bounds on x§* follows,
for any N, whenever *agv,tvﬁ}tBN,tAt < a?v,tVR/,ltaN,t and — a’N7tVX,71tBN7tAt <1+

XiBly Vi By

In order to understand the relative positions of R}, ; and its components, in the returns’

space, it is useful to study their first and second moments for large-N. In particular,

% 1
Ei(Ri1) =

1
- — - + Op(N72),
fm,t (1 + a/N,tVN,ltaNi + A1) 8

where E;(R$;) = 0 and Eq (Rt+1) = ] + Op(N ) and, in terms of (condi-

-
prmt (14X, Q27" A

tional) variances,

1 oy, Vi aNt—i-)\Q_l)\t
Vart(Rr+1) = ( Nt " Nyt i 1 ) Op(N7%)7
M (1+aNtVNtaNt+>\tQ At)
1 QI
where vary(RY;) = ﬁm + Op(N"2) and Vart(RtﬁL) = ui,tm +

Op(N _%) Therefore, under our assumption that a risk-free asset is traded,

N 1
Ei(Rfy 1) < Rpy = —,
Hm,t
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then it follows that Rj, ; is on the lower part of the mean-variance frontier, because it
earns an expected return smaller than Ry; but with a non-zero variance. It is exactly on
the frontier because, as indicated above, it is has the minimum second moment. Under the
same conditions for 0 < k** < 1, always valid for large N, one obtains
1
0 - Et(R?_ﬁl) < Et (R;—‘,—l) < Et (Rtﬂj:1> < th - .
Hm,t

A more formal way to understand the role of R{!; and Rfjl as returns in the mean-standard
deviation space is presented in the next theorem, where we decompose the R}, ; in excess
of the risk-free rate, in terms of the returns of two special inefficient portfolios, called the

alpha and beta portfolios, with corresponding weights indicated by w¢; and Wﬁ, portfolios

(see Raponi, Uppal, and Zaffaroni (2019) for details).

Theorem 5.1 (Decomposition of pricing functional Rf,, in terms of return on wq; and

w]‘i, portfolios). Under Assumptions 3.1 and 3.2, for any pun ¢, Rf, , satisfies:

* _ a o pe BBl pe
Riy 1 — Rpe = 0w Ry i1 + &y wo R 11

for some coefficients ¢f and (ﬁf (see Eq.? in the proof) satisfying ¢ + qﬁf —p 1 as N
diverges, and wi. , and Wﬁ*,t are the a-portfolio and the B-portfolio, for given target mean
w*, defined respectively by:

a (M*—th) AVant B _ (M*—th)

14 7t ! —1 Nyt U 1 7t ! ! —1
oy VN N ’\tBN,tVN,tBN,t)‘t

VB

Remark 5.1.1. In Raponi, Uppal, and Zaffaroni (2019), it is shown that the wq, and Wfi,
portfolios are both inefficient (that is, belong to the interior of the mean-variance frontier)
but still satisfy the two-fund separation theorem (that is, span the efficient frontier). In

fact, wQ and w]‘i, have very special properties: w¢; is the minimum-variance orthogonal

portfolio to w]’i, and, vice-versa, w]’i, is the minimum-variance orthogonal portfolio to w;.

Moreover, although inefficient, both portfolios satisfy the mean-variance property by which
their expected return is equal to the variance or, alternatively, their Sharpe ratios coincide
with the portfolios’ standard deviations. Therefore, all these properties are inherited by

#r1 and Rfil s0, in particular, they are positioned in the interior of the SDF frontier, with

Rﬁfl on the horizontal axis.
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5.2 Beta Representation of the SDF

Recall from the existing literature that the SDF can be used to obtain a single-beta rep-
resentation for returns.!® At the same time, when the SDF is linear in a set of K factors,
expected returns follow a K-factor beta representation. In this section, we combine these
two results to show that under the extended APT one obtains a (K +1)-factor representation

of expected returns.

From the existing literature, if an admissible SDF satisfies a K-factor structure,

mip1 = Be(migr) + by (frn — Ee(fir1)), (16)

for some observed random vector f; such that E;(m;y1) > 0, then the K-factor beta repre-

sentation follows:

Ei(R7 1) = Brae, (17)

where B, + = Qt_l cove(fiy1, Rnt+1). The converse is also true; namely, if (17) is true, then

(16) is true.??

Regarding the single-factor representation in the existing literature, we need the follow-

ing definition.

Definition 5.1 (Reference return; Hansen and Richard (1987, Equation (3.28))). A return
Ryeta 141 5 a reference return for a single-beta representation conditional on information at

date t if prob(vary(Rpeta 1) = 0) =0 and

covy(Rp 141), Retat+1
vary(Rpeta,t+1)

Et(Rn,t—i-l) —ay = [Et(Rbeta,t—i-l) - at] V R,i+1 €R.

If there is a unit payoff, then a; = Ryi; otherwise, a; is arbitrary.

Then, Hansen and Richard (1987, Lemma 3.5) show that, under Assumptions D.1, D.2,

D.3, and the absence of risk neutrality and arbitrage opportunities, then Rpeq¢41 is a

8 These well-known results have been pioneered by Ross (1978), Dybvig and Ingersoll, Jr. (1982), Cochrane
(1996), and Lettau and Ludvigson (2001); for textbook treatment, see Cochrane (2005) and Back (2017).

9Notice that the factor-structure representation of the SDF in (16) does not rule out the possibility of a
negative SDF, that is, m¢+1 < 0. However, we know from Hansen and Richard (1987, Lemma 2.3) that in
this case arbitrage opportunities are not ruled out. For a discussion of the conditions under which m;4+1 > 0,
see Back (2017). In particular, if markets are complete, then to rule out arbitrage one needs to restrict the
support of the distribution of f4;.
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reference return for a conditional single-beta representation, if and only if,

* bet *
Rpetatr1 = Rypq +w/" Ry,

. Ei (R}
where w}“'® differs from ; (Hiyy)

ToE. (RS ) with probability one.
t+1

We now show how the admissible SDF implied by the extended APT leads to a (K +1)-
beta representation for returns, where K refers to the number of observed factors corre-

sponding to the beta SDF, mfﬂ.

Theorem 5.2 ((K+1) factor structure for expected returns). Under Assumptions 3.1 and
3.2, for any pim # 0, every Ry 41 and R} 4. salisfy a (K + 1)-factor structure:
Et(RfL,tH) = g,t)‘? + ﬁ;,t)‘ta

1 covg(m®, 1, Rn,t4+1)
where Bnt = Q" covi(fir1, Rov1), By = —vm’z*('mgﬂ) , and A = —Rygvary(mg, ).

Remark 5.2.1. If the risk-free rate is constant, then Et(mtﬂ 1) is constant, implying that

bf; 11 is serially uncorrelated.

Our result implies that, starting from a given beta SDF that has a K-factor represen-
tation, the admissible SDF has a K + 1 factor structure, even when one does not know the
exact number of missing factors. This is in contrast to the principal-components approach,
where the admissible SDF is written as a function of the estimated factors. Identifying
the precise number of factors that are needed for an admissible SDF could be problematic,
and the consequences of both under- and over-estimating the number of true factors can
lead to severe problems when pricing assets. In the case where the number of factors is
underestimated, we face the typical problem arising from missing variables in regression
analysis. In the case where the number of factors is overestimated, we face the problem of
spurious factors, namely highly significant risk premia when the true risk premia is zero for

the spurious factor.

6 The SDF for Equilibrium Asset-Pricing Models

Our methodology has been developed within the set of linear factor SDF. In this section,
we explain how our methodology applies also to nonlinear SDFs, which arise in the context

of equilibrium asset-pricing models.
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Suppose that we are interested in a class of equilibrium SDFs generically specified as:
myty = m(fi1),

for some function m(-), an S-dimensional vector of state-variables f;;1 (for example, con-
sumption growth c¢;41) that are Gaussian conditional on past information. Note that above
we have written my;1 to indicate that for pricing purposes, the SDF is an argument of a
one-step-ahead conditional expectation, the specification of any aspect of the SDF that is

a function of information at dates prior to ¢ + 1 add no additional difficulty to our analysis.

For instance, the consumption-CAPM model of Breeden (1979) can be expressed as

e Ctl -
mtilzg<ct> ’

where ( is the subjective rate of time preference, v is the relative risk aversion, and C} is

aggregate consumption at date ¢, implying that the single state variable f; = In(Cy/Cy_1).

Similarly, the model of Campbell and Cochrane (1999) with external habit can be expressed

as
me ¢ Civ1\ " [ Sir1)
t+1 Ct St ’

where S; = Ct%fxt denotes the surplus consumption ratio and X; represents the level of

external habit, where now the state-variable vector is fiy = (ln(Ct / Ct_l),ln(St/St_l))/.

The model of Bansal and Yaron (2004) with long-run risk can be written as

1—
1-1/p’

servable return on an asset that pays out aggregate consumption as its dividend, where now

where 6 =

p is the elasticity of intertemporal substitution, and R.;+1 is the unob-

the state-variable vector is fy = (ln(Ct/C't_l), In Rc7t)/.

We first consider the scalar state variable case, that is S = 1, together with conditionally
constant moments, that is Ei(my+1) = E(m¢41) = pm, and then discuss the case with time-

varying moments, as well as the case of multiple state variables.

Theorem 6.1 (SDF for equilibrium models). Assume that fi+1 has a standard normal
distribution. If
E(m*(fi+1)) < oo
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the following orthogonal decomposition holds:
= mg ; th  E(m@ m) ;) =0
My = My + Mgy, WL (miamyy ) =0,

setting

mtﬁ—i-l = pm + bfey1,

o
miy = > anHp(fern),
h=2

where Hy(z) = (=1)"e®/2dke="/2 |dz* denote the h-th Hermite polynomial (h = 0,1,...)

and pm = ag,b = ay, for

1 o0 €_f2/2

ap df = E(m(f)Hy(f)), h=0,1,....

Remark 6.1.1. This result demonstrates the roles of the alpha and beta SDF's, respectively:
the latter captures the linear part of the model-implied nonlinear SDF whereas the former
captures the remaining, nonlinear, component, through the (possibly infinite) set of missing

factors, given by ftQ_A,_la f, t3+1, .... In fact, the first few Hermite polynomials are:

Ho(z) = 1; Hi(z) = 2; Hy(z) = 2® — 1; Hz(x) = 2* — 3x;

Therefore mg, | is a (infinite-order) polynomial in the state variable f;; (skipping the terms
of order zero and one). Given that it represents a convergence series, it can be approximated
by the finite sum mg/; = Z}{:Q apHp(fi+1), which is makes it computationally easier to be
handle and, at the same time, one can make the approximation error arbitrarily small by

taking J large enough.

Remark 6.1.2. Note that no differentiability assumption is required on the (nonlinear)
SDF. This is relevant when applying our result to highly non-smooth SDF. However, it turns
out that if m(.) is n-th order differentiable, then one obtains a much simplified expression

for the m@_; coefficients ay, (see Hannan (1970)[Chapter I1.7, p.86])

1 e_f2/2
il (h)
Qp, Bl - (f) \/ﬂ df7

setting m (f) = d"m(f)/df".
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Remark 6.1.3. The dependence structure for the SDF my,q follows. In particular, one

obtains (see Hannan (1970, Chapter I1.7, p.83)):
cov(mg, mipy) = aty(u) + Z hlaz~"(u) for any lag u = 0,41, +2, -

setting by v(u) = cov(fi, fi+u) the autocovariance function of the state variable. Moreover,

one can also obtain the spectral density of the SDF20
o
pm(\) = afpr(\) + Z h!aip}h()\) for any frequency — 7 <\ <,

where p”jlh()\) is the h-fold convolution of the spectral density of the state variable f;.2! The
spectral density decomposition allows to quantify the importance of the linear term, as well

as of the various nonlinear terms, in terms of the cyclical characteristics of the SDF.

Time-variation of conditional moments is allowed for (see, for instance, Ait-Sahalia
(2002) for another example of a conditional Hermite expansion). Assume that E:(fi11) =
pre and vary(fi41) = UJ%J. Then fi11 = O'f’t!ft+1 + g4, for a standard normal iid ft+1- The
previous result then applies with respect to the function m(f) = m(os¢f + piy¢), yielding:

Je1 —Mf,t)
f?

mtﬁJrl = ftm + by ( ot

Jt+1 — by
i, = zathﬂ(“%f ,

1 00 6_f2/2
for app = al t(f)Hh(f)ﬁdf

= E(m(f)Hn(f)) = Et <m(ft+1)Hh (M)) , h=0,1,...,

Oft
setting fupm = aro and by = ay 1.

A multivariate extension of our result can be obtained as follows (see Ait-Sahalia (2008)

for a multivariate Hermite expansion for the log-likelihood function of multivariate diffusions

20The spectral density for a covariance stationary stochastic process is formally the Fourier transform
of its autocovariance function and characterizes the dynamic properties of the stochastic process across
frequencies.

21For example, when h = 2 one obtains p’}h N = L7 pr(wpr (X — p)dp.
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sampled at discrete time intervals). Define the multivariate Hermite polynomials for an S-

dimensional vector x:

tr(h)
Hy(x) = (—l)tr(h)qﬁ*l(x)il—qb(les for every vector h = (hy,...,hg) € N9,
Oxy' -+ - 0xg

where tr(h) = hy + - - hg, ¢(x) = (—2m)5/2e **/2 and N = {0,1,2,---}. Then, when the

state vector f;1 is multivariate normal with conditional mean ps; and covariance Xy,

~1/2
mtﬁ+1 = fit;m + by <2f,t/ (fi41 — Hf,t)) ;

o)

m, = Z Z ot nHp (2]7;/2(@“ - Hf,t)) ;
k=2 \h=(h1,,hg)’ such thatir(h)=k
with
1 _
O[t,h [ ]Et (m(ft+1)Hh (2]‘.%/2(&_’_1 — Hf,t)>> fOI' every h = (h,l7 . ;hS)/ c N57
I~ hgl ;
setting fitm = ato = E¢(m(fir1)), be = (a4, (1...0)» @,0,1,0..0)5  ** 5 Qe (0...1))" setting

@ (0..1..0) =Bt [m(ft—l—l)H(O...l...O) (Eﬁ/z(ftﬂ - l"ff,t))} =E; <m(ft+1)fst) for every 1 < s < S,

in the s-th position

setting frp1 = (fregtofora1o o) = (E;;m(ft—%l - Nf,t))a given Hg_ 1.0y (%) = —¢~ 1 (x) 5> =

xs, where tr(0...1...0) = 1, for every 1 < s < S.

7 Analogies to Related Work on the SDF

We now clarify the analogies of our approach with the literature. We start with the finite- IV

case, and then discuss the large-N case.

7.1 Analogy to Hansen and Jagannathan (1997)

Hansen and Jagannathan (1997) consider the problem in which y;41 is the possibly misspec-

ified SDF that has been adopted, while m;, 1 is an admissible but unknown SDF. They wish
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to solve the following optimization problem, leading to the so-called Hansen-Jagannathan

distance §/17:

. 1/2
o1 = min (Et[yt+1 - mt+1]2) )
mMi41

such that Et(mt+1R?\[7t+1) = ON and Et(mt+1) = Et(yt—i—l)-

The first constraint says that my;1 is admissible and the second constraint says that we
believe that y;r1 has the correct mean. This, for instance, follows if a risk-free asset is

traded, implying E;(y;+1) = Rﬁl.

Hansen and Jagannathan (1997) show that the solution to the above problem is
HJ
My 1 = Y41 — CQ [R?V,t-&-l - Et(REJE\/,t—&-l)]a

where ¢, = V](,}tEt(ytHR?\,’t +1)- Therefore, like us, Hansen and Jagannathan (1997), pro-
vide a linear adjustment to the possibly misspecified SDF.2?2 Without the (semiparametric)
APT assumptions, the expression for the correction required to make ;11 admissible, is
extremely difficult to estimate, unless N is small and T is large, because the correction
term is nonparametric: it requires one to compute Vy; and the, possibly wrong, prices
Et(y1+1R% 441), which in turn will depend also on the parameters determining expected
returns, notably another quantity very difficult to estimate accurately regardless of the size
of N. This was know to Hansen and Jagannathan (1997), whose main objective was to

develop an asymptotic distribution theory for 677, for any candidate SDF ;1.

Importantly, by evaluating the above expression under our APT assumptions, we can

show that

CQ [Rjev,tﬂ - Et(RJeV,t—o—l)] = —mfjp
where the Hansen-Jagannathan distance satisfies the APT bound in (1):

/ -1 1/2 / -1 1/2
5HJ _ E ax 12 1/2 _ (aN,tVN,taN7t) < (aN,tEN,tant) < 5
t = t{mtﬂ] = R = R < Oapt-
ft ft
22Hansen and Jagannathan (1997) demonstrate how construct the correction term also when ensuring
non-negativity of the so-obtained admissible SDF, by means of option pricing mathematics.
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7.2 Analogy to Ghosh, Julliard, and Taylor (2017)

Ghosh, Julliard, and Taylor (2017) show how to construct an admissible SDF mﬁrle starting

from a possibly misspecified SDF y;1:

GJT
M = Yrr1Pe,
where the multiplicative term ;11 ensures that mtcf;]lT is admissible. In particular, Ghosh,

Julliard, and Taylor (2017) show that (up to a positive constant scale factor):?3

VY Ry,

Ve = =7

ysv' RS ‘ )
Zs:l € Nys

ysC/RtIS\’ . .
5. This correction guarantees non-

for a set of coefficients v = argmin, % ZST:1€
negativity of the admissible SDF. Moreover, just like Hansen and Jagannathan (1997), the
correction is nonparametric because its implementation depends on the sample moments of

R

€
excess returns R ,, as can be seen by expanding e*® V.= around the zero vector Oy.
b

7.3 Analogy to Kozak, Nagel, and Santosh (2018)

Kozak, Nagel, and Santosh (2018) show that the SDF is spanned by a small number of the
dominant PCA estimates of the risk factors, regardless of whether the underlying asset-
pricing model is behavioral or rational. Because they estimate the latent risk factors by
PCA they automatically solve the problem of missing pervasive factors. A special case of
our approach also allows for having latent factors that entirely span the SDF. In particular,
for the case where ay = Oy, there are no observed factor (K = 0), and there might exist

some latent factors (p > 0), we recover from Theorem 4.7 the admissible SDF

My =t — pmi0n V' (RY — Ed(RY)) =p it — tmt Npiss ¢ (Fniss.i 11 — Bi(fnissi41)),

where f,,;55+ denotes the vector of missing pervasive factors arising when p > 1. Note that
our methodology allows one to identify mj,; without having to first estimate the latent
factors, even though the latent factors can be estimated if needed. More importantly, our

approach allows one to include in the SDF observed risk factors (such as the market factor or

2Ghosh, Julliard, and Taylor (2017) show that other formulations for the correction term 1; exist, de-
pending on how the Kullback-Leibler Information Criterion is formulated.
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the Fama-French factors) as well as deviations from exact pricing arising from firm-specific

characteristics; that is, ay # Oy

8 Estimation of the Extended APT

In this section, we explain how to estimate the extended APT model of returns, based
on the (pseudo) Gaussian maximum likelihood (ML) estimation principle. The Gaussian
ML estimator is a natural estimator for our model when the first two moments of asset
returns are specified correctly, although distributional assumptions (such as normality) are
not required, except for efficiency; hence, the use of pseudo ML. Our ML estimator allows
to impose the APT no-arbitrage constraint in a very natural way, leading to identification
of model parameters. Moreover, it permits to disentangle the effect of the large pricing
errors associated with unobserved (missing) factors, allowing for possible correlation be-
tween missing and observed factors, from the effect of the small pricing errors, unrelated to
common sources of risk. Moreover, the estimation of the risk premia associated with either
non-traded and unobserved factors, take the form of the classical GLS two-pass estimator.
Finally, our ML estimator easily permits to handle time-varying parameters by means of

state-variables.24

For simplicity let us assume that all conditional moments are constant, and then we
discuss how to handle time-variation. Moreover, assume that the number of missing factors

p is known.

Assume the following general form of the extended APT, that includes observed, traded

and non-traded, and latent factors, as well as idiosyncratic pricing errors:
R?V,t—i—l =ay + AnAmiss + BIN(Al + fipp1 — E(f1t+1)) + BngQEt_'_l + ENt11, with

ENt+1 = AN(fmiss,t+l - E(fmiss,tJrl)) + NN t+1,

24 An alternative, popular, approach to estimate the SDF of factor asset pricing models is by means of
GMM. In particular, there are 2N moment conditions, which enable us to estimate the N + K parameters by
and cn ;. However,the structural parameters of the extended APT, even for the simplest case when p = 0,
K =1and Cy, = ¢’Iy, cannot be estimated, unless suitable instruments are used to formulate conditional
moment conditions, because (02, aly ¢, Bly ¢, A, vech' (€)' totals 2N + K? + K /2 + 1 parameters. Moreover,
the GMM estimator does not allow one to disentangle the differential effect of small pricing errors, large
pricing errors (latent factors), and observed risk factors, because it will only estimate the (reduced-form)
parameters of the SDF (b; and cy ) and not the (structural) parameters governing the extended APT.
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where the unobserved innovation 1y (41 has mean zero, covariance Cy and is uncorrelated
with all the common factors, f1;41 is a Ky x 1 vector of observed non-traded factors, with
corresponding risk premia Ay, 3, is a K2 X 1 vector of observed traded factors, expressed
as an excess portfolio return, with corresponding risk premia Ay = E(fs, +1) and f,i55,641
denotes a p x 1 vector of latent factors. Moreover, the first and second moment of the assets’

excess returns satisfy:
E(RY 11+1) = an + AnAniss + BinA1 + Bay Ao,

var(R ;1) = (AN,BN)( g o ) (An,By) +Ch,
where we allow for the observed and latent factors to be correlated, that is cov(fp, 141,/ ;) =
Q for a possibly non-zero matrix Q, where @ = var(f;;1) is the covariance matrix cor-
responding to the K = K 4 1 4 Ky observed factors fi11 = (f{,,,f5, ;)" with mean
(7, Ay)" = E(fi41) and risk premia (A}, A5)’, where by tradability of the f5, ; one ob-
tains Efg; . ; = A2. Finally, note that we have assumed that the latent factors are rotated
such that their covariance matrix is the identity matrix I,. This rotation is arbitrary but
convenient as it ensures the interpretation of the missing factors risk premia as Sharpe
ratios. It turns out that imposing an identification assumption, i.e. a rotation, is necessary

too, as discussed below.

The joint Gaussian log-likelihood function of the observables (R, Nt f/)" equals:?°

L(B) =~ 5 loa(det(An (T, - QO QAN + Cx)) (15)

S
-

1
2T

v} 9

p o111

Il
o

x (AN(I, - QQ'Q)A +Cy)!

Ay — An By F fierr —p + A f
X (Rjev,t-i-l —an — AnAnmiss — (Bin, Ban) ( 1t+1 thlﬁ 1 ) _ ANl fzi

T— o
_ b f1t+1 1q-1 fie+1 — B

2T ~ f2t+1 fori1 — A

H

- = log(det

*Note that det(-) denotes the determinant, vec(-) denotes the operator that stacks the columns of a
matrix into a single column vector, and vech(-) denotes the operator that stacks the unique elements of the
columns of a symmetric matrix into a single column vector.
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for any generic vector 6 that collects all parameters values, where we factorized the joint
distribution as the product of a conditional distribution and a marginal distribution.?® Re-
laxing the i.i.d. assumption requires specification of time-varying conditional means, condi-
tional variances, and conditional covariances: below we extend it by means of introducing

dependence of the conditional first and second-moments from observed state-variables.

We now derive the closed-form expression for the constrained maximum likelihood esti-
mator (henceforth MLC), feasible for some of the parameters, formalizing the crucial role of
the APT constraint, which is relevant for practical implementation of our estimation proce-
dure. A formal analysis of the statistical properties of the MLC is relegated to a companion

technical paper.?”

Theorem 8.1 (Parameter estimates of extended APT). Suppose that the vector of asset
returns, Ry, satisfies Assumption 3.1, that p is known and that X re — £,°6, is nonsin-
gular, where X gee = T 23:1 £5.£5, and £,° = T~ 23:1 fs,. Then the penalized-MLE is
defined as:

01.c = argmax L(é) subject to é&véﬁléN <4,
6

N\ . A _qal y/ y/ 3/ ~/
where L(0) is defined in (18), and Omrc = (Ay yrpor Apissnes Mone: Mamrnes P vLes

VGC(A]\@MLc)/, VeC(BN,MLC)/; VeCh(C]\@MLc),, VeCh(QMLc)/),.

(i) If the optimal value of the Karush-Kuhn-Tucker multiplier satisfies & > 0, setting

Dy = (AN, Bin), A=A AL,

miss)

26We decompose the excess returns into its linear projection onto the space spanned by F = (fi,--- , fr)’
as:
Ry, = proj(Ri 17, F) + (R, — proj(Ry +[1r, F),

where

. DR PR S P
proj(Riy |11, F) = an + Ay Amiss + (Bun, Ban) (07 2T ) Aqrar( T
fori1 fort1 — A2
and
17, F)) = (An(I, - Q'Q7'Q)AN + Cw).
When the (R, f:) are jointly Gaussian the linear projections always coincide with the conditional first
moment so we use them interchangeably, aligned with the PMLE principle.
2TThe of case N fixed and large T is standard and one can rely on existing results whereas the cases
when N diverges, with either T fixed or diverging, are not-standard and require a separate methodological
analysis.

var((Ry,; — proj(Ri
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then

. _ ~1 o,
vee(Ban arc) = ((2 s @) — (B5E ® (2Gy — GNGN))> vec (2,%@ — (2Gy — GNGy)hyES )

(19)
Anre = Ol e Ex'yoDnmre) " Dy e ﬁ3fv,11\4Lc(f1N — Bonwro B >,
A A e
ANMLC = 27 (hN — Bon,mrefy — DN,MLC)\MLC>7 (20)

3 A A A | T - 1 T ,
where Xn mrc = AN MLoAN o+ CNmro, Bhgs = 70— ifsy, hy = 575 hy with

h, =Ry, — Bivurc(fie — fir). and

1 R
Gy = Iy +

D D) SyuneD D/ SN e
(7 +1) 1) el N,MLC “~N,MLC N, MLC) N,MLC *N,MLC

(F+

Note that ]A)N7MLC = (AN,ML& BIN,MLC) and (AJN,MLC do not admit a closed-form solution

and (4 yros Ao yne) and Qure coincide with the sample mean and sample covariance of

the observed factors £y = (f,,£5).

(ii) If the optimal value of the Karush-Kuhn-Tucker multiplier satisfies kK = 0 one can

estimate only ay = ay + Dy but not the three components separately, and one obtains
anure =R — Banv o fs,
and the expression for VGC(BQN’MLC) can be obtained by setting k = 0 in the terms that

appear in (19). The expressions for ({1} yrpc, 5‘,27MLC), and Qe are unchanged, and, as

for case (i), the expressions for the estimators of ﬁN,MLC and CMMLC do not admit a

closed-form solution.

Although our estimation procedure is essentially standard, being based on the ML prin-
ciple, it raises many delicate issues, especially with respect to its practical implementation,

which we now discuss in detail.

8.1 Estimation Strategy

For practical implementation of the MLE, one needs to implement a procedure that also

entails to select the correct number of missing factors p. We propose the following strategy:
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(i) Estimate the model without the APT constraint, where we indicate the estimates as
éMLE. When no missing factors are assumed, that is p = 0, this coincides with the

OLS estimator unless restrictions are imposed on Cy.

(ii) Estimate p based on an analysis of the estimated covariance matrix ) N.MLE =
Ay wmLe(I, QMLEQMLEQMLE)A/N,MLE + (A]NyMLE. This can be done in various
was, using either a statistical or an economic approach. In particular, one can analyze
the relative magnitude of the eigenvalues associated with ) N,MLE or, more formally,
applying the criterion of Gagliardini, Ossola, and Scaillet (2019). Alternatively, given
the ultimate scope of constructing an admissible SDF, one can select the p that corre-
sponds to the minimized empirical Hansen-Jagannathan distance associated with the

estimated SDF, defined as:2®

=

T T
HJ =T (%thxt— ZXtX/ fz my Xy — )
t=1 t=1

where 7, = my(@xyrc) denotes the corrected SDF (either based on m} or mi*),

estimated with our MLC estimator, and X; = (Ry, ) is the vector of payoffs with

prices p = (1,0, ...,0)".

(iii) Having selected p from the previous step, re-estimate the model using the MLC esti-
mator described in Theorem 8.1. Notice that the APT theory is silent on §. As various
0 lead to different parameter estimates, and thus to different estimated SDF, we pro-
pose to identify § by minimizing the Hansen-Jagannathan distance corresponding to
the estimated, corrected, SDF. One can show that the Hansen-Jagannathan distance,
based on the corrected estimated SDF, is small when true and parameter estimates

are close one another. Therefore, an excessively small § will be as harmful as a big

Z#We adopt, for simplicity, the first HJ distance, which ignores the non-negativity constraint. The first
and second HJ distances developed by Hansen and Jagannathan (1991, 1997) measure specification errors
of SDF models by least-squares distances between an SDF model and the set of admissible SDFs that can
correctly price a set of test assets. The first HJ distance considers the set of all admissible SDF's, which we
denote as M. The second HJ distance considers only the smaller set of strictly positive admissible SDFs .
The positivity constraint of the second HJ distance guarantees the admissible SDF's to be arbitrage-free and
is important for pricing derivatives associated with the test assets. Hansen and Jagannathan (1997) show
that, while the first HJ distance represents the maximum pricing error of a portfolio of the test assets with
a unit norm, the second represents the minimax bound of the pricing errors of a portfolio of both the test
assets and their related derivatives with a unit norm. The second HJ distance represents a more stringent
criterion for evaluating asset pricing models and is generally larger than the first.
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one, because it will leads to significant estimation error. In practice, this entails doing
a grid search over several values of § from 0 t0 0,4 = éﬁv, ML EC N,MLEAN,MLE, Which
is the value corresponding to the (unconstrained) MLE derived in step (i). In fact,
for any 0 > dmnaz, the constrained and unconstrained estimator will coincide, as the

Karush-Kuhn-Tucker multiplier satisfies & = 0.

8.2 Sparsity Parameterizations for Cy

The theoretical predictions of the extended APT require N to be large. For instance, the
alpha SDF permits one to disentangle the pricing effects of the idiosyncratic pricing errors
from the effect of missing pervasive factors, precisely when N diverges. At the same time,
the rich cross-sectional dependence, characterizing asset returns, is captured by the factor
structure which depends on a number of parameters of the order O(N). This implies one
can tightly parameterize the (purely) idiosyncratic covariance matrix Cp, in particular
imposing some sparsity condition, without affecting the flexibility of the APT to explain
asset returns. Although the APT (see Theorem 3.1) simply implies that Cx has bounded
eigenvalues, uniformly in N, this does not necessarily rule out that Cpy is governed by
O(N?) parameters. Therefore, without further restriction on the form of Cy, there would
not be computational advantages of our approach over the nonparametric approaches, such
as Hansen and Jagannathan (1991, 1997) and Ghosh, Julliard, and Taylor (2017), which
leave the form of the first- and second-moments of returns completely unspecified. For
this reason, for practical estimation, we advocate to parameterize Cy = C(cy), for some
vector of parameters cy of order O(N) and a parametric function C(+). Important special

cases are Cy = o?Iy implying ¢y = o2, that is when the idiosyncratic innovation is cross-

sectionally uncorrelated and homoskedastic, or Cny = diag(o?, - ,0]2\,) implying ey =
(02,--+,0%), that is, when the idiosyncratic innovation is cross-sectionally uncorrelated

and heteroskedastic; of course, other sparsity assumptions are also possible.

Once suitable parameterizations for Cy are identified, substantial computational gains
can be made for computing the loglikelihood, and its first- and second-derivatives, necessary
to compute standard errors analytically, making use of the special structure of the matrix

Sy = (AN(IP — Q’QAQ)}QV + éN) Assume for simplicity that Cy = #2Iy. Then, by
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the Sherman-Morrison formula
S0 =072 (v — An(e*(1, - Q071Q) ! + AyAy) 1Ay,

implying that one needs to invert a low-dimensional matrix, of size p X p, as opposed to a

large-dimensional matrix of size N x N. Moreover, for N large,

GNEN AN ~ 573 (GyAN)(ANAN) (I, - QQ'Q) ™,
setting Gy to be equal to either ay, AyorB N, leading to substantial computational gains,

as there are at least eight terms like CV}EVEVJ;A n in the log-likelihood expression.

8.3 Identification of the Missing Factors.

Dealing with latent factors necessarily implies that such factors, and their moments, are
identified up to an unknown rotation. In turn, this asks for an identification assumption, As
explained above, we advocate to consider the identification that leads to a standardization,

which

in terms of unit variances and zero covariances, of the latent (true) factors f:m'ss 41

moreover still allows for orthogonal rotations as
Huar(fiss641) = HIpH’ =1,

for any arbitrary orthogonal matrix H. More generally, this implies that, in practice, every
element of A\;,;ss is a linear combination of all true risk premia corresponding to the true

latent factors and, even more importantly, m{; is a linear combination of a constant and

of the set of p true missing factors il regardless of whether the correct number of

miss,t+17

missing factors p is considered to construct mgy;.

To further demonstrate the necessity of an identification assumption, consider the sim-
plest version of the extended APT, without any observed factors (K = 0) and with p = 1
setting ay = Oy (and thus without the APT constraint), Cy = oIy, without imposing
the restrictions var(fiisst+1) = wm = 1. One can then show that the first-order condi-
tions for 02, Aniss, wm and Ay, setting M=T"1 Z;FZI(R?’W — AMMLC;\WS&MLC)(R?W —
AN Lo Amissmrc) are:

2,

for 0®: trace(SyY10) = trace(E5 . e MER Yy L0);
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A/ —1 ne
Y AN,MLC z)]\/,MLC:R‘]\T
for )\miss . Amiss,MLC =

A/ o —1 A ’
(AN,MLC XN MLC Anre)

for wy, © G arLe = (Ay mLcMA N MLC) B 630 .
m - m, = = = ~ ~ ;
(AvamcAnye)? (Al ymcAnmie)

-1
A Wi, MLC [ \r—1¢ 3 -
for Ay : Aymrc = | =M 'Sy mre — In) — AmissmncIn RY%.
)\miss,MLC
Setting N = 1, one can immediately see that the first-order conditions for o2 and wy,

are identical, but one can derive the ratio A, /wm,, hence our identification strategy to set

wm = 1.

Notice that for constructing any of the SDF correction terms, such as m¢, , mtofl and
their projection-versions, we do not need to estimate the (normalized) latent factors them-
selves but we only need their loadings and risk premia. In other words, one does need to
estimate the latent factors in order to estimate an admissible SDF even if the latter, in
population, depends on such latent factors. However, if one is interested in backing out the
estimates of the latent factors, having estimated the APT parameters, one can derive such

estimates by means of OLS cross-sectional regressions such as:
£x (A A —1 A/ ~
missi+1 = (AN vLcANMLe)” AN yroPiriMLe

setting Pr+1,mre = (R 1 — anmre — AN MLcAmiss, v — Bivvre (M vre + fie —
QML) — Engft +1) and where for simplicity we denote the demeaned latent factors as

f;;nss’tﬂ = fisst+1 — E(fmisst+1). A GLS estimator of the latent factors is also available,

such as

A/ A—1 A —1 A/ A—1 N
(AN MLcCnmrcANMLe) T AN vreCnaneP+1,MLC)

which of course is identical to £, ;. when Cy is assumed spherical.

8.4 Time-Variation of Conditional Moments

Although various approaches are possible, we advocate to use observe state variables to
capture time-variation of risk premia, loadings and factors’ conditional expectations. In

particular, following the formulation of Gagliardini, Ossola, and Scaillet (2016) and Giglio
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and Xiu (2017), assume that there are K. x 1 common observed state variables, z;, which
includes the unit constant and the observed factors f; = (f],, £5/)’, and N x K asset-specific
state variables, Zy; = (214, -+ ,2zn¢)" observed at every period ¢. Although our formulation
is completely general, typical examples of state-variables commonly used are the dividend
yield, bond spreads, CAPE with respect to common variates, and firms’ characteristics with

respect to asset-specific variates.

Then assume the following specifications for the parameters of the (time-varying) ex-

tended APT:
Amiss,t = Gmze for a p x K. matrix G,

At = Gz for a Ky x K. matrix Gy,

Ei(firq) = < Kz > = Gz for a K x K. matrix Gy,

A2t
4 a
z, 0 !
ay; = : for K4 x 1 vectors a;,
!/
0 Z Ny anN
/ /
cl let 0 cee sl
! . .
Any = (Iv ®z) : + :
/ e 0 Z/ /
Ay Nt Al y

for p x K. and p x K, matricies A, and Ag;,

Bl z), 0 51
¢ " - s
Byt = (Bing Banyt) = (In ® z;) : + :
/ e 0 ZEVt /
cN sN

for K x K. and K x K, matricies B.; and Bg;,

and where time-variation of the covariance matrices Q¢ = Q(z¢), Q2 = 2(z;) and Cyn¢ =
C(cn(Zy)) is also permitted, for some given parametric functions Q(-), (+) and cy(+), such
as for example ARCH and GARCH specifications.?? Finally, inserting the above expressions

into the log-likelihood yields a suitable generalization of (18) that permits time-variation.3"

2The formulae for the MLC parameter estimates established in Theorem 8.1 are not valid but can be
generalized.

30Using the prediction decomposition of the joint density function, pdf(Xi,---,Xr) =
pdf (X1)pdf (X2|X1) -+ - pd(Xp|Xp_1, ..., X1) for a generic stochastic process {X,}, the joint Gaussian log-
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8.5 Roles of the APT Constraint

Imposing the APT constraint on the idiosyncratic pricing errors ay serves several important
purposes in our estimation strategy. First, it is theoretically justified because, when not
imposed, its violation could be lead to arbitrage opportunities. Second, it possibly leads to
a more precise estimator of ay compared to the unconstrained estimator; in particular (20)
has the expression of a ridge estimator. Third, it provides exactly the condition required
to econometrically identify the extended APT, in the sense that A = (X .., A]) and
apn,; cannot be identified separately unless the APT restriction is imposed.3! In contrast,
when & = 0, and identification fails, obviously formula (20) continue to hold providing the
(classical) interpretation of the estimated ay as the empirical residual of a cross-sectional
regression, namely the difference between the sample excess returns and the estimated risk
premia multiplied by their corresponding loadings. Fourth, when the APT constraint binds,
an, e obviously represents the solution to the first-order conditions of a ML problem, and
therefore one can derive its standard errors using the ML mathematics; that is, combining
the estimated Hessian and covariance matrix of the score. In turn, as an important by-

product, this would lead to a test for correct model specification, with respect to the null

hypothesis ay = Oy

likelihood function of the observables (R% ., f/)’, when time-variation is allowed for, equals
T-1

o 1 o vl v —1 v v o
L) = - 55 > log(det (An (I, — Qi 'Qi) AN+ Cr))
t=1

T-1

_ b
2T
t=1

X (AN,t(Ip - Q;ﬁglét)fig\],t + éN,tY1

. . fro — i + A e B — i
(RN,t+1 —an,t — AN tAmiss,e — (Bint, Banye) ( e+l ful’t T AL ) — AnN.:Q:82; 1( fltﬂ l;\l t ))
2641 2t+1 — A2t

e < T - - f - e+ A < <1, T — i1,
X (RN,t+1 —an,;t — ANt Amiss,t — (Bin,e, Bant) ( e f;:l: t AL ) — AN:Qi0; 1( é:i . ;:Z ))

1= 1~ f i £ ji
= log(det ﬁ ot 1t+1 — ul,t 1971 1t+1 — ul,t ,
2T ; g( ( t)) 2T ;( f2t+1 _ A2,t ) t ( f2t+1 _ AZ,t )

v

where, unlike the iid case (18), to compute L(0) we skipped the term corresponding to the marginal log-
density of (R 1,f1)’, that is for time ¢ = 1, as it is asymptotically irrelevant.

3Incidentally, regarding the MLC estimator for A = (ATniss, A1), that is the risk premia associated
with both missing factors and non-traded factors, it is interesting to note that coincide with the GLS CSR
estimator. Although this is well-known with respect to non-traded factors, we are the first to establish this
result with respect to the risk premia of the missing pervasive factors. In other words, from the point of view
of estimation of risk premia, missing factors and observed non-traded factors receive the same treatment
from the MLC estimator.
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We have expressed the APT constraint as a’NC;\,laN < § but it is equivalent to express
it as a’yay < ¢ (the constant § can change), as Cy has bounded eigenvalues. One might
wonder whether, in the absence of the ay and when missing factors are allowed for, one
should still impose the APT constraint in terms of the large pricing errors ay = AnAmiss,
such as a’NER}a ~N < 8. However, it turns out that this constraint is always satisfied, for

some finite §, and therefore it is not necessary to impose it in the estimation. In fact,

/
miss

a?vﬁjvlaN — A Aniss a8 N — o0.

This means that the APT restriction is always satisfied for the case of only missing

!/
miss

pervasive factors, for any § > A Amiss as N diverges. In turn, this result stems from
recognizing that both 3 and a contain the loadings of the missing factors, Ay, inducing
a compensation in a’NE]_Vla ~- It is also interesting to note that this feature, namely that
Ay appears in both the (conditional) mean and covariance matrix of returns, bears an
important implication in terms of precision of the MLC estimator, as both the first and

second moments of returns contribute to the estimation of the A y.32

9 Simulation Experiment

In this section, we evaluate our theoretical results in a controlled environment using sim-
ulated data. In particular, we check whether we can take an SDF based on a misspecified

return-generating model and correct the SDF so that it is admissible.

We simulate data according to the Fama and French (2015) model with five factors:
Market, Size, Value, Profitability, and Investment. To set the parameters for our model, we
estimate the five-factor model on monthly returns from 1963:07 to 2019:02 for N = 96 asset
portfolios that are formed by sorting stocks based on: (1) Size-BM-Operating Profitability;
(2) Size-BM-Investment; and (3) Size-Operating Profitability-Investment. Consequently,
the simulated data matches the properties of the empirical returns data. The estimated

Sharpe ratio for ay is 2.29 and 02 = 0.0037 per year.

32MacKinlay and Péstor (2000) firstly pointed out this insight for improving the precision of the estimated
Ay parameters. However, MacKinlay and Péstor (2000) consider a different identification assumption. For
p = 1, they estimate any without distinguishing between A n and A,.iss, implying that the contribution of
the single missing factor to the return variance equals aya’y/(SR™)?, where SR™* is the Sharpe ratio
of the missing factor.
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Table 1: Pricing errors using true parameter values
This table reports three measures of the pricing error: the GMM J test where the weighting matrix is
the matrix of second moments of the pricing errors, the GMM J test where the weighting matrix is the
covariance matrix of the pricing errors, and the Hansen-Jagannathan distance.

GMM (second mom.) GMM (cov.) HJ dist.

Panel A: Using both the alpha and beta SDFs

Statistic 106.551 126.808 170.146
p-value 0.572 0.572 0.406
quantile 95% 140.178 177.476 215.085
Panel B: Using only the beta SDF when KK =5,P =0

Statistic 265.838 442.000 437.664
p-value 0.000 0.000 0.000
quantile 95% 122.302 149.763 149.854
Panel C: Using only the beta SDF when KK =4,P =1

Statistic 271.596 458.151 468.333
p-value 0.000 0.000 0.000
quantile 95% 121.953 149.240 147.469
Panel D: Using only the beta SDF when KK =3, P = 2

Statistic 273.930 464.830 481.342
p-value 0.000 0.000 0.000
quantile 95% 120.786 147.496 146.427
Panel E: Using only the beta SDF when KK =2, P =3

Statistic 276.649 472.716 482.542
p-value 0.000 0.000 0.000
quantile 95% 119.800 146.028 143.845
Panel F: Using only the beta SDF when KK =1,P =4

Statistic 280.646 484.508 486.006
p-value 0.000 0.000 0.000
quantile 95% 119.387 145.416 143.758
Panel G: Using only the beta SDF when KK =0,P =5

Statistic 284.645 496.549 492.783
p-value 0.000 0.000 0.000
quantile 95% 117.229 142.226 144.861

We undertake our empirical analysis in two steps. In the first step, we consider the
case where the parameter values are known. In the second step, we consider the case where
the parameter values are not known and need to be estimated. In each of these two steps,
we consider a variety of models. (1) The full model with no misspecification. (2) The
model where misspecification arises because ay is omitted. (3) The model with omitted ay
and also missing factors, where the number of missing factors ranges from one to five. In

both steps, to evaluate the pricing errors we report three metrics: the Hansen-Jagannathan
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distance (HJ), the GMM J statistic with the weighting matrix being the matrix of second
moments of the pricing errors, and the J statistic with the weighting matrix being the

covariance matrix of the pricing errors.

In Table 1, Panel A gives the pricing errors for the full model with no misspecification.
Panels B to G report the pricing errors for misspecified models: in Panel B, we consider
the model where only ay is omitted, while in Panels C to G, we consider models where in
addition to ay being omitted also P = {1,2,...,5} risk factors are missing. The pricing
errors for the models considered in Panels B to G, after correction for misspecification, is
given again by Panel A. That is, when misspecification is corrected in the models considered
in Panels B to G, one recovers exactly the true model reported in Panel A. Therefore, for
the case where one knows the true parameters of the model, no matter what is the source of
misspecification—omitted ay and P missing factors—the alpha-SDF is able to fully correct

for the misspecification.

Next, in Table 2, we consider the setting where one does not know the true parameter
values, and therefore, these need to be estimated. We estimate the model over T' = 1, 000
monthly return observations using maximum-likelihood estimation.?®> When estimating the
model, we impose the APT restriction by setting dapt = 0.44, which corresponds to the
Sharpe ratio of ay being 2.29. The six panels in Table 2 are grouped in pairs, with the
first panel of each pair reporting the pricing-error statistics for the corrected model and the
second panel of the pair reporting the statistics for the model based only on the beta SDF.
In Panel A, we consider the model where apy is omitted. In Panels B to F, we consider
models where ay is omitted and there are P = {1,2,...,5} missing factors. Looking at
the pricing errors reported in this table, we draw the same conclusion as for Table 1: even
for the case where the parameters of the return-generating model need to be estimated, the
alpha SDF is remarkably effective in reducing the pricing error and correcting the model

for the various sources of misspecification considered in these panels.

Table 3 illustrates how the alpha SDF spans the space of missing pervasive factors (after
adjusting for the effect of ay). In this table, we report the R? from regressing the alpha

SDF on a number of missing factors. For instance, in the first row of the table the number

33The large value for T ensures convergence of the empirical Hansen-Jagannathan distance to its population
counterpart but it is not required for our theory.



Table 2: Pricing errors using estimated parameter values
This table reports three measures of the pricing error for the setting where the parameters of the model

have to be estimated: the GMM J test where the weighting matrix is the matrix of second moments of the
pricing errors, the GMM J test where the weighting matrix is the covariance matrix of the pricing errors,
and the Hansen-Jagannathan distance.

GMM (second mom.) GMM (cov.) HJ dist.

Panel A1: Using both the alpha and beta SDFs when KK =5 P =0

Statistic 61.441 67.674 79.670
p-value 0.998 0.998 1.000
quantile 95% 141.439 179.503 214.686
Panel A2: Using only the beta SDF when KK =5,P =0

Statistic 265.189 440.210 430.984
p-value 0.000 0.000 0.000
quantile 95% 124.488 153.054 152.204
Panel B1: Using both the alpha and beta SDFs when KK =4, P =1
Statistic 61.269 67.467 78.898
p-value 1.000 1.000 1.000
quantile 95% 142.533 181.268 218.867
Panel B2: Using only the beta SDF when KK =4,P =1

Statistic 274.469 466.386 460.891
p-value 0.000 0.000 0.000
quantile 95% 120.869 147.619 145.566
Panel C1: Using both the alpha and beta SDFs when KK =3, P =2
Statistic 116.307 140.871 159.376
p-value 0.326 0.326 0.495
quantile 95% 138.438 174.696 206.284
Panel C2: Using only the beta SDF when KK =3,P =2

Statistic 277.420 474.970 478.330
p-value 0.000 0.000 0.000
quantile 95% 120.609 147.232 144.569
Panel D1: Using both the alpha and beta SDFs when KK =2, P =3
Statistic 58.697 64.361 76.256
p-value 1.000 1.000 1.000
quantile 95% 140.283 177.645 214.088
Panel D2: Using only the beta SDF when KK =2, P =3

Statistic 278.971 479.535 480.059
p-value 0.000 0.000 0.000
quantile 95% 119.370 145.389 142.988
Panel E1: Using both the alpha and beta SDFs when KK =1,P =4
Statistic 58.270 63.848 75.804
p-value 1.000 1.000 1.000
quantile 95% 142.861 181.800 219.342
Panel E2: Using only the beta SDF when KK =1,P =4

Statistic 283.819 494.042 481.023
p-value 0.000 0.000 0.000
quantile 95% 119.459 145.522 143.488
Panel F1: Using both the alpha and beta SDFs when KK =0,P =5
Statistic 111.062 133.249 147.388
p-value 0.452 0.452 0.733
quantile 95% 141.255 179.207 211.817
Panel F2: Using only the beta SDF when KK =0,P =5

Statistic 284.644 496.548 492.782
p-value 0.000 0.000 0.000
quantile 95% 116.935 141.793 140.788
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Table 3: Spanning the effect of missing pervasive factors
This table measures how the alpha-SDF spans the space of missing pervasive factors (after adjusting for the
effect of ax’). The table reports the R* from regressing the alpha-SDF on a number of missing factors. In
the first row of the table, the number of observed factors is K = 4 and the number of missing factors is 1.
In the second row, the number of observed factors is K = 3 and the number of missing factors is 2.

Experiment Accounting for missing factors
1 2 3 4 5
K=14 0.94
K=3 0.42 0.92
K=2 0.03 0.31 0.95
K=1 0.06 0.10 0.34 0.95
K=0 0.01 0.03 0.18 0.21 0.92

of observed factors is K = 4 and the number of missing factors is 1, while in the second
row the number of observed factors is K = 3 and the number of missing factors is 2. The
table shows that as we complete the space of missing factors, the R? goes to 1, confirming

the result in Theorem 4.8.

10 Empirical Analysis

In this section, we illustrate how our methodology can be used to study stock-return data.
The design of our empirical analysis is motivated by the work in Ghosh, Julliard, and
Taylor (2017). Just like them, we use quarterly returns on 26 Fama-French portfolios over
the postwar period: 1947:Q2 to 2015:Q4. The 26 portfolios we study consist of 6 size and
book-to-market portfolios, 10 industry portfolios, and 10 momentum portfolios. We also
use quarterly data on per capita real personal consumption expenditures on nondurable

goods for a total of 275 quarterly observations.

We consider a setting where the candidate beta SDF is the consumption CAPM; that is,
the beta SDF is given by the single-factor (K = 1) consumption growth. Then, we estimate
the extended-APT factor model and find that the best admissible SDF (the one with the
smallest Hansen-Jagannathan distance) is one with 5 missing factors; that is, P = 5. For
this case, the Hansen-Jagannathan distance is 80 and the optimal 6 = 0.054. The mean
and standard deviation of the beta SDF, the alpha SDF, and the admissible SDF are given
in Table 4.
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Table 4: Moments of the admissible SDF and its components
This table reports the mean and standard deviation of the a-SDF, the $-SDF, and the admissible SDF'.

Quantity Mean Std. Dev.

log(m?) —0.2311 0.7093
log(m®) —0.1277 0.5022
log(m) —0.3588 0.7023
m? 1.0232 0.9696
me 0.9983 0.5827
m 0.9189 1.0116

Figure 1: Time series of the admissible SDF and its components
This figure plots the admissible SDF along with the a-SDF and the S-SDFs. The grey bars on the plots

indicate NBER recessions.

SDF

To get a sense of how the the admissible SDF and its alpha and beta components vary
with the business cycle, we estimate these stochastic discount factors and they are plotted
in Figure 1. We see that there is considerable variation in the admissible SDF and its
components and that this variation has increased over time. We also notice that the level
and volatility of the SDF and its components is higher during recessionary periods of the

business cycle.
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Figure 2: Components of the risk-premia for the 26 portfolios
This figure plots the components of the risk premia for the 26 Fama-French portfolios. The figure includes
plots for the (i) the risk premium for consumption growth; (ii) the risk premia for the 5 missing factors;
(iii) the risk premium arising from firm-specific (idiosyncratic) risk; and, (iv) the total risk premium.
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To interpret the risk-premia, we decompose the total risk-premia that we have estimated
for the 26 portfolios into the following components: (i) the risk premium for consumption
growth (blue line with crosses); (ii) the risk premia for the 5 missing factors (orange line
with plus signs); (iii) the risk premium arising from firm-specific (idiosyncratic) risk (pink
line with triangles); and, (iv) the total risk premium (bold green line with diamonds). These
risk-premia are plotted in Figure 2. We see from the figure that if one were to consider
only the risk premium for consumption growth (the blue line), one would over-estimate the
true risk premium. The reason for this is that the risk premia for the missing factors are
negative for most of the portfolios. The risk premium for idiosyncratic risk are close to

zero, but positive for some portfolios and negative for others.

To understand the importance of the risk premia for the 5 missing factors and for

idiosyncratic risk, we first plot mean excess returns against just the risk premium for con-
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Figure 3: Plot of mean excess returns on risk premia
Panel A in this figure contains a plot of mean excess returns against the risk premium for consumption

growth, while Panel B contains a plot of mean excess returns against the total risk premium (that is, the
risk premium for consumption growth, the missing factors, and idiosyncratic risk).

Panel A: Plot of mean excess returns on consumption-growth risk premium
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Table 5: Regression of mean excess returns on risk premia
This table reports the results of regressing log(m®) on various common factors considered in the empirical
asset-pricing literature: market (Mkt.), size (SMB), value (HML), momentum (Mom.), profitability, mea-
sured as Robust minus Weak (RMW), investment, measured Conservative minus Aggressive (CMA), and
intermediary capital (Interm.). The table reports the coeflicient estimate, its t-value, and the cumulative
R? (adjusted) as each new factor is added.

1947:Q2-2015:Q4 1963:Q2 1970:Q1
275 qrtly. obs. 210 grtly. obs. 184 qrtly. obs.
Factor Mkt. SMB HML Mom. RMW CMA Interm.  Const.
estimate —1.33 4.88 1.02 —0.74 —-5.13 —-3.12 0.02 —0.01
t-value —2.63 10.37 1.66 —2.51 —-9.33 —3.66 0.06 —0.41
cumulative
R? (adj.) 0.04 0.32 0.32 0.32 0.55 0.57 0.57

sumption growth. We see from Panel A of Figure 3 that the risk-premium for consumption
growth does not line up very well with mean excess returns. In contrast, once we consider
the total risk premia that corrects the risk premium for consumption growth with the risk
premia for the missing factors and idiosyncratic risk, mean excess returns line up almost

perfectly with the total risk premium, as can be seen in Panel B of Figure 3.

Finally, we show how our methodology can be used to understand the factors that drive
the a-SDF. To do this, we regress log(m®) on common factors that have been considered in
the empirical asset-pricing literature. These results are presented in Table 5. From the row
reporting the ¢-value for each factor, we see that size (SMB) and profitability (RMW) are
the most prominent of the missing factors with t-values of 10.37 and —9.33, respectively.
This can also be observed from the last row that reports the cumulative R? (adjusted) for
each of the factors. On the other hand, value (HML) and intermediary capital (Interm.)

have t-values that are not significant.

11 Conclusion

In this paper, we have shown how, given a misspecified stochastic discount factor (SDF),
one can construct an admissible SDF, namely an SDF that prices assets correctly. There

is a large literature that builds on the work of Hansen and Jagannathan (1991, 1997) to
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provide bounds that an admissible SDF must satisfy and to characterizes the distance
between a given, potentially misspecified, SDF and an admissible SDF. We first extend
the classical Arbitrage Pricing Theory (APT) so that it allows not only for idiosyncratic
pricing errors but also for pervasive pricing errors that are related to factors. Then, using
the extended APT, we show how to construct an admissible SDF, which prices assets
correctly, given a misspecified SDF. Our approach can handle misspecification arising from
a number of sources, such as, missing factors, mismeasured factors, incorrect specification

of the distribution of the factors, and idiosyncratic pricing errors unrelated to factors.

We show that the admissible SDF is on the mean-variance efficient frontier, and thus,
satisfies the Hansen and Jagannathan (1991) bound ezactly. We also show how this ad-
missible SDF can be decomposed into two orthogonal components: one that corresponds
to the misspecified SDF based on the chosen set of factors, which we label the beta SDF,
and the other that corresponds to the required correction, which we call the alpha SDF.
The alpha SDF corrects various prominent sources of misspecification considered in the
literature: for example, if one were working with a linear factor model, then the misspeci-
fication could arise from missing or mismeasured factors; alternatively, if one were working
with a representative-agent model, then the misspecification could arise from an erroneous

specification of the utility function or the state variables.

For the case where the number of assets, IV, is asymptotically large, we obtain results
that are even stronger, in contrast to the existing literature that requires N to be small.
For the case of large N, we show that our admissible SDF recovers exactly the contribution
of any missing pervasive factors without requiring one to identify which factors are miss-
ing. Moreover, because of the structure imposed by the extended APT, estimation of our
admissible SDF does not suffer from the curse of dimensionality that typically arises when

the number of assets is large.

We illustrate the implications of our theoretical results using both simulated data and
U.S. stock-return data. These illustrations demonstrate that the theory we develop is

remarkably effective in correcting various sources of model misspecification.
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A  Proofs for Theorems

Proof of Theorem 3.1

By Chamberlain and Rothschild (1983, Theorem 4) the residual covariance matrix satisfies

YNt = AN,tA/N,t + Cn,
where Cy is a positive definite matrix with eigenvalues uniformly bounded by g,41 n(En ).

By the Sherman-Morrison-Woodbury decomposition,
—1 -1 -1 ’ -1 N -1
v =Chi— CriAN(Ip + Ay, Cy Any) Al Cyyye
Therefore, by substitution,
/ 271 ! Cfl A CflA I A/ CflA —1A/ Cfl
AN N AN = ON N AN — QN Ny NIy + Ay Nt Nit) Nt NNt

= (AN,tAmiss,t + aN,t)/C]_\[’lt(AN,tAmiss,t + aN,t)

— (ANt Amiss.t +any) Cr AN (I, + Ay, CL AN ) T Aly , CL (AN i Amiss +an,e)

/ / —1
= Amiss,t N,tCN,tAN,tAmiss,t
/ / —1 / -1 —1 A/ -1
miss i AN CN AN (I + AN Cry Any) ™ Al O ANt Amiss o

/ -1 / -1 / —1 —1 A/ —1
+ athCN’taMt — aN,tCNiAN’t(I/p + AN,tCN,tAN,t) AN7tCN7taN7t

/ -1 / -1 ! -1 —1 A/ -1
+ 2aN,tCN,tAN,t)\miss,t - 2aN7tCN7tAN,t (Ip + AN7tCN7tAN,t) ANJCN,tAN,t)\miss,t-

We now show that a’N’tZJ_\,lta ~,t is bounded even as N diverges. We look each of the term

on the right-hand side of the last equality sign, one by one. Thus,

)‘;m'ss,tA§V,tCJ_V,ltAN:tAmissyt - A;niss,tAQV,tC]_\/',ltAN,t(Ip + A/N,tCJ_\J,ltiAlN,t)71 /N,tC]_V,ltAN,tAmiS&t
- )‘/miss,t(IN - A/N,tC]_V,ltANyt(IP + A/N,tC]_v,ltAN,t)_l) /N,tC]_V,ltAN,t)‘miSSut

/ / -1 —1 A7 -1 /
(Ip + AN,tCthAN,t) ANVtCthAN,t)\miss,t < )\mi557t)\miss,t>

miss,t

because I, — (I, + A’Nth\,ltAN,t)_lAQ\,tC;[ltA Nt is positive semidefinite. Next, for the
third term,

/ —1 / -1
ayCyan: < ay anyn(Cn)-

34We differ slightly from Chamberlain and Rothschild (1983, Theorem 4) as our model is conditional,
where all quantities are time-varying, but such time-variation plays no role in our proof.
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Now, the jth element of &’y ,CxL AN ¢, obtained by considering the jth column of Ay, for
Nt~ Nt ) ’

every 1 < j < p, satisfies

5 - 1
< g]'QNgN%\f(CN,t)(aEV,taN,t) %,

N[

1 1
-1 3 3 -1 1 -1
’a;V,tCN7tgj2ijN| < g]?N(a/N,tCN,taN,t) 2 (V;‘NCN,tvjN)
recalling that V;ijN = 1, where for simplicity we set v,y = v;jn(Zny), and gjn =
gin(EnN,). Moreover, the (7,7)th element, for every 1 < i,5 < p, of (A’NJC]_VltAN,t) is
11
equal to gi’j\,gf]\,v; NC;V’ltvj ~. Therefore, assuming without loss of generality that g1y =
max[gin, - - ,gpn| for N large enough, then (I, + A'N,tC]_\,lltANﬂg)*1 decreases at rate gl_]\l,

On the other hand, for the same reason, the elements of the vector A?VthVltaN,t diverge

1
at most at rate g{y. Thus, the fourth term satisfies:

1 1
-1 -1 -1 -1 3 3 -1
|a/N,tCN,tAN,t(Ip + A/N,tCN,tANJf) A/N,tCN,taNﬂf‘ < 09iN9iNYIN = O

Concerning the last two terms, it turns out that their difference converges to zero. In fact,

/ —1 / -1 / -1 —1 A7 -1
’23N,tCN7tAN,t)\miss,t - 2aN,tCN,tAN7t(IP + AN,tCNﬂfAN,t) AN,tCNiAN,t}‘miss,t‘

= 2‘aIN¢CJ_V,1tAN,t(Ip + Aif\f,tcj_\[}tAN,t)il)‘miss,A
_ _ _ _ 1 _ _
< (a/NvtCN»ltAN7t (Ip + AIN:tcN,ltANvt) 1Ai7V7tCN,1taN¢) 2 (A;’niss,t (Ip + AIN,tCN,ltAN,t) 1Amiss,t)

_1
< 5gp]\? — 0.

Proof of Theorem 4.1

In general, the SDF can always be re-written as linear in payoffs or excess returns. Without
loss of generality we can assume that the factors are traded, implying E:f; 11 = Ry 1k + Ay
In fact, if the factors are non traded, by standard arguments one replaces them with the

corresponding (traded) mimicking portfolios.
On = Ei(mys1(Rni+1 — Rpedn))
= Ei(mip1 (R 41 — Rt ln))
= E¢(proj(me+1|Rve41 — Rpdn)(Rni1 — Rpdn)).

Therefore, given that in the APT payoffs (excess returns) are linear in f;, ey, and 1, then

the SDF under the APT must satisfy:

mip1 = Ee(meg) + by(frpn — Rpdlie — At) + Sy enirt, (A1)
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for some given coefficient vector by, which is K x 1, and coefficient vector cy;, which is

N x 1. We determine b; and cy; below whereas E;(m41) = ¢

Given that we assumed the existence of a risk-free asset, Ry = 1 4 ry, it must be that:
O = Ey(myy1(fiy1 — Rpelie)

On = Ei(mit1(Rne+1 — Rpedln)),

leading to a total of K + N constraints. Substituting m41 from (A1) one gets:
O =E; [(Et(mt—f—l) +by(fir1 — Rl — Ae) + CIN,tEN7t+1) (fi1 — thlK)]
= E [(ptm,t + bi(fiy1 — Rl — X) + iy enr1) (fip1 — Rpl)]
= pmtB(fr41 — Rpli) + E (f41 — Rpli) (fr1 — Rpelx — A)'by)
+E ((fi41 — Rl )€ 41) SNt
= fm A + 2¢by,
implying that

by = —pms QA

Next,

Oy =E; [(Mm,t + bi(fiy1 — Rl — At) 4 €y En41) (RN,tJrl — th]-N)}
=E, [ (ttm,t + by (fri1 — Rplie — A¢) + Sy seni1) X

(aN,t + By + By(fir1 — Rl — Ay) + EN,t+1)]

= pmt(ang +BnAe) + By Qb + Xy ey

= fima(ans + BriA) — pm BN Q2 A + Sy ieny

= pmi(ang + BN i) — pim BN AN + BnCny

= fmtQNt + DN CN ¢t
implying that

CNyt = —Mm,tzﬁ}tOAN,r

We now establish the result for the projection SDF, mj, ;. By construction, setting Xy 41 =
(L, Ry, 1) and pne = Ei(Ry 1),

miy = Be(meni Xy ) Ee(Xnv1 X 1)~ X
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1+ “QV,tVR/,lt“N,t _“IN,tVRI,lt ) X1

= ! b/ QB >
(mts Hm ety e + DBy + Sy N,t)< —VE}tMN,t V;V,lt

= (e — (by 2By, + C/N,tZN,t)VXf,ltﬂN,t, (biQ:Bly, + C/N,tzN,t)V;f’lt)Xt-&-l

= pim,t + (BB, + v N ) Vi (R — uve),

where we use the block formula for the inverse of a square matrix to simplify E;(X;41X}, ;).

Proof of Theorem 4.2

The decomposition of m;41 into mg, ; and m'f 1 follows from Theorem 4.1. Moreover,

Ei(m§ymp, ) = B (—cyenist) (e — by(fert — Ei(fii1))))

= —pm,iCn Bt (en 1) + DiEe((Fri1 — Ee(fry1))e s1)en,e = 0.

Proof of Theorem 4.3

Without loss of generality, assume that the factors are traded, implying that E.f;;1; =
rrlg + Ay and

R§+1 =apn;: + BN,tAt + BN7t(ft+1 — T’flK — )\t) +ENt41-
Given this, let the candidate non-negative SDF be:
mtil = exp(#:’r_z,t + (b)) (fe1 — 771 — Ae) + (C_]‘;ﬂt),sN,t-i-l)a
which implies that to identify mj +1, we need to find: ,u;;’t, b;", and cj(,t.
Imposing the following 1 + K 4+ N constraints,
Hmt = Et(mttrl)»
0k = E¢(m/ (fir1 — Rpelk)),
Oy = Et(m;rlR?V,t—i-l)v

allows one to identify m:Zrl, as we show below. Starting with the first restriction, using

Lemma A.1 below, we get:

pms = Eo(mf, ) = Ey(explut, , + (b)) (fer1 — Rk — M) + ey enis1])
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1 1
= explu;h, 4] exp[(ibf'ﬂtb;’ + 50%,521\/,1:0},15]

implying
explify] = e expl (b Qb+ sell, D e,
Next, considering the K restrictions and using Lemma A.1 again, we obtain:
0x =Ei(mf, (fi41 — Rpli))
= E(m (1 — Rl — M) + NEe(myf )
= ME(myf,,) + e/miBy(eNasv ety (P T =Rrd =20y (F, ) — Ryl — Ay))

+ 1.+ + 1pt'Q b+
= Athtmye + Pt TN BN 2P XB 0 o

= Atfim,t + fim 1 S2b}
yielding
bl = —Q; '\

Finally, imposing the N restrictions and using Lemma A.1 again, we get:
Oy = Ei(m RE, )
= E; (m;_+1(aN,t + By A + By (fir1 — Rl — M) + €N,t+1))
= (an; + BN,tAt)Et(m,:_ﬂ + Et(mZSrlBN,t(fm — Ryl — A\p)) + Et<m?_+15N,t+1)
= (an; + BN,tAt)E(m,;:_l) - BN,tAtEt(m;q) + Um BN CN
implying that

-1
CNt = _2N7taN,ta
where we used

+ 1t + +/
) = eltm 3Bl DO, (O N

—+ _
E¢(m] 1ent41 EN,i+1) = Hm,t B N,LCN ¢-

Putting the terms together
(Mﬂfl(ffﬂ—)\t)+%>\29t_1>\t)e*(a'zv,tzﬁtel\'wﬁ%aﬁv,tzfv,ltaN,t).

Jr o —
My = Umit€

Lemma A.1. For the vector of random variables z ~ N (., %), and any constant vector

d, one gets:

()

1
B(ed) = (At Sd,
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(i)

1 —1 —1
E(zed?) = pres W= w - B s,

setting

pt = (IJ'Z + Zsz)'

An alternative expression is

E(Zed/z) — (uz + zzd)e(%d/22d+ulzd)

Proof. (i) is well-known. For (ii), denoting by n, the dimensionality of the vector z,

Blaet?) = [ et b3 g,
(V2m)n= |3,z
Then
025 p:) 27 (2mps) _ A5/ S0 Sl B et pl 2 e
_ ef%z’Z);lzf%u2221u2+(22d+[,@)’221z
— o3 el S e
e BMLET et BT 2 B e S e g S
_ e—%uéﬁzluz+%u*’221u*e—%(z—u*)’EZl(z—u*)7
implying
1 -1 1 —1, 9« 1 1 1
E(zed?) = ¢m2#e¥s patanEp 1/Z€—2(z—ui)’2z (=1 gz | .
(V2m)n=|3, |2
Lemmata

Below, we list a series of lemmas that will be useful for proving the next set of results, valid

when N — oo. These lemmas are proved under assumptions that are to be added.

Lemma A.2. Let V= BQB' + X with N x N and K x K matrices ¥ > 0 and Q > 0 for
any N, and a full-column rank N x K matriz B satisfying B'X"'B/N — D > 0 for some

non-singular D. Then:

BV B - Q.

67



Proof: The result follows from
vi=xl-s'BQ'+BE'B) BT,
and pre-multiplying by B’, and re-arranging terms, yields
BV !l=BxX!'-BX 'BQ!4+BXZ !B 'Bx!

= (Ig -B'X'BQ'+BZ'B) " HB'®!

=((@'+B'E'B)-BY 'B)(Q ' +BX'B) 'B'EZ!

=0l Q'+BE BB’ L
Post-multiplying by B and taking the limit as N — oo gives

BV~B - Q!

because (27! + B'ES"!'B)"'B'S"'B — Ix.

Lemma A.3. Under the assumptions of Lemma A.2 and for a random vector € with mean

zero and covariance Xi:

[NIES

B'V e =0,(N2).

Proof: Pre-multiplying by B’ and post-multiplying by € one obtains:
BVig =0l !'+B2'B)"'B'Y e

The result follows noticing that B'S"1le = Op((B’Ele)%) using the result X = Op((]E(X))%)

for any random variable X with finite second moment.

Lemma A.4. Under the assumptions of Lemma A.2 and letting X = AA’ + C for a
column full-rank N x p matrix A and a N X N matriz C non-singular for any N such that
A'C'A/N - E >0 and B C'B/N — F > 0. Then:

A'S7IB =0(1).

Proof: Along the same lines of the proof to Lemma A.2

1 A'C'A _,A'C'B
I5v—1 _ I—1 —1Al—1 _ /4 —1
A B=(I,+A'C'A)'A'C'B= (L + )

= 0(1),

where, by Schwartz inequality, | A’C~'B ||<|| A’C~A |||z B'C'B ||z with || . || denoting

the Euclidean norm.
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Lemma A.5. Under the assumptions of Lemma A.4:

A'S7IA T,

Proof: This is a special case of Lemma A.2.

Lemma A.6. Under the assumptions of Lemma A.4 and for a random vector 11 with mean

zero and covariance C: Then:

1
A'Sn =0,(N2).

Proof: This is a special case of Lemma A.3.

Lemma A.7. Under the assumptions of Lemma A.4, setting a = a+ A\, with a’'C™la =
O(1) and a p x 1 vector of constants Ay, then:

&/'VIB = O(N"2).

Proof: Given
dVIB=aVIB+ X, AV B
=a(2 -2 'B@ ' +B'="'B)"'B'E"B
+ XA -sTIBQ 4+ B'EIB) ' B'E B
=a Y 'B(Q@ ' +B'E='B) Q! + N A'ST'BQ ' +BY'B) Q!

= O(N"2)+O(N7"),

by Lemma A.4, the bound || @’S~'B ||<| @’S~'a ||| B'S~!B ||z and
ldx tal = |a/(C™! — CT'A(I, + A/CT'A)1A/C )|
< |a’C'al + [aC 'A(I, + A’C'A)TA'C 14
< |a'C™'a| + [aC'a|z | A'CT'A |IZ]| (I, + A'CT'A) 7! || |aC ™|z | A'CT'A ||2

— [/C'a| + [aC'al | A'CTA ||| (T, + A'CT'A) ! ||= O(1).

Proof of Theorem 4.5

The result follow by Lemmas A.2 and A.3.
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Proof of Theorem 4.6

From V!, = B} — S By(Q ' + By, Sy, By) !By, Z; one obtains
mgy = — Hm,tCYQV,tERz,lﬁtﬂ — Mm,ta/zv,tzﬁ,ltBN,t(Qfl + B/N,tzfv,ltBN,t)_IBQV,tEXr,ltEr(AALQ)
+ iy B B (T + By, BN BN ) T (i — Ry — o). (A3)
We now show that the third term on the right hand side is Op,(N 7%) In fact,
_ _ 1 _ 1 1
| alN,tzN,ltBN,t <l alN,tEN,ltaN,t 12 |l B/N,tzN,ltBN,t |2 = Op(Nz),

whereas

(7" + By, SN By ' = Op(NTH.

Remark A.0.1. Given that m{, ; and m{; have the same pricing implications, that is,
E(mg (Ry — Ry)) = E(mf (R — Ry)), it follows that the last two terms on the right
hand side of (A2) and (A3) induce, in terms of pricing, the same quantity in absolute value

but opposite sign.

Proof of Theorem 4.7

Consider

ok / —1 / —1 —1 / —1 -1/ —1
M1 == fm gty BN EN 1 — fmpay Sy By (2 + By 3y, Brg) By By en i

+ tm @y S BN (7 + By B3 Br) ' (i — Ry — M),

Setting en 141 = AN,t1Zmiss,t+1 + MNe+1 and £, 011 = Zinisser1 + E¢(£,041), the first term

on the right-hand side satisfies
!/ —1 !/ !/ —1
_/Lm,taNﬂsz,tEN,t—l-l = _Mm,tAmiss7tAN7t2N7t(AN,thiss,tJrl + nN,t—l—l)

/ / -1 / / -1
= _/‘Lm,tAmiss,tAN,tEN,tAN,thiSSiJrl - Mm,tAmiss,tAN,tEN,tnNi-l-l

/ _1
= _vat)‘miss,tzmiss,t—l—l + Op(N 2 )7

by Lemmas A.5 and A.6. The second term satisfies

I o1 -1 I ol By
im0y X B (€ + By By Bry) T By Xy e i1
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= Mm,t)‘;u‘s&tAlN,tE&,ltBN,t(9;1 + BQV,tEIV}tBN,t)_lBlN,tzﬁ,ltAN,tzmiss,tH
+ i, Niniss Al SN BN (O + By SN, By) T By, Sy e
= Op(N") + O,(N72),
by Lemmas A.4, recalling that BIN,tEJ_V}tBN,t = Op(N) and making use of B§V7tC]_\,’1tnN,t+1 =
Op((B/N,tC&,ltBN,t)%) and A?V,tcz_v,ltnN,tH = Op((A/N,tCJ_V,ltAN,t)%)-
Finally, the third term satisfies
Py SN BN (2 + Bly Sy Br) T (fn — Rl — M)

:Mm,txmiss,tAlN,tzj_V,ltBN,t(Qt_l + B/N,tzj_v,ltBN,t)_lﬂt_l(ftH — Rply — Ar) = Op(N_l)a

by Lemma A.4 and By ;B3 By = Op(N).

Proof of Theorem 4.8

Proof. Case (i). By Theorem 4.7, m¢* —,, _Mm,t—IA{,niss,t_l(fmiss,t_Et—l(fmiss,t)) = —&ay,
yielding v4 and the limit of R?
E(ﬂm’ss,t), then

Miss” HOW€V€I‘, when Hmt = Hm, )\miss,t = }\miSSa Et—l(fmiss,t) =

YA (Flmwsf‘miss) ( f. zss,t(fmiss,t - Et—l(fmiss,t)),)ﬂmkmiss

M’ﬂ

1

-
I

szss)il( f‘ miss tfmzss t) mAmiss

|

|
=
2
M’ﬂ

-
Il

1
F i F ¥ . F A
( miss miss) misst missHmAmiss

= _,U/mAmz'ss-
Regarding the limit of the R?, its numerator simplifies to
AszssFmiss'YA = :u'?nA;uss mzss];-‘miss)‘missa

and, given that €4 = —(Fpiss — 17E(f) ) Amisstim, its denominator becomes

£:4M1T£A 2n>‘;mss( miss 1TE(f7/mss>)/M1T (FmiSS 1TE(f7,nzss)>)‘miSS

2 v/ 2y ‘i .
mAmzss( mZSSMlTFmZSS)AmZ'SS - Mm)‘mzss szSFmZSSAm'LSS’
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and thus identical to the numerator of the limit R2.

Part (ii). By Remark 4.6.2

m?* —d gata

yielding convergence in distribution to 7,. The limiting distribution of the R? easily follows

both under the case of time-varying and constant fi,, ;.

Proof of Theorem 4.9

We start with the conjecture that the SDF is still linear in the observed factors fiy; and
idiosyncratic risk €xy41, although now these can be cross-correlated. Staking the K + N

pricing equations:
0x = E¢(mip1(fi1 — Rpeli)

On = E¢(mit1(Rne+1 — Rpeln)),
yields,

0 E¢ |:<Mm,t +bi(fiy1 — Rpdg — Ag) + C,N7t€N,t+1> (fr41 — thlK)}
N+K =
E: [(Mm,t + bi(fi1 — Rpele — Ae) + C/1V7t€N,t+1) (RN,t+1 — th]-N)}

=y A n Qib; +Pycny
" B + oy (Bn,tQ + Py )by + (BN + By Pn)en s

— At n Q Py, b,
"\ B+ anyg By +Plyy) (Eni+BynPny) et )

Using the block-wise formula for the inverse of a matrix, in view of the lack of perfect

correlation between the f; 1 and the ey 1, one derives the solution:

1
by ) _ —H Q, Py A
CNt (B + Py (Bn:+ By Q) By A +an:

- Q'+ Q' PyHY, By, + Py, ) Q7 Py HY, A
= THmt By +an,

_HJ_V,lt(BN,t + PIN,tQt_l) HJ_Vlt

_ QA - Q7P Hy (any — Py Q7 A)
m H,! (an: — Py, ' A) '
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We now establish the result for the projection SDF mj, ;. By construction, setting Xy ;11 =

(17R/N,t+1)’ and KNt = Et(RN,t—i-l)a

m:+1 = Et(mt+1X/N,t+1)(Et(XN,t+1X§V7t+1)_1XN,t+1
14+ ul V*l KNt —l,l,/ V*l
= (s bty + DBy + Py + iy [Ene + Py Bl ) Tty LN X
’ 7 ’ o ~VNiBN Vi

= (Hm,t — (bé[ﬂt /N,t + Py + C/N,t[EN,t + P/N,tB§V,t])VXf,1tHN,ta (bQ[QtBlN,t + Py + C/N,tzN,t)VRf,lt)Xt-‘rl

= pim,i + (D[ QB + Pr] + iy [Ene + Py B ) ViR — pe),

where we use the block formula for the inverse of a square matrix to Ej(X;4+1X] +1), which
exists in view of our assumption of not-perfect correlation between observed factors and

idiosyncratic shocks. Finally, by means of algebraic manipulations,

b% [Qth\f,t + P + CQV,t[zN,t + PlN,t /Nt] = )‘2 /N,t + O‘IN,t-

Proof of Theorem 5.2

We have that:

0 = Ey(Ry, 11 1mut1) = Ey(RY 1) Er(meg) + cove(Ry 4y, muga)
= Bu(R 41ttt + covi (Rl 0, My +mpy )
= Ey(Ry, 441 m,t + cove(Ry, 11, mi ) + cove(Ry 14 q, mtﬂ—&—l)v

and re-arranging

COVt(RZ,tHv m?ﬂ) Vart(mgjrl) B COVt(RfL,tHa mfﬂ)

Ei(R4hq) = —
t( n,t—i—l) varg (m?-l,-l) ot ot
_ _ Covt(RZ,tJrl? m?Jrl) varg (mtaJrl) — covy (Re £ )COVil (ﬂ«#l)w
vary(mg, ;) Mt AR ! Kot

The result then follows.

Proof of Theorem 6.1

The result follows by applying Hannan (1970, Ch. I1.7) to the SDF m(fi+1) relying on the

square-integrability assumption.
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B Decomposition of SDF Return in Terms of a- and -Portfolio
Returns

In the theorem below, we decompose the SDF return in excess of the risk-free rate, Ry, q,

in terms of the return on the w% and Wﬁ, portfolios, both of which are inefficient. In

particular, we show that we can span the entire SDF frontier based on the return of these

two portfolios. The theorem below provides the correction, mg{,, required to make the

possibly wrong mfj:l admissible, as a function only of the return on the w$; portfolio.

Theorem B.1 (Decomposition of the excess return in terms of return on w¢, and Wﬁ,

portfolios). Under Assumptions 3.1 and 3.2, for any pms, Rf | satisfies:

N 1
Ri1 — Ry = (btaw&lt Ni+1 T ¢>t Wo i ]e\f,t+1 + (T - th)7

m,t

—1

Hm,, ta?\/ tVN taN t H/m,tA;,BG\/ tVN tBN t)\t a ﬁ

= et and w% , and W', , are the
thIE((mt+l ) ¢t thIE((mt+1)2) 12 7t 14 7t

a-portfolio and the B-portfolio, for given target mean u*, respectively:

where we set ¢ff =

(" — th)
a?v,tV;f,ltant

*
— R
Vi, WP ( )

w, = =
wet st T it —1
AtBN,tVN,tBNﬂf)‘t

-1
VN,tBN,tAtv

with excess return Ry, — Ry = wi Ry, and RfJrl — Ry = Wg’tRi, A

Proof: Using (15), and subtracting Ry; from both sides,

Ri.y — Ry = 5° (R?jl - th) +(1— k%) (Rt " th)

[0}

K _ _
= W( — pmt @y Vi Ry i1 — ane = Buae) — Rpetign iy Vi (@ + BNMt))
t+1""%t+1
1— k" _
+ E(v(n*mﬁ)*) (Mm,t - /‘m,t)‘;B,N,tVN}t(Rje\f,t-i—l —ant — BniA)
t+1""%+1

- th:ugn,t(l + A /N,tVX/,lt(aN,t + BN,t)\t))

K ¢ _ _
= Bt e e ( — oy Vi (R — ane — BhiAr) — Ry 1@y Vil (an s + BN,tAt))
(mt+1mt+1)

(1— ”a)ﬂm,t

E(my mt)
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a
K™ Um,t

= Hmt (o VARG ., — (R —Dady VL B)\)
E(m:+1m?—;kl)< ANtV NN+ (Rtpim,t )aN,t N,t(aN,t+ Nt At)

1— k" _ _
+ %( — ABi ViR 1 — (Bretim,e — 1D(1+ XNBYy Vi (an + BNyt)\t))
E(miyymiis)

_ m< - aQV,tVIV}tR?v,tH) + m( — X/By V3 R, +1>

_ Nmé(fﬁ?z;) ) (1 + (ans + BNt)\t) VNt(aNt + BNt)\t))

_ m< - aQV,tVX/,ltR?v,tH) + m< ~ X Biy, VRS, +1>

= IM( - alN,tVXf,ltRJev,tH) + m — ABv, Vi 7v,t+1> + (Mln,t — Ryy)

B um,ta’N,tva,ltaNt um,tAgB’]V7tVE}tB N g I
RpE((mi4)?) eRfces RuE((my1)?) Wo RN 41+ ( . Ry)

1
= Of Wi R 411+ ) WOt N1+ (T — Rpt)

m,t

af pa 1
= ¢ (R — Bpe) + ¢t ( v — Bre) + (T — Ryy).

Remark B.1.1. When a risk-free asset is traded, p;m = Rﬁl and one obtains:

* _ ja..alpe BBl pe .
Rity — By = o wio Ry 11 + &y wo Ry 411, with

/ —1 '/ —1
oy VN 0N AtBN Vv B

¢ = NN LG = - .
"1+ (ang B A) Vih(ane +Bagd) L+ (ang + Byad) Vi (o + Byir)

Moreover, as N — 0o, one obtains qSta—l—qbf —p 1 because a?v’tV;,ltBN,t —p 0 by Lemma A.7.

Remark B.1.2. Note that the formulae used for the a- and S-portfolios are slightly differ-
ent from the ones adopted by Raponi, Uppal, and Zaffaroni (2019). In fact, here we use the
population values for ay ¢, as opposed to the finite-N projection. However, as N — oo,

the formulae for the S-portfolio coincide, because, element by element,

3 (" — Ryy)

_ (n* — Ryt) \V4
et )‘QBGV,tVXI,ltBN,t}‘t

W
QTN

-1
Vi BniA: = NtBN t At
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C Different Forms of SDF Misspecification

In this section, we describe the different forms of misspecification affecting the SDF. Re-
call from our results above that any admissible SDF can be expressed as the sum of two

components:
_ B a
Mip1 = My + My,

where for simplicity, we have not included an orthogonal component (with zero price),
which would arise if markets were not complete. In the equation above, mt’B 1 Tepresents

the conventional SDF that has the factor representation in (16); that is:

miyy = Ee(myyy) + bj(fip1 — Er(fi1))

1 1,

= — — — N, QN1 — Ei(fii1)).
AR WEAEALY (fr1 — Eo(fi41))

) )

The m, ; component represents the correction required in order to obtain the admissibility
of my11; only in the case of zero pricing error in the return-generating process would this
term equal to zero. Alternatively, when the pricing errors are non-zero , then mg,; takes

the following form:
1 _
miy, = —TO‘?V,tEN,lteN,Hl‘
0,

Below, we describe four forms of model misspecification that are captured by the frame-
work we have described in the paper. The first is related to the “beta” component of the
SDF. The second, third, and fourth are related to the “alpha” component of SDF, aris-
ing from the presence of: a pricing error that is unrelated to factors, missing factors, and

mismeasured factors.

Case 1: Pure pricing errors (unrelated to factors)

Next, consider the case where all factors are observed without error, but expected returns
have pricing errors (that is, returns depend also on non-factor-related characteristics), de-
noted by ay,; # 0, implying that

1
[e% _ Iv—1
My g = s (an) Xy ENt+1-

)

In contrast to the next case, in this setting ay ¢ does not influence the variance-covariance

matrix of returns, V.
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Case 2: Missing factors

Suppose now that of the true K9 factors, only K are observed and p = K° — K > 0 are
missing and suppose for simplicity that the observed and missing factors are uncorrelated.

For simplicity, we assume ay; = 0. Then,

1

o _ / —1
My = Y 0N 1 XN 1EN 41

)

1 / /
-1
= - \ (AN,t Amiss,t) (AN,tANﬂ: + CN,t) (aN,t—i—l + AN,t Zmiss,t)-
0,t
where Cy; is the conditional covariance of un 11, Et[Zmiss,i+1] = 0, and E¢[Zmiss,i+1Z1piss.141)

= I, to achieve identification.

Case 3: Mismeasured factors

Finally, consider the case where all K factors are measured with error. In particular, the
observed factors satisfy f,11 = ftOH + 7¢t1, where the measurement error 7:y+; has mean
E;[n¢41] = pn,r and covariance matrix By [(1i41 — ) (M1 — pine)’] = 3. Recall that for

simplicity we assume a?w = 0. Then,

1

o] _ / —1
M = T 0N 12 (EN 41

)

1

—E(—BN,tht)/(BN,tEn,tB?v,t + CN,t)il (€N,t+1 —Bni(Mi41 — un,t))-

Case 4: Incorrect mean of the SDF

Above, we have looked at the cases where model misspecification is present in the return-
generating process for the risky assets, expressed in terms of the excess return of the risky
assets net of the zero-beta rate, 78725. In practice, unless a risk-free rate is traded, we need
to use one of the three alternatives discussed above, each of which could be misspecified;

that is, we choose 7o # fyg’t. This would affect the specification of both m, ; and mf 1

Case 5: Incorrect functional form of the SDF

For example, if one were working with a representative-agent model, then the misspecifica-

tion could arise from an erroneous specification of the utility function or the state variables,

7



or it could arise from using a Taylor-series expansion of a nonlinear SDF instead of the

exact model-implied nonlinear SDF.
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D The SDF: Basic Notions

Just as in Hansen and Jagannathan (1997), we consider asset-market transactions that take
place at two dates, ¢t and ¢t + 1. There are N financial assets that are traded at date ¢.
Each asset delivers a payoff at date ¢t +1. We let py¢ = (pit,...,pne) denote the vector
of prices and xx 41 the corresponding vector of random payoffs on these N assets.?® This

single period between ¢ and t + 1 is replicated over time in a stationary manner.36

In addition to the primitive assets described above, the payoff space also includes new
payoffs that can be formed from portfolios of the primitive assets. We assume that investors

can form any portfolio of traded assets.

Assumption D.1 (Portfolio formation). Let X = X1 denote the space of portfolio pay-
offs, which includes the primitive payoffs Xy +1 along with arbitrary portfolios constructed
with these primitive payoffs; that is, X is a linear space. Moreover, we assume that it is

closed.

Assumption D.2 (Law of one price). The price p(-) of a portfolio payoff is a linear func-
tional on X, p(aTp 41+ by 111) = ap(@n41) +00(Tp 141), which is continuous at every

point (including zero).
In order to rule out nontrivial pricing functions, we impose the following assumption,
which implies that there is at least one payoff whose price is non-zero.

Assumption D.3 (Nontrivial price). There exists a payoff xp+1 € X for which we have

proby(p(nt41) = 0) = 0.

35To make clear the dependence on the number of assets, we index quantities that are N-dimensional by
the subscript N.

36The payoff space X is the set of all the payoffs that investors can receive at the end of each period. If,
for example, there are S discrete states at date t + 1, then the payoff of asset n in state s is denoted by z,s,
in which case

IN1 ... XNS

Although not made explicit in our main analysis, in order to ensure that prices are well defined, we are
implicitly modeling portfolio payoffs that are elements of a Hilbert space, which is included in the space
L7, of all random variables with finite second moments conditional on information at date t. Moreover,
LfH is endowed with the usual inner product and norm: for any hi, hs € Lfﬂ

(h1lhs) = Ei(haho) and || by ||= (halha)"/2.
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Definition D.1 (Admissible SDF). An admissible SDF' is a random variable myi1 with
finite second moment such that the expected price of a payoff Ty 41 can be represented as

the inner product of the payoff and myyq:
P(Tn 1) = Et(Tn 1 mit1) VIni1 € X,

where M is the set of all admissible SDFs.

For certain results, it will be important to rule out arbitrage opportunities in an economy
with a finite number of risky assets, N. Below, we define a notion of no arbitrage for the

price functional, p(:) on X.

Definition D.2 (No arbitrage opportunities; Hansen and Richard (1987, Definition 2.4)).
A price functional p(-) has no arbitrage opportunities on X if for any payoff xpt41 € X for
which proby(zp 41 > 0) = 1, then prob,({p(xn 1) < 0} N{xp 41 > 0}) = 0, where prob,(-)

denotes the probability conditional on information at date t.

Given Assumptions D.1 and D.2, Hansen and Richard (1987, Theorem 2.1) and Hansen
and Jagannathan (1991) show that there exists an admissible stochastic discount factor
(SDF), that is, the unique payoff m; € X such that py; = p(Xn,¢41) = Ee(mf, 1 Xn,41) for

all xy 41 € X. This mf, is:
-1
m?f+1 = p,N,t [Et(XN,tHX,N,t-s-l)] XN, t+1- (D4)

If financial markets are complete, there is no other admissible SDF. On the other hand,
if markets are incomplete, then there are an infinite number of SDFs such that m;1 =
my,, + €41 where Ei(eiy1Xn 1) = Oy for all xy41 € X. Observe that mj, is the
projection of any admissible SDF on the space of payoffs X: the pricing implication of any

SDF is the same as those of its projection on &':37
PNt = Ei(mupixngs1) = Et([proj(mtJrl!X)-l-GN,tH] XN,t+1> = E¢( proj(me41|X) xn141),

. -1
where proj(Y|X) = [Et(xMHlY)]' [Et(xN7t+1x§V7t+1)] XN,i+1, for any Y € L?_H. Observe
that mj, is the minimum-variance SDF that lies on the boundary of the SDF frontier

identified in Hansen and Jagannathan (1991).

3"Note that when Assumption D.2 holds, then p(-) has no arbitrage opportunities in X if and only if
prob,(mjy; > 0) = 1; see Hansen and Richard (1987, Lemma 2.3).
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There are several representations of the SDF my, , depending on the nature of the

payoffs. One is in terms of generic payoffs, as in Hansen and Jagannathan (1991, eq. (11)):
miy1 = Ee(miy) + [PN,t - Et(mfﬂ)Et(XN,tH)}/COV;I(XN,HI) (Xt+1 - Et(XN,t+1))7

where covi(Xn41) = Et[(xMtH — Et(xN,tH)) (xN7t+1 — Et(xN,Hl))l] is the covariance

matrix of payoffs.

Given our assumption that a risk-free asset is available, then

1
Ei(miy,) = —,
( t+l) th
which allows us to obtain the following representation:

* 1 ]' [ — e e e
My = R Re Et(RN,tJrl),COVt 1(RN,t+1)(RN,t+1 - Et(RN,tJrl))v (D5)
ft ft

. .
where covi(R%; ;1) = E; [( N1 — Et(R?V,t-i—l)) (R?WJrl —Ey( §V7t+1)) | is the covariance
matrix of excess returns, R?V,t 11 = Ryt — Rl ~.38 Given that gross returns are given
by Rn+1 = R% ;11 + Rpln, then by the law of one price, the SDF in (D5) can also price

gross returns. That is,

1
P(RN+1) = p(Ry441) + Rpe p(In) = Rpy p(1n) = Ry RTcth =1p.

38Note that when studying excess returns, one needs to consider the projection on the payoff space of
excess returns as well as 1; otherwise, equation (D4) would imply that mj,; = 0.
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E Estimation of the Extended APT

In this section, we explain how to estimate the extended APT model of returns. Our
arguments apply to virtually any (parametric) estimation procedure, but we will illustrate
it with respect to the (pseudo) Gaussian ML estimator; the estimation could also be done
using a Bayesian approach. The Gaussian ML estimator is a natural estimator for our model
when the first two moments of asset returns are specified correctly, although distributional

assumptions (such as normality) are not required; hence, the use of pseudo ML.

However, because the APT restriction could be violated leading to arbitrage opportu-
nities, one needs to consider the maximum-likelihood estimator subject to the APT restric-
tion. Moreover, not only does the APT restriction lead to a more precise estimator of an
compared to the unconstrained estimator, but it provides exactly the condition required to
econometrically identify the extended APT, as demonstrated in the theorem below; that is,

Amiss,t and ay ;. cannot be identified separately unless the APT restriction is imposed.
Finally, for simplicity let us assume that all conditional moments are constant.

Assume that

Ni+1 = N +Bin(Ar + i1 — E(fie1)) + Banfy g + €r41,

with

N aN+AN)\missvar(R7V,t+1) :VN :BNQB/N—FANAIN'FCN,

', with f1;11 denoting

where we set By = (Bin,Boy), @ = var(fi1), fiv1 = (£, 5 1)
the set of K7 non-traded observed factors and f3,, ; the set of K3 traded observed factors,
expressed as excess returns, where K = Kj + Ks. Note that, for simplicity, we initially
assume that the missing factors are uncorrelated with the observed factors, and later discuss
the case where they are correlated. Given that f5, are excess returns on traded assets, their
risk premia satisfy Ay = E(f5, ;) and, to avoid confusion with the risk premia of the non-

traded assets, we will use the expectation formulation for Ao;.

The joint log-likelihood function takes the following form:3?
1 . _
L(0) =— 3 log(det(AnA’y + Cy)) (E6)

P

T
1 - - ~ B N . N
B T § : (R?V,t — ANApiss —ay — BlN(Al + f1; — E(ﬂt)) — B2Nf2t>
t

—_—

=1 _ - - ~ ~ ~ ~ ~
x (AyAly + Gy~ (R?V’t — AnAmiss — Ay — Biy(M + fiy — E(f1r)) — BQNf§t)

39Note that det(-) denotes the determinant, vec(-) denotes the operator that stacks the columns of a
matrix into a single column vector, and vech(-) denotes the operator that stacks the unique elements of the
columns of a symmetric matrix into a single column vector.
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N/ —_—~— —_~— ——~— >/

T
— 5 log(det(4) ;T;(fu,fgz (E(f) E(E5,)) )2 (8. 55) — (E(f) .E(E5)

Notice that we have expressed the joint distribution as the product of a conditional distri-
bution and a marginal distribution. Relaxing the i.i.d. assumption requires specification of

time-varying conditional means, conditional variances, and conditional covariances.

Theorem E.1 (Parameter estimation of extended APT). Suppose that the vector of as-

set returns, Ry, satisfies Assumption 3.1 and that Sipepe — £°6, is nonsingular, where
Speps = T 1 5,85 and £° =T~ Y1 5. Then
0)i1c = argmax L(é) subject to é’Nﬁ]]_VléN <4,
0

~ ~ ~ —
where L(0 ) is defined in (E6), and Oyrc = (é’NMLO, )\;m.ss,MLC, XLMLC, E(fit) e s
—

E(ert)MLC7 VeC(AN7ML0)/, VGC(BN7ML0)/, VeCh(CN,MLC)/7 VeCh(QMLc)/),.

(i) If the optimal value of the Karush-Kuhn-Tucker multiplier satisfies & > 0, setting

Dy = (AN, Bin), A= (X

miss?

A
then

. . -1 I
VeC(BgN,MLc) = ((Efgf; ® I) — (fzeffl X® (QGN — GNGN))> Vec(thg — (QGN — GNGN)thS >,
. . A . . ) . _ (E7)

Avzo = Oy e BN uePyvre) " Dy e 23Xz,11\4Lc(hN — Ban mre fge),
1
k+1

ay,mMLc = (hN — Bon,mrcofs — DN,MLC>\MLC>,

U}h@?"@ EN,MLC — AN,MLCAQ\/"MLC_'_ CN,MLC; Ehfge = % Z?:l htheé; BN = % Zz:l ht 'LUZth
h, =Ry, — Binurc(fie — fir). and

1 K A R . N
Gy=——Iy+——D D’ > D D )3
N CEY) N+ G+ N,mLc( N,MLC “~N,MLC N.MLC) ™ N,MLC NMLC

Note that ]ADN7MLC = (AN,MLC, BlN,MLC’) and CN,MLC do not admit a closed-form solution

and, as before, E(f;) o and QMLC coincide with the sample mean and sample covariance
of the observed factors £, = (f1,,£5,)".

(ii) If the optimal value of the Karush-Kuhn-Tucker multiplier satisfies k = 0 one can

estimate only an = ay + Dy but not the three components separately, and one obtains

an urc = Ry — Bon urcfy,
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and the expression for vec(ﬁgN,MLc) can be obtained by setting & = 0 in the terms that

appear in (E7). The expressions for E/(\ft)MLC and Qe are unchanged, and, as before, the

expressions for the estimators of IA)N7MLC and (AJN,MLC do mot admit a closed-form solution.

Proof. Within this proof, for simplicity, we do not use the * notation to denote feasible

parameter values.

Defining by 6 the MLC corresponding to & = 0, this is unfeasible whenever we have
that é’N7 MLng_V,lMLCéN, MmLc > 0. Similarly, case £ > 0 is unfeasible whenever, for every
k>0,

/
_ . . . . _ . . .
(R?V — Bonmncfy — Dy wvic AMLC) Yy MLe (R?\r — Bonmicf; — Dy e AMLC) <9,

!
_ N L . - _ . L .
[R?V*B2N,MLC fs—-Dn,MmLC AMLC} XN MLC [R?V*BMI,MLC f5—Dpy MmLC AML0:|

. When

both cases are feasible, the optimal value for the Karush-Kuhn-Tucker multiplier & will be

because (14+&)? =

greater, or equal to zero, depending on which case maximizes the log-likelihood, namely
depending on whether L(@yc) or L(8) is largest, respectively. Note that when % > 0 then

o S—1 ~ o .
aNMLCE N.MLCANMLC = 0 by construction.

We now derive the formulae for the estimators. Assume for now that case # > 0
holds. Differentiating the penalized log-likelihood with respect to A, ay, and the Lagrange

multiplier s, the first K + N equations (after some algebra) are:

-1 -1 -1 3
(P30t (PP D) e )

Iy Dy (1+R)In aymLc /’
where recall that ¥y = AyA'y + Cy. It is straightforward to see that, because of the
APT restriction, XA and ay can now be identified separately, as long as £ > 0. In fact, the
above system of linear equations can be solved because the matrix pre-multiplying S\MLC

and aymrc is non-singular for every & > 0, leading to the closed-form solution:

Aurc = (DySy'Dy) "' Dy 3} (Riv = Bsz‘S),

. 1 _ _ "
ANMLC = 27 ( y — Bonfs — DN>‘MLC>~

Turning now to the first-order condition with respect to the generic (a,b)th element of

By, denoted by Bsg,, one obtains,

6B 0B
1 Z g5 0BoNn 2N

f2t+GNangf2)_O with 1<a <N, 1<b<K,
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setting, for simplicity,
T
T » e » re 1
gt = (hN,t — Gyhy — Boympcfs, + GNBQN,MLCfQ) and g= T tha
t=1

with
1 i
Gy = I Dy(D ' Dy) DL

Taking the vec operator for both sides of the first-order condition above gives

0Baon
aBQab

0B _
(ffé@ggﬁj_vl)vec< 2N> = (ff’@g’Z]_leN)vec(

,with 1<a<N,1<b< K,
8B2ab )

which can be rewritten more succinctly as

T
1 o fxr—
1S b - 'Sy Ga
t=1
Next, recalling that Sppe = &5 hyf5, and Spepe = =31 £5,£5, with Sy, =
X, sc» one obtains EYGNEN = Iy + 7S Dy(DyER D) Dy = Gy and

rearranging the above first order-condition gives

Zf5h - fze BINGIN - 2ffffBlz\f,MLc + fze fée/ : ?v,MLcGIN - (fze 171/1\/ - f2e fze/ I2N,MLC)(IN - G?v)G/N
=X — 5 Wy (2Gy — Gy GYy) — Ef§f§B§V,MLC + £5 £5'Bhy aro(2Gy — GyGly) = 0.
Transposing both sides, taking the vec, and solving for Vec(Bg NMLC) gives

. _ -1 _
VeC(BQN,MLC) = ((2f§f2e®IN)—(f26 f26,®(2GN—GNGN))> vec (Ethe—(?GN—GNGN)h?V f26/> .

We need to show that a solution for BQMMLC exists. This requires one to establish that
the matrix <(2f26f2e @ Iy) — (f5f5' @ (2G N — GNGN))) is invertible. This matrix can be

written as
((Zps o)~ B 2(2Gn—GnGN))) = ((Spss—F5 B)EIy)+ (5 B (In— G ~GyG))) ).

The first matrix on the right hand side is non-singular. One then just needs to show that
the second matrix is positive semi-definitive. This follows because, Iy — (2Gy —GNGN) =
(In — Gn)(Iny — Gu), and we show below that (Iny — Gy ) is positive semi-definite.

K _ _ _
DN (DY ER!Dy) DR E

In —Gy=1Iy— — In —(

(A+1)
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)Iy - Dy(DYEL'Dy) 'DYE)

1+
I% - —_ — — —
= (15 7)3v (2 — =Dy (DI D)~ Dy Ty
l% - - —_ p— —_ —
:(1+I%)2N2N1/2(IN—2N1/2DN( ESDy) DL SN,

The right-hand side is the product of positive-definite matrices, namely ¥y and 2]—\[1/ 2,

and of the matrix Iy — Z&l/QDN(D’NE]_VlDN)_lD’NEJ_Vl/2, which is a projection matrix

orthogonal to 2]_\]1/ ’D ~, and therefore, positive semidefinite.

Therefore, plugging ]32 ~NMLC into S\MLC and ay mrc , one obtains that
AvLc = A(Dy,Cy), anmic = ay(Dy,Cy) and & = #(Dy, Cy).

Substituting them, together with BQ]\LMLC, into L(0) — n(a?VEJ_VIaN —9), gives the concen-
trated likelihood function, which is a function of only Dy and Cy which will be maximized
numerically, providing Dy vrc and Cy mic.

Suppose now that # = 0 holds, and recall that in this case the MLC is indicated by 8.

One can clearly obtain a unique solution for (Dy, 1 N)< é)\ ) = Dy + ay. However, to
N

solve for A and ay separately, one needs to invert the matrix

( D\ )(DN Iy) = ( D) =y'Dy D)=y )
IN ’ D N I N ’

which is not possible because it is of dimension (N + K) x (N + K) but of rank N, as

the left-hand side shows that it is obtained from the product of two matrices of dimension

(N+K)x N. All the other parameters are identified separately, and their expressions follow

from differentiating L(0) and solving the resulting first-order conditions. For instance, the

formula for Boy follow by setting Gy = Iy into (ET7).

The constrained estimator &y mrc turns out to be precisely the ridge estimator for
ay, unless £ = 0, in which case the OLS estimator is re-obtained. Besides &y mrc, the
estimators of BQ ~NMLc and b)) ~MLc are also functions of A because of the APT constraint, in
contrast to L?(E)MLC and Qyipc, which are simply the sample mean and sample covariance

of f; because the APT constraint does not affect the distribution of the observed factors f;.
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F P-values for Weighted Sum of Squared Pricing Errors

Define the pricing errors:
e(m) = E(mtXt) — P.

When the SDF depends on a vector of parameters 6, m;(0) the estimated SDF with esti-
mated pricing errors é = 7! Zthl mt(é)Xt — p. By the Delta method:

R de _ 0e Oe Omy41(0)
VTé —4 N(0,V,) where V, = w‘/};% and 5 E(XHIT)~

Consider three different metrics (with some abuse of notation since H.J is the squared

Hansen-Jagannathan first-distance multiplied by T):
HJ =T (X'X/T) e,
SS =Tée,
J=TeV, e

Theorem F.1 (Pricing errors). For a N x 1 vector of standard normal random variable z,

and a sequence of iid X3, chi-squared random variable with 1 degree of freedom, as T — 00,

N
/ 2
HJ —q 2 Apjz = Z AnjiXTio
i=1
N
/ 2
S8 —q 2 Aggz = Z Ass,iX1is
i=1

/ 2
J—=aq2z=XxN
where

1 1
Ahj1s o AN are the eigenvalues of Ap; = Ve? (Ethg)—lveZ,

Ass, 15 " > Ass,N are the eigenvalues of Ags = Ve,

Proof. Follows from Jagannathan and Wang (1996, Thm. 3).
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