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Abstract

In economic program evaluation, it is common to obtain panel data
in which outcomes are indicators that an individual has reached an ab-
sorbing state. For example, they may indicate whether an individual has
exited a period of unemployment, passed an exam, left a marriage, or
had their parole revoked. The parallel trends assumption that underpins
difference-in-differences generally fails in such settings. We suggest identi-
fying conditions analogous to those of difference-in-differences, but which
apply to hazard rates rather than mean outcomes. These alternative as-
sumptions motivate estimators that retain the simplicity and transparency
of standard diff-in-diff, and we suggest analogous specification tests. Our
approach can be adapted to include general linear restrictions between
the hazard rates of different groups, motivating duration analogues of the
triple differences and synthetic control methods. We apply our proce-
dures to examine the impact of a policy that increased the generosity of

unemployment benefits, using a cross-cohort comparison.
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Many important topics in applied economics involve durations. To name
a few, the impact of unemployment insurance on the length of unemployment
spells (Katz & Meyer (1990), Hunt (1995), Lalive et al. (2006), Lalive (2007),
Card et al. (2007), Chetty (2008), Schmieder et al. (2012), Schmieder et al.
(2016), Lichter & Schiprowski (2021), and others), the effect of divorce laws
on marriage duration (Friedberg (1998), Gruber (2004), Wolfers (2006)), the
strength of residency rules on the rate at which refugees pass language tests
(Arendt et al. (2024)), the impact of insurance schemes on fertility rates (Lam-
bert & Rossi (2016)), mandatory retirement rules on rates of retirement (Ashen-
felter & Card (2002)), and the consequences of criminal justice policies on the
rate of recidivism or probation revocation (Schmidt & Witte (1989), Bhuller
et al. (2020), Rose (2021)). In settings like these, available data may consist
of panels or repeated cross-sections in which the outcome is a binary indicator
that an individual has entered an absorbing state. For example, an indicator
that an individual has exited unemployment by a particular date. Difference-
in-differences is a popular tool for policy-evaluation, but when the data take the
form just described, the parallel trends assumption generally fails.

To fix ideas, consider the case in which the outcome indicates exit from unem-
ployment. Suppose that some individuals receive an increase in unemployment
benefits at a particular point in time while others do not. The foundational
assumption of diff-in-diff is that, absent the policy of interest, the difference in
mean outcomes between the treated and untreated groups would remain fixed.
If a sufficiently large share of individuals eventually exit unemployment, then
mean outcomes will tend to converge over time, even absent any treatment ef-
fect.! This entails a failure of parallel trends and may result in severely biased
and inconsistent estimates of treatment effects.

It is well-known that the parallel trends assumption is generally incompat-
ible with settings in which outcomes are discrete or truncated (see Wooldridge
(2023)). What makes this problem particularly acute in duration settings is that
the resulting bias is systematic. Suppose a higher proportion of individuals in
the treated group are unemployed just prior to treatment. Then under a coun-
terfactual in which no one is treated, the gap in unemployment rates between
the treated and untreated groups would tend to narrow over the post-treatment
period. Standard diff-in-diff estimates attribute this narrowing to the effect of

treatment, leading to over-estimation of the effect of treatment on job-finding.

LApart from in the special case in which mean outcomes are identical between the two
groups.



By contrast, in cases in which the binary outcomes reflect say, choices among
discrete alternatives, it is less clear that the misspecification of the model would
systematically bias the estimates in any particular direction.

In response, we consider alternative approaches based on insights from du-
ration analysis. Rather than assume parallel trends between mean potential
outcomes, we suppose there is a constant linear relationship between group-
specific counterfactual hazard rates. This condition is consistent with the con-
vergence of counterfactual mean outcomes over time, and thus the convergence
does not imply inconsistency of the corresponding causal estimates. The alter-
native assumption motivates a simple fix. Instead of performing diff-in-diff or
related methods using mean outcomes, we apply the same procedures using a
particular function of the mean outcomes and the time period. We sidestep any
estimation of the hazard rates themselves, and our analysis entirely avoids the
need to specify an explicit model for the hazard function.

To be precise, in place of the mean outcome E[Y; ;|G; = k], where i indexes
individuals, t is the time period, and G; is the group to which individual i be-
longs, we use the ‘time-average hazard’, denoted H’kyt, which can be written in
terms of mean outcomes. This object is the average of the hazard rate over the
continuous period between times 1 and ¢. If we assume parallel trends in group-
specific counterfactual hazard rates, then there is a fixed level difference between
the time-average hazards of the different groups under the no-treatment coun-
terfactual. Thus we can perform difference-in-differences using this alternative
object. We may then invert the definition of the time-average hazard to re-
cover counterfactual mean outcomes and average treatment effects. Because we
use only group-specific mean outcomes, our methods are applicable to repeated
cross-sections as well as panel data.

Note that the counterfactual mean outcome, understood as a function of
time since the start of a spell, is precisely the cumulative distribution function
of counterfactual durations. Thus our approach can produce estimates of the
distribution of counterfactual durations, rather than say, the mean duration
under a no-policy counterfactual.

Diagnostics like placebo tests and the standard test for pre-treatment parallel
trends can be adapted straight-forwardly to our setting. Where standard tests
use the mean outcome, we again use the time-average hazard rate. Analogous
with vanilla diff-in-diff, one can perform informal visual inspections to assess
whether parallel trends in time-average hazards holds in the pre-treatment pe-
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Adjusting for covariates can be important for credibly identifying causal
effects in difference-in-differences. If there is covariate imbalance between treat-
ment and control groups in diff-in-diff, then parallel trends may fail, even if it
holds within each covariate stratum (say, within each demographic subgroup).
We adapt our hazard approach to allow for such cases by employing a simple
propensity score weighting when we calculate the time-average hazard. This
avoids the difficulties of partial likelihood estimation of proportional hazard
models with discretised time periods.

As stated above, our approach extends beyond the assumption of a fixed
difference between hazard rates. Rather, we can accommodate any fixed linear
relationship between the hazard rates of different groups. Thus our approach
applies if there is a fixed difference in log hazard rates, which is equivalent to a
particular proportional hazards specification. In the case of multiple untreated
groups we can obtain a duration analogue of the triple differences estimator
and of the synthetic control method. As with our duration diff-in-diff approach,
estimation differs from standard approaches only in the use of transformed mean
outcomes.

We apply our methods to the setting of Lalive et al. (2006). The authors
in that study evaluate the impact of a policy that increased the generosity
of unemployment insurance benefits for unemployed Austrian workers. The
authors identify causal effects by exploiting the presence of individuals who
were ineligible for the benefit changes. They estimate a flexible parametric
duration model and from their estimates they recover causal effects.

In contrast, we identify causal effects using a cross-cohort comparison. We
employ our methods in order to estimate the impact of an extension to the
potential benefit duration (PBD). We adjust for the calendar date at which
an unemployment spell begins using our covariate re-weighting strategy. Thus
our estimates are robust to differential trends in job-seeking between individuals
who become unemployed in different parts of the year. We obtain similar results
to the authors of the original study, however we do so while avoiding estimation
and specification of the hazard function, and without the need for numerical
optimization of a likelihood. Moreover, the transparency of our approach allows
us to both visually and formally assess whether there are parallel trends over the
pre-treatment period. We find a statistically significant positive impact of PBD
on unemployment duration with strongly positive estimates shortly following
treatment which then taper off. We are unable to reject parallel trends in

hazard rates even at the 50% level.



We evaluate the finite-sample performance of our methods in a simulation
study. The results also demonstrate the potential for standard diff-in-diff to pro-
duce severely misleading estimates in duration settings. The simulation results
are available in the supplementary appendices.

In sum, the present paper suggests a simple means of adapting existing
difference-in-differences and related methods to settings with duration data.
Whereas standard procedures extrapolate the relationship between mean out-
comes for different groups forward in time, we instead extrapolate the relation-
ship between these groups’ time-average hazard rates, which are known func-
tions of mean outcomes and therefore easily estimated from the data. What
is crucial here is that we retain the intuitive appeal of diff-in-diff. One of the
key benefits of diff-in-diff and related methods is that one can visually assess
whether the assumption of a stable linear relationship holds in the pre-treatment
period, and assess the magnitude of any deviation from this condition. Because
we simply shift the objects to which these methods are applied, our approach
allows researchers to perform similar visual inspections, as required for effective

causal event studies.

Related Literature

We are not the first to suggest an extension of differences-in-differences to dura-
tion settings. Proportional hazard models (Cox (1972)) with a diff-in-diff-type
linear index are considered by Hunt (1995), Wu & Wen (2022), Lalive et al.
(2006), and Marinescu (2009). Wu & Wen (2022) show that parallel trends
cannot hold when the data are generated by the proportional hazards model.
Hunt (1995) suggests an approximate partial likelihood estimation procedure
for the coefficients of the linear index in a proportional hazard diff-in-diff speci-
fication, Lalive et al. (2006) and Marinescu (2009) employ maximum likelihood
estimation. Wu & Wen (2022) consider estimation in the two-period case. In
both Wu & Wen (2022) and Hunt (1995), interest is in the estimation of the
coefficients on the binary indicators in the linear index, rather than average
treatment effects.

The proportional hazard diff-in-diff model is a special case of the more gen-
eral linear restrictions that we consider in the present work. Our approach
avoids maximum likelihood estimation in favor of simple and transparent non-
parametric imputation of time-average hazards that closely resembles classic

diff-in-diff. The simplicity and transparency of our approach is important not



only in that it facilitates practical application of our methods, but because it
allows us to both visually and formally test for pre-treatment parallel trends,
much as in standard diff-in-diff. Our preferred specification assumes a fixed level
difference in the hazard rates rather than a fixed ratio. This has the advantage
of allowing for a simple means of flexibly incorporating covariates via propensity
score weighting.

Also related to our approach is the literature on non-linear difference-in-
differences. These papers, usually motivated by a limited dependent variable,
specify a generalized linear model (GLM) in which the outcome is a non-linear
transformation of a linear index with a diff-in-diff form. A number of empiri-
cal papers estimate the coefficients in a GLM diff-in-diff model. For example,
Gruber & Poterba (1994) and Eissa (1996). Puhani (2011) considers the inter-
pretation of the coefficients in these models.

Motivation for GLM diff-in-diff models is discussed in Blundell et al. (2004),
Blundell & Costa Dias (2009), Lechner (2011), and most thoroughly in Wooldridge
(2023). The general strategy in Blundell et al. (2004) and Wooldridge (2023)
is to transform mean outcomes by inverting the link function in a GLM and
to perform diff-in-diff on the transformed means. Re-applying the link function
then recovers counterfactual mean outcomes and thus treatment effects. Their
specifications are motivated by latent variable models for the discrete outcomes.
Thus in those works, the link function is determined by an a priori assumption
that an unobserved noise term follows a known parametric probability distribu-
tion. In our case, the form of link function follows from the duration structure of
the data. For example, from the proportional hazards version of our identifying
assumption we obtain the same restriction on mean outcomes as the exponen-
tial model in Wooldridge (2023), however we obtain this model from a distinct
starting point. Our approach also covers the case in which there are more than
two groups (treated and untreated) and allows for general linear restrictions.

In addition, our approach differs from Wooldridge (2023) in how we adjust
for covariates. Rather than incorporating covariates in the linear index inside
of a link function, we instead suggest a propensity score weighting approach
and provide formal justifications for this method. As we discuss later on, this
approach may be better suited to the duration setting and has some additional
advantages.

Works in which the link function is estimated using sufficiently rich pre-
treatment data include Ashenfelter & Greenstone (2004) and Athey & Imbens

(2006). The latter suggest a nonparametric approach that is valid under weaker



conditions than the GLM diff-in-diff model.

By proposing a simple and transparent extension of diff-in-diff to dura-
tion settings, we extend the ever-growing literature on difference-in-differences.
For recent surveys see for example Roth et al. (2023) and de Chaisemartin &
D’Haultfeeuille (2023). More general works that consider the failure of parallel
trends under alternative functional forms include Roth & Sant’Anna (2023) and
Rambachan & Roth (2023). Our work is more narrow in that we focus on a
particular case in which standard parallel trends generally fails, but we show
that a particular non-linear diff-in-diff method and some related approaches are
valid in this setting.

In our empirical application we employ a cross-cohort comparison in which
the time period for a given individual is relative to the start of their unem-
ployment duration. This is the same approach taken in Van Den Berg (2020).
However in that work, the authors employ an identification strategy based on
regression discontinuity design for nonparametrically estimated hazard rates. In
addition, Van Den Berg (2020) focus on identification and estimation of aver-
age differences in counterfactual hazard rates, whereas our objects of interest
are counterfactual mean outcomes (i.e., the counterfactual distribution of dura-
tions).

There is a sizable literature on causal analysis using duration data (see e.g.,
Abbring & Heckman (2007) for a survey). In the seminal paper of Abbring &
Van Den Berg (2003) and similar works, researchers achieve identification un-
der assumptions on the treatment process, its relation to individual heterogene-
ity, and the separability of unobserved heterogeneity in individual-level hazard
rates. Our approach differs from this in its foundation. Rather than begin with
an individual-level duration model incorporating heterogeneity, our analysis is
premised upon an assumption concerning group-level hazard rates in spirit of
classic diff-in-diff.

Abbring & van den Berg (2005) identify and estimate causal effects from du-
ration data using instrumental variables. Vikstrom (2017) suggests a dynamic
inverse propensity score weighting to estimate treatment effects under an un-
confoundedness assumption using discrete time duration data. van den Berg
& Vikstrom (2022) use a type of inverse propensity score weighting to identify
causal objects under a sequential unconfoundedness condition when treatment
can only be applied to individuals in a particular state (e.g., individuals can
only receive an unemployment benefit during when they are unemployed). Cui

et al. (2023) develop a method based on random forests to estimate conditional



average treatment effects under the assumption that treatment assignment and
censoring are ignorable conditional on covariates.

Unlike Abbring & van den Berg (2005), we do not require the presence of
a valid instrument, instead we rely on a type of parallel trends assumption.
To compare with the other works which rely on unconfoundedness/ignorability,
note that our identification approach with covariate adjustment (outlined in
Section 2.1) rests on an assumption that must hold under unconfoundedness
(that is, when allocation to the treatment group is independent of counterfactual
outcomes conditional on covariates). On the other hand, we do not consider
settings with an eligibility state like van den Berg & Vikstrom (2022), nor do
we identify conditional average causal effects like Cui et al. (2023). Moreover, we
only consider adjustment for time-invariant covariates unlike Vikstrom (2017)
and van den Berg & Vikstrom (2022).

In some cases it may be possible to apply difference-in-differences using the
durations themselves as outcomes as in Lichter & Schiprowski (2021). Consider
again the unemployment example and suppose some individuals are ineligible for
the increase in benefits. One might perform diff-in-diff by taking the difference
in the mean unemployment durations between those who became unemployed
before and after the reform and seeing how this varies with eligibility for the
benefits increase. This approach differs from ours both in the settings to which
it is applicable and in the causal objects it identifies.

First, consider that this alternative strategy identifies causal effects using
variation in the start date of unemployment spells, whereas our method is ap-
plicable even if all spells in the data begin on the same date. Moreover, such
methods require some form of correction for censoring if either the length of
spells is discretized as is common in panel data, or some spells are incomplete
(that is, if an individual’s unemployment lasts beyond the final period of the
data). In addition, suppose that the policy change applies to those in ongoing
unemployment spells, as is common in practice. Then the group of eligible indi-
viduals who became unemployed prior to the reform will contain some treated
individuals, and dropping these from the sample would lead to selection bias.
Our approach avoids this problem.

Using durations as outcomes identifies distinct causal objects compared with
our approach. Suppose that the policy impacts not only time spent in unemploy-
ment, but also who becomes unemployed. This compositional change represents
an additional channel through which the policy might impact unemployment du-

rations. Because we follow the same fixed set of individuals over time, we isolate



the behavioral response of individuals in ongoing spells. Finally, our approach
recovers a counterfactual cumulative distribution of durations evaluated at cer-
tain points in its support, whereas the alternative identifies the counterfactual

mean of durations.

1 Motivation and Background

We sample binary outcomes Y; ; for individuals i = 1,...,n at periodst =1,..,T.
Each individual belongs to a group G; where group membership is constant over
time. An outcome of 1 indicates that an individual has entered an ‘absorbing
state’ and so all future outcomes for that individual are also equal to 1. Indi-
viduals in Group 1 receive an intervention at some point between periods t* — 1
and t* and we wish to assess the impact of this intervention on the evolution of
the outcomes of individuals in that group.

Although we focus on panel data, a nice feature of our analysis is that it
applies equally to repeated cross-sections. Moreover, the data need not contain
the exact lengths of spells. Rather, we only need to know whether or not a spell
has ended by a particular length of time and we accommodate incomplete spells.
For example, if the time increments are weeks, then we need only know whether
or not a given duration has ended by the t-th week for t = 1,...,T, not the
exact moment at which it ended. While we focus on the case of discrete time
increments, our approach can be adapted straightforwardly to accommodate
time increments of varying lengths.

In order to define causal effects of the treatment, we consider a counterfactual
in which there is no intervention on Group 1. We denote by Yifg) the outcome
under this counterfactual at time ¢ for individual ;. We sometimes refer to Yifg)
as an ‘untreated potential outcome’, although this differs from the standard
definition in that the counterfactual is defined in terms of an intervention on
Group 1 rather than an individual-level treatment. We use the superscript ‘(0)’
to indicate counterfactual values throughout this work.

Our primary object of interest is the time-t average treatment effect for
individuals in the treated group where t* < ¢. This is the average difference
between the outcome for a randomly sampled individual in the treated Group
1 at time ¢, and that individual’s outcome in the counterfactual world in which

there is no intervention. This is defined as follows:

7= E[Y;, — Y, {|G; = 1]



Note that F [YZ(?) |G; = 1] is the counterfactual cumulative distribution func-
tion (CDF) of the durations of individuals in Group 1 evaluated at ¢. Therefore,
if treatment effects are identified, then so too are the values of the counterfactual
CDF of durations evaluated at each discrete time increment.

To illustrate, consider two schools 1 and 2. We sample n students, each of
whom attends one of the two schools. If G; = k then individual 7 attends school
k. Data is available from periods ¢t = 1,...,T. The students in each school have
the opportunity to sit and pass an English proficiency exam. If a student ¢ has
passed the exam by time ¢ then Y;; = 1 and otherwise Y; , = 0. We suppose
that at a time between t* — 1 and t*, the students in school 1 receive some
educational intervention, where t* is known.

The binary indicator Yl(g ) is equal to 1 if and only if student 7 would have
passed the test by time ¢ in a counterfactual world in which there is never any
intervention on school 1. In this setting, the time-t average treatment effect
is the difference between the share of the student population in school 1 who
have passed the test by time ¢ versus the proportion who would have passed
under the counterfactual in which there is no intervention on school 1.

Assumptions 1 and 2 formally impose some elementary properties of the

factual and counterfactual outcomes implicit in the discussion above.

Assumption 1 (Absorbing State). Y;. is a binary random variable and
Y;: = 1 implies Y¥; , = 1 for all ¢ < s. The same holds for the potential

outcomes YZ(? ),

Assumption 2 (No Anticipation/Spill-Overs). i. 1 < ¢* and for all ¢ < t*,
Yie =Y, il Forall ¢ > ¢*,if G; > 1 then Y, = V).

it

Assumption 1 states that having an outcome of 1 is absorbing state. This
means that if an individual has an outcome of 1 at time ¢, then that individual’s
outcome is equal to 1 in all future periods, and similarly for potential outcomes.
In the schools setting this follows simply from the definition of the outcome: a
student cannot un-pass the exam.

Assumption 2 imposes conditions on potential outcomes that are standard
in difference-in-differences. We assume that individuals do not anticipate treat-
ment, and so observed outcomes in periods strictly prior to ¢* are identical
to those in the counterfactual world in which there is no intervention. A no-
anticipation condition was introduced into the literature on causal duration

analysis by Abbring & Van Den Berg (2003). In addition, we assume there are
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no spill-overs between groups. That is, the treatment of students in school 1 has
no impact on students in other schools. More formally, the potential outcomes
of students in other schools under the no-treatment counterfactual are equal
to their realized outcomes. However, this does not rule out spill-overs between

individuals in the same group.

1.1 Standard Diff-in-Diff and Related Methods

Difference-in-differences identifies causal effects under an assumption that there
is a fixed level difference between the mean outcomes of the treated and un-
treated groups. Formally, this parallel trends condition imposes that there is

some constant ¢ so that the following equation holds in all periods.
EY.|Gi=1] - EY})|Gi =2 = (1.1)

In the schools example, the condition above states that the difference in
mean potential outcomes for the two schools is constant over time. Under
Assumptions 1 and 2, the condition identifies the average treatment effect 7
and motivates a simple estimator. Let Ym be the sample average outcome for

individuals in Group k at time t. That is, for each ¢ and k:

n

_ 1
Yit = . Z H{G; =k}Y;,

i=1

Under Assumptions 1, 2, and parallel trends, an unbiased estimate ¢ of ¢ is

1

given below, where {as}f:;l are some positive weights that sum to 1.

t*—1
O‘s(Yl,s - Yé,s)
1

o>
I

S

An unbiased estimator 7; of the time-t average treatment effect is as follows.
fr= (Y1 —You) — ¢

The estimator above can be expressed equivalently in terms of ordinary
least squares regression and can be adapted to include covariates. A number
of inference methods have been proposed in the literature. For example, the
block bootstrap method of Bertrand et al. (2004). With two periods of data (so

that ¢* = 2), the estimator above reduces to the simple difference-in-differences
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below:
T2 = (Yl,Q - Y2,2) - (Yl,l - Y2,1)

Diff-in-diff is one example of a general class of methods that identify causal
effects by assuming that there exists a fixed linear relationship between the coun-
terfactual mean outcomes in different groups. That is, there exist parameters
W1 ,Wa,....Wk so that the following holds in all periods:

K
EYY|G, =1 =W, + Y WiB[Y,D|G; = &) (1.2)

k=2
Imposing additional conditions on the coefficients yields alternative identi-
fication approaches. With two groups, difference-in-differences specializes the
above by fixing W5 = 1, in which case (1.1) holds with ¢ = Wj. Another case
that fits into this framework is triple differences, which corresponds to K = 4,
Wy = W3 = 1, and Wy = —1. This approach is applicable when the four
groups correspond to different combinations of two binary characteristics, and
only individuals with one of the four combinations are treated. For example,
suppose individuals are drawn from two regions A and B and only individuals
that satisfy eligibility criteria and live in region A are treated. Then Group 1
may consist of eligible individuals in region A, Group 2 of eligible individuals in
region B, group 3 of ineligible individuals in region A, and group 4 of ineligible
individuals in region B. In this case the condition reduces to the following for

some cC.
(BEYD1Gi =1 - EYY|1Gi =2) — (BY|1Gi =3 - B,V |G = 4]) = ¢

Under Assumptions 1, 2, and (1.2), treatment effects are identified so long
as there are unique coefficients Wy, Wa, ..., Wi that satisfy (1.2) in all pre-
treatment periods, subject to any additional a priori constraints on these pa-

rameters. The coefficients can be estimated by weighted least squares:

1
(Wi, = argmin > ay(Yiy — Wy — ZWkth
Wi oW =1 k=2

Having estimated the parameters {Wk}ff:l, the average treatment effect for

t > t* may be estimated by plugging-in the coefficient estimates and observed
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average outcomes into the linear model:

K
Fo=Yi— Wi — Z WiVt
k=2
The parameter space VW may incorporate constraints. For example, if K = 2
then constraining Wy = 1 yields precisely the diff-in-diff estimator specified
earlier in this section. A number of variations on the above are available in
the literature. Abadie & Gardeazabal (2003) suggest a more general method
for estimating the parameters {Wk}i(:l. In place of the mean outcomes in
the objective they use vectors of group-specific covariates which may include
average outcomes. Abadie & Gardeazabal (2003) constrain the optimization
problem so that W; = 0 and the remaining coefficients are positive and sum to
1. Doudchenko & Imbens (2016) suggest adding an elastic net penalty to the
synthetic control objective.
A number of methods exist for selecting the weights {o, }!_7'. For example,
Abadie & Gardeazabal (2003) propose that the weights be chosen to minimize
the objective above subject to the constraint that they are weakly positive and

sum to 1 and Abadie et al. (2015) suggest choosing {a;}'_7! by cross-validation.

1.2 Consequences of the Diff-in-Diff Assumption

In the settings that we consider in this paper, the parallel trends assumption
(1.1) can be highly problematic. We consider cases in which the outcome is a
binary indicator that an individual has reached an absorbing state by a given
period. Therefore, the group mean outcome is the share of individuals in the
group who have reached the absorbing state. For reasons that we describe below,
these shares tend to converge over time, regardless of treatment. That is, the
magnitude of the difference in group-mean outcomes tends to decrease, even if
treatment has no effect. Standard diff-in-diff would erroneously interpret such
a decrease as evidence of a treatment effect, leading to biased and inconsistent
causal estimates. Note that this same problem persists if one performs diff-in-
diff using changes in outcomes AY; ; :=Y; ; —Y; ;1 in place of the level outcome
Y; . If mean outcomes converge then so do changes in mean outcomes.
Perhaps the most striking failure of parallel trends occurs when the shares in
the absorbing state grow too close to 1. Recall that the shares must be bounded
above by 1 and are weakly increasing over time. Consider the schools example

and suppose that at some time prior to t*, 60% of students in school 1 have
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passed and 40% in school 2, and by some time after ¢*, strictly more than 80%
of students in school 2 have passed. Under the assumption of counterfactual
trends in mean outcomes, we must immediately conclude that there is a nega-
tive treatment effect, even before observing the post-treatment outcomes in the
treated school. This is because no more than 100% of students in school 1 can
pass the test, and so the gap in mean outcomes must be strictly lower in the
post-treatment period than the 20% gap observed in the pre-treatment period.

The example above is the result of a ceiling parallel trends places on the
shares of individuals who can reach the absorbing state. Given that the shares
are bounded above by 1, it follows from (1.1) that the counterfactual share who
reach the absorbing state can never exceed 1+ ¢ in school 1, and 1 — ¢ in school
2. Similar restrictions hold under other linearity assumptions of the form in
(1.2).

Convergence of mean outcomes is likely to arise even in cases where the
shares do not reach the ceiling 1+c. Consider that as the share of the population
who have reached the absorbing state increases, there are fewer individuals left
to enter the absorbing state. This means that if a large share of individuals
have reached the absorbing state, any further increases in mean outcomes will
be small compared to the rate at which the remaining individuals reach that
state.

To demonstrate, consider the schools example and suppose that in school 1,
80% have passed the test by day ¢ and 60% in school 2. Thus the share who
have not passed by day ¢ is twice as high in school 2 as in school 1. As such,
for the difference in shares to remain consistent into the next period, students
in school 1 who have not passed by day t would need to be twice as likely to
pass on that day as those in school 2. This effect strengthens as the shares who
have reached the absorbing state grow. Suppose differences remain fixed and
at some later period t', 90% have passed in school 1 and 70% in school 2. For
differences to remain fixed, the probability that a student in school 1 who has
not yet passed by day ¢’ passes that day must now be three times higher than for
school 2. We formalize this point at the end of this section by showing that the
parallel assumption implies divergence of the counterfactual ‘hazard rates’, that
is, the rates at which individuals in the two groups who have not yet reached
the absorbing state reach that state.

For a graphical illustration, observe Figure 1.1(a) which shows population
mean factual and counterfactual outcomes under a duration model specified in

the supplementary appendices. We use this same model for our simulation ex-
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ercises. Factual mean outcomes, i.e., shares of the population that have reached
the absorbing state, are plotted over time by solid lines, blue for Group 1 and
red for Group 2. The mean outcome for Group 1 under a counterfactual of no

treatment, is plotted by the dashed blue line.

Figure 1.1: Deviations from Parallel Trends
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In the figure, we see that mean outcomes for Group 1 are greater than
for Group 2 in the initial period. Due to the duration nature of the setting,
the difference decreases over time under the counterfactual of no intervention.
In this example, the convergence is of a sufficient magnitude that the average
difference in the observable factual outcomes is smaller over the post-treatment
period than in the pre-treatment period. Therefore, in expectation standard diff-
in-diff will estimate a negative treatment effect. However, the true treatment
effect is positive, as seen by the the positive gap between the solid and dashed
blue lines. In fact, in this model the bias of standard diff-in-diff is roughly four
times the value of the true treatment effect. For simulation evidence of the poor
performance of standard diff-in-diff under this model (and good performance of
our proposed alternatives) see the supplementary appendices.

The discussion above suggests that whatever assumption we use to identify
and estimate causal effects should be compatible with the type of convergence
shown in Figure 1.1(a). In addition, we should avoid assumptions that imply
divergence between the hazard rates. As an alternative, we suggest analogues
of the diff-in-diff assumption that apply directly to the hazard rates. Instead
of assuming parallel trends in the shares who have reached the absorbing state,

we instead assume parallel trends (or some other fixed linear relationship) in
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the hazard rates. Parallel trends in the hazard rates is consistent with the
convergence of counterfactual mean outcomes. Indeed, the assumption holds in
Figure 1.1(a) and thus the convergence in the figure does not result in misleading
inference under this assumption.

Finally, we provide a brief formal argument that shows the parallel trends
assumption implies divergence of counterfactual hazard rates. First we must
define these objects, for concreteness we do so in the context of the schools
example. Let A > 0 and consider the probability that, under the counterfactual
of no intervention, an individual in school k passes the exam between times ¢t and
t + A, conditional on having not passed prior to t. If we scale this probability
by 1/A, then the limit as the increment A shrinks to zero is the counterfactual
hazard rate for school k. We denote the counterfactual hazard rate by héo) (t)
where the superscript indicates that this is the hazard rate for the outcomes
under the no-intervention counterfactual. It is defined formally as follows:
P a =11V =0,Gi = k)

n (1) = Tim 3

We can define the factual hazard rate h(t) analogously by replacing counterfac-
tual outcomes with factual outcomes in the definition. In the schools example,
the counterfactual hazard rate measures the rate at which students in school k&
who have not passed the exam, pass the exam.

Suppose that ¢ is strictly positive and that for all ¢, we have hgo)(t) > 0 and
E[YZ(?)\Gl = 2] < 1 —c¢. Then under the diff-in-diff assumption (1.1) we have
that for any t:

K@ 1= B =2

) 1B IG =2 - e

The right hand side grows with ¢ and it goes to infinity as the mean coun-
terfactual outcome for Group 2 approaches the upper bound 1 — ¢. So as the
share in Group 2 who have reached the absorbing state approaches this upper
bound, the ratio of the hazard rates grows to infinity.

In the context of the schools example, as t increases, the probability that a
student who has not passed in school 1 passes within the next A increment of
time, must grow infinitely large compared to the same quantity for a student
in school 2. If ¢ is negative and E[Yifg)|Gi = 1] < 1+ ¢, then the hazard ratio
shrinks to zero as E [Y;(?) |G; = 1] approaches 1 + c.

A related point is made by Wu & Wen (2022) who show formally that the pa-
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rameter estimated by diff-in-diff must evolve over time when data are generated
by a hazard model (apart from in certain degenerate cases).

The analysis above is concerning because it suggests that the hazard rates
exhibit aberrant behavior as the proportion of individuals who have entered into
an absorbing state grows large. The hazard rate is a primitive building block of
duration models, and it has a clear structural interpretation. If the difference-
in-differences assumption implies counter-intuitive and surprising behavior of

the hazard rates, then we should reject the assumption a priori.

2 Model and Identification

In light of the discussion above, we replace the standard parallel trends assump-
tion, or a more general restriction of a fixed linear relationship between mean
outcomes, with an analogous condition that applies directly to the hazard rates.
By restricting hazards rather than mean outcomes, we ensure our modeling re-
strictions are consistent with the convergence of mean outcomes between groups.
As such, the convergence of mean outcomes need not bias causal estimates based
on our assumptions, in contrast to estimates from standard diff-in-diff.
Throughout, we continue to take k = 1 to be the unique treated group.
Our key identifying assumption is that there exists a fixed linear relationship
between the counterfactual hazard rates of the treated and untreated groups.

Formally, we consider assumptions of the following form:

K
0 0
O () = W+ > Wb (1) (2.1)
k=2
Imposing a priori constraints on the coefficients Wy, .., Wi yields a range of
alternative modeling assumptions. For example, in the two-group case, setting

Wy =1 we get a duration analogue of standard difference-in-differences.
WO ) - n (1) = (2.2)

The condition (2.2) states that the level difference in hazard functions be-
tween groups 1 and 2 is constant over time. The condition allows for common
shocks that impact the counterfactual hazards of individuals in both the treated
and untreated groups, so long as these shocks induce parallel movements in the

hazard rates. Moreover, the condition allows for the possibility that the haz-
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ard rates evolve over time, increasing or decreasing with the time spent in the
Y;+ = 0 state.

If we instead assume W7 = 0 and leave W5 unrestricted then we recover the
proportional hazard restriction as in the models of Hunt (1995) and Wu & Wen
(2022):

WO ) /n (1) = (2.3)

The above restriction admits shocks to the counterfactual hazard rates and
allows for the possibility that the hazards evolve over time. In this case the
restriction is that the shocks and time trends leave the difference in the log
counterfactual hazard rates unchanged.

The general linear restriction also nests a hazard analogue of the triple dif-

ferences specification in Section 1.1.
(7 (1) = hs" ()] = (15" (8) = W ()] = ¢

We show that linear restrictions on the hazard rates allow for simple and
transparent identification and estimation methods that are close analogues of
the corresponding diff-in-diff and related methods.

Note that the linear relationships described above are on group-level hazard
rates. We do not begin with an individual-level model. This has the advantage
that we do not need to take a stance on spill-overs between different individuals
in the same group, and more generally it allows us to be agnostic about distribu-
tions of individual heterogeneity. It also allows us to use repeated cross-sections
and to accommodate incomplete spells. On the other hand, one should not con-
clude that individual-level modeling requires strictly stronger conditions: our
assumptions do not follow from individual-level hazard models with unobserved
heterogeneity apart from in special cases. Instead, our assumptions provide a

practical non-parametric alternative to individual-level modeling.

2.1 Hazard Diff-in-Diff

We establish identification of causal effects under linear restrictions on group-
specific hazard rates of the form in (2.1). This includes the special cases of fixed
level differences (2.2) and the fixed ratio restriction (2.3). What follows is a
sketch of the identification argument.

The first step is to rewrite the condition (2.1) in terms of the time-average

counterfactual hazard functions. Time-average hazards can be written in terms
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of mean outcomes and are directly identified from the data. We denote the time-
average counterfactual hazard function for Group k at time ¢ by H ,Eot) , and the
time-average factual hazard by Hy ;. The time-average hazard is, as the name
suggests, the average over time of the hazard rate. Formally, these objects are

defined as follows:

t

_ 1 t B 1
ng(,)t) = t— 1/1 hl(gO)(S)dsa Hk,t - t—il : hk(s)ds

From the condition (2.2) we obtain the equality below:
=5(0) 70
Hf,t) - H2(,t) =c (2.4)

Alternatively, under the assumption of a fixed ratio between the group-specific
hazards (2.3) we get:

7(0) ; 7(0

Hl(,t)/HQ(,t) =c (2.5)

The two examples above are special cases of the following relationship which

follows from the general linear restrictions (2.1):

K
(0 (0
2 =wi+ > WA (2.6)
k=2
Key to our analysis is the observation that the time-average of the counter-
factual hazard rate can be written in terms of mean outcomes. This follows from
a standard result in duration analysis that the ‘cumulative hazard function’ is

equal to minus the log of the ‘survivor function’. For ¢ > 1 we have:

_ 1 1- EY 16, = &

a’°) = — 1ln< @ ) (2.7)
1-E[Y; |G = K]

_ 1 1— E[Y;1|G; = k]

Hyy = l * 2.

htt—ln@—EMAQ:H (28)

Note that the time-average factual hazard rate depends only on factual mean
outcomes, and therefore it can be directly and straight-forwardly estimated from
the observed outcomes. Moreover, under Assumptions 1 and 2, it is equal to
the time-average counterfactual hazard when k # 1, or when k£ =1 and ¢ < t*.

Putting these facts together, we can attain identification of causal effects.

To illustrate, consider the case in which we assume a fixed level difference in
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the hazard rates as in (2.2). This assumption implies that counterfactual time-
average hazards exhibit parallel trends (2.4). The counterfactual time-average
hazards can then be written in terms of counterfactual mean outcomes. This
is illustrated graphically in Figure 1.1. In Figure 1.1(a), we plot group-specific
mean factual and counterfactual mean outcomes over time from an underlying
duration model that satisfies parallel trends in the hazard rates (2.2). As we
discuss in Section 1.2, the solid blue curve represents the factual Group 1 mean
outcome, the solid red line is the Group 2 mean outcome, and the dashed
blue line, the counterfactual Group 1 mean outcome. Figure 1.1(b) shows the
corresponding time-average hazards in the same colors and styles.

The curves in 1.1(b) are related to those in 1.1(a) by the formulas (2.7) and
(2.8). By transforming the solid curves in 1.1(a) we obtain the factual time-
average hazard in 1.1(b). Note that while parallel trends clearly fails in 1.1(a),
the counterfactual time-average hazards are parallel. In order to identify average
treatment effects, we perform difference-in-differences on the time-average haz-
ards in Figure 1.1(b). Thus we impute the time-average counterfactual hazards
for the treated group in the post-treatment period (the dashed blue curve). We
can then recover the counterfactual mean outcomes in the post-treatment period
by inverting (2.7), and thus we identify average treatment effects. That is, we
apply the inverse to the dashed blue curve in 1.1(b) and obtain the dashed blue
curve in 1.1(a), which plots the counterfactual mean outcomes for the treated
group.

The identification argument above generalizes to other linear restrictions
of the form in (2.1), including the fixed ratio restriction. Linear restrictions
on group-specific counterfactual hazard rates imply linear restrictions on coun-
terfactual time-average hazards. These are equivalent to linear restrictions on
logarithmically transformed counterfactual mean outcomes. We identify the lin-
ear relationship using pre-treatment data, extrapolate to post treatment, and
finally invert the logarithmic transformation. Thus we obtain counterfactual
post-treatment mean outcomes for the treated group. This identification result

is formalized in Theorem 1 below.

Theorem 1. Suppose Assumptions 1 and 2 and (2.1) hold and define Hk,t as
in (2.8). Then for every 1 <t < t*:

K
Hyp =W+ Z Wi Hp ¢ (2.9)
k=2
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And for any t* <t the counterfactual mean outcome is given by:

K
EY|G; =1] = 1-(1-E[Y;1|G; = 1))eap(—(t-1)(Wi+Y_ WiHy,)) (2.10)
k=2

Thus if (2.9) has a unique solution, then both E[YiESNGi = 1] and ¢ are
identified for all t.

Theorem 1 identifies treatment effects when the equations (2.9) have a unique
solution subject to the a priori constraints on the coefficients (that is, a unique
solution that satisfies {W7, Wa, ...} € W). Note that we must have at least three
periods of data. Under the fixed level difference restriction, uniqueness always
holds. For the fixed ratio constraint it suffices that the mean outcome for Group
2 is not constant over the whole pre-treatment period.

Suppose T' = t* = 3 and consider the fixed level differences assumption (2.2)
in which K =2, Wy = ¢, and W5 = 1. In this case, Theorem 1 identifies ¢ from

e (1= EWanlGi =1\ (11— B[Y;.|G; =2
o 1 — E[Yi2|G; = 1] 1-EYi2Gi=2])’

and counterfactual outcomes are then given by
EYQ|Gi =1 =1~ (1 - E[Y;1|G; = 1])eap( — 2(c + E[Y,S|G; = 2])).

If we do not constrain the coefficients {W;,} |, then a necessary condition
for uniqueness is that t* > K and uniqueness is generic whenever this holds.
Given a sufficient number of pre-treatment periods, the parameters in (2.9) are
over-identified. This suggests we can test the identifying restrictions using say

placebo tests or, in the case of fixed level differences a test for parallel trends.

2.2 Incorporating Covariates

In difference-in-differences analysis it is common to adjust for covariates. One
motivation is that parallel trends may hold within each stratum of the covariates
but not in the aggregate (see e.g., Abadie (2005)). Of course, one could simply
apply our our methods separately within each covariate stratum and aggregate
to obtain average causal effects, but this may be impractical, particularly if
covariates are continuous or discrete with many categories. For the case of

k = 2, we suggest a simple means of adjustment for time-invariant covariates
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based on a form of propensity-score weighting and provide a formal justification.

Before we provide a formal justification, let us first describe the reweighting
approach. We define a weight function w on the support of the covariates. In the
case of continuous covariates one can replace the conditional probabilities with
conditional probability densities and obtain a weighting of the kind introduced
in DiNardo et al. (1996).

P(XZ = a:|Yi,1 = O,Gi = 1)

2.11

w(x) =

By weighting individuals in the untreated group by w(X;) we down-weight
those with values of the covariates that are more prevalent among survivors in
Group 2 than Group 1 in the initial period, and up-weight those whose values
were less prevalent. If the covariates have the same distribution across groups
in the initial period, then the weight function reduces to w(x) = 1.

The weighting function can be written equivalently in terms of a type of
propeusity score (Rosenbaum & Rubin (1983)). Let p(x) be the probability
that an individual is in the treated group given they have covariate values x
and they are not in the absorbing state in the initial period. Formally, p(z) is

defined as follows:
p(z) =P(G;=1Y;1 =0,X; =x)

Then applying Bayes’ rule we obtain the following which is well-defined if p(x) <

1:
p(z)P(Gi =2|Y; = 0)

(1~ p(@)) P(Gi = 1Y, = 0)

w(z) = (2.12)

With the weighting function in hand we can define the weighted time-average

hazard H’;t for the untreated group.

1— E[Y;1|G; =2 >

e 1 [
Hy, = t—1l”<E[w(Xi)(1—Yi,t)|Gi =3 (2.13)

For the above to be well-defined we need P(p(X;) < 1]Y;; = 0) = 1.2 In
estimation, we use the estimates of the weighted time-average hazard in place
of the unweighted time-average hazard.

Our covariate adjustment approach differs from that of Wooldridge (2023),

2Here we understand w(X;)(1 — Y; ;) = 0 if Y;+ = 1, even if w(X;) is undefined due to
division by zero.
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who presents a means of incorporating covariates in non-linear diff-in-diff mod-
els. The approach in Wooldridge (2023) requires a functional form assumption
for conditional mean outcomes. This is, in our view, less well-suited to duration
settings. The reason for this is that with duration data it is more natural to be-
gin with a model for hazard rates than a model for conditional mean outcomes.
Indeed, a particular functional form for conditional mean outcomes may not
be compatible with any underlying hazard model. Modeling covariate-specific
hazard rates and deriving the resulting functional-form for conditional mean
outcomes may be difficult or intractable, apart from in special cases. Moreover,
this approach is contrary to the general character of our methods which are non-
parametric and allow for transparent visual inspection of the underlying parallel
trends assumption (or assumption of a fixed linear relationship). In contrast,
our approach does not require us to specify a parametric model and it retains
the simplicity and transparency of our methods without covariate adjustment:
we reweight individuals when calculating group mean outcomes, and the rest of
our analysis goes through unchanged.

The use of the weighted time-average hazards can be justified in two ways.
Firstly, the a priori assumption of a fixed linear relationship (2.2) or (2.3) may
be more plausible if the Group 1 and Group 2 populations have the same distri-
bution of observed covariates. The weighting rebalances the Group 2 population
so that this is the case. We can define the hazard rate for this rebalanced Group

2 as:

ha(t) = lim E[w(X;)Yi+alYie =0,G; =2]
A0 A

To interpret the above, consider the case in which X; is discrete. Suppose
we add or remove individuals at random from the Group 2 population with
some probability that depends on their covariate values. Thus we obtain a
new population Group 2*. Suppose we choose these probabilities so that the
distribution of covariates is the same in the Group 2* population as in Group
1. Then h3(t) is the hazard rate for Group 2*. The time-average hazard for
Group 2* is then H;,t. Thus, if we assume a fixed linear relationship between
the hazard rates for the covariate-balanced groups, hi(t) and h}(¢), rather than
between hq(t) and ha(t), then our earlier identification arguments go through
with H3, in place of Hy .

A second and more formal justification is as follows. Again, suppose that
there are two groups & = 1,2 and for each individual ¢ we observe individual-

specific and time-invariant covariates X;. We can define group-specific coun-
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terfactual hazard rates within each stratum of the covariates as follows. Let
h,(f) (t;x) denote the Group k counterfactual hazard rate at time ¢ for the sub-

population for whom X; is equal to x.
PV A = 1YY = 0,Gi =k, Xi = 2)

hl(CO) (t;x) = Erftl) it+A T .

Suppose the hazard diff-in-diff assumption holds within each stratum of the
covariates and moreover, that the level difference does not depend on the stra-
tum. That is, the following equation holds for each x in the support of the
covariates:

hgo)(t; x) — héo) (t;x)=c (2.14)

To motivate the above, consider that if treatment is independent of potential
outcomes conditional on covariates (a condition sometimes known as ‘uncon-
foundedness’ or ‘ignorability’), then the above holds with ¢ = 0. Note that in
this special case, the ratio of covariate-specific hazards is also fixed over time.
However, the condition also allows for selection into treatment so long as the
resulting level difference in hazards is constant.

If there is imbalance in the distribution of the covariates between the groups,
then the condition (2.14) does not guarantee parallel trends for the marginal
hazards (2.2), even when ¢ = 0. However, by applying a weighting scheme we
can recover covariate balance and identify treatment effects. Theorem 2 shows
that an analogous result to Theorem 1 specialized to fixed level differences holds

under the covariate-specific parallel trends assumption (2.14).

Theorem 2. Suppose Assumptions 1, 2 and (2.14) hold, and additionally that
P(p(X;) < 1|Y;1 =0) = 1. Define Hyy as in (2.8) and Hj, as in (2.13). Then
for every 1 <t < t*:

c=Hy;— H;t (2.15)

And for any t* <t the counterfactual mean outcome is given by:
EY|Gi = 1] = 1= (1 - E[Yia|Gs = 1])eap( — (t = )(c+ H,))  (2.16)

The condition (2.14) allows for differential trends based on z, but it restricts
the level difference hgo) (t;x) — hgo)(t;:z) to be independent of z. In standard

diff-in-diff the converse is sometimes assumed. That is, one assumes that for all
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periods s, t, and groups k, the following is the same for all z:
EY)|G: = k, X; = a] — E[Y,D|Gi = k, X; = ]

Thus trends do not differ between covariate strata. However, this allows for the

possibility that level differences depend on z, that is
EYW|G;=1,X, =] = E[Y\Y|G; = 2. X; = 2] = c(x).

One problem with this assumption is that it is not guaranteed to hold even in
the case of unconfoundedness. That is, if potential outcomes are independent
of G; conditional on X;, the assumption of parallel trends may not hold. By

contrast, our condition must hold under unconfoundedness.

2.3 Practical Considerations for Specification Choice

With sufficiently many time periods, one can identify causal effects under re-
strictions of the form (2.1) without any constraints on the parameters. In the
two-group case, this means that researchers need not choose between the fixed
level differences restriction (2.2) and fixed ratio constraint (2.3), but can rather
identify effects under a more general restriction that nests both of these. How-
ever, in-line with standard empirical practice in diff-in-diff, researchers may
wish to choose one of these two specifications. In the special case in which
group-specific hazard rates are exactly equal, i.e., ¢ = 0 in (2.2), then both the
assumption of fixed-level differences and fixed ratios hold.?

In our empirical application we apply fixed level differences. Our motiva-
tion for this is two-fold. Firstly, this increases the familiarity of our approach
to researchers who are used to standard diff-in-diff. Secondly, the covariate
adjustment in Section 2.2 has a clearer formal justification in terms of fixed-
level differences. In our application, the difference in time-average hazards is
relatively small, ~ 10% of the level of the smallest time-average hazard, and
as such, fixed level-differences and fixed ratios should yield similar results. It
should be noted however that the fixed ratio assumption ensures that imputed
time-average hazard rates are positive by construction, and thus it may be the
more natural choice in settings in which time-average hazard rates differ sub-

stantially and trend towards zero.

3We thank an anonymous referee for pointing this out.
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An important practical consideration in applying our method (and indeed
related methods) is the definition of the time period ¢. In particular, whether ¢
reflects the actual calendar date, or ¢ represents the time that has elapsed since
an individual began a particular spell, say an unemployment spell.

For example, in our empirical application, we take ¢ to represent the latter.
In this setting, Y;; is an indicator for whether individual ¢ has exited their
unemployment spell within ¢ weeks of the start of that spell. We define ¢ in this
way because in this particular setting, those who are treated receive treatment
once they have been unemployed for a particular length of time, regardless of
when that spell began.

While many empirical settings may share this feature, in other cases letting
t represent the calendar date may be more appropriate. For example, suppose
we wish to assess the impact of divorce-law reform on marriage duration (e.g.,
Friedberg (1998), Gruber (2004), and Wolfers (2006)) by comparing rates of
divorce in two states, one in which a reform is enacted, and one in which it is
not. Suppose the data begin on October 25" 1991 and the sample consists of
individuals whose marriages began prior to that date. In this case, the reform
is enacted on a particular date, and thus ¢ should be defined as the length of
time that has elapsed since October 25" 1991. This ensures that individuals in
the treated state all receive treatment at the same period t.

If ¢ represents the time since the beginning of a spell, then it may be impor-
tant to control for the start date of the spell. In the unemployment example,
there may be seasonal differences in the job-finding rate, and thus trends in the
hazard rate may differ by the date at which an individual becomes unemployed.
Conversely, in the marriage example, in which ¢ is the calendar date, trends
may differ by the time since the start of a marriage. Thus it may be prudent
to control for either the date at the start of a spell or the length of the spell
up to the initial period, depending on the definition of ¢. This emphasizes the
importance of the covariate balancing in Section 2.2.

Finally, inference in duration settings may be complicated by random right-
censoring. This refers to the case in which some individuals leave a study or
are otherwise absent from the data after a certain period, prior to reaching the
absorbing state. More formally, let C; ; be an indicator that individual ¢ has left
the study prior to time ¢. Then instead of Y;, we observe f@t =(1-C)Yiy,
and an indicator ¢; that equals 1 if and only if an individual is censored (i.e., if

Cis=1and Y; s =0 for some s < t). Censoring complicates identification and
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1-E[Y; +|Gi=k]
1-E[Y; 1|Gi=k]

weighted counterpart. Fortunately, numerous techniques exist to adjust for

estimation of the survivor function (given by ) and its covariate
random right-censoring in estimation of the survival function. In the case in
which censoring is random (C;; is independent of Y;, given G;) the Kaplan-
Meier (Kaplan & Meier (1958)) estimator of the survival function is standard.
If censoring is not independent, other techniques are available, see for example
the review in Klein & Moeschberger (2003).

3 Estimation and Inference

The identification results in the previous section motivate plug-in estimates of
counterfactual mean outcomes and treatment effects. We first define an estimate

fAIk,t of the time-average hazard H, i+ as follows:

A 1 1-Yi1
Hy., = l 5 3.1
fot t1"<1Yk,t> (3.1)

With the time-average hazard estimates in hand, the first result in Theorem
1 motivates regression estimates of the parameters {Wk}szl. Using data from
the pre-treatment periods we regress the estimate ﬁu on the estimated time-
average hazards of the other groups. A weighted, and possibly constrained,
least-squares estimator is given below where the weights are oy fort = 2,..,t*—1

and sum to unity.

t*—1 K
(Wil = argmin Y op(Hyp — Wi — > WiHy,)? (3.2)
Wi, eW v k=2

The constraint set W can incorporate restrictions like positivity of the weights,
or that the intercept W1 is equal to zero. Having obtained parameter estimates,
the second result in Theorem 1 motivates the following estimate of the time-¢

average treatment effect:

K
Fo=Y1is— 1+ (1= Yia)eap(— (t— )Wy + > WiHy,))
k=2

In our practical application, we use equal weights (i.e., as,as, ... all take
the same value). More generally, they may be chosen either to a) place greater

emphasis on those periods that are closer to the intervention, or b) minimize
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the asymptotic variance of the estimates.

In hazard diff-in-diff, the estimator reduces to the formula below, where ¢ is
an estimate of ¢. This corresponds to the imputation approach in Wooldridge
(2023).

t*—1
é = O‘t(ﬁl,t — Hg,t) (33)
t=2
F=Yie— 14 (1= Yia)exp(— (t —1)(é+ Hay)) (3.4)
In the proportional hazard model, we constrain W; = 0 and obtain the

estimate of W, which we again denote by ¢, and a corresponding treatment

effect estimate as below.

t*—1 t*—1
P '} & § 72
CcC = atHl_’tHQ)t/ atHl,t
t=2 t=2

7A't = Y—l,t -1+ (]. — Yl’l)epr( — (t — 1)éﬁ2’t)

3.1 Estimation with Covariate Adjustment

In order to estimate treatment effects using the weighting scheme introduced in
Section 2.3, one must first estimate the weighting function w. We suggest two
alternatives.

The first estimator is based on (2.11) and is appropriate for discrete covari-
ates. In this case we simply replace the conditional probabilities in the formula
(2.11) with empirical frequencies. The estimate @(x) is defined for all x for
which there exists some individual ¢ in Group 2 for whom X; = and Y; ; =0,

and is given below:

(:)((E) - Tlg(l — }72,1) Z;L:l 1{Gz = 1}1{Xz = I‘}(l — }/i,l)

Com(1=Y11) Y G = 23X, = 2}(1 - Vi) (3.5)

If some covariates are continuous or discrete with many support points, then
we suggest an approach based on the propensity score formulation (2.12). Let
p(x) be an estimate of p(x). One could obtain such an estimate using say,
logistic regression of 1{G; = 1} on X; using the sub-sample of individuals for

whom Y; ; = 0. We can then estimate the weights as follows:

]5(1})(1 — Yg’l)ng

L:}(LE) - (1 — ﬁ(x))(l — 1_/171)711
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Having obtained an estimate of the weight function, we use the following

estimate of the weighted time-average hazard function in (3.3) and (3.4).

H Ly < L= Yoy )
= n
2T LS 1{G, = 2}0(X,) (1 — Yiy)

3.2 Bootstrap Inference

Bertrand et al. (2004) propose the block bootstrap (Efron & Tibshirani (1994))
for conducting inference in vanilla diff-in-diff. The asymptotic validity of the
procedure rests on an assumption that the outcome histories of different individ-
uals are independent. However, the outcomes of a given individual may exhibit
arbitrary dependence over time. We suggest the use of the block bootstrap for
inference in the duration settings in this paper. Implementation follows the
same steps as for standard diff-in-diff with the distinction that the bootstrap
samples are used to construct our estimator of the treatment effect rather than
the usual diff-in-diff estimator.

To carry out block bootstrap inference, one independently resamples indi-
viduals uniformly with replacement and forms a new sample using the complete
series of outcomes and covariates for each individual resampled. For example,
if individual 7 is sampled in the b-th bootstrap iteration, then that bootstrap
sample will contain an individual whose outcome history is Y; 1,Y; 2,...,Y; 7.

Having obtained block bootstrap samples, one may then evaluate bootstrap
standard errors as well as pointwise and uniform confidence bands in the usual
way. In particular, for each bootstrap sample b = 1,..., B, one computes the
estimate 7; using the bootstrap sample in place of the original data, and thus
obtains a bootstrap estimate 7;,.

The standard deviation &, of 7, over the bootstrap samples b = 1,..., B is
taken as the standard error for 7;. To form pointwise confidence intervals for 7,
let ¢1_q,+ be the 1 — a-quantile of \%;t — 7¢|/6¢. Then a 1 — a-level confidence

interval has the form below:
Cli—at = [Tt — Gi—a0t, Tt + q1—a04)

The intervals described above are only designed to achieve correct pointwise
coverage. Suppose we form confidence intervals for 7 for each period from ¢t = t*
to T. Each of these intervals is specified so that it covers the corresponding

period’s average treatment effect with probability approximately 1—«a. However,
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the probability that every one of these intervals contains its corresponding
period’s treatment effect may be much lower.

In order to obtain a desired joint coverage probability, in place of the critical
value §i_q,+ defined above, we instead take §;_q,+ to be the 1 — a quantile over
b=1,...,B of maxy~<s<r |7A'g‘,s — 75|/ and otherwise form the confidence bands
as above.

A more formal description of the pointwise and uniform inference procedures

is given in Algorithm 1 in the supplementary appendices.

3.3 Specification Testing

The conditions (2.2) and (2.3) each have testable implications. Consider (2.2), if
the assumption holds in all periods, then the difference in pre-treatment time-
average hazards must be constant. This motivates a test analogous to the
test for parallel trends in standard difference in differences. For simplicity we
focus on the fixed level differences assumption, however the approach generalizes
straight-forwardly to the assumption of a fixed ratio.

To motivate the test, note that from (2.4) and Assumptions 1 and 2, in all

periods t = 2,3, ...,t" — 2 we have:
6t = (Hy14— Hoy) — (Hy o1 — Hoyo—1) =0

We use this restriction to motivate a Wald test of the null that parallel
trends holds in the pre-treatment period. In order to estimate §; we replace
each population time-average hazard H k,+ with the corresponding estimate H kot

specified in Section 2.1. We thus obtain an estimate Se:
0y = (Hiy — Hay) — (Hypooy — Hopeo1) =0

We can then carry out a Wald test. Let D= (31, 51, ...,5,5*,2)’. We can carry
out the same calculation on the b-th bootstrap sample to obtain a bootstrap
analogue Dy. Let D = % Z,il Dy, and V be the bootstrap variance-covariance
estimator: V = 5 EbB:l(ﬁb — D)(D, — D).

A Wald statistic for a test of the null hypothesis of parallel trends can then
be formed as D'V ~='D. One can then compare this to the bootstrap distribution
of this statistic (treating V as fixed) to obtain a test. In particular the p-value
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is given by:

A level 1 — « test of parallel trends then rejects if and only if p < a.
An alternative approach that allows for some a more visual inspection is to
construct uniform (over t = 2,..,t* — 1) bootstrap confidence bands for d;, we

describe this as Algorithm 2 in the supplementary appendices.

3.4 Asymptotic Validity

All of the procedures we have described can be written as generalized method
of moments estimators or sequential generalized method of moments estima-
tors. Thus, as the sample size grows (with K and T fixed) standard regularity
conditions ensure the consistency of our estimates and asymptotically correct
coverage of the bootstrap confidence intervals. These results are well-known
and so, following the example of Wooldridge (2023), we omit a formal state-
ment here.

Nonetheless, it is important to note three caveats. First, standard inferen-
tial results require identification of the nuisance parameters, which means that
there must be unique coefficients {Wj, }H<_ | that satisfy (2.9) subject to any pri-
ori constraints that {W;}& | € W. Second, if this constraint is an inequality
constraint and it binds, then treatment effect estimates may not be differen-
tiable functions of mean outcomes. In this case, asymptotic normality generally
fails and the bootstrap does not have correct coverage. Such settings may call
for alternative inference procedures of the form described in Fang (2019). Fi-
nally, for the estimation with covariate adjustment, regular estimation generally
requires that the weights w(X;) be bounded above, in which case the propensity

scores must be bounded below away from zero (see Khan & Tamer (2010)).

4 Application: The Impact of Unemployment

Insurance

We apply our methods to examine the impact of a policy change in Austria on
the 1st of August 1989 that increased the generosity of unemployment benefits
of eligible individuals. This setting was previously examined by Lalive et al.

(2006) and we use the data accompanying their paper. Lalive et al. (2006) use
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the data to estimate a piece-wise constant proportional hazards model with a
linear index that interacts eligibility for various aspects of the policy with an
indicator that the policy change has occurred. We instead employ a cross-cohort
study using our methods.

In our view, the primary benefit of our analysis over the original study is
its simplicity and transparency. Our approach allows us to avoid specifying a
particular parametric form for the hazard rates and numerical maximization
of the corresponding likelihood. It allows us to visually assess the presence of
deviations over the pre-treatment period from our foundational assumption of
parallel trends in the hazard rates, and to test the assumption formally. In
addition, we control for the calendar date at which unemployment spells begin
using our weighting approach. This ensures that our estimates are robust to dif-
ferential trends between sub-populations who became unemployed on different
dates.

Following the policy change, individuals aged 40-49 who had been employed
for at least 312 weeks out of the previous ten years became eligible for 39 weeks
of benefits rather than the previous 30 weeks. Some individuals also qualify for a
(modest) increase in the replacement rate, which is the proportion of expected
earnings given to individuals receiving benefits. To simplify our analysis we
consider only the increase in the potential benefit duration (PBD) rather than
the change in the level of benefits. As such, we exclude all individuals who
qualify for the change in replacement rate from our sample.

To construct our treated group, we collect all individuals in the data who
qualify for the extension of PBD from 30 to 39 weeks, excluding those who
qualify for the increased replacement rate. Of these individuals we retain only
those who became unemployed at or prior to the reform date, and less than 30
weeks after the reform date. The untreated group contains those individuals
who satisfy the same demographic criteria as those in the treated group but
who became unemployed at or prior to one year before the reform date, and less
than 335 weeks before the reform date (thus the dates are shifted back exactly
one year compared with the treated group). The treated group consists of 4, 058
individuals and the untreated group 4, 207.

For each individual, the time period t is taken to be the number of days
since the beginning of their unemployment spell. Thus for an individual ¢,
the period-t outcome Y;; is an indicator of whether that individual had exited
unemployment at or prior to ¢ days after becoming unemployed.

We consider the treatment date to be the 30 week mark. This is the point

32



at which benefits end for those in the untreated group. Benefits for treated
individuals last an additional 9 weeks. Note that this may be problematic for
the no-anticipation assumption. Individuals in the treated group were likely
aware that their benefits would not end at 30 weeks. Nonetheless, we note that
any reduction in the pressure to search for employment prior to this date among
the treated group would likely reduce the magnitude of our estimated treatment
effects.

Given the importance of seasonal variation on job search, there may be
differential trends in the rates of job-finding between individuals who became
unemployed on different calendar dates. As we discuss in Section 2.2, such
differential trends can be problematic if the distribution of the start dates of
unemployment spells differs between the two cohorts. For this reason we apply
the weighting scheme specified in (3.5) to re-balance these distributions between
the groups. This requires us to drop from the sample individuals who became
unemployed on a date on which no untreated individual was made unemployed
(there are 17 such dates out of 240).

Figure 4.1: Full Panel
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Figure 4.1(a) plots the weighted mean outcomes for the two groups. Recall
that the mean outcome is the proportion of individuals who have left unem-
ployment by a given day into their spell. The red curve is the mean outcome
for the untreated cohort and blue for the treated cohort. The series for the two
cohorts are relatively close, with some apparent divergence immediately follow-
ing day 210, which is marked with a vertical dashed line and is the point at

which benefits expire for individuals in the untreated cohort. Over the period
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following the benefit extension the two curve eventually begin to converge. The
rightmost vertical solid line marks day 273, at which time benefits expire for
treated individuals.

Figure 4.1(b) contains the weighted time-average hazards for the two groups
with the same color coding as in Figure 4.1(a). Note that these are logarithmic
transformations of the values in Figure 4.1(a). We see that in the initial weeks
following unemployment the time-average hazard rates for both groups increases
steadily before stabilizing and declining. It then remains relatively steady for
both groups following 30 weeks with a modest decline for the untreated group.

There is very marked jump in the time-average hazard rate for untreated
individuals following the end of their benefit period. This may suggest a sudden
increase in job search intensity after unemployment benefits run out, or it may
reflect a deliberate delay in the start date of new employment until exactly the
date of benefit expiration. Notably, there also appears to be a slight increase
for the treated group at this same period despite the benefits of these individ-
uals persisting for an additional 9 weeks. This may be explained by imperfect

knowledge of the reform.

Figure 4.2: Imputations
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Following standard practice we apply our diff-in-diff approach using only
periods within a relatively narrow window around the treatment date. We
estimate the level difference between covariate weighted time-average hazards
using the observations no more than eight weeks prior to the treatment date
and extrapolate forward no more than 125 days after treatment. The choice of

initial cut-off reflects that trends in time-average hazards before this point are
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unrepresentative of those later on, as discussed above. The point eight weeks
prior to the treatment date is marked by the leftmost solid black vertical line
in Figures 4.1(a) and 4.1(b).

Figure 4.2(a) shows the weighted time-average hazards over this period. The
dashed line indicates the imputed values for the treated cohort under the no-
treatment counterfactual. Within this window, pre-treatment parallel trends
appear plausible. Figure 4.2(b) plots the mean outcomes over this same window.
Again, the dashed line plots the imputed mean outcomes for the treated group.
The gray region gives the 95% pointwise confidence bands calculated using the
bootstrap method described in Section 3.2. These are confidence bands for the

average treatment effect centered on the dashed line.

Figure 4.3: Treatment Effects and Tests
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In Figure 4.3(a) we plot the period-specific treatment effects. The treatment
effect is strongly negative immediately following treatment but tends to decrease
in magnitude over time. Notably, most of the steady reduction in magnitude
follows the expiry of benefits for untreated individuals, which occurs at the
time marked by the solid vertical line. The gray regions are 95% pointwise and
uniform confidence bands. A close inspection reveals that the uniform bands do
not contain zero at all periods, rather the upper band lies just below zero for a
brief period shortly after treatment. That is, we find a statistically significant
negative treatment effect.

Our Wald test for parallel trends produces a p-value of 0.31 so we cannot re-
ject the null of parallel trends even at the 70% level. Figure 4.3(b) visualizes our

test for pre-treatment parallel trends. The green curve plots the difference in
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time-average hazard estimates relative to the value just prior to treatment. The
vertical line indicates the treatment date. We see that this curve is strongly
negative following treatment (in line with our negative treatment effect esti-
mates), but is weakly positive prior to treatment. The 50% uniform confidence
bands contain zero over the entire pre-treatment period. This indicates a failure
to reject pre-treatment parallel trends in the time-average hazards even at the

highly conservative 50% level.
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A Proofs

Proof of Theorem 1. It is a standard result in duration analysis that the inte-
grated hazard is equal to minus the logarithm of the survivor function. Applying

this in our setting under the no-treatment counterfactual yields the following:

[Y(O)|G 7k} t )
_m(—-nﬁm%:m>‘ﬁhk“ﬂr (A1)

While this result is well-known, for completeness we derive it below using
our notation. Recall the definition of hg))(t):

PYY  =1y9W =0,G,=k
hg))(t) — lim ( i, t+A | .t )

ALO A
_erﬂrmﬁﬂm@=m
= 11m

Al A= B[V, Gy = k)

Given Y;(? )= 1lisan absorbing state by Assumption 1, we have:

P A =1YY =0/Gi = k) = B, %) A|G; = k] — EIY,)|G; = k]

And so:

LEY VG =k d
Iy (t) = “[%$ b - B0 = k)
1- E[Yi,t |G = k] dt 7

(A.1) follows from the above by the fundamental theorem of calculus. From
(A.1) and the definition of ﬁ,g?t), we see that:

(0)
_ 1 Y |G = K] 1 ¢
A0 - L, (LB _ / 1O (r)dr (A.2)
. t—1 1 — [i7t|Gi:k t—1/;

Since this holds for all &k we get the following:

1 u
a°) - ZW g_t_l (A7 (r) = 3" Wb () dr
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Substituting Wp = hgo)(r) - 22{:2 W;ghg))(r) we obtain the equality below.

K
AS) =wi+ > WAy (A.3)

k=2

Under Assumption 2 we have that for ¢t < t*, and k =1, ..., K, E[YZ(?)\Gl =

k] = E[Y;:|G; = k], in which case ﬁ,gt) = Hy4. Substituting gives the first

result.
Using (A.2) to substitute for Hl(?t) in (A.3) and solving for E[Yi(,?)|Gi = 1],

we get:

K
EY1Gi =1 =1- (1= E,Y|G;: = 1])eap( — (t = )(W1 + Y W)
k=2

Using Assumption 2 we have that forall 1 > ¢, and k = 2, ..., K, E[Y;(?) |G; =
k] = E[Y;+|G; = k], in which case H}got) = Hy ;. And moreover, E[Y;%Gi =
2] = E[Y;1|G; = 2]. Using this and the above we then have for ¢t* < ¢:
K

EY Q|G =1] =1~ (1 - E[Y;1|Gi = 1))exp(— (t = )(Wi + > WiHyy))
k=2

O

Proof of Theorem 2. Recall that hgo)(t; x) = chhéo)(t; x). Applying Proposition
1 within a single stratum of the covariates we obtain the following:

1—mﬁ%@=z&:ﬂ)
1- EBlYD|G; = 2,X; = af

1-EY\V|G; =1,X; =1
= )=t
1-— E[Y;»J |G2 = ].,X1 .’[]

Applying the exponential function to both sides we get:

1-BYD|G; =2,X; = 1]

1-ElYV|G, = 1,X; = 1]
1- B 0|Gi = 2,X; = 2]

1- B 0|Gi = 1,X; = 2]

(A.4)

= exp((1—t)c)

Define w(x) as follows:

0
P(X; =2|G; = 1,Y,) = 0)
P(X; =2|G; =2,Y,) = 0)

w(x) =
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With some applications of Bayes rule, we can re-write the above as follows:

@ 1-EYD|G; = 1,X; = 2] B[l - Y0|G; = 2|P(X; = 2|G; = 1)
w ) =
1-ElYD|G; =2,X; = 2] B[l - Y0|G; = 1|P(X; = 2|G; = 2)

0)

1-E[Y9|G;=1,X;=x
[ O = fom the above, and
1_ED/i,1 |G1:2,XL:I]

applying a little algebra, we arrive at the following;:

Then using (A.4) to substitute out

Ell-YY|G; = 1)Bw(x)(1 - YD)|G;s = 2, X; = 2] P(X; = 2|G; = 2)
=exp((1 —t)c)E[L - Y,)|G; = 1,X; = 2] P(X; = 2|G; = DE[1 - VD |G, = 2]

Summing over (or integrating over) the values of x, then taking logs and

simplifying, we get the following:

1 1-EYY|q, =1] 1 1-EYY|G, =2
tlln( © )_ tlln< O )
1= B[V, |Gy = 1] Blw(X:)(1-Y;,7)|Gi = 2]

Applying definitions gives the result.
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