Estimation of a Partially Linear Seemingly Unrelated Regressions Model

Motivation

translog cost system with one input (simplified)

1
InC=InO(2)+piInW+ E'BZ(IH W%+ uy
S:ﬁ1+ﬂ2h’1W+ Uy
C: total cost; W: input price

©(-): efficiency parameter of environmental factors Z
S: input share obtained by Shephard’s lemma

more efficient estimating the system as a whole

Abstract

motivated by estimation of a translog cost system

propose more efficient estimators for a partially linear SUR model

combine profile least-square (Robinson, 1988) and SUR (Zellner, 1962)

establish asymptotic normality and efficiency for both the linear and nonparametric estimators

covariance decomposition method matters in terms of nonparametric efficiency, i.e., Cholesky
prevails Spectral

A partially linear SUR model

Consider a system of m equations
Vsi = Hs(zsi) + xgiﬁs + U, (1)
fori=1,---,nands=1,---, m.

0, is unknown and x;; enters linearly

errors across equations are correlated s.t. E (usuy;) = oy but not across time E (uguy) = 0

Moment conditions

1. as E (ug | zs;, x5i) = 0, letting gq,(2) = E (wy; | 2z = z) for w = x, ,

gsy(zsi) = 0s(zsi) + gsx(zsi)’ﬁSa (2)
Vi = Xgi Ps + Usi (3)
Bs =B (x3}) " B (x5y%) (4)

where ¥ = y5 — E (y5i | zg) and x; = x5 — E (x4 | zsi).
2. GLS moment condition is

kN — %/ -1 KN — *
IB =E (xi z“mlxi ) E (xi Z“mlyi) > (5)
where = (B1,--- . By ¥i = (v xi =1 8 o 8 wi= (U, umi)’, and
o ... x;kni

Xm = Var (ui) = {0'31}211’:11.

Estimation

by Robinson (1988), single-equation estimator for f; is

. n -1 5
Ps = e XV (6)
i=1 i=1
by Zellner (1962), our SUR estimator for f is
n =1 n
P = | ) TET) | 2TV )
i=1 =1

where X; and ¥, are residuals from single-equation nonparametric regression for E (xs; | z5;) and

o~ - . - o - - —r
E (ysi | zoi), and Zp = {O'sl};nl’;nl with o = %Z?:l usiug; and ug; = y:,- - x:iﬁs'
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Asymptotic normality

Theorem 1. Under Assumptions A1-A4, we have

VA (Boas = ) = N0, V), ®

where V = (E (x:‘Z;}x;“))_l.

Nonparametric estimator

é\s(z) = Esy(z) - Esx(z),ﬁ& é;(z) = gsy(z) - Esx(z)/ﬁs,sur-

Theorem 2. Under Assumption A1-A4 and assuming that E (|usi|2+5 | zsi, xsi) < C for some
o > 0, we have

~ d
/nh? (Qs(z) —0,(2) - bs,l(z)) LN (0,V41(2)) 9)
where b,1(z) = Op(hfs) and Vi1(z) Efsgl(z)asstsz(y) dy.
Efficiency discussion

by Zellner (1962), ,/)/’\Sur is efficient relative to ,Es as AVar(,Es,ur) < AVar(,Es).

53(2) and é;(z) are asymptotically equivalent; cross-equation correlation is not effectively
explored.

More efficient estimation of 0(-)

by Martins-Filho and Yao (2009) and Su et al. (2013), pre-whitening (rendering errors
spherical) for nonparametric estimation also matters

let Y, = (YSla cevs YSn)/a X = (xsla cess xsn)/a O (Zs) = (93 (Zsl) 5 saey 03 (an))/a
Ys - Xsﬁs = @s (Zs) + Usa

Y-XB=0(2)+UT, (10)
Xy -+ 0
where Y = (Y,,..,Y,), X=| : . i [[©(2)=(0,(Z),..0n(Zn))"
0 - X,

let > =E(UU’) = PP,V =P, E=VUwithE (EE') = I
as> =2, I, wehave P=P,,and V=V, ®I,
let Y* = HO(Z) + & where H = diag(V), for each equation

Y = v,0, (Z) + Es. (11)

S

*

local linear estimation of an estimated YS.

./ Vss on zg; would yield our SUR nonparametric

estimator 9~S,Sur(z).
Y’/ vss can be estimated by ?;//1733 = 0 (z4) + ési/vss and & = lezlf"\slﬁli-

Efficiency of gs,sur(z)

Theorem 3. Under Assumptions A1-A3, and if for any s, [ =1,---, m, hys/hy; — 0, nhfz — 00

+2
and nhgz " — C e [0,00] as n — oo, we have

N (Bssur(2) = 04(2) = bia(2)) =5 N (0. Vi (2)). (12

where bs,(z) = Op(hy) and Viz(z) = fol(2) v fo(y) dy.

Os.sur(2) is more efficient relative to (9\3(2) as Vi, < Vi1 given that X, = P,,P/ and

— \'m 2 2 _ A2
Oss = Zl:l Py = Pss = Vss -

Efficiency dependency on square root choice

efficiency of é;,sur(z) depends on V;, via vg, which varies with the square root choice for %,
denote terms induced using the Spectral decomp. by adding a superscript S, and those without for
the Cholesky decomp. e.g, =, = P> P> with P> = P%.

Theorem 3 remains true for both 9~s sur (2) and 05 (2).

s, sur
we can show algebraically that
1. moving the position of the st equation to a later spot in the system reduces the corresponding (vss) 2.

2. (Vmm) 2 < (V3,0) %
this result suggests that it is optimal to estimate the nonparametric part using the Cholesky
decomposition and always place the equation of interest at the end of the system.

Simulations
Consider the following DGPs
yii = 01(z13) + Pixi + wa,
Voi = 02(22i) + Paxoi + ug;,

where z;; and zy; are i.i.d. U[0, 2], 01(z1;) = sin(z1;), O2(22:) = cos(z2;), f1 = 1, P2 = 2, x5 = 025 + €,
0 =0.6, e; ~i.i.d. N(1,0.5%) Vs = 1,2, and (uy;, up;)’ ~ i.i.d. multivariate normal N (0, Q) with
Q= {Usl}i’le, 011 = 022 = 1, and 013 = 031 = 0.6.

Table 1: Finite Sample Performance with Cross-Equation Correlation (o2 = 0.6)
31 1a (-} fal-)
n Bias Var MSE Bias Var MSE Abias Avar AMSE Abias Avar  AMSE

Partially linear SUR 3. .., 0.(")

L) QoG DL020E 0o020E U007 L0300 D1 L00ES thik21 1292 UL s S s 1 1
200 00050 00128 DO12R 0017 00140 0.0 00007 0.0223 0.0590 00104 0.0234  0.0634
i} SOL0DTT LN UL Ouks2 LLiibGh UGG L2 (Rl ls (RSO L0011 00121 00322
B0 00022 0,004 00004 L0039 00053 000034 000021 L0072 0Ll T 000051 00071 00169
1600 00012 00016 00016 0.0020 00017 0.0017 00008  0.0040 00088 HRILEY 0.0040 00090
Robinson’s single-equation ':I,.EFL[-]

1ih} OLO0EE 04SSR OO08T  00dGd 00465 L0000 000438 0,175 S0L007E 00435 01727
2000 00063 00198 00193 000045 0 00211 0.0211 00004 00230 0U0TES 00148 00242 00322
1000 0.0015 00094 0.0094 00045 00100 0.0100 00010  0.0122  0.0393 00034 000124 0.0413
=i L0025 u0osl 0L U002 L2 (iS22 S0L0ET TS 214 SLHISZ nnys D2
L6000 0.0010 00025 00025 00002 00024 00024 -0.0005  0.0041  0.0113 00029  0.0040 00111

Nonparametric SUR estimator By gurl-]

First equation first First equation second
f1i-) fa(-) B1(-) Ba(-)
n Abias Avar  AMSE Ahias Avar AMSE Abias Avar AMSE Abias Avar  AMSE
L0 0.0240  0.0376  0.1261 0.0215 00241 0.1142 00216 00281 0.1164 00243 000329 0.1234
20 0218 00207 (L0586 000031 D013 DRSS SL020T1 0 41 unls SL00E0 U0LED DU05RG
TN 00167 00110 00304 -0.0154 00068 00276 00136 00073 00265 0L T0 009G 00305
=i SL022s DLO00LT 00162 D01 GE CLEHEG (RO E0 SL01RG R3S (uil42 S0L01ES 0u00ss  0U015E
L0y -1y Ouikslr  O.0is] SOLOTTT CLOW2dy (LTS SCLOAT  CLCMITT bt B T N 1

Note: (1) This table compares the effects of sample size on the partially linear SUR and Robinson equation-by-equation
models when there exists cross-equation correlation (1.e., oo = 0LG). (21 For the partiallv linear SUR model, the parametric
components are estimated with the feasible SUR estimator, and the nonparametric components are estimated with the two-step
nonparametric estimator.
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