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Abstract: A patient seller interacts with a sequence of myopic consumers. Each consumer decides
whether to trust the seller after observing a bounded number of the seller’s past actions and some
or all previous consumers’ choices. With positive probability, the seller is a type that commits to
play his Stackelberg action. I show that consumers’ ability to observe other consumers’ choices can
lead to reputation failures: There exist equilibria where every consumer imitates her predecessor with
high probability and the patient seller receives his minmax payoff. Furthermore, the seller receives his
minmax payoff in all equilibria where consumers do not trust him in the first period and do not trust
him when the worst action profile occurred in the period before. In an extension where every con-
sumer observes all previous consumers’ choices and an unboundedly informative private signal about
the seller’s current-period action, the seller receives at least his Stackelberg payoff in all equilibria.
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1 Introduction

Economists have recognized that consumers’ choices are influenced by other consumers’ choices (Baner-
jee 1992, Bichandarni, Hirshleifer and Welsh 1992). This is the case in some informal markets in
developing countries, where there is limited product standard enforcement and firms’ records are often
unavailable or incomplete due to the lack of record-keeping institutions. When a consumer has limited
information about the seller’s past records, she might benefit from observing other consumers’ choices
since those consumers may know something about the seller that she does not know.

This paper examines how consumers’ observational learning affects sellers’ returns from building
reputations. My main result demonstrates the fragility of reputation effects when consumers can

observe other consumers’ choices but can only observe a limited number of the seller’s past actions.
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I study a repeated game between a patient seller and a sequence of myopic consumers, arriving one
in each period and each plays the game only once. Players’ stage-game payoffs satisfy a monotone-

supermodularity condition. A leading example that satisfies my condition is the product choice gameﬂ

seller \ consumer Trust No Trust

High Effort 1,2 —cp, 1 where cy, cr > 0.

Low Effort 1+4+cp,—1 0,0

I use this example to illustrate my results throughout this section. The seller observes the past
actions of all players, and is either a strategic type who maximizes his discounted average payoff, or a
commitment type who plays his Stackelberg action (in the example, it is high effort) in every period.

My modeling innovation is that every consumer observes the seller’s actions in the last K € N
periods and consumers’ actions in the last M € N U {400} periods. I assume that K is finite and
M > 1. My assumption fits when consumers learn about the seller both via observational learning—
from which they learn about previous consumers’ choices, and via word-of-mouth communication with
other consumers—from which they learn about the seller’s actions against these consumers. I require
that each consumer can observe at least her immediate predecessor’s action, and can talk to at most
K predecessors due to constraints on her time and attention.

My main result, Theorem [I} shows that when the probability of commitment type is below some
cutoff, there exist equilibria where the patient seller receives his minmax payoff. This stands in contrast
to Fudenberg and Levine (1989)’s theorem, which shows that the patient seller receives at least his
Stackelberg payoff in all equilibria when consumers can observe the entire history of his actions.

Intuitively, the seller receives a low payoff when the first consumer does not trust him and every
consumer imitates her predecessor with high probability. This is because the seller receives a low stage-
game payoff in the first period and imitation makes consumers’ actions as well as the seller’s payoffs
persistent. Imitation is feasible when consumers can observe their predecessors’ choices. Imitation can
be rationalized when each consumer observes at most a bounded number of the seller’s actions.

In contrast, when consumers can observe the seller’s entire history, imitating a predecessor who
did not trust the seller is not incentive compatible. This is because after sufficiently many periods
where consumers believe that the seller is likely to exert low effort but ends up observing high effort,
consumers’ posterior belief will attach probability close to one to the commitment type. After that,

they will have a strict incentive to trust the seller. I also use an example to show that when consumers

'Following Mailath and Samuelson (2015, page 168), I interpret “Trust” as purchasing a premium product or a
customized product and “No Trust” as purchasing a standardized product. Under this interpretation, future consumers
may observe the seller’s effort even when the current-period consumer does not trust the seller.
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cannot observe any other consumer’s action, the seller receives at least his Stackelberg payoff in all
equilibria. This implies that consumers’ observational learning may hurt the seller.

The mechanism behind my result hinges on consumers imitating their predecessors and consumers
not trusting newly arrived sellers who have no past record, both of which are plausible as suggested by
existing empirical findings. On consumers’ imitation, Cai, Chen and Fang (2009) and Zhang (2010)
find that people imitate their predecessors when they decide what food to buy and whether to accept
a kidney transplant. On consumers not trusting newly arrived sellers, Michelson et al. (2021) find that
a large fraction of sampled farmers in Tanzania suspect that the fertilizers sold in local markets are
adulterated and their pessimistic beliefs about the seller’s integrity persist over time.

Although Theorem [I] only displays one equilibrium under which reputation effects fail, several
lessons apply more broadly. First, I show that the seller receives his minmax payoff in all equilibria
that satisfy the following refinement: (1) consumers do not trust him when the worst action profile
(L, N) occurred in the period before, and (2) consumers do not trust him in the first period. The first
requirement is rather standard, which is satisfied both by my low-payoff equilibrium and by some equi-
libria where the seller receives a high payoff, such as grim-trigger equilibrium. The second requirement
is satisfied by my low-payoff equilibrium but is violated by grim-trigger equilibrium, since grim-trigger
requires consumers do trust the seller in the first period. While there are applications where consumers
trust newly arrived sellers, there are also situations where my no initial trust condition fits better.

Second, in my low-payoff equilibrium, if the seller exerts high effort in every period, (1) consumers
never herd on action N, and (2) the seller receives a high undiscounted average payoff. 1 show that
consumers cannot herd on N in any equilibrium under any prior belief and any discount factor. This
stands in contrast to the canonical social learning results where inefficiencies are caused by herding.
If each consumer observes all previous consumers’ choices (i.e., M = 400), then in all equilibria
under any prior belief and any discount factor, the seller’s undiscounted average payoff from exerting
high effort in every period is at least KLH times his Stackelberg payoff plus ﬁ times his minimal
stage-game payoff. When this guaranteed undiscounted payoff is greater than the seller’s minmax
payoff 0, a reputation-building seller can eventually secure a strictly positive payoff. This does not
contradict Theorem [I] since the time it takes for the seller to secure this positive payoff can depend
on his discount factor. For example, in my low-payoff equilibrium, it takes longer for a more patient
seller to switch consumers’ actions from N to 7. It is the prolonged process of trust building that
wipes out the seller’s benefit from being more patient.

Next, I consider an extension where in addition to what she observes in the baseline model, each

consumer also observes an informative private signal about the seller’s current-period action whose
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distribution satisfies a monotone likelihood ratio property. Motivated by canonical social learning
models, I focus on the case where each consumer observes all previous consumers’ choices (M = +00).

Theorem [2] shows that the seller can secure his Stackelberg payoff in all equilibria when consumers’
private signals are unboundedly informative about the seller’s Stackelberg action. In the product choice
game, unbounded informativeness means that some signals are arbitrarily more likely to occur under
high effort compared to that under low effort. This unboundedly informative private signal guarantees
a positive lower bound on the informativeness of every consumer’s action about the seller’s current-
period action. Importantly, this lower bound does not depend on the seller’s discount factor. Since
every consumer can observe all previous consumers’ choices, the argument in Fudenberg and Levine
(1992) implies that the patient seller can secure his Stackelberg payoff in all equilibria.

In contrast, Theorem [3| shows that the seller receives his minmax payoff in some equilibria when
consumers’ private signals are not unboundedly informative about his Stackelberg action and the prior
probability of commitment type is below some cutoffE| Intuitively, when consumers believe that the
seller is likely to exert low effort, observing the realization of a boundedly informative signal cannot
convince them to trust the seller. Similar to the baseline model, consumers have incentives to imitate
their predecessors when each consumer observes at most a bounded number of the seller’s actions, and

the seller receives a low payoff when he is not trusted in the first period.

2 Baseline Model

Time is discrete, indexed by ¢ = 0,1,... A long-lived player 1 (he, e.g., a seller) with discount factor
d € (0,1) interacts with an infinite sequence of short-lived player 2s (she, e.g., consumers), arriving
one in each period, each plays the game only once, with 2; denoting player 2 who arrives in period t.

In period t, player 1 chooses a; € A and player 2; chooses b; € B. I assume that both A and B are
finite sets. Player i € {1,2}’s stage-game payoff is u;(a¢, b;). Let BRa(a) C B be player 2’s best reply

to a. Player 1’s (pure) Stackelberg action is arg maxge 4 { MiNGEBR, (q) U1 (a, b)}

Assumption 1. Player 1 has a unique best reply to every pure action b € B. Player 2 has a

unique best reply to every pure action a € A. Player 1 has a unique Stackelberg action.

Since A and B are finite sets, Assumption [1|is satisfied for generic (u1,uz). Let a* be player 1’s
Stackelberg action. I focus on games with monotone-supermodular payoffs, which have been studied

in the reputation literature by Phelan (2006), Ekmekci (2011), and Liu (2011).

2When player 1 has three or more actions, Theoremrequires a more demanding condition compared to the consumers’
private signals not being unboundedly informative about the seller’s Stackelberg action.
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Assumption 2. Players’ stage-game payoffs (u1,u2) are monotone-supermodular if there exist a

complete order on A, >4, and a complete order on B, =g, such that:

1. Player 1’s payoff function u(a,b) is strictly decreasing in a and is strictly increasing in b.
2. Player 2’s payoff function ua(a,b) has strictly increasing differences in (a,b).
3. Player 1’s Stackelberg action a* is not the lowest element of A.

The product choice game in the introduction satisfies Assumption [2| once we rank players’ actions
according to H =4 L and T >=p N. This is because consumers have stronger incentives to trust
the seller when the seller exerts higher effort, the seller prefers to exert low effort but benefits from
consumers’ trust, and the seller’s Stackelberg action H differs from his lowest-cost action L.

Before choosing a;, player 1 observes all the past actions (ag, ..., a1, bo, ..., bs—1) and his perfectly
persistent type w € {ws,w,}. Let w. stand for a commitment type who plays a* in every period. Let wj
stand for a strategic type who maximizes his discounted average payoff > ;= (1 — §)d%uq(as, b). That
is, player 1’s payoff is normalized so that the weight on his period-t payoff is (1 — §)d* and the sum of
weights is 1. Let mg € (0, 1) be the prior probability of the commitment type.

My modeling innovation is on player 2’s information structure. I assume that there exist K € N
and M € N U {+oo} such that for every ¢t € N, player 2; can observe player 1’s actions in the last
K periods (@max{ot—K}s -+ @—1) and player 2’s actions in the last M periods (bmax{ot—nr}s - bt—1),

where M = +o00 means that every player 2 can observe the entire history of her predecessors’ choicesﬁ

1. T assume that K is ﬁniteﬁ That is, every consumer observes a bounded number of the seller’s
actions. This stands in contrast to the reputation model of Fudenberg and Levine (1989) where

every consumer observes the entire history of the seller’s actions (i.e., K = +00).

2. T assume that M > 1. That is, every consumer can observe at least her immediate predecessor’s
action. This stands in contrast to existing reputation models with limited memories such as Liu

(2011) and Liu and Skzypacz (2014) where consumers cannot observe other consumers’ choices.

Let H; be the set of player i € {1,2}’s private histories. Strategic-type player 1’s strategy is
o1 : H1 — A(A). Player 2s’ strategy is o3 : Ho — A(B). The solution concept is Perfect Bayesian
equilibrium (or PBE or equilibrium), which consists of a strategy for the strategic-type player 1, a

strategy for player 2s, and a system of beliefs that satisfy the standard requirements.

3If M = 400, then every player 2 can infer calender time from her history. If M is finite, then player 2; cannot infer
calendar time when ¢t > M. My main result, Theorem [1} applies (1) when M = 400, (2) when M is finite and player 2s
cannot directly observe calender time, and (3) when M is finite but player 2s can directly observe calendar time.

4My three theorems extend to the case where K = 0. The proof of Theorem remains the same while the constructive
proofs of Theorems [1f and |3| need to be modified. The details are available upon request.
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3 Main Result

Recall that a* is player 1’s Stackelberg action. Let b* = BRga(a*). Player 1’s Stackelberg payoff is
ui(a*,b*). Let a’ be the lowest element of A. Let & = BRa(a’). The first two parts of Assumption
imply that uq(a’, ") is player 1’s minmax payoff in the sense of Fudenberg, Kreps and Maskin (1990).
Assumption [1] and the third part of Assumption [2[imply that a* # o’ and u;(d’, V) < uy(a*, b%).

Theorem 1. Suppose players’ payoff functions uy and us satisfy Assumptions[]] and[3, then there
exists a cutoff discount factor d(ui,uz) € (0, 1)E| For every K € N, there exists an upper bound on
the prior probability of commitment type Ty > 0, such that for every my < To and § > 6(uy,us), there

exists an equilibrium in which player 1’s discounted average payoff equals his minmaz payoff ui(a’,b').

According to Theorem [I], there are equilibria in which the patient seller receives his minmax payoff
when the prior probability of commitment type is below some cutoff, each consumer observes a limited
number of the seller’s actions, and can observe some or all previous consumers’ choices.

The existence of low-payoff equilibria stands in contrast to the reputation result in Fudenberg
and Levine (1989), which shows that the patient seller receives at least his Stackelberg payoff in all
equilibria when every consumer observes the entire history of the seller’s actions (i.e., K = +00). This
applies regardless of my and regardless of how many predecessors’ actions each consumer can observe.

Consumers’ ability to observe their predecessors’ choices (i.e., M > 1) is also needed for my
result. Proposition [4] in Section 3.4 shows that in the product choice game where players’ actions are
strategic complements, i.e., 0 < ¢y < ¢y, the patient seller receives at least his Stackelberg payoff in
all equilibria when K =1 and M = 0. The comparison between this case and the case where M > 1
suggests that consumers’ ability to observe other consumers’ choices can hurt the seller.

The proof is in Appendix[A] In what follows, I construct a class of equilibria in the product choice

game where the seller’s payoff equals his minmax payoff 0. I call them imitation equilibria.

Proof of Theorem 1 in the Product Choice Game: For any ¢ € (0, %], I construct an equilibrium when

o < (%)K(ﬁ) = 7o and § > max{ 7, ;4

(at—1,bi—1), which takes five values @ (i.e., t =0), (H,T), (H,N), (L,T), or (L,N); (2) Player 1’s

} such that: (1) Player 2,’s action depends only on

action in period ¢t depends only on (a;—1, b;—1) and his reputation 7, which is the probability player 2,’s

belief assigns to the commitment type after observing (amax{o,1—}» -+ @t—1) and (bpaxfot—arys - be—1)-

SPlayer 1’s discount factor needs to be above some cutoff §, which ensures that the strategic type has an incentive
to play the Stackelberg action although doing so gives him a lower stage-game payoff. In the product choice game,
d(u1,u2) = max{-= }. In Appendix [A] I discuss how large § needs to be in monotone-supermodular games.

PT+1’ CN+1
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1. When t =0 or (a;—1,bi—1) = (L, N), player 2; plays N and the strategic-type player 1 plays H
with probability p; such that m + (1 — 7)p = g.

2. When (a¢—1,b—1) = (H, N), player 2; plays T with probability r = %CN and the strategic-
type player 1 plays H with probability p; such that 7 + (1 — m)py = 1/2. In the last step of this
proof, I verify that m; < ¢q/2, which implies that p; € [¢/2,1].

3. When (a;—1,b—1) = (L, T), player 2, plays T with probability ro =1 — 1%;50T and the strategic-
type player 1 plays H with probability p; such that m + (1 — m)py = 1/2.
4. When (a;—1,bi—1) = (H,T), player 2; plays T and player 1 plays H.

Player 1’s continuation value depends only on (a;—1,b;—1), which is denoted by V' (a¢—1,b;—1). One can
verify that V(H,T) =1, V(L,N) = V(@) =0, V(H,N) = S2cy, and V(L,T) =1 — ¢y,
Next, I verify players’ incentive constraints at every (a;—1,b;—1). It is straightforward to check that

player 2; best replies to player 1’s action at every (a;—1,b;—1). For player 1’s incentives,

1. Whent =0or (at—1,bi—1) = (L, N), player 1’s discounted average payoff from playing L is 0 and
his discounted average payoff from playing H is (1—06)(—cn)+0V(H,N) =0=V(L,N) = V(2).

2. When (a;—1,bi—1) = (H, N), player 1’s discounted average payoff from playing L is

1—90
(1 =0)ur(L,mT+ (1 —=r)N)+5{mV(L,T)+ (1 —r)V(L,N)} = ey =V(H,N),
and his discounted average payoff from playing H is
1-90
(1=8u(H,T+ (1 —=r)N)+{rnV(H,T)+(1-rm)V(H,N)} = ey =V(H,N).

3. When (a;—1,b;—1) = (L, T), player 1’s discounted average payoff from playing L is

1-96

(1 =8)ur(L,roT + (1 —r2)N) + 0{roV(L,T) + (1 —ro)V(L,N)} =1 — 5 T = V(L,T),
and his discounted average payoff from playing H is
1-6
(1 — 5)u1(H, roll + (1 — TQ)N) + (5{7’2V(H, T) + (1 — TQ)V(H, N)} =1- 5 cr = V(L,T).

4. When (a;—1,bi—1) = (H,T), player 1’s discounted average payoff from playing H is 1, and his

discounted average payoff from playing L is no more than 1.
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In the last step, I show that at every history where (a;—1,b;—1) # (H,T), there exists p; € [0, 1]
that satisfies the requirement in my construction. For this purpose, I only need to show that m < ¢/2
whenever (a;—1,b;—1) # (H,T), since this implies that p; € [¢/2, 1] whenever (a;—1,b—1) # (H,T).

If a;—1 = L, then player 2,’s belief attaches zero probability to the commitment type. If (a;—1,b1—1) =
(H,N), then player 2,’s belief attaches positive probability to the commitment type only when
(max{ot—K}s - @t—1) = (H, ..., H) and (bpaxfos—nrys - bi—1) = (N, N,...,N). This is because con-
ditional on player 1 being the commitment type (i.e., he plays H in every period), player 2; plays T
when b1 = T. I use 7} to denote the probability player 2;’s belief assigns to the commitment type
after observing (Gmax{0,t—K}» - @t—1) = (H, ..., H) and (bpaxfo,t—arys -+ bt—1) = (N, N, ..., N).

I show that 7} < ¢/2 by induction on t € N. First, 7§ = 79 < ¢/2 since mp < (%)K(zi_q). Suppose
7wk < q/2 for every s < t — 1. The induction hypothesis implies that in every period before ¢, the
probability that the strategic type plays H is at least ¢/2. Let P“s(:) be the probability measure
induced by the equilibrium strategy of the strategic type. Let P“<(-) be the probability measure
induced by the commitment type. Let E; be the event that (amaxio—K}, - at—1) = (H, ..., H). Let
Fy be the event that (bmaxfot—arys - b—1) = (N, ..., N). According to Bayes rule,

4 mo _ PY(EyNF)  PY(E) PY(F|E) (3.1)
1 —7'[';5k ].—71'0 PwS(Etht) PwS(Et) PwS(Ft|Et). '

Since the strategic type plays H with probability at least ¢/2 in every period before ¢, and N occurs

with lower probability under the strategy of type w. compared to that under type ws, we have

PY(Ey) _
W < (q/2) K and

PYe(Fy|Ey)

Pes(Fy| Ey) =t 32

When mp < (%)K(Q%q), and imply that 7} < ¢/2. This verifies that the constructed

strategies are feasible and incentive compatible, under which player 1’s payoff is 0. ]

According to the consumers’ strategy in imitation equilibria, consumer-t plays N with probability
1 or close to 1 when b;_1 = N, and plays T with probability 1 or close to 1 when b;_1 = T'. Hence,
imitation equilibria describe situations where the first consumer does not trust the seller and every
subsequent consumer imitates her predecessor with high probability.

I explain the mechanism behind Theorem |1 using the product choice game. Intuitively, allowing
consumers to observe other consumers’ choices has two effects. First, it provides consumers information
about the seller’s type, which may help the seller to build reputations. Second, it enables consumers to

imitate their predecessors, by which I mean consumer-t using strategy b; = b;_1 for every ¢ > 1. This
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hurts the seller’s reputational incentives since consumers’ imitation reduces the impact of the seller’s
action on future consumers’ actions. Consumers’ imitation can lead to reputation failures when the
first consumer does not trust the seller, since the seller receives a low stage-game payoff in the first
period and imitation makes consumers’ actions persistent. Imitation is feasible as long as M > 1. 1
argue that consumers’ imitation can be rationalized when K is finite no matter how large M is.

As a benchmark, imitation is not incentive compatible when every consumer observes the seller’s
entire history. This is because for every ¢ € N, either consumer-t believes that a; = H with probability
more than 1/2; in which case she has a strict incentive to play 7', or the probability consumer ¢ + 1
attaches to the commitment type after she observes a; = H is at least two times the probability
consumer-t attaches to the commitment type. When the seller plays H in every period, there can be
at most a finite number of consumers who have incentives to imitate a predecessor who played V.

In contrast, consumers’ imitation behaviors can be rationalized when each consumer observes a

bounded number of the seller’s actions and the probability of commitment type is below some cutoff:

1. Consumers may not be convinced that H will be played in the future after observing H in at
most K periods. This is because even when consumer-t believes that H will be played with
probability less than 1/2, consumer ¢+ 1’s posterior belief may not be greater than consumer-t’s
since she cannot observe a;_ . When the seller plays H in every period, consumers after period
K obtain the same information from the seller’s actions. Unlike the canonical reputation models,
there can be infinitely many consumers who are concerned that the seller is likely to be strategic

and will play L in the future. This is reflected in the first part of |D that IP;:E Egi) < (q/2)7K.

2. Although consumers can learn from other consumers’ choices, the additional information each
consumer obtained from these choices never discourages her from imitating her immediate pre-
decessor. In particular, when a consumer’s immediate predecessor played N, observing other
consumers’ choices can only lower the seller’s reputation, which encourages this consumer to

imitate by playing N as Wellﬁ This is reflected in the second part of 1' that % <1

One technical subtlety is that the seller’s payoff is 0 even when & — 1, which suggests that an
arbitrarily patient seller’s payoff is sensitive to the first consumer’s action. For intuition, let us take
K = 1. When the strategic seller exerts effort, he sacrifices his current-period payoff in exchange for
a higher continuation value, so he has a stronger incentive to do so when he is more patient or when

consumers are less likely to imitate—since the seller can boost his continuation value only when the

51f each of the last M consumers played N, then the seller’s reputation does not increase after the current consumer
observes these M consumers’ choices. If at least one of the last M consumers played T but the most recent one played
N, then the current consumer can rule out the commitment type after observing these M consumers’ choices.
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next consumer does not imitate. Hence, it is harder for consumers to distinguish between the two
types when the strategic seller is more patient. In imitation equilibria, this logic is reflected by the
observation that consumers cannot distinguish between the two types when the seller’s action affects
the next consumer’s action with probability more than O(1 — §), or equivalently, when consumers
imitate with probability less than 1 — O(1 — ). Hence, the maximal probability of imitation increases
with §, so in the worst case scenario, it takes more time for a more patient seller to obtain consumers’
trust. The prolonged process of trust building cancels out the positive effects of being more patient.

The key features of imitation equilibria are: consumers not trusting newly arrived sellers who have
no past record and consumers imitating their predecessors, the plausibility of both are supported by
empirical evidence. On consumers’ imitation, Cai, Chen and Fang (2009) find that consumers imitate
each other in the Chinese food market. Zhang (2010) finds that patients are more likely to refuse a
kidney that has been refused by earlier patients, even conditional on the objective quality of kidneys.
Cai, De Janvry and Sadoulet (2015) find that farmers in rural China are more likely to purchase
weather insurance when they were told that other farmers have purchased the insurance[’]

My no initial trust condition fits some informal markets in developing countries. For example,
Michelson et al. (2021) find that many farmers in Tanzania suspect that the fertilizers sold in local
markets are adulterated and their pessimistic beliefs about the seller’s integrity persists over time.
Such persistent mistrust contributes to the under-adoption of fertilizers.

Although details about farmers’ information structures are not available, my result suggests a
plausible explanation for the persistent mistrust between farmers and sellers. In terms of the fitness
of my model, first, farmers’ payoffs depend on the seller’s action, namely, whether the seller has
adulterated products currently sold on the market. Second, farmers are myopic, that is, they won’t
trust the seller if they believe that his products are adulterated and won’t punish the seller if they
believe that his products are authentic. Although some farmers may buy multiple times, they are
unlikely to sacrifice their current-period profits since most of them have low income and may not
afford to do so. Third, I require that every farmer observes the choice of her predecessor and a limited
number of the seller’s actions. This is plausible when farmers live close to each other—so that it is
easy to observe other farmers’ recent choices, and farmers have limited memories about the seller’s
actions. My result suggests a rationale for persistent mistrust when farmers do not trust the seller in
the beginning due to a pessimistic prior, and are unwilling to trust the seller even after they observe

him supplying authentic products in a bounded number of periods.

"Cai, De Janvry and Sadoulet (2015) write on page 82 that “...when we told farmers about other villagers decisions,
these decisions strongly influenced their own take-up choices...”, and “...if information on other villagers decisions can
be revealed in complement to the performance of the network, it can have a large impact on adoption decisions...”
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In what follows, I address several issues related to Theorem [I} Section [3.1] introduces a refinement
under which the patient player receives his minmax payoff in all equilibria that satisfy this refinement.
Sections [3.2] and explain the connections between Theorem [I|and existing results on social learning
and reputation formation. Section [3.4] uses an example to explain why consumers’ ability to observe

previous consumers’ choices is not redundant for Theorem

3.1 Equilibrium Refinement that Selects Low-Payoff Equilibria

Theorem [I] shows that the seller receives his minmax payoff in some equilibria. In this section, I
introduce a refinement such that the seller receives his minmax payoff in all equilibria that satisfy
this refinement. Let hl be player 2;’s history. Let A’ = {a € A s.t. ¥ = BRy(a)}. By definition of ¥/,
player 1’s lowest action a’ belongs to A’. Assumptions [1| and |2 imply that A’ consists of all of player

1’s actions that are below some cutoff and that player 1’s Stackelberg action a* does not belong to A’.

Proposition 1. Suppose (u1,u2) satisfies Assumptions and @ For every (5,m) € (0,1)2, player
1’s payoff equals his minmaz payoff ui(a’,b') in every PBE that satisfies the following refinement:

1. Punishment following bad outcome: For every t > 1, oo(hb) = b when by—y = b and

ai—1 € A
2. No initial trust: Player 2 plays b’ in period 0.

The proofis in Appendix In the product choice game, my refinement requires that (1) consumer-¢
does not trust the seller when the worst action profile (L, N') occurred in period t—1, and (2) consumers
do not trust a seller who newly arrives and has no past record.

Among the two conditions in my refinement, punishment following bad outcome is rather standard.
It is satisfied not only by imitation equilibria but is also satisfied by some equilibria where the seller
receives a high payoff, such as equilibria where consumers use grim-trigger strategies.

My no initial trust condition is satisfied by imitation equilibria but is violated by grim-trigger
equilibria, since grim-trigger requires consumers do trust the seller in the first period. The extent to
which consumers trust newly arrived sellers depends on the application. While there are situations
where grim-trigger fits better, there are also situations where most consumers do not trust newly
arrived sellers or trust newly arrived sellers with low probability, as suggested by the evidence I cited
earlier. Hence, no initial trust or more generally low initial trust is plausible.

In the online appendix, I examine the robustness of my refinement result. I show that in every

equilibrium that satisfies punishment following bad outcome, player 1’s discounted average payoff is
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no more than w;(a’,d’) conditional on b' being played in period 0, and his discounted average payoff
cannot significantly exceed uj(a*,b*) when § is close to 1 and 7 is close to 0. Hence, there exists a
real-valued function v(mp,d) € [0, 1] that converges to 0 when § is close to 1 and 7 is close to 0, such
that for every € € [0,1] and every equilibrium that satisfies punishment following bad outcome and

player 2 playing o’ with probability 1 — € in period 0, player 1’s equilibrium payoff is no more than

(1= 2Jura,¥) + e {n(m0,0) | mave s (a.6) + (1= y(mo. 6))n(a”, b*)} (3.3)

In the product choice game, the payoff upper bound in implies that in every equilibrium that
satisfies punishment following bad outcome, (1) the seller’s payoff must be close to his minmax payoff
if he is trusted with probability close to 0 in the first period, and (2) when the seller is patient and
the prior probability of commitment type is below some cutoff, he may receive his Stackelberg payoff

only if he is trusted with probability close to one in the first period.

3.2 Connections with Canonical Social Learning Models

The imitation equilibria constructed in the proof of Theorem [I| are reminiscent of the canonical results
on social learning. In Banerjee (1992), Bichandarni, Hirshleifer and Welsh (1992), and Smith and
Serensen (2000), a sequence of myopic players chooses their actions sequentially after observing all
predecessors’ actions and a private signal of an exogenous state. Inefficiencies take the form of herding
in the sense that myopic players ignore their private signals and imitate their immediate predecessors.

My model is analogous once we view (@max{o¢—K},--- @t—1) as player 2;’s private signal. The
conceptual difference is that in my model, the myopic players’ payoffs depend only on the patient
player’s endogenous actions but not on the patient player’s type. The myopic players never herd on
action N in imitation equilibria since their actions are responsive to the seller’s action in the period
before. Proposition [2| shows that the no bad herd conclusion applies more generally. Formally, I say
that player 2s herd on action b at h' = (as, bs)s<¢—1 if player 2s play b at h' and at every successor of

ht. Let m(h') € [0,1] be the probability player 2’s belief at h! assigns to the commitment type.

Proposition 2. Suppose players’ payoffs satisfy Assumption |1, then for every (§,m) € (0,1)2,

every b # b*, and every equilibrium, player 2s cannot herd on b at any history ht with w(h') > 0.

The proof is in Appendix[C| Proposition [2]implies that as long as player 1 imitates the commitment

8When 79 is below some cutoff and § is arbitrarily close to 1, there exist equilibria that satisfy punishment following
bad outcome and e initial trust where player 1’s payoff is arbitrarily close to (3.3)). This implies that my payoff upper
bound is tight in the sense that it can be approximately attained by some equilibria.
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type, player 2s can never herd on any action that does not best reply to a* regardless of player 1’s
discount factor, player 2’s prior belief, and the equilibrium we focus on. This implies that reputation
failure cannot be caused by myopic players herding on actions that give the patient player a low payoff.

For a heuristic explanation, once player 2s herd on action b # b*, the strategic-type player 1 cannot
affect player 2s’ future actions, so he has no intertemporal incentive. As a result, the strategic-type
player 1 will not play a* when a* is not a best reply to b in the stage gameﬂ This implies that player
2 will learn that player 1 is the commitment type upon observing a*, and hence, will have a strict

incentive to play b*. This contradicts the presumption that player 2s herd on action b, that is not b*.

3.3 Connections with Canonical Reputation Models

Fudenberg and Levine (1992) show that a patient player can secure his Stackelberg payoff in all
equilibria if (1) with positive probability, he is a commitment type who plays his Stackelberg action in
every period, and (2) every short-run player can observe the entire history of some noisy signal that
can statistically identify the patient player’s action. An elegant proof of their result is provided by

Gossner (2011). The key is to show that for any § € (0,1) and any Bayes Nash equilibrium (o7, 09),

B0 o) [ 3 ()| )] < oz 3.0

t=0

where y;(-) is the equilibrium distribution of player 2’s signals about a;, y;(-|a*) is the distribution of
player 2’s signals about a; conditional on player 1 being the commitment type, d(-||-) is the Kullback-
Leibler divergence between two distributions, and E(“*’”)[-] is the expectation operator when player 1
plays a* in every period and player 2 plays go. When player 2’s signals can identify player 1’s actions,
d(yt(‘|a*)|’yt(~)) is bounded away from 0 whenever player 2; does not have a strict incentive to play
b*. Inequality implies that in expectation, there can be at most a bounded number of periods
in which player 2s do not have strict incentives to play b*. Importantly, this upper bound does not
depend on §. This explains why player 1’s equilibrium payoff is at least uj(a*,b*) when § — 1.
Fudenberg and Levine (1992)’s model is analogous to mine when M = +o0, i.e., every consumer
can observe the entire history of her predecessors’ actions. This is because each consumer’s action
can be viewed as an informative signal about the seller’s past actions, so observing the entire history
of consumers’ choices can be viewed as observing the entire history of some noisy signal about the

seller’s actions. Inequality (3.4) applies to imitation equilibria of my model once we take y:(-) as the

9In the case where a* is player 1’s myopic best reply to b, both types of player 1 play a* in equilibrium after player
2s herd on action b. When both types of player 1 play a*, player 2 has a strict incentive to play b*, which is not b.
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equilibrium distribution of b;11 and y;(-|a*) as the distribution of b,y conditional on player 1 being
the commitment type. Consumer-t + 1’s action can statistically identify the seller’s action in period
t, so d(yt(-|a*)|’yt(-)) > 0 when player 2; does not have a strict incentive to play b*.

However, the distribution of b1 in imitation equilibria is such that d(y;(-|a*) } |yt()) —0asd— 1.
This stands in contrast to Fudenberg and Levine (1992)’s model in which d(y:(-|a*)||y(-)) is bounded
away from zero whenever player 2; does not have a strict incentive to play b*. As a result, inequality
cannot rule out situations where the expected number of periods in which player 2 has no incentive
to play b* grows without bound as § — 1. This is indeed the case in imitation equilibria, where the
prolonged process of reputation building cancels out the positive effects of increased patience.

The above discussion unveils an interesting feature of imitation equilibria: Although the patient
player can eventually guarantee a high continuation value by exerting high effort in every period, his
discounted average payoff equals his minmax payoff. Intuitively, each player 2’s action is informative
about her observations of player 1’s past actions, and every player 2 can observe the entire history of
player 2s’ actions. As a result, either player 2; strictly prefers to play b*, or all future player 2s learn
something about player 1’s type from b;. The arguments in Gossner (2011) imply that there exist at
most a finite number of periods where player 2 does not have a strict incentive to play b*. Therefore,
the patient player 1 can eventually secure a high continuation value by playing a* in every period. This

logic generalizes to all equilibria when every consumer can observe all of her predecessors’ choices.

Proposition 3. Suppose M = +oo and players’ payoffs satisfy Assumptions and @E For every
(6,m0) € (0,1)% and every strategy profile (o1,02) that is part of a PBE, we have

K 1
(a*,02 > * 1% * 7/
htlgégf E { g ui(as, bs) ] > K+1u1(a ,0%) + K+1u1(a ). (3.5)

When g is small and § is large, there exists an equilibrium such that holds with equality.

According to Proposition [3] the informed player’s undiscounted average payoff from playing the
Stackelberg action is at least a fraction KLH of his Stackelberg payoff plus a fraction ﬁ of some low
payoff ui(a*,b). This is true for all equilibria, all discount factors, and all prior beliefs. This lower
bound is tight in the sense that it can be attained by some equilibria when 7 is small and ¢ is large.

When the right-hand-side of is strictly greater than uq(a’,b’), the patient player 1 can guar-
antee an asymptotic payoff that is strictly greater than his minmax payoff by playing a* in every

period. The only way to reconcile this conclusion and Theorem [1| is that when player 1 plays a* in

197 show in the online appendix that Proposition 3 is not true when M is finite, in the sense that there exist equilibria

where player 1’s undiscounted average payoff from imitating the commitment type equals his minmax payoff ui(a’,’).
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every period, it takes more time for him to secure this high asymptotic payoff when ¢ is larger. It is
the prolonged process of reputation building that cancels out the direct effects of increased 6.

The proof of Proposition [3]is in Appendix For a heuristic explanation, Assumption [2] implies
that a* is suboptimal for player 1 in the stage game. Therefore, for every ¢ € N, either the strategic
type has no incentive to play a* in period t, or (bit1, ..., by i) is informative about a;. In the first case,
players 2,41 to 2,4k learn that player 1 is committed after observing a; = a*. By playing a* in every
period, player 1’s average payoff from period ¢t to ¢t + K is at least a fraction KLH of his Stackelberg
payoff plus ﬁ times his minimal stage-game payoff. In the second case, all future player 2s observe
an informative signal about a; given that M = +o00. According to the arguments in Fudenberg and
Levine (1992) and Gossner (2011), player 2s’ posterior beliefs attach probability close to 1 to the
commitment type after a finite number of periods with learning. The two parts together imply that

player 1’s asymptotic payoff is no less than the right-hand-side of (3.5)).

3.4 Detrimental Effects of Consumers’ Observational Learning

I focus on the product choice game where 0 < ¢y < ¢y, i.e., players’ actions are strategic complements.
I show that the patient seller’s payoff is arbitrarily close to his Stackelberg payoff 1 in all equilibria
when every consumer can only observe the seller’s action in the period before but cannot observe any
other consumer’s action, i.e., (K, M) = (1, O)E This stands in contrast to Theorem |1, which shows
that the seller receives his minmax payoff 0 in some equilibria when every consumer can also observe
her immediate predecessor’s action (i.e., M > 1). The comparison between these two conclusions
suggests that consumers’ ability to observe other consumers’ choices can hurt the patient seller.
Since M = 0, consumers may not know calendar time ¢. Each consumer has a prior belief about
t, observes the seller’s action in the period before, and updates her belief about ¢ using Bayes Rule.
For example, if a consumer observes a;_1 = &, then she knows that ¢ = 0; if she observes a;_1 = H or
a¢—1 = L, then her posterior belief about ¢ is not degenerate. I provide an interpretation of the seller’s

discount factor ¢ in order to make consumers’ prior belief about calendar time well-defined.

1. Let 6; € (0,1) be the seller’s survival rate, namely, the seller survives in the next period with

probability 41, and exits the market with probability 1 — §; after which the game ends.

2. Let 02 € (0,1) be the seller’s time preference, namely, the seller is indifferent between one unit

of payoff in period t and Jo unit of payoff in period ¢ — 1.

"Liu and Skrzypacz (2014) study the case where the seller’s cost is greater when consumers trust him, i.e., 0 < cx < cr.
Section 4 of Sperisen (2018) studies the case where ¢y = cr.
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By definition, § = §162. Under this interpretation of the seller’s discount factor, consumers’ prior

belief attaches probability (1 — §1)d¢ to the calendar time being tB

Proposition 4. Suppose in the product choice game, 0 < cp < cy and (K, M) = (1,0). For every
mg > 0, there exists § € (0,1), such that when § > 9, the seller’s payoff is at least 6 — (1 — d)cen in
every PBE.

The proof is in Appendix [E] In the online appendix, I generalize this result to a class of games
where players’ actions are strategic complements. Intuitively, M = 0 implies that b; only affects the
seller’s stage-game payoff in period ¢, K = 1 implies that the seller has an incentive to play a;—1 = H
only if it increases consumer-t’s probability of playing 7', and ¢y > c¢p implies that the seller has a

stronger incentive to play a; = H if consumer-t plays T with higher probability. I consider two cases:

1. When playing H does not increase the probability of being trusted in the next period, the
strategic seller has no incentive to play H. This implies that consumers will be convinced that
the seller is the commitment type after observing action H, and will have a strict incentive to

play T'. Hence, the strategic seller can secure his Stackelberg payoff by playing H in every period.

2. When playing H increases the probability of being trusted in the next period, I show in Appendix
[E] that when ¢; is close to 1, either consumer-t has a strict incentive to play 7' when a;—; = H,
or the seller has an incentive to play H in period ¢ when a;—1 = LH The seller obtains at
least his Stackelberg payoff in the first case. In the second case, since the seller’s stage-game
payoff function is strictly supermodular and consumer-t plays 7" with higher probability when
ar—1 = H, the seller must have a strict incentive to play H when a;_1 = H as long as he has
a weak incentive to play H when a;_1 = L. If the strategic-type seller has a strict incentive to

play H when a;—1 = H, then consumer-t has a strict incentive to play 7" when a;—1; = H.

The two cases together imply that the patient seller receives payoff at least 1 in all equilibria.

In contrast, allowing consumers to observe their predecessors’ choices leads to a richer set of feasible
strategies for the consumers and as a result, a larger set of equilibria. Allowing both players to observe
previous consumers’ choices also weakens the implication of supermodular stage-game payoffs, since

players can coordination their continuation plays on these commonly observed actions. Hence, it is not

12\When 6, = 1, consumers have an improper uniform prior belief about calendar time. When §; < 1, consumers’ prior
belief about calendar time is well-defined. Fixing §, the values of §; and d2 do not affect Theorem

BIntuitively, when the strategic seller has no incentive to play H in period ¢t when a;—1 = L, he will never play H if
he has played L before. When §; is close to 1, consumers’ beliefs attach probability close to 1 to the calendar time ¢
being large. If a;—1 = H for some large enough ¢, then either the seller is the commitment type, or he is the strategic
type who plays H in the long run. In both cases, consumers have strict incentives to play T' after observing action H.
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necessarily the case that the seller has a stronger incentive to exert high effort when consumers trust
him with higher probability in the current period. This leads to equilibria where the seller receives a

low payoff, such as the imitation equilibria constructed in the proof of Theorem

4 Extension: Reputation with Contemporaneous Information

Motivated by the social learning models of Banerjee (1992), Bichandarni, Hirshleifer and Welsh (1992),
and Smith and Sgrensen (2000), I study an extension where each player 2 observes player 1’s actions
in the last K periods, the entire history of player 2s’ actions (i.e., M = +00), and a private signal s;
about player 1’s current-period action a;. Whether player 1 can observe s; is irrelevant for my results.
Let s; € S where S is a countable set. Let f(s¢a¢) be the probability of s; when player 1’s action is a;.

I restrict attention to signal distributions that satisfy a monotone likelihood ratio property (MLRP).

MLRP. The distribution of player 2’s private signal satisfies MLRP if there exists a complete

order on S, =g, such that f(s|a)f(s'|a’) > f(s'|a)f(s]a’) for every a =4 a' and s g s'.

I replace >4, »=p, and g with > in order to simplify notation. Whether player 1 can guarantee
his Stackelberg payoff in all equilibria depends on whether player 2’s private signal is unboundedly

informative about player 1’s Stackelberg action a*.

Unbounded Informativeness. Player 2’s private signal is unboundedly informative about a* if

for every L > 0, there exists s € S, such that f(s|a*) > Lf(s|a) for every a # a*.

My notion of unbounded informativeness is similar to that in Smith and Sgrensen (2000)@ When
S is a finite set, unbounded informativeness requires the existence of s* € S such that f(s*|a) > 0 if

and only if a = a*. When S is countably infinite, f(:|a) can have full support for every a € A, as long

f(snla*)
f(snla)

For an interpretation of s;, consider a regulator who only has the budget to inspect an ¢ fraction of

as there exists a sequence {s, }neny C S such that lim, 4 = +oo for every a # a*.

sellers in every period and can issue certificates to the ones that are being inspected. The certificate can
be modeled as the private signal s; when the current-period consumer can notice the certificate before
deciding what to buy. MLRP implies that the seller is more likely to obtain a good certificate when
he exerts higher effort. If S is a finite set, then consumers’ private signal is unboundedly informative
about a* when the seller can obtain a good certificate only if he plays a*. This is the case, for example,

when the certificate reveals the seller’s action with probability € > 0.

MEirst, when S is infinite, I allow for, but does not require, signal realizations that can perfectly rule out some of player
1’s actions, while Smith and Sgrensen (2000) require the signal distribution to have full support conditional on every
state. Second, I restrict attention to S that is countable while Smith and Sgrensen (2000) allow S to be uncountable.
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Theorem 2. Suppose players’ payoffs satisfy Assumptions[1] and[3, every player 2 can observe all
previous player 2s’ choices, player 2’s private signal satisfies MLRP, and is unboundedly informative
about a*. Then for every prior belief 7y > 0 and constant ¢ > 0, there exists 6* € (0,1) such that

player 1’s payoff is at least uy(a*,b*) — € in all equilibria when § > 0*.

For every a # a*, a* is not strongly separable from a if there exists € > 0 such that f(s|a) > ef(s|a*)
for every s € S. If player 2’s private signal is unboundedly informative about a*, then there exists
no a # a* such that a* is not strongly separable from a. However, player 2’s private signal not being
unboundedly informative about a* does not imply that a* is not strongly separable from some a # a*.
Theorem [3] shows a partial converse of Theorem [2] when player 2s’ private signals cannot strongly

separate the Stackelberg action a* from the lowest action a’.

Theorem 3. Suppose players’ payoffs satisfy Assumptions[]] and[3, every player 2 can observe all
previous player 2s’ choices, player 2’s private signal satisfies MLRP, and a* is not strongly separable
from o' . For every K € N, there exists 79 € (0,1) such that for every my < 7o and & large enough,

there exists an equilibrium where player 1’s payoff is ui(a’,b').

The proofs are in Appendix [F} Theorem [2] implies that the patient player can guarantee his S-
tackelberg payoff in all equilibria when each of his opponents can observe the entire history of their
predecessors’ choices and an unboundedly informative private signal about the patient player’s current-
period actionE Theorem [3| extends the reputation failure result of Theorem |I| to situations where K
is finite, M is infinite, and player 2; observes a private signal about a; before choosing b;.

When |A| = 2, every signal distribution satisfies MLRP. Since Assumption [2| requires that a* # o/,
we have A = {a*,d’}. The private signal is not unboundedly informative about a* if and only if a* is
not strongly separable from a’. Hence, the private signal being unboundedly informative about a* is
both necessary and sufficient for player 1 to secure his Stackelberg payoff in all equilibriam

The above conclusion is reminiscent of a well-known result in Bichandarni, Hirshleifer and Welsh
(1992) and Smith and Sgrensen (2000). They show that in canonical social learning models where
there are two states, every myopic player has a finite number of actions, and all players share the same
payoff function, the myopic players’ actions are asymptotically efficient if and only if their private

signals are unboundedly informative about the payoff-relevant stateﬂ

15 Theorem [2 only establishes a common property of all equilibria but does not establish the existence of equilibrium.
When S is infinite, the existence of equilibrium does not follow from the canonical result of Fudenberg and Levine (1983).
I provide a constructive proof for the existence of equilibrium in Appendix [IF.2)

16\When |A] > 3, MLRP cannot be dropped and the condition in Theorem |3|cannot be replaced by “the private signal
not being unboundedly informative about a*”, or “a* is not strongly separable from a' for some a' ¢ {a*,a’}".

e (1993) shows that asymptotic efficiency can be achieved under boundedly informative signals when players have
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My model differs from Smith and Sgrensen (2000) since the myopic players’ payoffs depend only on
the action profile but do not depend on the persistent state—which is player 1’s type in my model. My
analysis focuses on the patient player’s discounted average payoff instead of his asymptotic payoff or
the asymptotic outcome. In fact, the myopic players asymptotically learning about the persistent state
is neither necessary nor sufficient for the patient player to receive a high discounted average payoff. It
is not necessary since player 2’s payoff depends only on the action profile but not on player 1’s type.
For example, suppose player 2s believe that the strategic-type player 1 plays a* in every period, they
cannot learn about player 1’s type but player 1 can receive his Stackelberg payoff u; (a*, b*) by playing
a* in every period. It is not sufficient since in imitation equilibria, player 1’s asymptotic payoff is
u1(a*,b*) but his discounted average payoff is ui(a’,b") no matter how patient he is.

I sketch the proof of Theorem [2in the case where S is finite, under which there exists s* € .S such
that f(s*|a) > 0 if and only if a = a*@

A rough intuition is that player 2; observing an unboundedly informative private signal s; about
a; guarantees a positive lower bound on the informativeness of player 2;’s action b; about a;. Unlike
imitation equilibria where the informativeness of b; about a;—1 vanishes to 0 as § goes to 1, the
informativeness of b; about a; is bounded away from zero for all § € (0,1). Since every player 2 can
observe all of her predecessors’ actions, the arguments in Fudenberg and Levine (1992) and Gossner
(2011) imply that the patient player receives at least his Stackelberg payoff in all equilibria.

A more detailed explanation proceeds in two steps, which highlights the role of unbounded infor-
mativeness and MLRP. First, I examine whether player 2,’s action is informative about her private
signal s;. Intuitively, b; can be uninformative about s; for two reasons: (1) player 2; is unwilling to
play b* no matter which s; she observes, and (2) player 2; is willing to play b* no matter which s,
she observes. Since s; is unboundedly informative about a*, player 2 has a strict incentive to play b*
when she observes s; = s*. This rules out the first possibility. When player 2; is willing to play b* no
matter which s; she observes, player 1’s stage-game payoff is uj(a*,b*) when he plays a* in period t.

Second, I examine whether player 2;’s action is informative about player 1’s type. When player 1’s

action choice is binary, i.e., A = {a*,d’}, player 2; is willing to play b* if and only if J}((‘Z“Z,)) is above

some cutoff. This implies that Pr(b; = b*|a; = a*) — Pr(b; = b*|a; = a’) > 0. Since player 2; plays b*

a rich set of actions (e.g., a continuum). When the states, actions, and signals can be ordered such that players’ payoffs
satisfy single-crossing differences, Kartik, Lee and Rappoport (2021) show that asymptotic efficiency can be achieved as
long as the signal distribution satisfies directionally unbounded beliefs, which is weaker than unbounded informativeness.

'8When S is infinite and the signal is unboundedly informative about a*, there exists a nonempty subset S(r) C S for
every m € (0,1) such that when the prior probability of commitment type is at least 7 before player 2; observes s¢, she
has a strict incentive to play b* after observing any s; € S(r). See Lemma in Appendix for details.
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after observing s* which occurs if and only if player 1 plays a*, there exists ¢ > 0 such that
Pr(b; = b*|ay = a*) — Pr(by = b*|ay = a’) > ¢(1 — Pr(by = b*|ay = a*)), (4.1)

i.e., the informativeness of b; about a; is bounded from below by some positive function of 1 — Pr(b; =
b*la; = a*). For every v € (0,1), when Pr(b; = b*|a; = a*) < 1 — v, the strategic type plays a* with
probability bounded away from 1, so the informativeness of b; about player 1’s type is bounded from
below by a strictly positive function of v.

When player 1 has three or more actions, player 2,’s incentive to play b* can no longer be summa-
rized by a likelihood ratio. As a result, player 2;’s action can be uninformative about player 1’s type
even when the private signal is unboundedly informative about a* and b; is informative about s;. 1
provide a counterexample in Section [£.I] Nevertheless, when the private signal satisfies MLRP, b; is
informative about player 1’s type in every period where Pr(b; = b*|a; = a*) # 1.

Formally, for every o € A(A) and 8 : S — A(B), let v(a,8) € A(B) be the distribution of b
induced by («a, ). I show in Lemma of Appendix [F| that there exists ¢ > 0 such that for every
v e (0,1), every a € A(A) such that a* belongs to the support of «, and every § that best replies
to «, if the probability of b* under y(a*, 3) is less than 1 — v, then the Kullback-Leibler divergence
between v(a, 3) and y(a*, B) is at least cv?. This implies that when player 1 imitates the commitment
type, either b* occurs with probability at least 1 — v under (a*, ), or the informativeness of b, about
player 1’s type, measured by the Kullback-Leibler divergence between the distribution induced by the
equilibrium strategy and the distribution induced by the commitment type, is bounded away from 0.

Back to the discussion on the connections between my results and the canonical reputation results
in Section Inequality also applies to my model with contemporaneous private signals once
we view y(+) as the equilibrium distribution of b; and y;(-|a*) as the distribution of b; conditional on
player 1 being the commitment type. The above discussion implies that when player 2’s private signal
is unboundedly informative about a¢* and satisfies MLRP, there exists a strictly increasing function
g :[0,1] — R such that g(0) = 0 and d(yt(-|a*)|’yt(-)) > g(v) when player 2; plays b* with probability
less than 1 — v. Inequality implies that for every v € (0,1), the expected number of periods
where Pr(b; = b*|a; = a*) < 1 — v is bounded from above and this upper bound depends only on v
and is independent of §. Hence, for every v > 0, there exists § € (0,1) such that when § > ¢, player 1

receives at least a fraction 1 — v of uj(a*,b*) when he plays a* in every period.
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4.1 Conditions in Theorems 2 and 3

Bounded Informativeness: I use an example to explain why “a* is not strongly separable from

1%

a’” in Theorem [3| cannot be replaced by a weaker condition that “consumers’ private signal s; is not

unboundedly informative above a*”. Suppose players’ stage-game payoffs are

- b* v
a | 1,4 | =2,0

a* | 2,1 | 1,0

al3,-2] 00

Let S = {3, s*, s}, with f(5]a) = 2/3, f(s*[a) = 1/3, f(5]a*) = 1/3, f(s*|a*) = 2/3, and f(s|a) = 1.
One can verify that players’ stage-game payoffs are monotone-supermodular when player 1’s actions
are ranked according to @ = a* = a, and player 2’s actions are ranked according to b* = b’. When
signal realizations are ranked according to § > s* > s, the signal distribution satisfies MLRP, and is
not unboundedly informative about a*. Player 1’s payoff is at least 2 in every equilibrium. This is

because when he plays a*, player 2 observes either s* or 5, and has a strict incentive to play b*.

Not Strongly Separable from Other Actions: I use an example to explain why in Theorem
“a* is not strongly separable from a’” cannot be replaced by “a* is not strongly separable from af for

some af ¢ {a*,a’}”. Suppose player 1’s stage-game payoff is given by the following matrix:

o et Y| Y
a* | 5| —2| 3| -4
al | 6| -1]-2]-3
7T 21| -1
a | 8] 3]21]0

Player 2’s stage-game payoff function is such that b* is a strict best reply to a*, b' is a strict best reply
to af, b is a strict best reply to a”, and ' is a strict best reply to a’.

Suppose S = {s*,s",s'} such that f(s'|a’) = 1 and f(s'|la) = 0 for every a # a’. For every

s € {s*,s"} and a € {a*,a',a"}, we have f(s|a) > 0, and }cg,/‘zg is strictly increasing in a.

Players’ stage-game payoffs satisfy Assumptions [I| and [2f once we rank player 1’s actions according
to a* = af = ¢’ = @/ and player 2’s actions according to b* = bl = b = V. The signal distribution
satisfies MLRP once we rank the signal realizations according to s* = s” = s’. Player 1’s Stackelberg

action is a*, which is not strongly separable from af.
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Player 1’s commitment payoff from a' is —1, which is strictly less than his minmax payoff 0. Hence,
there exists no equilibrium in which player 1’s payoff equals his commitment payoff from af.

Next, I show there is no equilibrium where player 1’s payoff equals his minmax payoff 0. Since player
1 is the commitment type with positive probability, both s* and s” occur with positive probability
in period 0. Since both s* and s” occur on the equilibrium path, player 2’s action is supported in
{b*,bt, "} after she observes s* or s”. Suppose player 1 plays a” in period 0, player 2y observes either
s* or s, so her action is supported in {b*,b',b”}. This implies that player 1’s stage-game payoff in
period 0 is at least 1 and his expected continuation value after playing a” is at least 0 in any PBE.
Hence, player 1’s discounted average payoff is strictly greater than his minmax payoff 0 in all PBEs.

One can obtain a higher payoff lower bound under the following refinement of PBE: For every
history h* no matter whether it is on-path or off-path, player 2;’s posterior belief about a; after
observing s is supported in A(s;) = {a € A|f(s¢|a) > 0}. In every PBE that satisfies this refinement,
suppose player 1 deviates and plays a” in every period, then at every history, player 2 must be playing
some mixed action supported in {b*, bt b }. Hence, player 1’s discounted average payoff from playing

a” in every period is at least 1, so his equilibrium payoff in every refined PBE must be no less than 1.

MLRP: In order to demonstrate that MLRP is not redundant, consider the following game:

- b* b

a| 1,4 | -2,0

a* | 2,1 | —1,0

a |3,-2| 0,0

Let S = {5, s*, s}, with f(s*|a*) =2/3, f(s|a*) =1/3, f(58la) =1, f(5la) = 1/3, and f(s|a) = 2/3.

Players’ payoffs satisfy Assumptions [l| and [2] when player 1’s actions are ranked according to
a = a* > a and player 2’s actions are ranked according to b* = b’. Player 1’s Stackelberg action is a*,
his Stackelberg payoff is 2, s; is unboundedly informative about a*. However, MLRP is violated.

I construct an equilibrium where player 1’s payoff is 1, which is bounded below his Stackelberg
payoff 2. The strategic-type player 1 plays a mixed action that depends only on player 2’s posterior
belief about his type. If player 2’s posterior belief assigns probability 7 to the commitment type, then
the strategic-type player 1 plays a(m) € A(A) such that (1—n)-a(r)+7-a* = 0.5-a*+0.25-a4+0.25-a.
Player 2; plays b* if s; € {s*, 5}, and plays V' if s; = s.

This strategy profile is an equilibrium since player 1’s expected stage-game payoff is 1 no matter

which action he plays, and his continuation value is independent of his current-period action. Player 2
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has a strict incentive to play b* after observing 5 or s*, and has an incentive to play b’ after observing
s. Regardless of player 1’s type, the probability with which player 2 plays b* in each period is 2/3.
In the above example, b; is uninformative about player 1’s type despite the probability of b; = b*
is bounded away from 1. As a result, even when player 1 builds a reputation for playing a*, player 2
can still play b’ with significant probability in unbounded number of periods. This explains why the

patient player’s equilibrium payoff is bounded below his Stackelberg payoff in some equilibria.

5 Concluding Remarks

I examine a patient seller’s returns from building reputations when consumers have limited access to
his past records and can learn from other consumers’ choices.

My main result shows that consumers’ observational learning can lead to reputation failures. This
is because observing other consumers’ choices enables consumers to imitate their predecessors, and
consumers’ imitation behaviors can be rationalized when each of them observes at most a bounded
number of the seller’s actions. When every consumer imitates her predecessor with high probability,
the seller receives a low payoff as long as he receives a low stage-game payoff in the first period. I also
show that the seller receives his minmax payoff in all equilibria where consumers do not trust him
when he first arrives and do not trust him when the worst action profile occurred in the period before.
In contrast, the seller receives at least his Stackelberg payoff in all equilibria when each consumer
also observes a unboundedly informative private signal about his current-period action. I conclude by

reviewing the related literature on social learning and reputation formation.

Social Learning: In the case where M = +00, my model is analogous to a social learning model
where a sequence of myopic players observes their predecessors’ choices and some private signals (e.g.,
the long-run player’s actions in the last K periods) in order to forecast the long-run player’s current-
period action. This stands in contrast to the social learning models in Banerjee (1992), Bichandarni,
Hirshleifer and Welsh (1992), Lee (1993), Smith and Sgrensen (2000), Bose, Orosel, Ottaviani and
Vesterlund (2006), and Kartik, Lee and Rappoport (2021) in which a sequence of myopic players
learns about an exogenous payoff-relevant state, rather than some endogenous actions.

Due to differences in the object to learn, the myopic players asymptotically learn about the patient
player’s type is neither sufficient nor necessary for the patient player to receive a high discounted
average payoff in my model. The differences in the object to learn also leads to different forms of

inefficiencies. In canonical social learning models, inefficiencies arise when myopic players ignore their
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private signals and herd on some inefficient action. In contrast, the myopic players can never herd on
any action other than b* in any equilibrium of my baseline modelE

In terms of research question, I examine the effects of social learning on a patient player’s discounted
average payoff. This stands in contrast to existing results that focus on players’ asymptotic beliefs,
players’ asymptotic rates of learning (e.g., Gale and Kariv 2003, Hann-Caruthers, Martynov and
Tamuz 2018, Harel, Mossel, Strack and Tamuz 2021), and players’ asymptotic payoffs (e.g., Rosenberg
and Vieille 2019)@ As demonstrated by the imitation equilibria in the constructive proof of Theorem
the patient player’s discounted average payoff can be low even though his asymptotic payoff is high.

My paper is also related to social learning models with bounded memories. Drakopoulos, Ozdaglar
and Tsitsiklis (2012) study a model where a sequence of myopic players learns about an exogenous
state. Every player observes a private signal and the actions of her last M predecessors. They show
that learning is possible when M > 2 but not when M = 1. In contrast, the myopic players in
my model are learning about the endogenous behaviors of a strategic long-run player instead of an
exogenous state. As a result, the informativeness of their private signal (which is the patient player’s
actions in the last K periods in my model) is also endogenous. In contrast to their conclusion which
highlights the distinction between the case where M = 1 and the case where M > 2, the values of K

and M do not play an important role here as long as K is finite and M is at least one.

Reputation Failure: Theorem is related to the literature on reputation failures. Schmidt (1993),
Cripps and Thomas (1997), and Chan (2000) assume that the uninformed player is forward-looking.
They show that reputation fails in the sense that there exist equilibria in which the informed player
receives a low payoff. The takeaway from their analysis is that the informed player’s patience helps
reputation building while the uninformed player’s patience hurts reputation building.

In contrast, my analysis highlights another effect, that the informed player’s patience makes it
hard for his opponents to distinguish between the commitment type and the strategic type. This
effect does not affect the patient player’s payoff when his opponents observe his entire history, but
plays an important role when each of his opponents only observes a bounded number of his actions.

When each uninformed player receives limited information, there is a rationale for her to imitate her

9T0gina, Lukyanov and Shamruk (2019) study a social learning model in which every myopic player observes a
private signal about a patient player’s action. They show that the patient player exerts high effort only when the myopic
players’ beliefs are intermediate. Their logic is similar to the one in Banerjee (1992) and Bichandarni, Hirshleifer and
Welsh (1992). Board and Meyer-ter-Vehn (2020) study a model of innovation adoption in which players learn about a
persistent exogenous state, and characterize the rate of learning under different network structures.

20Rosenberg and Vieille (2019) bound the discounted sum of a sequence of myopic players’ payoffs when they learn
about an exogenous state. Che and Horner (2018) and Smith, Sgrensen and Tian (2021) characterize mechanisms that
maximize a sequence of myopic players’ discounted average payoff when they learn about an exogenous payoff-relevant
state. None of these papers examine what happens when players learn about the endogenous actions of a patient player.
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predecessor, and her imitation behaviors wipe out the seller’s returns from building reputations.

Ely and Viliméki (2003), Ely, Fudenberg and Levine (2008), and Deb, Mitchell and Pai (2021)
focus on participation games where the uninformed player(s) can take an action under which the
informed player receives his minmax payoff and future uninformed players cannot learn about his
current-period action@ This lack-of-identification problem leads to equilibria with low payoffs. Deb
and Ishii (2021) show that lack-of-identification occurs when uninformed players do not know the
monitoring structure. In contrast, the uninformed players cannot shut down learning in my model
and consumers’ actions in imitation equilibria can statistically identify the seller’s past actions.

Bai (2021) studies a model where the seller is either a low-cost type who may exert effort or a
high-cost type who never exerts effort. Every consumer observes a noisy signal of the seller’s effort
and communicates the realized signal to all future consumers. She shows that the low-cost type has no
incentive to exert effort when (1) ¢ is low, (2) consumers’ prior belief attaches low enough probability
to the low-cost type, and (3) the fixed cost of establishing a reputation is high enough. In contrast,
reputation effects fail in my model since consumers have limited observation of the seller’s past actions
and can observe previous consumers’ choices. I introduce a refinement and show that the seller’s payoff

equals his minmax payoff in all equilibria that satisfy this refinement, no matter how patient he is.

Reputation Models with Limited Memory: Liu (2011) and Liu and Skrzypacz (2014) study
reputation models where consumers observe a bounded number of the seller’s actions but cannot
observe other consumers’ choices[? T show that consumers’ ability to observe other consumers’ choices
can lead to qualitatively different predictions. First, my reputation failure result needs consumers
to observe other consumers’ choices, as demonstrated by the comparison between Theorem [I| and
Proposition 4. Second, in terms of players’ equilibrium behaviors, the reputation cycles in Liu and
Skrzypacz (2014) cannot arise in my model due to consumers’ observational learning.

In Kaya and Roy (2020), a long-lived seller has persistent private information about his quality
and decides whether to accept a myopic consumer’s offer in every period. Quality affects both the
seller’s production cost and consumers’ valuations. That is, values are interdependent in their model.
When each consumer observes a bounded number of the seller’s past actions but cannot observe
previous consumers’ price offers, they show that longer records can hurt the high-quality seller due

to the low-quality seller’s incentive to imitate. In contrast, the consumers’ payoffs in my model do

2Levine (2021) studies a model where signals are less informative when the uninformed players do not participate.

22Heller and Mohlin (2018) and Bhaskar and Thomas (2019) study repeated games with random matching in which
players cannot observe their opponents’ actions taken more than K periods ago. They show that cooperation is sus-
tainable in repeated prisoner’s dilemma when payoffs are supermodular but not when payoffs are submordular, and that
cooperation is sustainable in games with one-sided moral hazard when observations of opponents’ past play are noisy.
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not directly depend on the seller’s type and each consumer can observe at least one other consumer’s
action in addition to a bounded number of the seller’s actions. In contrast to their conclusion that
longer memories of the seller’s actions may hurt the high-quality seller, I show that consumers’ ability

to observe other consumers’ choices can also hurt the seller.
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A  Proof of Theorem 1

Since a* # a/, a’ is the lowest action, and wuq(a,b) is strictly decreasing in a, we know that u;(a’,b’) <
ui(a*,b*). T normalize player 1’s payoff function by setting uq(a’,d’) = 0 and uq(a*,b*) = 1. Assump-
tion [2[ implies that u;(a,bd’) < 0 for every a = @’ and u(a,b*) > 1 for every a < a*.

Let ¢ be the largest ¢ € [0,1] such that o’ is not player 2’s strict best reply to mixed action
ga* + (1 — q)a’. Let g be the smallest ¢ € [0,1] such that b* is not player 2’s strict best reply to
mixed action ga* + (1 — ¢)a’. Assumption [l| implies that b* is a strict best reply to a* and ¥ is
a strict best reply to a’. Hence 0 < ¢ < 7 < 1 and there exist b** # b’ and b” # b* such that
{b**,'} € BRa(ga* + (1 — ¢)a’) and {b*,0"} C BRa(ga* + (1 — g)a’). Assumption [2| implies that

b* = V", b** = b/, and b* = V. I consider the following three cases separately.
Case 1: b* =0 and V/ = V"
Case 2: b* =" = 0™ = V.
Case 3: b* = V' =b" - V'.

First, I construct equilibria in which (1) player 1’s ex ante payoff is 0, (2) player 2;’s action depends
only on (a;—1,b;—1), (3) player 1’s action in period ¢ depends only on (a;—1,b;—1) and player 2’s
posterior belief about player 1’s type, (4) player 1 plays either a* or @’ on the equilibrium path, and
(5) if at—1 ¢ {d’,a*}, then the continuation play proceeds as if (a;—1,b:—1) = (a’, by—1). Since uq(a,b)
is strictly in @ and o’ is player 1’s lowest action, the strategic-type player 1 strictly prefers a’ to actions

other than a* and o’ at any private history. I comment on d(uj,u2) by the end of this section.

Case 1: b* = b* and 0/ = V" In this case, ¢ = ¢ = ¢. The construction resembles that in the

product choice game after replacing H with a*, L with o/, T with b*, and N with ¥'.

1. When (a¢—1,bi—1) = (d’,b’) or @. Player 2 plays &'. The strategic type player 1 mixes between
a* and o'. His probability of playing a*, denoted by p;, satisfies m + (1 — 7)pr = q.

2. When (a;—1,b,—1) = (a*, V). Player 2 plays b* with probability —15%u (a*,?') and plays ¥ with
complementary probability. The strategic type player 1 mixes between a* and a’. His probability

of playing a*, denoted by p;, satisfies m + (1 — m)pr = q.

3. When (a;—1,b—1) = (d/,b*). Player 2 plays b* with probability w and plays b’ with
complementary probability. The strategic type player 1 mixes between a* and a’. His probability
of playing a*, denoted by py, satisfies m + (1 — m)pr = q.
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4. When (a;—1,bi—1) = (a*,b*), player 2 plays b* and player 1 plays a*.

—K-1
Suppose my < (%) . Verifying players’ incentive constraints and that player 2’s posterior belief
attaches probability less than ¢/2 to the commitment type at every history where (a;—1,bi—1) # (a*,b*)

follows from the same steps as in the product choice game, which I omit in order to avoid repetition.

Case 2: b* = V' = v = I/ Consider the following strategy profile, which is parameterized by
r(a*,b'), r(a*,b"), r(d’,b*), and r(a’,b*™), all of them belong to (0,1) and will be specified later on.

Recall that m; is player 2;’s belief about the commitment type.

1. When (a;—1,bi—1) = (d/, ') or (a/,b") or @. Player 2 plays b'. The strategic type player 1 mixes
between a* and o’. He plays a* with probability p; such that m + (1 — m)p; = g

2. When (a;—1,b:—1) = (a*,'). Player 2 plays b** with probability r(a*,b’) and o with comple-
mentary probability. The strategic type player 1 mixes between a* and a/. He plays a* with

probability p; such that m; + (1 — m)p: = ¢.

3. When (a;—1,bi—1) = (a*,b"”). Player 2 plays b** with probability r(a*,b"”) and b' with comple-
mentary probability. The strategic type player 1 mixes between a* and a’. He plays a* with

probability p; such that m; + (1 — m)ps = ¢.

4. When (at—1,bi—1) = (a/,b*). Player 2 plays b* with probability r(a’,b*) and b” with comple-
mentary probability. The strategic type player 1 mixes between a* and a’. He plays a* with
probability p; such that m + (1 — m)pr = G.

5. When (a;—1,b—1) = (a’,b**). Player 2 plays b* with probability r(a’,b**) and b” with comple-
mentary probability. The strategic type player 1 mixes between a* and a/. He plays a* with

probability p; such that m + (1 — 7)py = G.
6. When (a;—1,bi—1) = (a*,b*) or (a*,b**). Player 2 plays b* and player 1 plays a*.

Player 2’s incentive constraint at every history is satisfied. Next, I compute player 1’s continuation
value in period t for every (a;—1,b;—1), which I denote by V(a;—1,b;—1). Then I verify player 1’s
incentive constraints. From the descriptions of players’ strategies from (1) to (6), we know that V(&) =
V(d, V)=V (V') =0and V(a*, b**) = V(a*,b*) = 1. Player 1’s indifference at (a;—1,b;—1) = (a’, V)

implies that
1—-90
)

Via* V) = — uy(a*, V). (A.1)
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Since (1 — d)ui(a*,0') + 0V (a*, V') = (1 — §)ui(a', V') + dui(a’,b") = 0, player 1 is indifferent when
(at—1,b—1) € {(d', V"), (a*, V), (a*,1")} if and only if

(1= 8)us(a,b™) + 6V (a',b*) = (1 — §)ur (a*,b™) + 6V (a*,0™) = (1 — S)us (a*,0™) + 5, (A.2)

which implies that
1—90

V !/ **:1_
(a/,6%) .

(u1 (a',b™) — uy(a*,b™) ) (A.3)
>0

Let V(d’,b*) be such that player 1 is indifferent when (a;—1,b:—1) = (a*,b*). This yields:

1—(1—=290)ui(d,b*)
5 :

V(d,b*) = (A4)
According to (A.4)), player 1 is indifferent when (a¢—1,b—1) € {(a*, ™), (a/,b*), (a/,b**)} if and only if

(1= 8)ur(a*,b") + oV (a*,b") = (1 — §)ui(a’,0") + 6V (a’,0") = (1 — §)uy (a’, V). (A.5)

This yields:

V(') = 1= i

(ul(al, b') — ui(a®, b") ) (A.6)

~~

>0

Next, I pin down variables r(a*, V'), r(a*,b"), r(a’, b*), and r(a’, b**).

1. r(a*,b) is pinned down by:

V(a*,v)  =r(a"b) ((1 — S)u(a*,b™) + 6V (a*, b™) )
—— ————
positive but close to 0 =1

Such r € [0, 1] exists since 0 < V(a*, V') < (1 —9d)ui(a*,b**)+ 6V (a*,b**) when § is large enough.

2. r(a*,b") is pinned down by:

V(b  =r(a" ) ((1 — S)ur(a*, b) + 8V (a”, b**)).
~——

positive but close to 0

Such r € [0,1] exists since 0 < V(a*,b") < (1—=08)ui(a*,b**)+0V (a*, b**) when 0 is large enough.
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3. r(d/,b*) is pinned down by:

V(b))  =r(d, b))+ (1 —r(d, b)) ((1 — Sui (a0 +5 V(") )
N——
less than but close to 1 positive but close to 0

Such r € [0, 1] exists since (1 — 0)uq(a*,0") + 0V (a*,b") < V(a’,b*) < 1 when ¢ is large enough.

4. r(a’,b**) is pinned down by:

V(b)) =, b))+ (1 —r(d, b)) ((1 ~Su (@) 8 V(a b )
—— ———
less than but close to 1 positive but close to 0

Such r € [0, 1] exists since (1 — 0)uq(a*,b") + 0V (a*,b") < V(a’,b*) < 1 when ¢ is large enough.

When the prior probability of commitment type is less than 7Ty where 7 is given by

o q K+1
3)

, (A7)
player 2’s posterior belief attaches probability less than ¢/2 to the commitment type at every history
where (a;—1,b—1) ¢ {(a*,0*), (a*,b**)}. This implies that the strategic type player 1 plays a* with

probability at least ¢/2 at every history, and that his mixed action at every history is well-defined.

Case 3: b* = b/ = b = b 1 write b’ instead of b**. Consider the following strategy profile,

parameterized by s(a*, V'), s(a*,b"), s(a’,b*), and s(da’, b**).

1. When (a¢—1,bi—1) = (d’,b') or @. Player 2 plays b'. The strategic type player 1 mixes between
a* and o’. He plays a* with probability p; such that m; + (1 — m)p; = ¢

2. When (a;—1,b—1) = (a*,¥'). Player 2 plays b" with probability s(a*,b') and ¥ with comple-
mentary probability. The strategic type player 1 mixes between a* and a/. He plays a* with

probability p; such that m + (1 — m)py = q.

3. When (a;—1,b1—1) = (a’,b"). Player 2 plays b” with probability s(a’,b”) and ¥ with comple-
mentary probability. The strategic type player 1 mixes between a* and a’. He plays a* with

probability p; such that m; + (1 — m)p: = ¢.

4. When (a;—1,bi—1) = (a*,b"). Player 2 plays b* with probability s(a*,d”) and b” with comple-
mentary probability. The strategic type player 1 mixes between a* and a/. He plays a* with

probability p; such that m + (1 — 7)py = G.



A PROOF OF THEOREM 1 31

5. When (a¢—1,b—1) = (a’,b*). Player 2 plays b* with probability s(a’,b**) and b” with comple-
mentary probability. The strategic type player 1 mixes between a* and a/. He plays a* with

probability p; such that m + (1 — 7)py = G.

6. When (a;—1,b—1) = (a*,b*). Player 2 plays b* and player 1 plays a*.

According to (1) and (6), V(@) = V(d/,b') = 0 and V(a*,b*) = 1. Player 1’s indifference at
(a’,V') implies that V(a*,V') = —152u;(a*,b'). Let V(d',b*) = %ﬂl(a/’b*), under which player 1 is
indifferent between a* and a’ when (a;—1,b;—1) = (a*, b*).

Since (1—0)uy(a*, )+ 6V (a*,b') = (1 =9)ui(a’, ')+ 06V (d,b') and (1 —06)uy(a*, b*)+ 6V (a*, b*) =
(1—=08)ur(a’,b*)+ 0V (a’,b*) under these continuation values, the strategic type of player 1 is indifferent
at (a*,0), (a',b"), (a*,b"), and (d’,b*) if and only if

(1 — 8)uy (a*, b") + 6V (a*,0") = (1 — 8)us (d, b") + 5V (d, b"). (A.8)

Assumption [2] implies that u(a’,b”) > uq(a*,b”), ui(a*,b"”) < ui(a*,b*) and ui(a’,b") > wi (', V).

Lemma A.1. There exists v € (0,1) N (ug(a*, "), ui(a’, ")) such that
V(1 —ui(a*, ")) > (1 = y)u(d’, ). (A.9)
Proof. Consider two cases separately. First, suppose ui(a’,,b”) < 1. By setting v = uq(a’,b"),
Y(1 —uy(a*,0")) = ui(a’, ") (1 — ur(a*, ")) > ui(a’,0")(1 —ui (', 0")).

The intermediate value theorem implies that holds for some -y that is strictly less than wu;(a’,d"”)
but is strictly greater than wui(a*,b”). Second, suppose ui(a’,b”) > 1. By setting v = 1, the left-
hand-side of is strictly positive while the right-hand-side of is 0. The intermediate value
theorem implies that holds for some v that is strictly less than 1 but is strictly greater than
uy(a*, b") O

Pick v € (0,1) N (u1(a*,b"),u1(a’,b")) that satisfies (A.9) and set player 1’s continuation values at
(a*,0") and (d’,b") to be

V(a*, ") = (’y —(1=98)uy(a*, b")) (A.10)

Sel

and

Vi(db") =<(y— (1= 0)ui(d,b")). (A.11)

| =
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These continuation values satisfy player 1’s incentive constraint (A.8|), and moreover,
V(a*,b") > (1 = §)ui(a*,b") + 6V (a*, V") = v = (1 = §)uy (', b") + 6V (', b") > V(d',b").

When § is close to 1, both V(a*,b"”) and V(d’,b"”) are bounded away from 0 and 1, and moreover,
V(d, V") <up(a’,b") and V(a*,b") > uy(a*, b").

Next, I pin down the values of s(a*, V'), s(a*,b”), s(a’,b*), and s(a’,b”) so that player 1 receives
these continuation values. Recall that V(a*, V') = _%6“1(&*7 b') and V(d',b*) = %ul(a,’b*), and

the values of V(a*,b") and V(a/,b”) are given by (A.10)) and (A.11)).

1. s(a*, V') is pinned down by:

V(') = s(a, b’)((l — S (@t V) +8 V(a*,b") )
SN—— SN——
positive but close to 0 bounded away from 0

Such s € [0, 1] exists since 0 < V' (a*,b') < (1 — &)uy(a*,b") + 6V (a*,b") when § is large enough.

2. s(a’,b") is pinned down by:
V(d,b") = s(d',b") ((1 — S)uy(d, ") + 8V (d, b”)).

Such s € [0, 1] exists since 0 < V' (a’, V") < (1 = d)ui(a’,b") + 0V (a’, ") when § is large enough.

3. s(a*, ") is pinned down by:
V(a*, ") = s(a*, b") + (1 — s(a, b“))((l — §)uy(a*,b") + 8V (a”, b")).

Such s € [0, 1] exists since (1 — 0)uq(a*,b") + 6V (a*,b") < V(a*,b") < 1 when § is large enough.

4. s(a’,b*) is pinned down by:

V(b)) = s(d,b*)+ (1 — s(d,b")) ((1 — Sui (@ V) +5 V() )
SN—— SN——
close to but less than 1 bounded away from 1

Such s € [0, 1] exists since (1 — 0)uq(a*,b”) + 0V (a*, ") < V(a’,b*) < 1 when ¢ is large enough.

Next, I show that player 2’s posterior belief attaches probability less than ¢/2 to the commitment type
at every history where (a;—1,b—1) # (a*,b*). The key step is Lemma

Lemma A.2. If v satisfies (A.9), then s(a’,b") + s(a*,b") > 1.
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Proof. According to the expressions of player 1’s continuation value, we have

V@) =7 g s = YY),

S(CL*, b//) —
1 - vy

(A.12)

Therefore, s(a’,b") + s(a*,b”) > 1 if and only if

V(a*,v")—~  V(d,V)
+
L—n ¥

which is equivalent to (1—7)V (a/,0") > v(1=V (a*,b")). Plugging in (A.10)) and (A.11)), this inequality
is equivalent to v(1 — uq(a*,b")) > (1 — y)uq(a’,b”), which is (A.9)). O

Since player 2 plays b” with probability 1 — s(a*,b”) when (a;—1,b:—1) = (a*,b”) and plays b” with
probability s(a’,b”) when (a;—1,b-1) = (a’,b”), Lemma [A.2] implies that

Pr(bt+1 = b”|bt = b”, ay = a') Z Pr(bt+1 = b”|bt == b”, ay = a*). (A]_3)

Therefore, the likelihood ratio between the commitment type and the strategic type does not increase
when player 2 observes by 1 = b” conditional on b; = b"”. Back to the proof of 7y < ¢/2 whenever
(at—1,b—1) # (a*,b*), we only need to consider histories such that a;—1 = a*. Assume 7y < Ty where

To is given by

o <Q)K+1 q
2

fq' (A.14)

1—mg
1. At histories where (a;—1,bi—1) = (a*, V'), then the same argument as that in Section |3| implies
that when 7 is no more than 7y defined in (A.14)), player 2’s posterior belief attaches probability

less than ¢/2 at every such history.

2. At histories where (a;—1,b:—1) = (a*,b”), then player 2’s posterior belief about the commitment
type is strictly positive only if (a;—g,...,a1—1) = (a*,...,a*) and there exists s < t — 1 such
that b, = b for every 7 < s and b, = V" for every t — 1 > 7 > 5. Let E; be the event
that (ar—x,...,at—1) = (a*,...,a"), let Fs; be the event that (b, ...,bi—1) = (b/,...,0", 0", 0", ..., ")
where the first b’ occurs in period s. Let T, be the posterior probability of commitment type

conditional on F; N F;. According to Bayes rule,

- (A.15)

ﬂ';t / o _ ch(Et N Ft) _ ch(Et) ] ch(Ft‘Et)
1-— ™0 PwS(Et N Ft) PwS(Et) Puws (Ft‘Et) '

*
1-— ot
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The first term on the right-hand-side of 1’ is no more than (g/ 2)~K. For every n < s, let

PY(ay = d'|Ey, (bg, ooy by_1) = (.0, 1))
Pes(ay, = | By, (Do, ooy 1) = (U, ., V)

Iy =

(A.16)

and for every n > s, let

PY(ay, = d"|E}, (by,...,bp—1) = (b, ..., b))
Pvs(a, = a"|Ey, (b oybp—1) = (V/, ..., 1))

In

(A.17)

According to Bayes rule, the second term on the right-hand-side of l) equals Hﬁ;éli. Ac-
cording to Lemma ln, <1 for every n # s. Since mg < 7o, we have 7T;k’t < g/2 for every t < s.
Since m; < maxg<y 7r;7t, we have m < g/ 2 for every t < s. Since the unconditional probability
with which player 1 plays a* is at least ¢ in every period and 7} ; < ¢/2, we have s < (¢/2)"".

This implies that 7; < ¢/2 for every ¢ € N, which concludes the proof.

Remark: I provide sufficient conditions for the cutoff discount factor §(u,uz2). Recall we adopt the

normalization that uj(a*,b*) =1 and uq(a’, ") = 0. In Case 1, the cutoff discount factor is:

B —uy(a*,b) 1
é(ul,u2) = max{l — ul(a*’b/)yl - ul(a/’b*) }

In Case 2, the cutoff discount factor is pinned down by V (a*,b') < (1—0)uq(a*,b™*)+0d, V(a*,b") < (1—
Nuy(a*,0**)+38, (1—0)uy(a*, b")+6V (a*, ") < V(d',b*), and (1—0)uy(a*,b")+6V (a*,b") < V(d',b%),
where V(a*, V'), V(d/,b**), V(d’,b*) and V (a*,b") are given by (A.1)), (A.3), (A.4), and (A.6). In Case
3, the cutoff discount factor is pinned down by V(a*,¥') < (1 — §)ui(a*,b"”) 4+ 6V (a*,b"), V(d',b") <
(1=0)uy(a’,b")+6V (a',0"), (1=8)uy (a*,b")+6V (a*, ") < V(a*,b"), and (1—06)uy(a*,b")+6V (a*,b") <
V(d',b*), where V(a*,b') = —le‘sul(a*,b’), V(d',b*) = w, and the values of V(a*,b") and
V(a', V") are given by and (A.11).

B Proof of Proposition 1

For every t > 1, let H! be the set of period-t histories where o' and actions in A’ were played from
period 0 to period ¢t — 1. In every PBE that satisfies no initial trust, player 2 plays b’ in period 0.
Since M > 1, player 2¢ knows that calendar time is 0 from her history (since she observes no action
at all). Hence, player 2¢’s incentive to play b’ implies that the strategic-type player 1 must be playing

some action in A’ with positive probability in period 0.
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I show that for every ¢ > 1 and at every h' € ﬁt, the strategic-type player 1 has an incentive to
play some action in A’ at ht. Since h! € H!, we have a;_1 € A’ and b,_; = b'. Punishing following bad
outcome implies that player 2; plays b’ at h’.

Suppose by way of contradiction that at some h' € ﬁt, the strategic-type player 1 has no incentive
to play any action in A’, then player 2;’s incentive to play b’ at h* (due to punishment following bad
outcome) implies that there exists h® such that (1) player 2; cannot distinguish between h' and ES,
and (2) the strategic-type player 1 plays some action in A’ with positive probability at h*. In another
word, some action in A’ is player 1’s best reply at h® but not at ht. Since player 1’s best replies at hf
and h® are different, it must be the case that there exists 7 > ¢, such that player 2. can distinguish
between h' and h®. Since 7 > t, this contradicts the presumption that player 2; cannot distinguish
between h! and h°.

Hence, there exists a best reply for the strategic-type player 1, denoted by o}, that plays some
pure action in A’ in period 0 and plays some pure action in A’ at every h! € H! for every ¢ € N, from
which he obtains his equilibrium payoff when player 2s play their equilibrium strategy. Since player 2
plays b’ in period 0, punishment following bad outcome implies that player 2 plays b’ in every period if
player 1 plays according to o. Since ui(a,b) is strictly decreasing in a, player 1’s discounted average

payoff from playing his best reply o7 is no more than u(a’, V).

C Proof of Proposition 2

First, I establish the result when M = +o00. Suppose by way of contradiction that player 2s herd on
b # b* at h', then the strategic type has no intertemporal incentive at h! and at every h! that differs
from h! only in {ao,...,a;—k }. In equilibrium, strategic-type player 1 plays his myopic best reply to
b at those histories. Consider two cases. First, suppose BR;(b) = {a*}, then in equilibrium, both
types of player 1 play a* at h! and at every hl that differs from A’ only in {ag, ...,a;_x}. As a result,
player 2; has a strict incentive to play b* instead of b at h'. This contradicts the presumption that
b # b*. Second, suppose BRj(b) # {a*}, then in equilibrium, the strategic type has no incentive to
play a* at h* and at every hl that differs from h! only in {ag, ..., a;_x }. Since w(h') > 0, player 2,11’s
belief attaches probability 1 to the commitment type if she observes a; = a*, and player 1’s actions
from period t — K 4+ 1 to t — 1 and player 2’s actions from period 0 to ¢t — 1 are given according to
ht. Therefore, player 2;,1 plays b* following the aforementioned observation, which contradicts the
presumption that they herd on b # b*.

Next, I establish the result when M is finite and is at least one. Suppose by way of contradiction
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that player 2s herd on b # b* at h'. Since K and M are both finite, player 2;’s action must be
measurable with respect t0 (@max{0,t—K}s > @t—1, bmax{0,t—r}s -+ be—1). For every ¢ > max{M, K},
(@t—K ooy Qt—1,bt— 01y ey bi—1), and h' = (as, bs)s<¢—1, there exists hT = h! such that player 2’s action
at h' coincides with her action at (a;_f,...,ar—1,bt_1r,...,b—1). Therefore, player 2s herding on
b # b* at any h! = (as, bs)s<¢—1 implies that they play b in every period after max{K, M}. Hence, the
strategic-type player 1 has no intertemporal incentive after period T'. Consider two cases. Suppose
BR;(b) # {a*}, then the strategic type has no incentive to play a*, so player 2 attaches probability 1
to the commitment type after observing a*, which means that player 2 has a strict incentive to play
b*. This contradicts the presumption that they herd on action b # b*. Suppose BR1(b) # {a*}, then
in equilibrium, the strategic type has no incentive to play a* and player 2 has a strict incentive to play

b*. This contradicts the presumption that they herd on action b # b*.

D Proof of Proposition 3

I establish the lower bound on player 1’s undiscounted average payoff in Section [D.I] I construct an

equilibrium in which player 1’s asymptotic payoff equals the right-hand-side of (3.5]) in Section

D.1 Lower Bound on Undiscounted Average Payoff

Consider the strategic-type’s payoff when he deviates and imitates the commitment type. For every
p € A(B)anda < a*, Assumptionimplies that u1(a*, ) < ui(a, B). Let ht = {a,, bs}\_f,. For every
t € Nand a € A, let Ey(a,b') be the event that (1) player 1 plays a in period ¢, (2) player 1 has played
a* from period t — K + 1 to t — 1, (3) player 1 plays according to o7 starting from period ¢t + 1, and
(4) the history of player 2’s actions until period ¢ is b* = (b, ..., b;_1). For every 7 € {1,2,..., K} and
ht = (a*,...,a*,b"), let y] (-|a,ht) € A(B) be the distribution of b;y, conditional on event Ey(a,b'),
and let y;(-|a, ht) € A(B¥) be the distribution of (b11,...,bs k) conditional on event Ej(a,b'). Let
u and u; be player 1’s highest and lowest feasible stage-game payoffs, respectively, and let || - || be
the total variation norm. If

1-6

P ht _ . ht < —————
lgeCla™, BY) =l IO < G— 5

(w0, 8) ~m(a*, 8)), (D.1)

then the strategic-type player 1 has a strict incentive to play a instead of a* at h! as well as at every
history Al that differs from A’ only in terms of {ag, ...,a;_}. The latter is because the distribution

of {bi+1, ..., b+ K} does not depend on {ay, ..., a;— } since they cannot be observed by players 2,11 to
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2t+K . Let

A

1-6
TR =2 peallil . {11(0:8) —ma(@ A}, D2

Since
K
lyf (la*, b') — yf (la, RO < [lye(-|a*, BY) — ye(-]a, b'))| leyt (|a*, Y)Y = 7 (-|a, BV,

inequality (D.1)) holds when ||y] (-|a*, k) — y] (-|a, ht)|| < A for every 7 € {1,2,..., K}. Let H(*"72) be
the set of public histories that occur with positive probability when player 1 plays a* in every period

and player 2 plays o3. I partition H(9"92) into two subsets, ’H(a 92) and Hga*m) :
1. If there exists a < a* such that ||yf (-|a*, ht) — y7 (-|a’, ht)|] < A for every 7, then h' € H((]a*m).

2. If for every a < a*, there exists 7 such that ||y] (-|a*, h!) — y7 (-]a’, ht)|| > A, then h' € %5‘“"’2).

(a*,02)

For every h' € H, , the strategic type has a strict incentive not to play a* at h', which means
that player 2 attaches probability 1 to the commitment type after observing a* at h. For every
7 € {1,2,...,K}, every on-path history h'*™ = h' such that a* has been played from period ¢ to

t +7 — 1, player 2 has a strict incentive to play b* at h**7. This in addition to the fact that player 2

plays an action at least as large as b’ at every on-path history implies that for every ht € H(a 02), we
have:
1 aron) [ SR K 1
gl [ b } > . ). D.3
— > wn(oes ] 2 @b + e ) (D.3)

For every h' € Hga*’gz), there exists a constant v > 0 such that for every a € A(A) such that b < b*

best replies against a, we have ||y:(-|a*, ht) — y:(-|a, ht)|| > vA. The Pinsker’s inequality implies that
Al 1) ||yeCla™, 1)) = 29242 (D.4)

for every such aw € A(A). For every equilibrium (o1, 09) and every 7 € {0,1,..., K},

o0

E(a*02) [Z d(ys(K+1)+T('|O-1(hS(K+1)+T)7 psEFDET)
s=0

ys(K+1)+r("a*ahs(KHHT)H < —logmo. (D.5)

Inequalities (D.4)) and (D.5) together imply that:

oo

* a*,o * 1
]E(a ,02) |:Z 1{hS(K+1)+T c Hg s 2) and UQ(hS(K+1)+T) < b }:| S _% (Dﬁ)
s=0
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I derive a lower bound for lim inf; s %E(“*’”) [ZZ;}) uy(as, bs)| using inequalities (D.3) and (D.6]).

For every 7 € {0,1, ..., K}, let
H = {ht‘EhS(KHHT € H(()a*’@) such that ht = h*EFVT" and t € [s(K + 1), s(K +1) + K]},

let
I = {hs(K—l—l)—H' c Hga*,UQ)

SEN},

and let H™ = H{j UH]. By definition, H(o2) = Uf:o H™. An important observation is that for every
7,7 €{0,1,..., K} with 7 # 7/,

HINH] = {2} and HF NH] = {2} (D.7)

The former is straightforward. For the latter, suppose by way of contradiction that h' € HJ N ”Hal
with 7 < 7/, there exist h® and h*+t™ ~7 such that h* - h*t7 7 = h% € Hj, t — s < K, and s — T
is divisible by K + 1. On one hand h* € Hj and 7 — 7 < K implies that o1 (h*7~7) = a*. On the
other hand h**t! € H' implies that o1 (h*t7~7) # a*. This leads to a contradiction.

For every 7 € {0,1,..., K}, inequality implies that player 1’s expected average payoff at
histories in H is at least the right-hand-side of . Since Hi NHT = {@} for every 7 # 7/, it
implies that player 1’s expected average payoff at histories in Uf:o H{ is at least the right-hand-side
of . For every 7 € {0,1,..., K}, implies that player 1’s expected average payoff at histories
belonging to set ’HI\ Uf:o H; is at least uy(a*,b*). Since H] N'H] = {@} for every T # 7/, it implies
that player 1’s expected average payoff at histories in Uf:o Hf\Ufzo H is at least uj(a*,b*). The

two parts imply that

t—1

1, .
.. “m(a*,02) |: ]
htmmf tE 50 ui(as, bs)| >

K41 K+1

uy(a*,b).

D.2 Tightness of Lower Bound

When payoffs are monotone-supermodular, (a’,’) is the unique stage-game Nash equilibrium. Let 7
be the largest real number in (0, 1) such that b’ best replies against the mixed action Tooa*+(1—7p)oa’.
Consider the following construction when 7y € (0,7p). At every on-path history (the set of on-path

histories can be derived recursively),

e if ¢ is divisible by K + 1, then player 1 plays @’ and player 2 plays b’ in period ¢;



D PROOF OF PROPOSITION 3 39

e if ¢ is not divisible by K + 1, then player 1 plays a* and player 2 plays b* in period ¢.
I partition off-path histories into three subsets. For every period ¢ public history such that:

e (1) there exists no r < ¢, such that b, # b* and r is not divisible by K + 1; (2) there exists no
s < t such that by # V' and s is divisible by K + 1; (3) player 2 observes player 1 playing an
off-path action in period t — 1, then players play (a*, b*) if ¢ is divisible by K + 1, and play (da/,b’)
if ¢ is not divisible by K + 1.

e (1) there exists no r < t, such that b, # b* and r is not divisible by K + 1, but (2) there exists
s < t such that bs # b’ and s is divisible by K + 1. If ¢t — 1 is divisible by K + 1, b;_1 = b* while
a;—1 # a*, then play (a’,b') in period t. If t — 1 is divisible by K + 1, b1 = b* while a;—1 = a*,
then play (a*,b*) in period ¢ if and only if & > 1/2 and play (a’,V’) in period ¢ otherwise. If
t — 1 is not divisible by K + 1, or by_1 # b*, then play (a*,b*) if ¢ is not divisible by K + 1 and
play (a’,b) if ¢ is divisible by K + 1.

e there exists r < t, such that b, # b* and r is not divisible by K + 1, then play (a’,b’) in all

subsequent periods.

Player 1’s undiscounted time-average payoff from playing a* in every period equals the right-hand-side
of (3.5). I verify players’ incentive constraints. Since b* best replies to a* and b best replies to a/,

player 2’s incentive constraints are satisfied. I verify player 1’s incentives. At every on-path h?,

e If t+1 not divisible by K +1 and ¢ is not divisible by K +1, then the strategic type’s continuation
value from playing a* in period t is at least

up(a’,b') + dup(a*, b%) + 62uy (a*,b*) + ... + 68wy (a*, b¥)

v 14+0+..+6K

, (D.8)

while his continuation value from playing any other action is uj(a’,b"). This verifies his incentive

to play a* when ¢ is above some cutoff.

e If ¢t + 1 not divisible by K 4+ 1 and t is divisible by K + 1, then the strategic type’s continuation
values from playing a* and a’ are the same, equal V', while his continuation value from playing

other actions is uj(a’,0’). He has a strict incentive to play o’ since a’ best replies to ¥'.

e If t + 1 is divisible by K + 1, then the strategic type’s continuation value from playing a* in
period t is at least V. If he deviates and plays a;, then consider his incentive in period ¢t + 1 at

off-path history (h!,as, by = b*).
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Since player 2 plays b* in period ¢ + 1 after observing player 1’s deviation in period ¢, player 1’s
continuation value from playing a* in period ¢ + 1 is at least %V + %ul (a/,v'). This is because
player 2 will play b* with probability 1/2 in period t + 2, after which player 1 will be forgiven for
his deviation. Player 1’s continuation value from playing actions other than a* in period ¢+ 1 is
uyp(a’,b'). Therefore, he has a strict incentive to play a* in period t + 1 following his deviation

in period ¢, and his continuation value in period ¢ when he deviates is strictly lower than V.

E Proof of Proposition 4

Player 2’s strategy is represented by a triple (rg, 7, 7), where 7, is the probability with which she
plays T when a;—1 = x for z € {@, H, L}. First, I show that rg > r1. Suppose by way of contradiction
that rg < rr, then the strategic-type player 1 has no incentive to play H. After player 2 observes
at—1 = H, she infers that player 1 is the commitment type for sure and has a strict incentive to play
T, which implies that rg = 1. Since rg < rp, we have rp = 1 as well. However, since player 2; knows
that player 1 is the strategic type after observing a;—1 = L and the strategic-type player 1 has no
incentive to play H, we know that r;, = 0. This contradicts the previous conclusion that r; = 1.
Since player 2;’s strategy depends only on a;_1, starting from period 1, player 1’s continuation
value depends only on whether a;—; = L or a1 = H. Let V(L) and V(H) be these continuation
values, respectively. Player 1 has an incentive to play H when a;—; = H if and only if (1 — §)(rg +

(I—=rg)(—cen)) +0V(H) — (1 =06)(1 4+ cp)rug — 6V (L) > 0, or equivalently,

%(V(H) — V(L) > erry +ex(1— i), (E.1)

Similarly, player 1 has an incentive to play H when a;—; = L if and only if

5 (V(H) = V(L) = erp + en(1 = ). (E.2)

Since rg > rr, and ¢y > cp, the right-hand-side of (E.2) is strictly greater than the right-hand-side of
(E.1), which implies the following two statements:

o If player 1 is indifferent between H and L when a;—; = L, then player 1 has a strict incentive to

play H when a;—1 = H.

e If player 1 is indifferent between H and L when a;_1 = H, then player 1 has a strict incentive

to play L when a;_1 = L.
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I consider several cases separately. First, suppose player 1 has a strict incentive to play L when
a¢t—1 = H, then he also has a strict incentive to play L when a;—; = L. Then by observing a;—1 = H,
player 2 infers that player 1 is the commitment type and has a strict incentive to play 7', which implies
that ri = 1. A strategic type player 1 can guarantee discounted average payoff at least § — (1 — d)cy
by playing H in every period.

Next, suppose player 1 has a strict incentive to play H when a;_1 = H, then after player 2 observes
at—1 = H, she knows that player 1 will play H regardless of his type and will have a strict incentive
to play 7. As a result, rg = 1. A strategic type player 1 can guarantee discounted average payoff at
least 6 — (1 — §)cn by playing H in every period.

The above reasoning implies that in every equilibrium where the strategic-type player 1 receives a
payoff strictly less than § — (1 — d)cy, the strategic-type player 1 is indifferent when a;—; = H and
strictly prefers to play L when a;—1 = L, and moreover, ry < 1. I show that there is no such equilibria

when 47 is close to 1, which is the case when ¢ is close to 1. Let p; be the probability of the event:
E; = {Player 1 is the strategic type and plays H in period t}.

Since the strategic type strictly prefers to play L in period ¢t when a;—1 = L, we have 1—mg > pg > p1 >
p2 > ... Since player 2’s prior belief attaches probability my to the commitment type and probability

8t (1 — &1) to the calendar time being ¢, she prefers N to T after observing a;—1 = H only if

—+00

D (1= 61)d (mo + 2py — pr-1) < 0. (E.3)
t=1
Since o+ 2p; —pr_1 < % only if ps_1 —ps > pr + % > %, there can be at most T' = P(towo)—‘ periods
where g + 2pr — pr1 < % Since mg + 2p; — pr—1 > —1, we have
+o0 .
0
> (1= 61)84(mo +2p —pr-1) = — (01 — 6] 1) + 51T+1? (E.4)
t=1

The right-hand-side of (E.4) is strictly positive when §; is close to 1, which contradicts (E.3). Since

0 < 01, the above contradiction implies that such equilibria do not exist when § is close to 1.
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F Proofs in Section 4

Appendix shows Theorem Appendix establishes the existence of equilibrium when the

private signal is unboundedly informative, M = +o0o, and § is large. Appendix shows Theorem

F.1 Proof of Theorem 2

I start from Lemma|F.1] which shows that in every equilibrium, if player 1 plays a* in every period, then
there exists n > 0 that depends only on the distribution over private signals and the prior probability
of commitment type 7, such that the probability with which player 2 plays b* with probability at

least 7 in every period is close to 1.

Lemma F.1. Suppose the private signal is unboundedly informative about a*. For every mg > 0

and € > 0, there exists n > 0, such that in every equilibrium (o1, 03),
Pr { Pr(by = b*) > n for every t € N}(a*,ag)} >1—ce. (F.1)

Proof. Let p* € (0,1) be such that player 2 has a strict incentive to play b* when she believes that
player 1 plays a* with probability more than p*. For every m > 0, there exists M (m) > 0 such that
when the prior belief attaches probability more than 7 to a* and the signal realization s is such that

f(sla*) > M(m)f(s|a) for every a # a*, the posterior belief after observing s attaches probability more

than p* to a*. Let [y = 1;;“’, IF=lp/e, m* = ﬁ, let S(7*) C S be the set of signal realizations such
that f(sla*) > M(7")f(s|a) for every a # a”, and let 7 = }° (.« f(s|a”). Since the private signal is
unboundedly informative, S(7*) is non-empty and f(s|a*) > 0 for every s € S(n*). Therefore, n > 0.

Let m be the probability of commitment type after player 2; observes {bo,...,b;—1}, but not
st and {a@max{o,t—K}, - @t—1}. Let T be the probability of commitment type after player 2; ob-

serves {bo, ...,bt—1} and {@maxfo,t—K}s - @t—1}, but not s;. By definition, if {amaxo—K}s - Gt-1} =

177&
Tt

{a*,...;a*}, then T, > m;. Under the probability measure induced by (a*,02), { }en is a non-
negative supermartingale. The Doob’s Upcrossing Inequality implies that when the prior belief is m,
the probability of the event {m; > 7* for all t € N} is at least 1 — e. Since player 2; has a strict
incentive to play b* after she observes s; € S(7;), and moreover 7, > 7, we have S(7*) C S(7¢) when

m > m*. The probability of event {Pr(b; = b*) > n for every t € N} is at least 1 — e. O

Next, I show that in every period where the probability of commitment type is more than 7* but
player 2 plays b* with ex ante probability less than 1 — v, one can bound the informativeness of b;

about player 1’s type from below by a strictly positive function of v.



F PROOFS IN SECTION 4 43

Lemma F.2. Suppose the private signal is unboundedly informative about a*, and satisfies MLRP.
For every * € (0, 1), there exists ¢ > 0 such that for every v € (0,1), o € A(A) with a(a*) > 7%, and
B: S — A(B) that best replies to o. If y(a*, B)[b*] <1 —v, then d(y(e, B)||7(a*, B)) > 2c%.

Proof. Since uz(a,b) has strictly increasing differences and the distribution over private signals satisfies
MLRP, Topkis Theorem implies that every [ that best replies to some o must be monotone, i.e., for
every s = s’ and b € B, if 5(s) attaches positive probability to b, then 8(s’) attaches zero probability to
every b’ smaller than b. Therefore, it is without loss of generality to focus on player 2’s pure strategies
taking the form of 8: 5 — B.

When 7, > 7*, player 2; has a strict incentive to play b* after observing s € S(7*), where S(7*) is
the set of signal realizations such that f(s|a*) > f(s|a)M (7*) for every a # a*. At every history A,
there exists an interval [s,s| C S such that 3(s) = b* if and only if s € [s, 5], and moreover, 5(s) > b*
for every s = 3, and S(s) < b* for every s < s. By definition, S(7*) C [s,5]. Let S* = [s*,5*] be a
non-empty interval that is a subset of S(7*). Since the signal distribution satisfies MLRP, we know
that f(s|a*) > f(s|a)M (7*) for every s < 5" and a > a*, and f(s|a*) > f(s|a)M (7*) for every s = s*
and a < a*.

Let A be the set of actions that are strictly higher than a* and let A be the set of actions that
are strictly lower than a*. For every a € A(A), let o/ € A(A) be the distribution over A conditional
on a # a*. If supp(a) N A # {@}, then let @ € A(A) be the distribution over A conditional on
a € supp(a) N A. If supp(a) N A # {2}, then let o € A(A) be the distribution over A conditional on
a € supp(a) N A. By definition, there exists A € [0, 1] such that o/ = X a + (1 — N)a.

Suppose 5(a*, B)[6] < 1 and ||7(a’, ) - v(a*, )| = D, then

> fsla*) = =D+ XD f(sla), Y f(sla*) = =D+ (1= f(s]a), (F.2)

s>3 55 5<s8 $<s

and

—D+ D fslan)+ D fsla®) <A Fsl@)+1-0) D0 fla)+n YD fel@+a-x) YD f(sla).

s€[s,5]\S* s€S* s€S* s€S* s€[s,8]\S* s€[§ S\ S*

Let n =3 cq- f(s]a*). Since f(s|a*) > f(s|a)M(n*) for every s € S* and a # a*,

—D+n(1- + Y flsla)+ DD fsla)y <A DD fsf@)+A-x) > f(sle). (F.3)

S€[s,5%) s€(5*,5] s€[s,5]\S* 56[§ S\ S*
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Since the distribution over private signals satisfies MLRP,

S f6l) _ T F6l0) D f6l) Do Flsla)
S o F608) T S £ S F510) © T 510)

The above inequalities together with (F.2)) imply that

o 2se ) S (sla) 2o s f(sla”) Yosns f(s]a¥) B
2, Jlela) 2 SNIE) SRVES S e 1P DL

s€(3*,3]

and

S Fslat) = (1- ) szf ol > flsla) (F.5)

s€[s,s%) se[s s*)

Plugging (F.4) and ( - ) back to , we obtain

A 1—)
n(1- A S fela -0y Y f(sa)ﬁD{Hmzw A et

s€s,s*) s€(5*,3]
(F.6)
First, I show that the left-hand-side of (F.6|) is greater than 7/2 when M is large enough. Without
loss of generality, I index the elements of S as {...,s_1, s, 51, ...} such that s; < s; for every ¢ < j.

Consider three cases, depending on the limit of set S* as M — +o0.

1. If there exist m,n € N such that limy/ 400 S* = [Sm,Sn], then there exists k& € N such that
s € S* for every M € Ry. As a result, 7 is bounded from below by f(sx|a*) for every M, which
implies that the left-hand-side of (F.6]) is more than 7/2 when M is large enough.

2. If the limit of S* is unbounded from above, then f(s|a*) > f(s|a)M for every a = a* and s € S,
which leads to a contradiction unless A is empty. Therefore, A = 0 and (3*,3] is an empty set,

and the left-hand-side of (F.6) is (1 — —=), which is greater than /2 when M (7*) is large.
M (7*)

3. If the limit of S* is unbounded from below, then similarly, the left-hand-side of (F.6|) is 7.

Next, I bound the term 1+ Py from above. Since {b*} = BRy(a*), we know

A + 1-X
a5 f(sla®) T D+Y5 ., f(sla®)
that for every b = b*, there exists 7 € R, such that b € BRa(«) only if a(A)/a(a*) > 7*, and for
every b < b*, there exists r* € Ry such that b € BRa(«) only if a(4)/a(a*) > r*. When «a(a*) > ¥,

Bayes rule implies that

M=) Y5 fla) . (L=N)1=7") > f(s]e) >

T s f(sla®) T T <s S (sl0%) -
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As a result,

14 A N 1—A <14 T
D+3 5 f(sla*) D+ Zs<§ f(sla*) = 1 —m*

Let R=1+ %(F* + r*). Inequality 1' then implies that ||y(a/, 8) —v(a*, B)|| = D > 5%. Since
v(a*, B)[b*] < 1 — v, then there exists ¢ > 0 such that a(a*) <1 — cv, and therefore,

T 4+ r").

Ui

Iv(ev, B) = (@™, B)I| = ev|lv(e, B) — v(a”, B)I| = Vo

The Pinsker’s inequality leads to a lower bound on the KL-divergence between v(«, 5) and y(a*, 5). O

Let ht = {bo, ..., bs_1, Omax{0,—K}» -+ @t—1,&} be player 2;’s information before observing s;. Let
g(h') be the probability of by = b* at h'. Let g(h',w.) be the probability of b, = b* at h' conditional
on player 1 being the commitment type.

Lemma bounds the speed of learning at h! from below. This implies a lower bound on the
speed of learning when future player 2s observe b* in period ¢, given that she knew that the probability
with which player 2; plays b* is no more than g(h'). However, future player 2s’ information does not
nest that of player 2;’s, since they do not observe {a;—k,...,a;—1}. As a result, they cannot interpret
b: in the same way as player 2; does.

For every s,t € N with s > ¢, I provide a lower bound on the informativeness of b; about player 1’s
type from the perspective of player 2, as a function of the informativeness of b; from the perspective
of player 2;. This together with Lemma establishes a lower bound on the informativeness of b,
from the perspective of future player 2s as a function of the probability that b; # b*. Using the entropy
approach in Gossner (2011), one can obtain the lower bound on player 1’s equilibrium payoff.

Let 7(ht) be the probability with which player 2’s belief attaches to the commitment type at ht.
By definition, 7(h?) = my. For every strategy profile o, let P be the probability measure over H
induced by o, let P%“¢ be the probability measure induced by o conditional on player 1 being the
commitment type, and let P?“s be the probability measure induced by o conditional on player 1 being
the strategic type. One can the write the posterior likelihood ratio as

m(ht) o
1—m(ht)/ 1 —mg

_ P7%e(bo) P7¥(balbo)  PTe(balbioa, .. bo) P7(ar-K, s ar-1|bi, bi-1, .., bo)
7)0’,(«)3 (b()) PU’wS (bl ‘b()) PO',LUS (bt—l ’bt—27 ceey b()) PO',OJS (at—K7 ey Qp—1 ‘btv bt—17 seny b())

(F.7)
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Furthermore, for every € > 0 and every ¢, we know that:

1—7T0

PIe (ﬂ'o(bo, by, ...btfl) < 67'('0) < (F8)

€ )
1 — mge

in which 77 (bg, b1, ...b;—1) is player 2’s belief about player 1’s type after observing (by,...,b;—1) but

before observing player 1’s actions and s;. For every e > 0, let

(F.9)

If 7 (bg, by, ...by—1) > emp and player 2; believes that by = b* occurs with probability less than 1—e after
observing (@max{0,t—Kk}s -+ @t—1) = (a”,...,a”), then under probability measure P?, the probability of
(@max{ot—K}s -+ Gt—1) = (a”, ..., a*) conditional on (b, ..., b—1) is at least p*(e).

In order to show this, suppose by way of contradiction that the probability with which (a;—g, ..., at—1) =
(a*,...,a*) is strictly less than p*(e) conditional on (b, ...,b;—1). According to (F.9), after observing
(ar—f, -y a;—1) = (a*,...,a*) in period ¢ and given that w7 (b, by, ...bs_1) > emp, 7(ht) attaches prob-
ability strictly more than 1 — ce to the commitment type. As a result, player 2 in period ¢ believes
that a* is played with probability at least 1 — ce at h!. This contradicts presumption that she plays
b* with probability less than 1 — e.

Next, I study the believed distribution of b; from the perspective of player 25 conditional on the
event that 77 (bo, b, ...bs—1) > emp. Let P(o,t,s) € A(A(AX)) be player 2’s signal structure in period
s(>t) about (a;—f,...,a;—1) under equilibrium o. For every small enough n > 0, given that P(o,t)
attaches probability at least p*(€) to (amax{o,—K}> -+ @t—1) = (a*,...,a*), the probability with which
P(o,t,s) attaches to event (amax{o—K},-- @t—1) = (a*,...,a*) occurring with probability less than

np*(e) is bounded from above by:

(T —np (@) "T—p(em’

np*(e)(L—p*(e)) _ 1—p*(e) (F.10)

Let g(t|h®) be player 2’s belief about the probability with which b* is played in period ¢ when she
observes h®. Let g(t,w.|h®) be her belief about the probability with which b* is played in period
t conditional on player 1 being committed. When player 2, believes that (amax{mt_ KYs e Qt—1) =

(a*,a*,...,a*) occurs with probability more than np*(e), we have:

g(t|h®) <1 —enp”. (F.11)
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Applying ([F.11)), we obtain a lower bound on the KL-divergence between g(¢,w.|h*) and g(t|h*). This

is the lower bound on the speed with which player 25 at h® will learn through b; = b* about player

1’s type, which applies to all events except for one that occurs with probability less than 1711:;:77.
Therefore, for every e and m, there exists * € (0, 1) such that when § > §*, strategic-type player 1’s

discounted average payoff by playing a* in every period is at least:

1- 1-—
(1 —e—eg o )ul(a*,b*) + <6+ €1 0 ) minu;(a*,b) — e. (F.12)

— M€ — mop€/ beB

Let € — 0 and § — 1, (F.12)) implies that with probability at least 1 — ¢, player 1’s discounted average
payoff from playing a* in every period is at least (1 — €)uj(a*,b*). Take e — 0, one can obtain that

the patient player’s discounted average payoff is at least ui(a*, b*) in every equilibrium.

F.2 Existence of Equilibrium

I establish the existence of equilibrium when the private signal is unboundedly informative about a*,
K > 1, and ¢ is large enough. For every s € S, let a(s) = mingea{f(s|a) > 0} and let b(s) € B be

player 2’s strict best reply to a(s). For every a € A, let v(a) = > g f(sla)ui(a,b(s)). Let

S = {s € S)Ela < a* such that f(s|a) > 0} and S* = {s € S‘f(s]a*) > 0}.
When S’ N S* # {@}, we have Y o f(s|a) > 0 for every a =< a*, and let p* = ming<a+ Yo f(5]a).
I show that the following strategy profile and belief constitute a Perfect Bayesian equilibrium.

e Ift=0,0ort>1, (bg,....,by—1) = (b*,...,0*) and a;—1 = a*, then player 1 plays a*, player 2;
believes that a; = a* upon receiving any s; € S* and plays b*, and believes that a; = a(s;) upon

receiving any s; ¢ S* and plays b(s).

e At any other history, player 2; believes that a; = a(s;) upon receiving any s; € S, and plays
b(s;). Player 1 plays arg max,c4 v(a) in period t if there exists 7 < ¢ such that b, # b*. At

histories where there exists no 7 < t such that b # b* but a;—1 # a*, player 1 plays a* if

(1=0)v(a*)+46 Z f(s|a®) Igleagv(a) +0 Z f(sla®)ui(a”,b")

ses’ s¢S’
1—-00v(a)+o o f(s]a) maxgeq v(a
s g {00 o [ i) )
aFa* 1 _52865*\5/ f(S|CL)
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and plays the following action if inequality (F.13)) is violated:

(1 =6)v(a) + 6 X se(s\s4)us f(sla) maxaea v(a) }
1_52865*\5/ f(s]ﬁ) )

arg ma

& Fd;ﬁa)*( {
Player 2’s strategy is optimal given her belief. Player 2’s belief at on-path history respects Bayes Rule
since every period ¢ on-path history satisfies (bg, ...,b1—1) = (b*,...,b*) and a;—1 = a*, in which case
both types of player 1 play a* and player 2; believes that a; = a* upon observing any s; € S*. I verify

player 1’s incentive constraints by considering two cases separately.

1. Suppose S'NS* = {@}, i.e., the distribution over private signals is such that f(s|a) = 0 for every
a < a* and s € S satisfying f(s|a*) > 0. In period ¢, player 1’s stage-game payoff from playing
a* is ui(a*,b*). When he plays any a # a*, player 2; plays a(s¢) at any history after observing
any s; that occurs with positive probability under a, from which player 1’s stage-game payoff is

no more than wu;(a, BRa(a)), which is no more than wu;(a*,b*).

2. Suppose S’ N S* # {@}. Player 1’s continuation value from playing a* is uj(a*,b*) at every
on-path history. Suppose he makes a one-shot deviation and plays a > a* at an on-path history,
then his stage-game payoff is no more than max{u(a, b*), u1(a, BR2(a))}, which is no more than
up(a*,b*), and his continuation value is no more than w;(a*,b*), which means that he cannot
strictly profit from such a deviation. Suppose he makes a one-shot deviation and plays a < a*
at an on-path history, then his stage-game payoff is no more than wu;(a’, b*) and his continuation
value is at most

max { maxuy (a,b*), (1 —8)ui(a’,b*) + dp* maj(v(a) +0(1 —p“)ug(a*, b*)}, (F.14)

a-a* ac

where the first term is player 1’s maximal continuation value when he plays a > a* at histories
where player 2 has not played actions other than b* but player 1’s action in the previous period
is not a*, and the second term is player 1’s maximal continuation value when he plays a < a*
at such histories. The value of maxgy o+ ui(a,b*) is strictly less than ug(a*,b*) since wuy(a,b)
strictly decreases in a, the value of max,c4 v(a) is strictly less than wui(a*, b*) since a* is player
1I’s unique Stackelberg action, S* NS’ # {@}, and wui(a,b) strictly increases in b. Therefore,
(F.14) is strictly less than w;(a*,b*) when § is large enough. It implies that when ¢ is large

enough, playing a’ is not a profitable one-shot deviation.

When a;—1 # a* but there is no 7 < t such that b, # b*, notice that the left-hand-side of (F.13])
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is player 1’s continuation value from playing a*, and the right-hand-side is his continuation
value from playing @ # a*. This verifies his incentive constraint. When there exists 7 < ¢
such that b, # b*, player 2 plays b(s) upon observing s, and it is optimal for player 1 to play

arg maxqeA v(a).

F.3 Proof of Theorem 3

I establish Theorem [3| by modifying the constructive proof of Theorem [ Without loss of generality, 1
focus on signal distributions such that f(-|a’) # f(-|a*). This is because when a* and o’ generates the
same distribution over private signals, the constructive proof of Theorem [I| still applies. In order to
avoid repetition, I focus on the case in which b* = b** and b’ = b”. The other two cases can be shown
similarly. When b* = b** and b = ", there exists ¢* € (0,1) such that b* is a strict best reply to
ga* 4+ (1 —q)d’ if and only if ¢ > ¢*, and b’ is a strict best reply to ga* 4 (1 — g)a’ if and only if ¢ < ¢*,
and player 2 is indifferent between b* and b’ when player 1’s action is ¢*a* + (1 — ¢*)a’. Without loss

of generality, I adopt the normalization that uj(a*,b*) =1 and u(a’,0’) = 0. Let
§'={se S‘f(s|a’) >0},

Since a* is not strongly separable from d', f(s|a*) > 0 only if s € S’. Recall that S is a completely
ordered set. For every 3 : S — A{b*, 1/}, I say that 8 is monotone if for every s > s with s, € S,
B(s") attaches positive probability to b* implies that 3(s) attaches probability 1 to b*, and B(s) attaches
positive probability to b’ implies that S(s’) attaches probability 1 to b'. For every monotone 3, let
f1(B) be the probability of action b* when player 1 plays a* and player 2 responds according to 3, and
let fo(8) be the probability of action b* when player 1 plays o’ and player 2 responds according to (.
Let
F= {(fo, f1) € [0,1)%|there exist o € A{a*,a’} and monotone 3 such that

B best replies to a and fo(8) = fo, fi(B) = fl}.
Since a* is not strongly separable from a’,

1. There exists € > 0 that depends only on the signal distribution such that fy(8) > ef1(8) for
every monotone 3, and fo(8) < (1 —¢) f1(B) for every monotone S satisfying fo(3) < 8@

2. For every fp € [0, 1], there exists f € [0, 1] such that (fo, f1) € F.

23Tf there exists s' € S such that f(s'|a’) > 0 and f(s'|a*) = 0, then fo(B) < (1 —¢)f1(B) for every monotone f3.
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3. There exists a continuous and strictly increasing function g : [0,1] — [0,1] with g(0) = 0 and

g(1) =1 such that (x,g(x)) € F for every x € [0, 1].

4. There exists ¢ > 0 such that when player 1 plays ga* + (1 —g)a’, 5(s) = ' for all s € S is player
2’s best reply.

Let ® be the set of monotone f3, let 3 be the constant mapping such that 3(s) = b* for every s € S,
and let 8 be the constant mapping such that §(s) = ¥ for every s € S. Let h' = (bo, ..., b—1) be the
history of player 2’s actions. Let H be the set of h!, which also contains the null history @.

Consider the following strategy profile in which player 1 only plays a* and @’ on the equilibrium
path. Players’ on-path behaviors are characterized by « : H x {a*,a'} — A{a*,ad'} and ¢ : H x
{a*,d'} — ® where « is player 2;’s belief about a; after observing {a;_f,...,a;—1} and {bo,...,bs—1}
but before observing s;, and ¢ is player 2;’s strategy that maps her private signals to a distribution
over {b*,b'}. Both ¢ and « depend only on the history of player 2’s actions as well as player 1’s action
in the period before. According to the properties of monotone 3, one can replace ¢ : H x {a*,d'} — ®
with fo : H x {a*,a’} — [0,1] and f; : H x {a*,a’} — [0,1] such that (fo(h', a;_1), fi(ht,a;_1)) € F for
every h! € H and a;—1 € {a*,a’}. Let V(h', a;_1) be the strategic type player 1’s continuation value
at (ht,a;—1) under the above strategy profile. Similar to the proof of Theorem 1, I require functions

a, ¢, and V to satisfy the following conditions:
L. a(@) =qa* + (1 —q)d, (@) = §, and V(@) = 0.

2. For every h! € H such that b;_1 = b* and b’ has not occurred after the first time b* occurred, we
have a(ht,a*) = a*, ¢(ht,a*) = B, and V(ht,a*) = 1.

The values of functions fj, f1, and V at other histories are defined as follows. Whent =1, V(¥',a’) =0

and V(V/,a*) = —1T7‘3u1 (a*, V'), which implies that player 1 is indifferent between a* and o’ in period

0. For every t > 2 and on-path h! such that b;_1 = b, player 1’s incentive constraint requires him to

be indifferent between a* and a’, which gives:

V(ht,a) = fo(ht,a)(u — S)us(d, b) +(5V(ht,b*,a’)> +(1 —fo(ht,a))(u — S)us (d, B +6V(ht,b’,a’)>
S

=1

— f1(ht, ) ( (1 — &)ui(a*,b*) + 6V (!, b*,a*)) +(1- fi(h,a) ((1 — S)uy(a*,b) + 6V (LY, a*)).

=1

I show that for every V(hi,a) € [0,—%5711(@*,1)’)], there exist fo, f1, V(h,b,a’), V(h',V,a*) and

V(ht,b*,a’) that satisfy the above incentive constraint, and moreover, (fo, f1) € F, V(hi,b*,a’) = 1
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and

J

VLY, d), V(R Y, a*) € [0, =% (ar, b))

Let ff € [0,1] be such that

1-9

5 uy(a*, ),

fi+ (= 1) = By (a”, ) = -

and let f§ be such that (fg, fy) € F. Such f; exists since uj(a*, V') < ui(a’,b’) = 0. Consider two

cases. First, consider the case in which

£ = 8y, )+ 6) > ——2u (", ¥). (F.15)

Then there exists V (h!, V', a*) € [0, —35%us (a*, )] such that when f;(ht,a) satisfies

Fi(ht,a) + (1 — fi(ht, a))((l — S)ur(a*,b) + SV (B, b',a*)) _ 1 ; O s (a* 1), (F.16)

and fo(h',a) satisfies (fo(ht,a), fi(h',a)) € F, I show that when d is close enough to 1, we have

5u1(a*, V).

fo(ht,a)<(1 — S)uy(d’, b*) + 5) < ! g

Let v = —1(5;5u1(a*, b') and suppose by way of contradiction that the above inequality is not true for

any 0 close to 1, then
fO(ht,G) > v
1— fo(ht,a) = (1 —0)uy(a,b*)+6—v’

When V (ht, 0, a*) = —%}‘Sul(a*, b'), we have % = 2. This implies that

fo(ht,a) f1(ht,a) v / v
1—v’

1—f0(ht7a) 1_f1(ht,a) > (1_5)u1(a’,b*)+5—v (Fl?)

with the right-hand-side converging to 1 as ¢ goes to 1. Since fy < (1 — ¢)f; for every (fo, f1) € F
such that fp is small enough, and according to (F.16)), f1(h',a) converges to 0 as § — 1, there exists
0 € (0,1) such that for every § > 4,

fo(h',a) filkta) e (F.18)

1-— fg(ht, a) 1- fl(ht,a) 2

Inequalities (F.17) and (F.18|) contradict each other. The intermediate value theorem implies the
existence of fo, f1, V(h', V', d’), V(h', V', a*) and V (R, b*, a’) that satisfy my requirements.



F PROOFS IN SECTION 4 52
Second, consider the case in which

J3((1— Syur(a,b*) +8) < — 22y (0", 1),

I show that there exists V (ht, b, a’) € [0, —IT_éul(a*, b')] such that when V (ht,b*,a’) = 1, V(h!, b, a*) =
0, fi(h,a) given by

Fulh, @)+ (1= (k@) (1= 80", 1) =~ =P (a1,

and fo(ht,a) is such that (fo(ht,a), fi(h',a)) € F, the incentive constraint is satisfied. Suppose by

way of contradiction that the above statement is not true, then when V(h!, b, a’) = —1(5;6u1(a*, '),

we have the following inequality

1—90
fo(ht,a) ((1 — S)uy(d, 0" + 5) — (1= fo(h,@))(1 = B)ur(a”,¥) < ———wi(a",b). (F.19)
Let v = —5%u; (a*, '), we have fi(h!,a) = vl(_lp(;i) and since a* is not strongly separable from a’, we
have
t oy > v(l+9)

I bound the value of the following expression from below

o(1 +6) . o(1+6)
Em((l 6) Ul(a,b )+(5> + (1 81_’_7&))51) v,
>0

which is at least

67}1(1—:_(5?4_ (1 _€W>5U_C:v{€1(l++5i)(l —v) - (1_5)}

Since v — 0 as § — 1 and ¢ > 0 is independent of §, the right-hand-side is strictly greater than 0
when 0 is close enough to 1. This contradicts the presumption that , and the intermediate value
theorem implies that the incentive constraint can be satisfied by some V (h%, ¥, d’) € [0, —52u; (a*, V)],
V(ht,b*,a') = 1, and V(ht,b/,a*) = 0. The two cases together provide an algorithm that defines the
continuation values such that V' = 1 when b* was played the period before, and V' € |0, —%‘sul (a*, )]
when b’ was played the period before.

Next, I specify players’ strategies at off-path histories and verify that player 1 has no incentive to

play any action other than a* and a’. For every s; ¢ S’, player 2 believes that player 1’s action is
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a’ and plays t'. If player 2; observes that a;—1 ¢ {a*,a’} , then player 2; believes that a; = o’ and
plays b’. I show that under this belief and player 2’s off-path strategies, player 1 does not have a strict
incentive to play actions other than a* and o’ at any on-path history. When his continuation value
V(ht, a) is 0, player 2 plays b’ no matter which signal he observes, so player 1’s payoff is strictly greater
by playing his lowest action a’ compared to any action a' ¢ {a*,a’}. When V(h!,a) = 1, player 1’s
continuation value is at most —15;5u1 (a*,¥') in period t + 1 if he plays a ¢ {a*,a’} in period ¢, which
is strictly less than his payoff from playing a*. Since V (h,a) € [0, —lf?sul(a*, b)]U{1} at any on-path
history, I only need show that player 1 has no incentive to play a! when V(h,a) € (0, —%?ul(a*, bl
For every (fo, f1) € F, there exists a monotone § such that fo(8) = fo and f1(8) = f1. Let fT(3) be
the probability of b* if player 1 plays a' and player 2 plays 8 when s € S’ and plays o’ if s ¢ S’. Since
f satisfies MLRP, we have fT(8) < f1(3). Player 1’s expected payoff from playing a' is at most

713 ((1 = S)u(al, o) = (1 = Sur(a*,8)) = (1= FH(B)(1 = 6) wa(a, V) (F.20)
ja_/
which is a strictly increasing function of f7(3). Since V(h!,¥,a*) < —1T7‘5u1(a*, b'), we have f1(8) <
V(ht,a). Therefore, is at most f1(8)(1 — 6)(ui(al,b*) — ui(a*, ")), which is no more than
V(ht,a)(1 — &) (uy(al, b*) — uy(a*, b)), which is strictly less than V' (hf,a) when § is close to 1. This
implies that player 1 has no incentive to play actions other than a* and o’.

I verify that when the prior probability of commitment type satisfies mg < (%)K(%), player 2’s
posterior belief is uniformly bounded below ¢/2 at every history such that the previous i)eriod action
profile is not (a*, b*). When player 1 plays a* in every period from 0 to ¢, the history of player 2’s actions
cannot switch from b* to b’. Therefore, at every history in period ¢ > 1 where the previous period
action profile is not (a*, b*), player 2’s posterior belief attaches positive probability to the commitment
type if and only if h* = {¥/,...,0'} and (ay_k, ...,as—1) = (a*, ..., a*). Let m; be the posterior probability
of commitment type at such a history. I show that m; < ¢/2 by induction on calender time ¢. When

q

t =0, m < q/2 since mp < (5)[{( g

ﬁ). Suppose 75 < q/2 for every s <t — 1. Since the unconditional
probability with which player 1 pla:ys a* is at least ¢ in every period and the induction hypothesis
requires that m, < ¢/2 for every s < t—1, the probability with which the strategic type plays H at each
of those histories before period ¢ must be at least ¢/2. Let P“s(-) be the probability measure induced
by the equilibrium strategy of the strategic type. Let P“<(-) be the probability measure induced by

the commitment type. Let E; be the event that (@maxfo¢—k}s - @—1) = (a*,...;a*). Let F; be the
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event that (b, ...,bi—1) = (V/,...,b"). According to Bayes rule,

Tt / 0 B ch(Et ﬂFt) B ch(Et) PwC(Ft|Et)

l—m/ 1—m P (E,NF,) Pw(E) P“(F|E)

Since the strategic type plays a* with probability at least /2 in every period before ¢t and N occurs

with weakly lower probability under the strategy of type w. compared to that under type w,, we have

P (Ey)
Pes(Ey)

Pe(F|Ey)

<@ end B

<1

Since my < (%)K(%), the above two inequalities together imply that 7; < ¢/2.
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