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Online Appendix
Optimal Trend Inflation

Klaus Adam and Henning Weber

APPENDIXA - DERIVATION OF THE STICKY-PRICE ECONOMY
Al. Firms’ Optimization Problem

Let W; denote the nominal wage andthe real rental rate of capital, firjnchooses
the factor input mix so as to minimize production coktgPr; 4+ L jtW; subject to the
constraints imposed by the production function (2). Let

lit = Ft + Yjt /(A Qt—s; Gjt)

_1 1
denote the units of factor inputi({lt ’ Ljﬁ) required to produc®j; units of output. We
show below that cost minimization implies that the marginal costs;aire given by

1 1_%
oo e () ()

The previous expression allows for a simpler representation of firms’ optimization prob-

lem further below.

The cost minimization problem of firm,

. 1-1 1
min Kjtre + LitWi /P st Yje = AlQi—s; Gjt (Kjt ¢ Lft — Ft) ,
jtoLjt

yields the first-order conditions
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0=W,/P + — At A Qt—stGjt (—Jt) ,
¢ Kit

=



2 THE AMERICAN ECONOMIC REVIEW MONTH YEAR

where/; denotes the Lagrange multiplier. The first-order conditions imply that the opti-
mal capital labor ratio is the same for glie [0, 1], i.e.,

Kit W

— =—(¢p—-1).

Lt Piry ¢ )
Plugging the optimal capital labor ratio into the technology of firand solving for the
factor inputs yields the factor demand functions

W, 1
(A2) Ly = (W . 1)) I

W, 7
(A3) Kt = (W‘t (¢ — 1)) lje.

Firm j demands these amounts of labor and capital, respectively, to combine thgm to
which yieldsY/; units of output. Accordingly, the firm’s cost function to produgeis

1
W, 771 W, 3
(A4)  MClii=W (o (@-1) li+Prls-(@-D) I
Pir Piry

where MC; denotes nominal marginal (or average) costs. This equation can be re-
arranged to obtain equation (Al).

Now consider a firm that either experiencedtshock or a Calvo shock in periacand
that can freely choose its price. Letdenote the Calvo probability that the firm has to
keep its previous price (8 o < 1), the firm will not be able to reoptimize its price with
probabilitya (1 — 0) at any future date, i.e., whenever it undergoes neitldeshock nor
a Calvo shock. The price-setting problem of a firm that can optimize its price in geriod
is thus given by

> Qt,t+i

(A5) maxE; D (a(1—8))' == [(1+ 1) Pjei Yjigi — MCryiljsi]
Pt =g Peyi

st ljeyi = Fryi + Yjtai / At Qt—s; Gjt i
—0
Yitsi = (Pjtsi/Peri) Yitis

I:’jt+i +1 = St t+i+1 Pjt+i .
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wherez denotes a sales tax/subsidy &g, denotes the representative household’s
discount factor between periodsandt + i. The first constraint captures the firm’s
technology, the second constraint captures the demand function faced by the firm, as
implied by equation (1), and the last constraint captures how the firm’s price is indexed
over time (if at all) in periods in which prices are not reset optimally.

A2. Price-Setting Problem of Firms

The price-setting problem of the firm see equation (A5), implies that the optimal
product price is given by

[ = -0 i/Puyi
. ( 9 1 ) Ei > ico(a(l —6)) Q t4i Yoy (m,t+i/Pt+i) Axg‘tfsftpéﬁm
P’ =
jt s - — 1-6
0—11+1 Et Zi:o(a (1—=0)) Q¢ 14i Y (Et,t+i / Pt+i)
Rewriting this equation yields
ﬁ (Qt—sthjt)

P Qt
(A6)

—0
00 i Yiti [ Ett+i P MCiyi Qt+i/Q
_( 0 1 )Et Zi:o(a(l—@)'gtw%( B ) Fivi A Ot Gt /G

o—11 - _ PR
e = Zizo(a 1- 5))' Qt,t+i YtT-: ( ttt Pt)

Pt

The multi-period growth rate of the cohort effect relative to the experience effect corre-

sponds to
Qt+i/Qt _ Qi X X G
Gijt+i/Gijt Oiri X -+ X Gry1’
fori > 0, and equals unity far= 0. Hence, this growth rate is independent of the index

j, because when going forward in time, firms are subject to the same experience effect.
Thus, we can rewrite the equation (A6) according to

E Q- Gjit\ _( 0 1\ N
P Q “\vo-11+7) D/’




4 THE AMERICAN ECONOMIC REVIEW MONTH YEAR

where the numeratad¥; and denominatob; are are given by

S Y (EewiP\ Y MCuy A
N: = E; Z(a(l _ 5))|Qt,t+i t+i ( t,t4i t) t+i (qt+. X X Qt+1)
i=0

Y Py Piyi A Qti \Gt4i X -+ X Q41
- i Yiti [ Et+i Pt -0
Di=E > (a(l-)Q —(—
t t; ) t4i Y, P

The numerator and denominator can furthermore be expressed recursively as

MC; Yis1 0 (Pi1\’ ((Gera
A7) N; = 1-0)E | Q — (= — — | N
(A7) N P A, +a( ) t|: LTy (Etis) ( P o) N

R o (Pt
(A8) Di=1+a(l1-9)E |:Qt,t+1tY_+1 (dt,t+1)l (%1) Dt+1i| .
t X

A3. First-Order Conditions to the Household Problem

The first-order conditions that belong to the household problem comprise the house-
hold’s budget constraint, a no-Ponzi scheme condition, the transversality condition, and
the following equations:

We_ _Uu
P Uct
Cir1Uctnn
Qg = poii
Lt ¢t Uct

1=FEk [Qt,t+1(rt+1 +1- d)] .

Here, we denote by (.) the period utility function. Our assumption tHa{C;, L;) =
([CV(LO]Y? = 1)/(1 — o) implies

Uct = G2V (L™
Uit = CE V(L) ™" Vi,

whereUc; = oU (Ct, Ly)/0C andV; = oV (L¢)/0L;.
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A4. Recursive Evolution of the Price Level

Let P ¢,_x denote the optimal price of a firm that last experiencéeshock int — s
and that has last reset its pricetin- k (s > k > 0). In periodt, this firm’s price is
equal toZ k1P gy, WhereE;_t = HT:l Et—k+j-1t—k+j Captures the cumulative
effect of price indexation (witlE;_i: = 1 in the absence of price indexation). L/&t(s)
denote the weighted average price in petiad the cohort of firms that last experienced
aod-shock in period — s, where all prices are raised to the power 6f 8, i.e.,

s—1
A9 A =(1—0) D a*E Pl )+ 0 (Brosi Plgr 0™

k=0
There arex® firms that have not had a chance to optimally reset prices since receiving the
d-shock and(1 — «)a* firms that have last adjustéd < s periods ago. From equation
(7) it follows that one can use the cohort average pritgs) to express the aggregate

price level as
(A10) R0 = (1= 0)%A(9),
s=0

whereé is the mass of firms that experiencé-ahock each period and — 9)® is the
share of those firms that have not undergone anetséock fors periods.

To express the evolution ¢ in a recursive form, consider the optimal prieg ¢, of
a firm that sustained &shocks > 0 periods ago, but can adjust the pricet idue to
the occurrence of a Calvo shock. Also, consider the pAgeof a firm where aj-shock
occurs in period. The optimal price setting equation (10) then implies

* * O X -+ X gt—s+1)
All P = P* .
(A1D) N

The previous equation shows that a stronger cohort productivity trend (higher values for
g) causes the firm that experiencesshock in period to choose lower prices relative to
firms that experienced shocks further in the past, as a stronger cohort trend makes this
firm relatively more productive. Conversely, a stronger experience effect (higher values
for g) increases the optimal relative price of the firm that underwehslaock int. The
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net effect depends on the relative strength of the cohort versus the experience effect.

Plugging the weighted average price of a cohort, equation (A9), into the price level,
equation (A10), yields

0 s—1
P = (B Pt*,t)l_e+2(1—5)sf5 |:(1 —a) Z(Xk(Et—k,t Plsi) ™ +a*(Eisy Pt*_s,t_s)l_ei| :
s=1 k=0
Telescoping the sums yields:
F)tl_{9 = 5(Et,t Pt*,t)l_a
+0(1 =)A= a)(Ery Pt*_ljt)l_e + a(Ee-1t Pt*_l,t—l)l_e]
+0(1 =)L - ) (Bt P)" ™ + L= 0)a(Eni Pl )™ + a® (B Ploy )]
+ ...

Collecting optimal prices that were set at the same date in square brackets yields:

Pl =
2| (R 4 A= A= D P10 + = DR+ A= PR+
+[a(1 =077, [(P;_ )T A= a)(1-9) [ (P )+ QA=) (P Y+ H

+....

Using equation (A11) and the definition pf in equation (16), we can replace the terms

in curly brackets in the previous equation p§. This yields
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e0—1
P = 6(Eu Ptft)l“’[l +(1-a) [ —(p‘; - 1]]

1g/m * 1—6 (pte—l)a_l
+ e @ = B (E 1Py )| 1+ Q-0 = — =1

2¢0m x 1-0 (P’
+ [0((1 - 5)] 5(:‘t—2,t P'[—Z,t—Z) 1+ (1 — (Z) T -1 + ...

Rearranging the previous equation yields

Ptl_g = (Bt Pt*,t)l_a [a5 +(1- a)(pte)e_l]
+a(l=6)(Er)t’ { (Bt-1t-1 Pt*—l,t—l)l_e [a6 + (1 —a)(pf)’™']

+a(l—0)(Et-2t1 Pt*—z,t_z)l_g [aé +(1- a)(pte_z)e_l] +...

The term in curly brackets in the previous equation correspon(ﬂ%}ﬁ, which yields

the price level equation (15) in the main text.

A5. Equilibrium Definition

We are now in a position to define the market equilibrium:

DEFINITION 1:  An equilibrium is a state-contingent path faP;¢, L ¢, Kj¢) for j
[0’ 1]! va I't, ita Ct5 Kt+la Lt5 Bta Tt}?io such that
1) the firms’ choiceg Py, Lji, Kjt},-, maximize profits for all je [0, 1], given the
price adjustment frictions,
2) the household’s choicd€;, Ki1, Lt, Bt}i=, maximize expected household util-
ity,
3) the government flow budget constraint holds each period, and
4) the markets for capital, labor, final and intermediate goods and government bonds

clear,
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given the initial values By(1 +i_1), Ko, Pj,—1, and A;Q_35 _,Gj 1, with | €
[0, 1].

A6. Aggregate Technology and Aggregate Productivity

To derive the aggregate technology, we combine firms’ technology to produce the dif-
ferentiated product in equation (2) with product demdnd Y; = (Pjt/Pt)_e to obtain

Yi (Qt/Qt—Sjt) (ﬂ)_e _ (ﬁ)l_é Lo E
AQ \ Gj P Lt e

Integrating over all firms withj € [0, 1], using labor market clearind,; = fol Lt dj,

and the fact that optimizing firms maintain the same (and hence the aggregate) capital
labor ratio yields

-0
Yi / ' (Qt/ Qt—Sﬂ) (i) dj= K Lf - Fo
A Qt Jo Gjt P

Rearranging this equation and defining the (inverse) endogenous component of aggregate

productivity as in equation (18) in the main text yields the aggregate technology (17).

To derive the recursive representation/gfshown in equation (19), we rewrite equa-
tion (18) according to

ﬁ :/1 Gt X -+ X C—sji+1 (P- )—a di
P! 0 \ Gt X+ X GQt—sgj+1 . ’

using the processes describing the evolutioefandGj;. As for the price level, we

proceed with the aggregation in two steps. First, we aggregate the optimal prices of
all firms operating within a particular cohort. Second, we aggregate all cohorts in the
economy. To this end, we rewritg; / P/ in the previous equation according to

Ay & PN

—5 =D (1= 0)°0A(o),

(A12) =
Pte s=0
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using

Ot XX Ot—s+1 s=1 ki= -0 s(= -0 ;
Ad(s) = (gtxx—gt—.il) [(1—05) 2 k0@ (Bt Plg i)™ + @ (st Plsis) ] if s>1,

(Et,t Ptft)_e if s=0.

Substituting out forh, (s) in equation (A12) yields

Ay
P

0 NV s—1
+6> (1-0)° (qt * S“) {(1 —a) D 0 (Erwt Pl ) + @%(Bist Pt*_s,t_s)‘g} :
s=1

Gt X -+ X Qt—st1 -

5( Et,t Ptft)_e

We rearrange the previous equation following corresponding steps to those in appendix
A.A4. This yields

A
P_; = (Bt P [ad + (1 — a)(pR)’ ]
X
+a(l—0) (%) (Bt Py [ed + L — ) (pF)’ Y]
+ [a (1 — 9)]? (qtqt_l) (B2t F’t*_z,t_z)_(9 [a6+ QX —a)(PE )" ] +... .
0tGt—1

We rearrange the previous equation further to obtain that

A
P_t‘; = (B P a0+ (A — ) (p)° Y]

Fa-0) (g) <Et_1,t>-9[(a*_1,t_1>‘9 (a6 + (1— a) (P’ "]

+a(l—-9) (%) (Bt—2i-1P o) [ad + (L= a)(pE_)" ] + . .. ]

t—1

The term in curly brackets in the previous equation is equalitq /P’ ;, which yields

- Ai_
57 =09+ A= (P ] (B P ™ +ad - 0) (&) =
i O P’

Multiplying the previous equation bp? yields equation (19) in the main text.
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A7. Consolidated Budget Constraint

Consolidating the household’s and the government’s budget constraints shown in the
main text yields

1 . 1 .
W, @ d Pi.Y;id
(A13) Ci+ Ky = (1—d)Kt+rth+F‘Lt+@ —T(@).
t t t

To compute aggregate firm profits denotedj@y@jt dj, we use marginal costs in equa-
tion (A4) and combine them with the factor demandslfgrandKj;, equations (A2) and
(A3), which yields thatMC; 1;; = WiLj: + Pir¢Kj;. We use this equation and product
demanadY;;/Y; = (Pjt/P[)_g to rewrite aggregate firm profits according to

1 1 1
0 0 0
1 1
0 0

= A+ 7)RYy — WLt — PreKy,

with L = fol Lj: dj andK; = fol Kt dj. Thus, the consolidated budget constraint (A13)
reduces to
Kiyr = (1= d)K¢ + Yy = C.

Dividing the previous equation by trend growitli yields
)/f+1kt+1 =1 -dk +y —c,
whereyf = TI'¢/T'{_; denotes the gross trend growth rate.

A8. Transformed Sticky-Price Economy

We definep; = Py /P andmg = MC/(P(T®Y?) and wy = Wi/(PTE) and
¢ = Ci/I'f. We also use thapy = 1/A¢, which follows from the equations (16)
and (25). This yields the following equations that describe the transformed sticky-price
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economy.

0-1
(A14) 1=[ad+@—a)(AD" "] (P +a(l-0) ( th )

Ei_1t

e1-07 ( i)~ Ot I\’
(A15) Av=[ad+ A —a)A) ] () +a@=0) =)= A1

gt et
1 N
(Al6) b= (i ) N

—t-1t

0—-11+17) D¢
m n| 0
(A7) No= 2 01— OB | Qs (y‘“) (_ t“) (qt”) Nes1
Ay Wt S+l Ot+1
I 0-1
(A18) Di=1+a(l-J)E |:Qt,t+ly tr1 (M) (,t—H) Dt+1i|
Wt Sl

Wt % It 1_%
(A19) qu(m) (1—1/¢)

(A20) reke = (¢ — Dwy Ly

A€ 11
A21)  yi= (E) (kt1 FLE f)

(A22) yikii=A—-dk +y —¢
(A23) pe = (@Al ,/A®?
(A24) (A" =641 —-0) (A q/a)"

(A25) u)t:—ct( Vi )

V(L) _
(A26) 1=F [Qt,t+1 (i_[-i_ It)i|
t+1
(A27) 1=E[Quira(risr+1—d)]
o Cen) (VG 7 (VL) o
(A28) B =5 ( 3 ) ( o ) ( V(L) )

After adding a description of monetary policy and a price indexation rule, these seventeen
equations determine the paths of the seventeen variablés y:, C;, ki, Lt, 1, wr, MG, y ¢, Ag,
AL, Pf, Ei—1t, Ni, Dy, Qi—1¢ given the four exogenous shoals o, &, &;.
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A9. Steady State in the Transformed Sticky-Price Economy

We consider a steady state in the transformed sticky-price economy, in whiuotiq
are constant and the government maintains a constant inflatiof yatkich also implies
a constant rate of price indexati@

To solve for the model variables in this steady state, we first solve for theAatd
as a function of model parameters and the inflation Fatnly. To this end, we derive
an expression fop* as a function ofA using the equations (A14) and (A15). Both
equations can be rearranged to obtain, respectively,

(A29) 1 —a@-0)I1/E)"™Y = [ad+ 1 - a)(AH ] (pH*
(A30) A(1-a@=0)11/E)(g/q)7Y) = [ad + (L — a)(AH* ] (p) 7.

Dividing the equation (A29) by the equation (A30) yields

L 1-a@-0)I1/E)?
A31 = A l( ) |
(A31) P 1—a(l-0)(I1/E)(g/q)*

We substitute this expression fpt into the equation (A30), which yields

(A)H_ ad(A®’L+1—q ( 1—a(l—0)(II/=)"-2 )“’
A® C1-a(l-9M/E)Y(9/9)t \1-a(l-H)II/EY(g/a)L)

We use equation (A24) to substitute fgk®)’—* on the right hand side of the previous
equation and rearrange the result to obtain

A32) A(H):(1—a(1—5>(n/a>9-1)0”-1( 1- a(1-9)(g/a) )

A® 1-a(l-9)(g/q)’? 1-a(1-0) (I/E) (g/a)
where we have indicated that(IT) depends on the steady-state inflation rHte For
later use, we define the relative price distortion as

e

AT

(A33) p(l) =
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Combining the pricing equations (A16) to (A18) yields

i_( 0 1 )( 1 ) 1-a(@-9)BG 1M/ E)
mc— \6-11+7)\pae)\1-a@-9pG o1 (/5 (/")

Using the expression fgr* in equation (A31) to substitute f@* in the previous equation

and the solution forA (IT) /A€ in equation (A32), we thus obtain a solution fofmic.
Again for later use, we denote the average markuptby 1/mcand thus obtain the

solution
(A34)

o6 1 1-a(l-9)I1/E) I 1-a(1-9)[GH1011/E)" !
wh = (9 —-11+ r) ( 1—a(l-0)(g/q)" " ) (1— a(1-O)[A(®1(11/2) (g/q)~

Again, we indicate here that(IT) depends on the steady-state inflation rate.

Now, we rewrite marginal costs in equation (A19) as

me= (- 1)); (1—r1/¢) ’

r
<l—l/</)) or

S

and use equation (A20) to obtaimc = (%)

1
1\ (k) ¢
— = K= ¥
(A35) r= e (1-2) (F)
after also usingt = 1/mc. Analogous steps for the wage rate also imply
1\ (k\¥ 7
_ = =l W
(A36) w = u(Il) (¢) (L) .

Furthermore, the aggregate technology (A21), the aggregate resource constraint (A22)
and the household’s optimality conditions (A25) to (A28) imply the following four equa-

).
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tions:

1-1
y:p(H)((%) ’ L — f)
o)

V(L)

-1+d

1
CBGe
y=c+ (y°—-1+dk,

where we have used(I1) = A®/A(IT). To simplify these four equations further, we use
the equations (A35) and (A36) to substitute out forandr. Then, we express all the
remaining variables relative to hours worked, which yields the following four equations:

K\ 17 f\?
wan Y= (() (1+p<n>—)
¢ V(L)
(A38) L=~ ( )( ) ( LVL)
K » K\ 7 -1
(A39) L= (1") (E) (ﬁw = ”d)
y_=¢ e_ X
(A40) E_L+(y 1+d)L

We now show that these four equations determine the four varigbled., k, given a
steady-state inflation rafd and assuming that the ratio of fixed costs over outpyy,

is a calibrated parameter.

First, we solve for hours worked as a functionIéfby substituting the equations
(A37) to (A39) into equation (A40). This yields

A AAYARYO ye—1+d (_3)
”(H)p(n)(Hp(H)y) ‘(¢)( LVL)J”(W—Hd) )
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or
V(L)) A ye—1+d
(—L—\/L)—W(H)p(ﬂ)(ler(H);) (¢ 1)(—“?%)_0_1+ d)
= L(1D),

whereL(IT) abbreviates the right-hand-side term, which is a function of the steady-state
inflation rate. The previous equation provides an implicit solutionLfolVe obtain an
explicit solution forL, if we assume a functional form for(L). Using thatV (L) =

1— wL”, withv > 1 andy > 0yields

V(L) 1—yL

LV,  wolv
and hence
1 1/v
A4l L) = ———— R
(Ad41) (m (w+wv£(H))

where we have indicated that in general, steady-state hours warldgpend on the
steady-state inflation ratd through£(IT). Recall that in order to computé(IT), the

equations (A32), (A33) and (A34) are required. The solutionskfay, andy can be
recursively computed from the equations (A37) to (A39). These solutions are

1\? 1 -
A42 k(IT) = —¢(1——) (——1 d) L
(A42) (IT) = u(I1) p 5007 +
B (1N (KNP VL)
e () () (42)
(A44) y(Il) =c+ (y° -1+ d)k.

Again, we indicate that these solutions depend on the steady-state inflation rate.
APPENDIX B - PLANNER PROBLEM AND ITS SOLUTION

The planner allocates resources across firms and time by maximizing expected dis-
counted household utility subject to firms’ technologies and feasibility constraints. The
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planner problem can be solved in two steps. The first step determines the allocation of
given amounts of capital and labor between heterogenous firms at.d&tee second

step determines the allocation of aggregate capital, consumption and labor over time.
Endogenous variables in the planner solution are indicated by supeescript

B1l. Intratemporal Planner Problem

The intratemporal problem corresponds to

RPVAVIIER & e evl-3 1 e}
max ( /O (Y7 dJ) st Yi = AQis, Gy (KD # (L3 — R),
and givenL{ andK§g, with Lf = fol LS, dj andK¢ = fol K dj. Optimality conditions
yield K§i /L5 = K¢/L¢ and hence that all firms maintain the same capital labor ratio.
Thus, the problem can be recast in terms of the optimal mix of input factﬁrs;
(Kjet)l—l/qb(LTt)lw;

1

. NG Lo
I'TlleaX(/ [At Qt—Sthjt (Ijet - Ft)] 0 dj) S.t. |te =/ |Jet dJ,
0 0

jt

with 12 = (K®)Y¢ (L)Y being given. Equating the first-order conditions to this
problem for two different firmg andk to each other yields the condition

_1
Zy[Zp (1 =R " = Za]Za G = F)] 7

=

whereZj; = Q_s, Gjt denotes productivity of the firn) at datet. Rearranging this
condition yieldsl §; — Ft = (Zj1/Z)’~* (I — Ft), and aggregating this equation over
all j’s yields

(Gkt Qt—ge/ Q)2

(B1) & — F =
T G Qusy/ QL

(I = F.

Thus, the optimal input mix of the firrk net of fixed costs is proportional to the optimal
aggregate input mix net of fixed costs, and the factor of proportionality corresponds to
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the (weighed) productivity of the firrk relative to the (weighed) aggregate productivity
in the economy. Thus, equation (B1) shows that the productivity distribution determines
the efficient allocation of the optimal input mix across firms.

To obtain the aggregate technology in the planner economy, we combine equation
(B1) with equation (2) and the Dixit-Stiglitz aggregator (1). This yields

! (Qt—s-tht)g_l 7 . ~
ve = AQi_s, G ! 1€~ F di| .
: (/0 [ Qs ,t(fol(Qt_sthjt)g_ldju o)|

Simplifying this equation yields the aggregate technology in the planner economy,

A
(B2) Y = ‘?t
At

(kB wp? - R),
where the efficient productivity adjustment factor is defined as

1
0-1

1
-1 .
®3) 18t = ([ (G1Qus/Q)" " d)
and evolves recursively. To see this, rewrite equation (B3) as

Assuming that the initial productivity distribution &t= —1 is consistent with the
assumed productivity process we have

1-0
(l/Ate)ﬁ—l _ /1 Gt X - -+ X Gt—sji+1 di
0 \ G X X OQt—s;+1
00 1-0
—sl14 2(1_5)5 (qt X X qt—s+1)
—1 O X -+ X Qt—st1

Gt =0 2 (qtqt—l)l_e
=531+ 1-90)(— 1-0)—
[ o )(gt) +( ) 0t Gt—1 *

= (p))’ .

The last step follows from backward-iterating equation (16) and implies that the efficient
productivity adjustment factor equals the relative price of firms hit Byshock in period
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t in the economy with flexible prices,
(B4) 1/Af = 1.

It follows also from equation (16) that; evolves recursively as shown in equation (25).
The intratemporal planner allocation then consists of equation (B1), which determines
the efficient allocation of the optimal input mix across firms, and equations (B2) and
(25), which describe the aggregate consequences of the efficient allocation at the firm

level.
B2. Intertemporal Planner Problem

The intertemporal allocation maximizes expected discounted household utility subject
to the intertemporal feasibility condition,

B5 max E tZU(CE LS sit.
( ) (CE.LE.KE 1%, Ogﬂ t t t)
e e e AtQt enl-1 et
(B6) CE+KEy = (1—d)K; +A—?((Kt) 5 (L8 —Ft),

with U (.) denoting the period utility function and; given by equation (25). The first
order conditions to this problem comprise the feasibility constraint and

Ue
(B7) Y& ==&,
S
(88) 1 _ ﬁE ft-f—l Ugt-‘rl (Ye + 1 _ d)
- t gt Ugt Kt+1 >

denoting byYg, the marginal product of capital and b, the marginal product of labor.
Thus, the planner allocation for aggregate variables is characterized by the aggregate
technology, equation (B2), the efficient adjustment factor, equation (25), the feasibility
condition, equation (B6), and the two first-order conditions (B7) and (B8).

APPENDIX C - EFFICIENCY OF THEFLEXIBLE-PRICE EQUILIBRIUM

This appendix proves the following result:
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PROPOSITION 6: The flexible-price equilibriumo = 0) is efficient if condition 1
holds.

To show that condition (23) holds under flexible prices, we divide equation (15) by
P1~? and impose: = 0 to find out that the optimal relative prigg of firms experiencing
ao-shock in period is equal topf. This and the equations (A16) to (A18) determining
the optimal relative price of firms experiencing-gahock int imply with a = 0 that

e [ 0 1 \ mg
P=\g-11++ A8’

Combining the previous equation with the equation (B4) yields

6 1
C1 1= ———
(C1) (9_11+T)mq,

which shows that real detrended marginal costs are constant in the economy with flexible
prices. From equation (10) it follows that the optimal relative price of the firim the
flexible-price model satisfies

0 1 maq
AE’

Px
jt
(G Qus/Q) = (e—_ T

Combining the previous equation with equation (C1), we obtain condition (23) in the
main text. Plugging this condition into equation (18) shows that the flexible-price equi-
librium implementsA; = A¢. Thus, the aggregate production function in equation (17)
in the flexible-price equilibrium is given by

AQ:
C2 Y, =
(€2 =

(K0P Lo - R),

with F = f - (T8)1Y? andT'e = (AiQ;/A®)?, and the resource constraint (derived in

Appendix A.A7) is given by

(C3) Kip1 = (L—d)K¢ + Y4 — Cp.
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The two equations (C2) and (C3) are the same constraints faced by the planner under
efficient allocation. Combined with the fact that the household decisions in the flexible
price economy are undistorted in the presence of the corrective sales subsidy, it follows
that the allocation of aggregate consumption, capital, labor, and output in the flexible-
price equilibrium is identical to efficient allocation.

APPENDIXD - PROOF OFPROPOSITION1

Establishing (1): First, we show that firms hit by &shock in period in the sticky-
price economy choose the same optimal relative price as in the flexible-price economy.
Let superscripe denote allocations and prices in the flexible-price economy, which we
have shown reproduces the efficient allocation. Under flexible prices Q) and given
condition 1, the optimal relative price implied by equation (10) for firms withsthock

in periodt is given by
of — (Pf)®  MCE
‘R PPAQY
Under sticky pricesd > 0) and the efficient allocation, combining this equation with

equation (A7) implies

N Yt ( Higa )6 (Qt+1) (pte 1) (N
D1) —=1+a(l-0)E|Q° == e '
(D1) oE ( )E: |: L YE \ B Ot+1 pe PCi1

Furthermore, equation (A8) implies

St

e Yo [ Uiy -1
(D2) Dt =1 + a(l - 5) Et Qt’t+1Y_te — DH_j_ .

Firms hit by ad-shock in period in the sticky-price economy choose the same optimal
relative price as firms receivingdashock in period in the flexible-price economy, i.e.,
P’i/Pt = Nt/D¢ = pf or equivalentlyN;/ pf = Dy, if it holds that

(D3) (Pt+l ) (Qt+1) (pteZl) _1
Sl Ot+1 P
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which follows from comparing the equations (D1) and (D2). To show that equation (D3)
holds under the optimal inflation rate stated in proposition 1, we lag this equation by one
period and rearrange it to obtain

I g
(o) m=rt.2.
St O

Combining this equation with equation (16) implies that the optimal inflation rate as

defined in equation (24) satisfies equation (D3).

Establishing (2): To show that, under the optimal inflation rate, firms that are subject
to a Calvo shock in periotl and hence can adjust their price do not find it optimal to
change their price, we need to establish that

(D4) Pt*—k,t = Et*—k,t t*—k,t—k’

for all k > 0. Dividing this equation by the (optimal) aggregate price leRgel and
using the result from step (1), i.&2, /P = pf, we obtain

*
* Pt—k,t—k = e
t—k,t P = Z¢_k,t P—k-
t—k

Using equation (A11), we can rewrite the previous equation as

*

Pt—k,t
*

Pt k

[1]

ift (Qt X+ X CIt—k+1) Pt* .

—% e
" = Skt Pk
Pro\g x - x0Giks1/) Py

Again usingPy /P = pf and thats;_y = H'j‘zl Et—k+j-1t—k+j further delivers

e * *
( Pt ) (Qt X X Qt—k+1) Ht % oo x Ht+1—k —1
e p—y = |]=1%
Pr_k Ot X -+ X Or—kt1 St Stk t+1-k

Rewriting the previous equation as

* e * e * e
i o P i) O-1 Py o x Ik Ot+a-k Prii—k _1
—k e x =k e =% e -
Zt-1t 9 P St—2t-1 91 P Stktei-k Gt+1-k Pk
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shows that each term in parenthesis is equal to unity under the optimal inflation rate,
which follows from equation (D3). This establishes that firms that can adjust their price
maintain the indexed price as given by equation (D4).

Establishing (3): We can establish the fact that the condition 2 causes initial prices
to reflect initial relative productivities as follows. The pricing equations (10)-(A8) imply
under flexible prices and no markup distortion that

i (Qt—Sthjt) . MC{
P Qt P AQ:

For a firm hit by aj-shock in period, this equation yields

e
PAQ:

e

Py

Combining both previous equations yields

P9\
P Qt—sthjt ‘

Plugging this equation into the aggregate price leRgt,! = fol let‘e dj, yields

1 Q 1-0
1= t ey1-60 i
/ (—Qt_sﬁ G,-t) (]

Rewriting this equation and using = 1/Af yields equation (22) for = —1.
APPENDIXE - DISCONTINUITY OF THE OPTIMAL INFLATION RATE

This appendix compares the optimal inflation rate in an economy &vihocks
(6 > 0) to the economy in the absence of such shoéks-(0). We refer to the first
economy as thé-economy and to the latter as the 0-economy. Comparing these two
economies is not as straightforward as it might initially appear: even if both economies
are subject to the same fundamental shoeksgf, g, &;), the efficient allocation dis-



VOL. VOL NO. ISSUE OPTIMAL TREND INFLATION 23

plays a discontinuity when considering the lidiit> 0. The discontinuity arises because
aggregate productivity growth in thieeconomy is driven by q;, while it is driven by
a;g; in the 0-economy.

To properly deal with this issue, we construet-&conomy whose efficient aggregate
allocation (consumption, hours, capital) is identical to the efficient aggregate allocation
in the 0-econom§* We then compare the optimal inflation rates in these two economies
and show that the optimal inflation rate for #hi@conomy differs from the optimal infla-
tion rate for the 0-economy, even for the linit> 0.

Letay, of, g7 denote the productivity disturbances in theconomy and le&? ,G{ _, Q% _ |
for j € [0, 1] denote the initial distribution of firm productivities. This, together with the
processdji }°, for all j e [0, 1], determines the entire state-contingent valuesAfr
Q. G}, andQy_g, forall j € [0, 1] and allt > 0.

Next, consider the 0-economy and suppose it starts with the same initial capital stock
as thed-economy. For the 0-economy, we normal@&_Sjt = 1forallj €[0, 1] and all
t and then set the initial firm productivity distribution in the 0-economy equal to that in
thed -economy by choosing the initial conditions
Agl - Aé_]_:

0 _ o ]
Gj1= Gi,—lQ—l—Sj,_l’

Finally, let the process for common TFP in the 0-economy be given by

w=n([ (atc) ) . (f o2 a) -

whereG?t is generated by an arbitrary procgsse.g.,g° = g@’. In this setting, itis easily
verified that aggregate productivity associated with the efficient allocation, defined as

. -
AQ/AY = AQ (/O (Gtht_sjt/Qt)"‘ldj) :

44The two economies do of course differ in their underlying firm-level dynamics.
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is the same in thé-economy and the 0-econorfi/We then have the following result:

PROPOSITION 7: Under the assumptions stated in this section, the efficient alloca-
tions in the two economies, theeconomy and th@-economy, satisfy

Cl=Cl Ly =L\ Kl =K/

forallt > Oand all possible realizations of the disturbances.

PROOF:

Since A’QY/ A8’ = A’QY/ Af for all t, it follows from the planner’s problem (B5)-
(B6) and the fact that the initial capital stock is identical that both economies share the
same efficient allocation.

The following proposition shows that (generically) the optimal inflation rate dis-
continuously jumps when moving from the 0-economy to dkeconomy, even if both
economies are identical in terms of their efficient aggregate dynéfhics:

LEMMA 2:  Under the assumptions stated in this section and provided conditions 1
and 2 hold, the optimal inflation rate in tfleeconomy id1;° = 1 for all t. The optimal
inflation rate in thes-economy is given by equation (24); in particular, fof g g

and ¢ = q, and in the absence of price indexation, the optimal rate of inflation in the
s-economy satisfidsn,_, ., I17"° = g/q.

PROOF:
The results directly follow from proposition 1 and lemma 1.

The previous result illustrates the fragility of the optimality of strict price stability
in standard sticky-price models, once non-trivial firm-level productivity trends are taken
into account. Moreover, in combination with proposition 7, the result shows that two

45The fact thatA Qt/Af is equal to aggregate productivity in the efficient allocation follows from equations (B6) and
(22).
46Recall that the optimal inflation rates implement the efficient aggregate allocations in these economies.



VOL. VOL NO. ISSUE OPTIMAL TREND INFLATION 25

economies that can be identical in terms of their aggregate efficient allocations may re-
quire different inflation rates for implementing these allocations.

APPENDIX F - PROOF OFPROPOSITION2

Under the assumptions stated in the proposition, it is straightforward to show that
the relative price distortiop (IT) and the markup distortiop (IT), which are defined in
equations (A32), (A33) and (A34), are inversely proportional to each other,

u (1) = 1/ p(10).

As a result, the solution df determined in equation (A41) in appendix A.A9 simplifies

1/v
)
w(d+v)

because(IT) = 1 and, thereforel. no longer depends on the steady-state inflation rate

to

I1. This result implies that (1) = L (IT*), as stated in proposition 2.
In this case, the solutions for capital and consumption, equations (A42) and (A43),
imply

1\? 4
k(H):p(H)¢(1—$) (y=14d)"L,

1 1\ B V(L
v =pmr () (1-5) Ge-rea (57).

where we explicitly indicate that steady-state capital and consumption depdihd on

Comparing steady-state consumption for the policy implementing the optimal infla-
tion rateII* and the alternative policy implementing strict price stability in economies
without price indexation yields

o) _ ( p() )"’
c(Irr)  \p(r/)

Equations (A32) and (A33) imply that the relative price distortjpii1*) = 1. This
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yields

cH 4

A€ ¢
:(A(n)
_(1—a<1—6)<g/q>"-1)% 1-a@-0) @Y
“\ T 1-w-9 1—a@—o)g/ay1)

which is the expression in proposition 2.

To show that(1)/c(IT*) < 1, note that(1)/c(IT*) = 1, if g = q and hencdl* = 1.
To show that the inequality holds strictlg(1) /c(IT*) < 1, for g # q, we take the
derivative ofc(1)/c(IT*) with respect tay/q. This yields

0 ( c(1) ) _ [ c(1) } [a(l—é)q 1-(g9/9)’
a(g/q) \c(I1v) c) ] L (@/a? ] [1-a@-9)(@/a)][1-a@-d(g/a)?]

Terms in square brackets are positive, because we have assum@e-iy,/q)?—* < 1
(see equation (6)y < 1, andg/q > a(1 — 6). Therefore, the derivative is strictly
positive if 1— (g/q)? > 0 and thusg/q < 1. The derivative is strictly negative if
1-(g/9)? < 0andthugy/q > 1. The derivative is zero if/q = 1.

APPENDIXG - PROOF OFPROPOSITION3

We start by deriving equation (30) in the proposition. Average employment per firm

L can be written as
(G1) Lo =00 + (1- o)Ly,

Whereft* denotes average employment of the firms that receivéélaock in period
t andftc average employment of the remaining firms. Equation (2) and equation (17),
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respectively, imply

Yit 1-1
— LR =K /LpYEL,
AQrs,Gp t it/Lijt) it
Y: A 1
AttQtt +Fo= (K/L)' oL,

where we used the fact that due to there being a unit mass of firms, we_havel ;.
Taking the ratio of the two previous equations and using the fact that each firm’s capital-

labor ratio is equal to the aggregate capital-labor ratio, we get

Ljt 1 Yj A Q A Qq
= A Q; + I:t .
t 1+ Ryz A Qi-s; Gjt Yt At Yi Ay

UsingF, = f '(Ff)l‘% from equation (3), the definition of detrended output Y;/ 'S,

andI'g = (A(Q:/AP)? from equation (20), the previous equation can be expressed as

b (e (o0 ) )
t ViAr/ At YiAr \ Qt-s; Gjt YiAr/ Ag

Using the product demand function (8) to substitdig' Y;, we get

A R (T VA
t Ve At Ve At Ay Qt—sthjt P

Firms that receive a-shock at date can charge the optimal price, i.ePj; /P =

P’i/P. = pt. For these firms, the previous equation implies

fAS\ T fAae 1 o
() o)
( Ve At ViAr Ay (pt)

where we used the fact that firms that receivé-shock are identical, so that on the

Ll

left-hand side of the previous equation, we can write average employment of these firms
in the numerator. Using equation (G1) to substitutelfpfL; in the previous equation
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yields

fAe —c — fAe Ae »
1 t _ — ML /L) = t _ (2t ASY-11 (ACp* ‘
( +ytAt)(1 (1-9)L/ t) 5ytAt (At)[a( &1 (Afp;)

Equation (24) implies (Ate)‘g_1 =1—(1-0)(II;/E;_, )’ *. This allows us to rewrite
the previous equation as

(G2) (afp) ™ = (ﬁ) (1_(1_5) E o+ (5 - )]>

At 1-(1-9)I/Ef_ 0t
From equation (A14) we obtain
1—a(l—0) (My/Zeay)’ " = [ad(AD’ T+ L — a)] (ATP) .

Using againy (Af’)"_1 =1-(1-6)(II;/Z;_, )" " allows us to rewrite the previous
equation as

0
1—a(l-0)(1/ Et_l,t)‘“)“
1—a(l-0) (M/E_,)" ™

(G3) (pFap™ = (

Equating the right-hand sides of equation (G2) and equation (G3) delivers equation (30)
in the proposition for the special case with= 0.

We next derive equation (31) in the proposition. From equation (A15) we have

e\0-1 e 4 qt Ht 0
Ar = [ad(AD)’ P+ Q- )| AT (PFAD) T +a@ =0 (=) | = A1

Ot i1t

Equation (24) implies (Af)e_l =1-(1-9)(II;/E;_;,)’~*. Substituting this into the
previous equation and dividing by; delivers

N ) ~ NG II % Al
= [1-a@=0) (/2,)" | (FAY) " +a@-9) (ﬁ H)( t ) =

e —_ e °
O Ag Ei1t) A{g



VOL. VOL NO. ISSUE OPTIMAL TREND INFLATION 29

Using

I g Af ; :
=T A @ from equation (26) delivers

(Ht/Et—l,t)g) At

* /K e -
Ht =t-1t At—l

A -
T =[1-ea-o (myELy) 1](p:A$>—9+a<1—5>(
t

Using equation (G3) to substitutg; A%)~? in the previous equation delivers equation
(31) in the proposition.

APPENDIXH - ROBUSTNESS OFRESULTS TOPOSITIVE FIXED COSTS

From the proof of proposition 3 in appendix G, which covers the general case with non-
negative fixed cost§ > 0, it follows that equation (31) continues to hold fér> O.
From equations (G2) and (G3) it follows that equation (30) generalizes to
(H1) . .
(At)"l(l —a(l-0) (Ht/Et—l,t)e_l)ggl (1-A=9 [+ (2 -1)]

A 1—a(l—0) (/) 1- A -o)(I/Ef_ )"t

Using equations (31) and (H1), we then evaluate the sensitivity of the optimal inflation
estimate in steady statg; (= y) for different fixed cost, using the baseline parameters
from table 1. We thereby sd.TItC/E = 1.0703, which is the sample mean of this ratio

in the data andl;/E;_1; = 1.031, which is equal to the sample mean of GDP deflator
over the considered sample period, i.e., we assume no price indexation (= 1).

The steady state value @f/A; then follows from (H1). We consider fixed costs in a
range up to 10% of total (detrended) outpbity € [0, 0.1], where f/y = O is the case
considered in the main text. Figure H1 shows that the estimated optimal inflation rate
is quite insensitive to assuming alternative fixed costs values: over the considered range
of fixed costs, the optimal inflation rate increases, but the maximal effect on the optimal
inflation rate is small and around 0.1%. This continues to be true for reasonably sized
output fluctuationsy; = ).

APPENDIX| - PROOF TOPROPOSITION4

We start by deriving the optimal inflation rate (33) and the recursive equation (34).
In the absence of price rigidities, firms choose at all times their price such that their
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FIGURE H1. ROBUSTNESS OF OPTIMAL INFLATION ESTIMATES TOWARDS POSITIVE FIXED COSTS

relative price is inversely proportional to their relative productivity. This follows from
the equation (23), which determines the optimal relative price in the absence of price
rigidities and is reproduced here for convenience:

Pe_ 1 Q

11 1@
( ) P'[ Ate G]t Qt—S]‘t

Condition 2 implies that the previous equation holds alsd fer—1.

We now show that the optimal relative price (I1) can also be achieved byjfim
an economywith price setting frictions and non-constaishock intensities under the
optimal inflation rate stated in the proposition. This is so because abstmicks, the
optimal inflation rate insures that the firm’s nominal price either remains constant (when
there is no price indexation) or evolves over time in line with the price indexation rule,

while equation (I11) continues to hold. Taking growth rates of equation (I1) and imposing
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Pjt = Et-1tPj,t—1, which holds in the absence éfshocks, delivers

Iy A o

_% e ~
Sto1t A1 G

The previous equation implies equation (33).
To derive equation (34), we can rewrite the definitiomgfin equation (22) according
t048

1 1-6
(Ae)l—ﬁ =/ Ot X -+ X qt—SjH-l dJ
‘ 0 \ Gt X+ X Ot—s;+1

i 1-6
= do + do(1 — o1) Z(l —5)s 1 (C]t X X Qt—s+1)
1

— Ot X -+ X Qt—st1

= 0o + Jo(1 — d1) (G /g)*

> 1-6
+ (1 =9) (a/9)"’ |5o(1 — 1) Z(l — )L (qt—l X e X qt—s) ] ’
s=1

Gt—1 X -+ X Qs

where the term in parenthesis is equa(2f ;)% — Jo. This delivers equation (34) in
the proposition.

In the absence of economic disturbances, equation (34) impliea fhainverges to

v (= )1_10(1_(51_5)(9/@8_1)15
\1-61+9 1—(1-0)(g/q)1 '

The steady state result in the proposition then follows from equation (33) and the as-

sumption of no price indexatiofE;_, ; = 1).
APPENDIXJ - PROOF TOPROPOSITIONS

For simplicity, we shall refer t&N, which contains only products of agéor higher,
as the measured price level andliy) = PN/PN, as the measured inflation rate. As
before, we lef; denote the ideal price level (using all products) &hdhe ideal inflation

47In the presence af-shocks, prices are flexible so that equation (11) can easily be achieved.

48The following derivations assume that the initial productivity distributioh &t —1 is consistent with the assumed
productivity process.
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rate. The proof proceeds in two steps. In a first step, we derive the measured inflation
rateTI)* in a setting where monetary policy implemeifits from proposition 1 for the

ideal inflation rate. In a second step, we show that if monetary policy impleniEtits

for the measured inflation rate, then this policy implements the same relative product
prices as in the case where monetary policy implemBitior the ideal rate.

Step 1:1n analogy to equation (A10), which defines the ideal price level, the measured
price level is defined as

(J1) (PMH¥? = 5i(1 —9)°At(s+ N),
s=0

where the weighted average cohort pricg-) is defined in equation (A9). From propo-
sition 1 it follows that under the optimal inflation ral&', firms with a Calvo shock do
not find it optimal to adjust their price, so that we havedor k > 0

* =k *
Pt—s,t—k — “t-st—k Pt—s,t—S'

Using this result to rewrite equation (A9) shows that the weighted average cohort price
under the optimal inflation ratd} is

J2) At(S) = Et*—s,t Pt*—s,t—s) =0,

The previous equation implies

%

— 1-9
Afs+ Ny = =Mt ) A N(9)
St—(N+s),t—N

= (E_n0) AN ().
Substituting this into equation (J1) yields
(P = (B0’ [6 > a- 5)5At_N(s>} ,
s=0

where the expression in brackets is the ideal price level defined in equation (A10) shifted
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N periods into the past. For a policy that implements the optimal inflation rate from
proposition 1 for the ideal inflation measure, we thus have

(J3) PtN* = E‘t*—N,t Pt*—N .

From the previous equation we get that measured inflation is then given by

which is the inflation rate stated in the proposition.
Step 2: Using equation (J2) to rearrange equation (J1) delivers

o0
(P =0 2(1 — 0)*(EY_ (1Nt Pt*—(s+N),t—(s+N))l_H
s=0
= 0(E{_n Pt*—N,t—N)l_H + (1 =) (Ef_14 PND.

Dividing the previous equation byP,N*)1~¢ and using equation (J3) one obtains

1
1-0\ 7-1
1-0(P P*
(34) M/ By :( ( t_’I’t—_’}/ = ) :

The previous equation shows how the relative price of firms witishhock @ ,_n /P n)

is determined so as to be consistent witff*. When monetary policy targefd)* =
%HLN, as assumed, then equation (J4) coincides with equation (24) shifted back
by N periods. Since equation (23) impliegAf = P /P, this shows that monetary
policy implements the same relative prices as a policy that implenigntsom propo-

sition 1 for the ideal inflation measure.



