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Introduction

Economic policy applications of optimal control theory
Consequences of the rational-expectations revolution

Macroeconomic stabilization policies may become ineffective

Lucas (1976) critique: policy changes alter the structure of the
economic system

o Kydland and Prescott (1977): optimal government policies may be
time-inconsistent

@ Conclusion: discretionary stabilization policies should be replaced by
“fixed rules”
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Introduction

Strategic interactions between the government and the aggregate
private sector

Asymmetry = Stackelberg game

Here: rather general linear-quadratic differential game with two
decision makers: government and aggregate of private agents

Open-loop Stackelberg equilibrium solution: government’s
strategies are equivalent to the optimal policies of a government for
the linear rational-expectations model
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A Differential Game

Linear-quadratic differential game with two decision makers:

objective functions are quadratic
system is linear
model is deterministic

no inequality restrictions

coefficients of the system and the objective functions are
time-invariant

no exogenous non-controllable variables
@ infinite time horizon

@ discounting
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A Differential Game

Dynamic economic system
x(t) = Ax(t) + Byui(t) + Baup(t), (1)

where

-t € [0, 00),

- x(t) € R" state variables,

- ui(t) e R™ j = 1,2, control (instrument) variables of the i-th decision
maker (player)

- initial state x(0) = xg is known
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A Differential Game

Two output equations:
yl(t):DIX(t)+EIuI(t)+FIUJ(t)7 I7J:1727’7é./) (2)
yi(t) € Rk objective variables of the i-th decision maker
Quadratic objective functions to be minimized:
o0
Ji =/ exp(—rt)[(1/2)y;(t) Wiyi(t) + wiyi(t) + wildt, (3)
0

r > 0 common rate of discount
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A Differential Game

Interpretation:

@ Stackelberg equilibrium solution: player 1 is the leader, player 2 - the
follower

@ Open-loop information pattern for both players
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The Open-Loop Stackelberg Equilibrium
Optimum control problem for the follower (player 2)
Hamiltonian:

H> = (1/2)y5(t)Waya(t) + waya(t) + wy +
o (t)[Ax(t) + Byui(t) + Boun(t)],

_l’_

Xo(t) = rAa(t) — OH? /Ox(t).

Transversality condition:

lim x'(t)\a2(t) exp(—rt) = 0.

t—00
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The Open-Loop Stackelberg Equilibrium

Optimization problem of the leader (player 1)

Necessary conditions for optimality of the leader’s strategy:

x(t) = OH /oA (t), (7)
Ao(t) = OH JOA1(t), (8)
).\11(1‘) = r)\ll(t) — aHl/aX(t), (9)
).\12(1') = r)\lg(t) — aHl/a)\g(t), (10)

e Leader’s current-value costate variables A11(t) and A12(t)
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The Open-Loop Stackelberg Equilibrium

Optimization problem of the leader (player 1)
Transversality conditions for \x(t) and for A11(t):

Jim ¥/ (s (0) exp(—rt) =0, (1)

e Initial conditions for x(t): x(0) = xo
e Initial conditions for A12(t): A12(t) =0
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The Open-Loop Stackelberg Equilibrium

Notation:
G = E; — A(EyWL2E) LE,WLF,. (12)

Optimal (equilibrium) control of the leader:

up(t) = —(G'WLG) 1G'WAID: — Fi(EsWsEy) "L ESWa Do]x(t) +
+ (G'WAG) LG’ Wi F(EsWLEy) 2By (t) —
(G'WLG) Y [B] — FyWhEx(EyWa Ex) "1 B A1 (1) +
+ (G'VAG) LRI — WhEy(ESWa Ex) " ES )WY Do A1o(t) —
(G'W1G) LG [wy — Wi FL(ESWLEy) L Ejws]. (13)
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The Open-Loop Stackelberg Equilibrium
Equilibrium control of the follower:

n(t) = (BBWLE) ESWL{F(G'W1G) G’ WA[D; —

— F(EWLE) L ESWaD,] — Do} x(t) —

— (ESWLE) I + ESWaFo(G'WAG) LG Wi Fy -
(EWaE) 1By da(t) +

+ (ESWLE) ESWLF(G'WAG) L.
[B] — FWaEx(E;WaEp) T B Aua (1) —

— (BESWLE) YEjWaFo(G'WAG) L) -
[| — WhEx(EyWa Ex) "L ES]Wa Do (t) +

+ (ESWLE) ESWaFo(G'WAG) LG wy —

— (BESWLE) I + ESWaFa(G'WAG) L -
G'WLF1(EsWs E) Y Eyws. (14)
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The Open-Loop Stackelberg Equilibrium

Hii = A— By(E3WhE) *ESWaDy — [Br — Bay(EsWhEr) L ESWLF,] -

(G'W1G)1G'WA[Dy — Fi(EsWhE>) "L ES WL Dy,

Hi, = [B1— Bo(EsWHE) LEJWLFo](G'WLG) L) -
[l — WaEo(EsWhEy) L E5]Wa D5,

His = —[Bi - By(EsWoE) B WhF)(G'WAG) !
[Bf — FsWaEx(E3WaEy) ™ B,

His = —{B2—[B1— Ba(EsWaEr) P EjWa o) -
(6'WAG) ' G'WAFL } (B} W2 k) By,
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The Open-Loop Stackelberg Equilibrium

His = —[B1— By(EsWLhE)1E;WLF,](G'WAG) LG, (19)
His = —{By—[B1— Ba(E{WhEy) *E}WhFy] -
(G'WLG) LG’ Wi FL Y (ESWLEy) LE), (20)

Hoy = By(EyWhEx) F[I — WAG(G'WLG)1G'] -
WA[Dy — Fi(EjWsEx) " ESWH Dy, (21)

Hy = A-— By(EsWaE) I — F{WAG(G'WAG) F; -
[I = WaEo(E;WaE2) ™ B3]} Wa Do, (22)
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The Open-Loop Stackelberg Equilibrium

Hys = By(EyWLE) Y1 — FWiG(G'W4G) L.

[B] — FyWs Ex(E;WaEp) ™11 BS,

Hoy = —By(EyWhEx)rF][I — WiG(G'W1G) 1G]

Wi FL(EWaE>) LBy,

Hos = By(E3WhEx)rF[I — WAG(G'WLG) 1G],

Hy = —Ba(E3WhE) YF[l — WAG(G'WLG) 1G] -

Wi F1(ES WL Ey)LES,
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The Open-Loop Stackelberg Equilibrium

Hyy = —[Dj — DAWaE(EjWaEr) L[l — Wi G(G'W1G) 1G] -
WA[Dy — Fi(E3WaEr) " By Wa Dy, (27)
Hs; = {D}—[D; — DyWLEy(E3WaE) L FIWAG -

(G'WLG) LRI — WaEo(ESWLEy) LEjJWL Dy, (28)

Hys = rl — A + DSWhEy(EsWHEy) 1B +
+ [D] — DyWhEs(EXWLE) L FIWAG(G'WAG) L -
[By — FAWhE(EjWHE) 1By, (29)

Hsy = [D} — DyWaEs(EsWoEs) 1] -
[l — WAG(G'WLG) LG\ WiFL(EsWsE)1B),  (30)
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The Open-Loop Stackelberg Equilibrium

His = —[Dj — DyWLEs(E3WaEr) Y] -
[l — WAG(G'WAG) 16, (31)

Hy = [D; — DiWhEy(EjWaEy) LF] -
[l — WAG(G'WAG) LG \WiF (EsWLEr) LB, (32)

Hy = —D5[l — WaE(EjWaEy) LS| W, -
{D2 — F(G'WAG) 1G'WA[D1 — Fi(ESWaE>) " Ej W, D] f33)

Hiy = —D5[l — WaEx(ESWaEy) L ESWaFo(G' WL G) 7L -
Fi[l — WaEx(EjWa Ey) L ES|Wa D3, (34)
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The Open-Loop Stackelberg Equilibrium

Hiz = Dbl — WaE(EsWHE) L EjJWaFo(G' WL G) L -
[B1 — F,WaE>(EyWaEr) By, (35)

His = rl — A+ DY{WhE, — [I — WoEs(E3W5E5) V] -

WaFy(G'WAG) 1 G' Wi Fy Y (EsWaEy) 1 By, (36)
His = Db[l — WaEr(E}WsEy) LB WaFa(G'WAG)™1G!,  (37)

Hie = —D5[l — WaEx(E3WaEr) L BJ)[I + Wk, -
(G'WLG) LG’ Wi FL(EjWLE>) L E)). (38)
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The Open-Loop Stackelberg Equilibrium

Notation:
Hi1  Hio
Ho1  Hao
H; =
! H31  Hso
Ha1  Hao
k(t) =

Hi3
Ho3
Hs3
Ha3

x(t)

)\12(1'
)\11(1‘

Hoq
H3a

)
)

)\Q(t)
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The Open-Loop Stackelberg Equilibrium

Steady-state values of k(t):

k* = —H How (41)
System: _
k(t) = Hik(t) + How = Hi[k(t) — k*]. (42)
@ M - diagonal matrix of the eigenvalues of H;

o ;! and p? are the vectors of stable and unstable eigenvalues of H;
@ V - matrix of column eigenvectors of Hy: H1V = VM

e Canonical variables z(t) defined by k(t) — k* = Vz(t)
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The Open-Loop Stackelberg Equilibrium

Solution:
z(t) = 5z(0), (43)

S = diaglexp(u1t), ..., exp(pant)]. (44)
Initial conditions:
e x(0) = xo,

@ A\2(0) =0, A\11(0) and A2(0) are chosen such that the system starts
within its 2n-dimensional stable manifold

Solution of the canonical system:

k(t) = Vz(t) + k* = VSV 1k(0) + [I — VSV 1]k~ (45)
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A Dynamic Rational Expectations Model

@ Economic rational-expectations models
@ Predetermined and non-predetermined variables

@ Linear dynamic deterministic continuous-time rational-expectations
model Buiter (1984)

o Predetermined state variables x(t) € R", with n initial conditions
given by x(0) = xo

@ Vector of non-predetermined state variables v(t) € R™

@ Transversality conditions

e Exogenous or forcing variables b(t) € R
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A Dynamic Rational Expectations Model

Linear deterministic first-order differential equations rational-expectations
model with constant coefficients:

[ X(1) ]:K[X(t)]JrLb(t)Jr[q], (46)

Ve(t) V(t) (o))

superscript e denotes the value of the respective variable expected by the
private sector, given the information available at time t.
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A Dynamic Rational Expectations Model

Assumptions:

(A) Information set /(t) = {x(s), v(s), b(s),s < t; K, L}; perfect hindsight
for s < t, weak consistency for s = t

(B) I(t) 2 I(s) for t > s

(C) b%(s) bounded and continuous almost everywhere: exogenous
variables do not explode too fast

(D) K is diagonalizable by K = UIAU;

U matrix whose rows are the linearly independent left-eigenvectors of K
A = diag(A1, ..., Antny, ), Where the A;,i =1,...,n+ n; are the
eigenvalues of K

(E) K has n stable eigenvalues and nj unstable eigenvalues
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A Dynamic Rational Expectations Model

Buiter (1984): dynamic rational-expectations model = solved analytically

@ K,L,U,U™1, and A are partitioned conformably with x(t) and v(t):

| Kui K A
K_|:K21 Kzz]’L_[Lz}’ (47)
@ Canonical variables p(t) € R", g(t) € R™ are defined by
p(t) | _ | x(t)
o]l | (49)

@ 4§°(t) is expressed as a linear function of q¢(t) and b®(t), and ¢¢(s)
as a linear function of g¢(s) and b®(s) for s > t.
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A Dynamic Rational Expectations Model

@ Forward-looking solution for g¢(s) for s > t determined by integrating
the linear differential equations obtained in step 3;

n boundary conditions are required for the convergence of the system.
Justified as characterizing an optimal intertemporal plan in a model with
an infinitely-lived private sector

© Weak consistency implies g(t) = g¢(t); the solution for v(t) can be
obtained from that of g(t)

@ Backward-looking solution can be obtained for the predetermined
variables x(t) with initial conditions x(0) = xo.

@ Cases where assumption (E) above is not satisfied
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A Dynamic Rational Expectations Model

Problem of a government designing optimal stabilization policies over an
infinite time horizon, faced with a dynamic rational-expectations economic
system of the form (46):

X(t) = K11x(t)+K12v(t)+L1b(t)+c1, (49)

ve(t) = Kaix(t) + Kaov(t) + Lab(t) + c2, (50)

with initial conditions x(0) = xg for the predetermined variables and
transversality conditions for the non-predetermined variables v(t).

e assume assumptions (A) — (E) above to hold
e additional assumptions (F) — (J) hold:
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A Dynamic Rational Expectations Model

(F) n= ny, that is, there are exactly as many predetermined as
non-predetermined variables.

(G)
Kii = A — By(ESWLEy) L EjWa Do,

(51)

K12 = —By(E3Wa E2) ' By, (52)

Koy = —D4[l — WhE»(EsWh E) "L ESJWa Ds, (53)
Koo = rl — A' + DyWLEx(ESWhEy) 1 BY, (54)
L1 = By — By(ESWLE) T LEjWa Py, (55)

Ly = —D4[l — WaEx(EjWhEx) L E5)Wa o, (56)
a = —By(BWa ) Ejwe, (57)

e = —D5[l — WaEx(E}Wa Ex) "L ES]ws. (58)
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A Dynamic Rational Expectations Model

(H) The exogenous variables b(t) are policy instruments of the
government, i. e., b(t) = ui(t), and there are no further exogenous
influences in the rational-expectations model.

(I) The non-predetermined rational-expectations variables v(t) of the
private sector are the optimum costate variables \»(t) of the follower.

(J) The objective function of the government is J; from (3), with the
objective variable y;(t) defined as a linear function of all
(predetermined and non-predetermined) state variables x(t) and v(t)
and of the government'’s instrument variable b(t).

Under the assumptions (F) — (J), optimal economic policies for a
single decision maker (the government) with an economic system
characterized by rational expectations are equivalent to the policies
for the leader within an open-loop Stackelberg equilibrium solution.
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A Dynamic Rational Expectations Model

@ Assumption (F) is most restrictive because it implies uniqueness of
the solution

@ Policies are time-inconsistent, they require pre-commitment and
credibility of the government

@ Remedies for the time-inconsistency

@ Other equilibrium solution concepts: Cohen and Michel (1988) or
feedback Stackelberg equilibrium solution (Dockner and Neck (1990))
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Thank you for your attention!
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