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APPENDIX

_“Effective Demand Failures and the
Limits of Monetary Stabilization Policy”

Michael Woodford, Columbia University

Here we present additional details of the arguments in the main text, and proofs of the
stated lemmas and propositions.

A Welfare Analysis: Preliminary Results

This section provides proofs of the main results in section I.

A.1 Proof of Lemma 1

As explained in the main text, in the case of any rotationally-invariant allocation of resources,
if we let U7(t;&,¢) be the flow utility (2) in the case of disturbances (£, ¢), we must have

U'(t;€,Rp) = U7 (t:€,9) (A1)

for each sector j. Then consider the contribution to the ex-ante expected value of (1) from
the terms corresponding to the different possible outcomes in a particular rotation family
(6). Because the N different outcomes must each have the same ex-ante probability, the
contribution from these terms must be proportional to their equally-weighted average,

o

1=
ZZ BUI(t; €, R o).

h:O t=0

But it follows from (A.1) that
U7(:€, R'¢) = U7 (1€, R ') = UV(LE, R 29) = U (1:€, 9)

for any integer h. Hence we can alternatively write

[e.e]

N—1
":%ZZ BUIh(t €, 4) = Zﬁtzlﬂtw (A2)

=0 t=0

The final expression on the right in (A.2) is independent of the sector j for which we
compute ex-ante expected utility. Hence units in all sectors agree about the ex-ante ranking
of alternative feasible rotationally-invariant allocations of resources, as stated in the lemma.
The welfare criterion stated in the lemma is just N times the final expression on the right

n (A.2).
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A.2 Proof of Lemma 2

For given disturbance sequences (&, ¢), we wish to find the consumption allocation {c,i(t)}
and production plan {y,(¢)} for all ¢ > 0 that maximizes (7), subject to the constraints that

> d(t) = u(t) (A.3)

for each sector k at each date ¢t. Note that the welfare measure (7) consists of a sum of
separate terms for each good k at each date t. Since the constraints (A.3) each also involve
only the production and consumption of a single good £ at a single date t, we can separate
the optimization problem into a set of independent problems, one for each good k£ and each
date 7.

If k£ is a good for which ¢ (t) = 0, then the static optimization is simply the choice of
yk(t) to minimize the disutility of supply v(yx(t);&). The solution is obviously yx(t) = 0,
which then implies that the only feasible consumption allocation involves cfc(t) = 0 for all
j as well. (Thus in the example of a “pandemic shock” discussed in the main text, where
¢1(0) = 0, it is optimal for there to be no production or consumption of good 1 in period 0.)

If instead ¢k (t) > 0, the static optimization problem requires that we choose yx(t) and
the {cl(t)} for j = 1,..., N to maximize

> du(Banu(cl™"(1)/(angr(t); &) — v(ye(t); &), (A4)

heH

subject to the constraint (A.3). Substituting the left-hand side of (A.3) for yx(t) in (A.4),
we obtain an objective that is purely a function of the consumption allocation. We further
note that this function is monotonically decreasing in ¢y " (¢), for any h ¢ H (if such sectors
exist). Hence the optimum must involve ¢t "(#) = 0 for any h ¢ H. With this substitution,
we are left with an objective that is a function of the quantities {c}"(t)} for h € H,

> b anu(c () (andr(1); &) — v(>_ (1) &).

heH heH

Because this last objective is a strictly concave function of its arguments, it has a unique
optimum characterized by the first-order conditions. Moreover, the Inada conditions on the
functions u, v imply that there cannot be a corner solution; hence we need consider only the
first-order conditions for an interior maximum. These require that u/(c*~"(t)/andr(t)); &)
be the same quantity for each h € H. Since u/(c; &) is a monotonically decreasing function of
¢, this in turn implies that ¢*~"(t)/ay,¢x(t) must be the same for each h € H. This in turn is
only consistent with (A.3) if ¢;"(t) = ax_nyx(t) for each h € H. Since the same expression
holds for h ¢ H as well (where it simply states that ¢{"(¢) = 0), the optimal consumption
allocation must satisfy (9) for all j, as stated in the lemma.

Finally, using this result, we can rewrite the objective (A.4) as a function of y(t) alone,
obtaining

Or(t)ulyn(t)/dn(t); &) — v(yn(t); &). (A.5)
The optimal output level is the yx(t) that maximizes (A.5). Since the objective involves
only ¢x(t) and the disturbances &, the solution is of the form yy(¢) = y*(¢x(t); &), where

49



the function y*(¢; &) is the same for any sector k. Moreover (A.5) is again a strictly concave
function, and the Inada conditions imply that we must have an interior optimum. There is
thus a unique solution y*(¢; ), implicitly defined by the first-order condition (8) stated in
the lemma.
This establishes Lemma 2. In addition, differentiation of (8) implies that
* * "
W _ oy e
06 = o —u'ls
so that y* is a monotonically increasing function of ¢, as stated in the main text. In the limit
as ¢ — 0, the first term in (A.5) approaches zero regardless of the value of yi(t); hence the
objective approaches a monotonically decreasing function of y () for all yx(¢) > 0, which is
maximized when yi(¢) = 0. Hence y* — 0 as ¢ — 0, for any disturbances &.

A.3 Proof of Proposition 1

The first-best optimal allocation of resources in this case has already been established in
Lemma 2:

w() =y ) = ary - u(t) (A.6)
for all 7, k, and all £ > 0. We wish to prove that this resource allocation, together with prices

P*(t+1)

(=P, 140 = ()

(A7)
for all £ and all ¢t > 0, represents an equilibrium.

We first observe the prices and quantities specified in (A.6)—(A.7) imply that sector j’s
end-of-period asset position each period will satisfy &’ (t) = a’(t), as a consequence of (11).
Substitution of this conclusion into (13) implies that

dt+1) = (1+i(t)d(t) — 7(t+1)

for each ¢t > 0. Then under the hypothesis that a/(0) = a(0)/N and that 7(¢+ 1) each period
is consistent with the fiscal authority’s target path for the public debt, the assumed behavior
implies that a’(t) = a(t)/N for all ¢ > 0. This in turn implies that &’ (¢) = a(t)/N > 0 each
period, so that the hypothesized spending plan is consistent with the borrowing constraint
(12) each period. Hence the hypothesized spending plan represents a feasible plan for units
in sector j. We next show that it is their optimal plan, i.e., that it is the feasible plan with
the highest value for the objective (1).

Conditions (11) and (13) imply a law of motion for the nominal asset position of the form

(1) piyi) =D (1) ()
P(t) P(t)

al(t+1)
P+ 1)

P(t)
P(t+1)

T(t+ 1)
P(t+1)

= (1+i(t)

for each ¢ > 0. The prices and interest rates assumed in (A.7) imply that in the conjectured
equilibrium, this can be written in the form

EARIOEDY c,i<t>] ,

k

Bpras a(t+1) T(t+1):| _

P(t+1) P (t+1)
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where
Py = Ul(?J:% ft)a (A-S)

using the definition of the natural rate of interest in (17). Multiplying both sides of this
equation by #' and summing for values of ¢ from 0 to 7" — 1 yields the condition

; T-1
I(T) a’ (0 ;
o T+§ﬁt = e Y Sl - S del (a9
=0 k
which any feasible spending plan must satisfy for any 7' > 1.
We further note that because &’ (T — 1) = 0, (12) and (13) imply that a/(T) > —7(T)/N
under any feasible plan. In addition, (15) together with (19) implies that under any policy
of the kind hypothesized, we must have

T)
lim 7 pr L = Al
Jim 6 i = 0. (A.10)
so that any feasible plan must satisfy
a(T)
Jir T > 0. A1l

Together with the fact that (A.9) must hold for arbitrary 7', this implies that any feasible
spending plan must satisfy the integrated intertemporal budget constraint

ZﬁtptZCi(t) < Poa ~
=0 i

Moreover, under the hypothesized spending plan, a’(t) = a(t)/N each period; (19) then
implies that under this plan, condition (A.11) holds with equality, and hence (A.12) is
satisfied with equality.

We next show that the hypothesized spending plan is the optimal one for a unit in sector
j, among all plans consistent with the constraint (A.12). This is a problem of maximizing
a concave objective (1) subject to a single linear inequality constraint. Moreover, the fact
that goods k ¢ K;(t) have positive prices, but have no effect on the objective (1) makes it
obvious that the optimal solution requires that ¢, (t) = 0 for any k ¢ K;(t), as is true of the
hypothesized spending plan (A.6). It then remains only to show that the hypothesized plan
is optimal among all those satisfying the constraint that ¢, () = 0 for all k ¢ K;(t). A

We then seck to maximize a function that is increasing in each of its arguments ) (¢)
(for k € K;(t)), and strictly concave. The fact that the objective is increasing requires
that the optimal plan must satisfy the constraint (A.12) with equality, but this is true of
the hypothesized plan for each sector j, as just shown. In addition, the strict concavity
of the objective implies that there must be a unique optimum, characterized by the first-
order conditions. The Inada conditions on the utility function wu(c;¢) further imply that
the optimal plan must involve positive consumption of each of the goods k € Kj(t) in each
period ¢ > 0. Tt follows that a consumption plan {c,(t)} is optimal if and only if, in addition

_ Z B p, ];(2) (A.12)
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to satisfying the budget constraint (A.12) with equality, the marginal rate of substitution
between any two goods is equal to their relative price.

The conjectured prices and quantities (A.6)—(A.7) imply that for any two goods k, k" €
K;(t) in some period ¢, we have

u! g’,jg(t)/oék—j;ft) _ Py -

(
W( () o) &) o P pe(®)

so that the intra-temporal optimality condition is satisfied. The marginal utility of an
additional unit of expenditure in period t is then equal to u/(y;;&)/P*(t), regardless of
which good k € Kj(t) it is spent on. Furthermore, the conjectured prices and quantities
(A.6)—(A.7) imply that for any two successive periods ¢,t + 1,

oo 1+t 14i(t) P@1)

goen _ 1 1 P(t+1)

so that the inter-temporal optimality condition is satisfied as well.

Thus all necessary and sufficient conditions are satisfied to establish that given the
conjectured prices, the hypothesized spending plan is optimal among all plans consistent
with the budget (A.12). Of course, this last constraint is a weaker condition than the full set
of requirements for a spending plan to be feasible (in particular, it neglects the borrowing
constraints), so the set of feasible plans is a proper subset of the set of plans consistent
with (A.12). However, we have already verified that the hypothesized spending plan satisfies
all of the conditions for feasibility (in particular, it also satisfies the borrowing constraint
(12) each period); hence optimality among all plans in the larger set is a sufficient condition
to establish optimality among those plans in the smaller set of feasible plans. We have
therefore established that the hypothesized spending plan for each sector j is optimal, given
the conjectured prices.

The conjectured paths {yx(¢)} for the production levels also satisfy (14) for each sector k
at each date t > 0. We must further show that the conjectured goods prices for dates t > 1
are market-clearing prices. This follows from (14), if for each sector k, yx(t) is the quantity
that units in sector k£ wish to supply, taking the price at which they can sell as given. Since
we have already shown that the marginal utility of additional nominal income in period ¢
is u/(y;;&)/P*(t) in any sector, the first-order condition for optimal supply in period ¢ is

satisfied if and only if
V' (ye(1); &) u' (Y75 &)

nt) P (A.13)

(
) and pg(t) satisfy (A.13), because of

But for any sector k, the conjectured values for yi(t
(10).

We must also show that the conjectured path of interest rates {i(¢)} clears the market for
liquid assets in each period ¢ > 0. But we have already shown above that the hypothesized
plan for units in any sector j implies that &’ (t) = a’(t) = a(t)/N in each period, from which
it follows that Y b/(t) = a(t), and the asset market clears.

It thus remains only to verify that the conjectured paths are consistent with the government
policies specified in the proposition. We have already discussed the consistency of these paths
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with the specified target path for the public debt and the specified borrowing limits. The
conjectured prices (A.7) imply that in any period ¢ > 0, the right-hand side of (16) is equal
to

log(1+7") + 7#*(t+1) > 0,

where the sign is guaranteed by (18). Hence the specified monetary policy rule requires that
log(1 +i(t)) equal the above expression, or alternatively, that

. NPt 1)
1+i(t) = (147r}) P
But this is exactly the path of interest rates specified in (A.7). Hence the prices and
quantities specified in (A.6)—(A.7) constitute an equilibrium, under the policies specified
in the proposition.

Note that the proposition asserts only that an equilibrium of this kind exists under these
policies, and does not address the question whether this is the only possible equilibrium
consistent with the policies. We could go further, and establish local determinacy of the
proposed equilibrium, using the methods discussed in Woodford (2003) for the case of a
single-sector model. We do not pursue such issues here, noting only that the issues connected
to uniqueness of equilibrium in this model are similar to those that arise in the single-sector
model.

A.4 Proof of Proposition 2

In this case, equilibrium prices are the same as in the one described in Proposition 1, and
equilibrium interest rates are the same, except for ¢(0). Equilibrium quantities are the same
for all t > 1. In period t = 0, quantities are instead given by

u(0) = y(0),  (0) = ary(0), (A.14)

where y(0) is the quantity implicitly defined by

W ((0); &) = B1+i(0) 55 (01 €0, (A.15)
given the interest rate i(0).

The proof that these prices and quantities represent a perfect foresight equilibrium under
the assumed policy follows the same lines as in the proof of Proposition 1. First, we show
that the proposed plan for each unit is feasible, given the assumed prices. The plans (A.14)
imply that the circular flow of payments is again perfectly balanced in period zero, so that
v (0) = a’(0) = a(0)/N for each j, just as in the case considered in Proposition 1. This
implies that the borrowing constraint (12) is satisfied in period zero. And because &’ (0) is
the same for all j, one must have a/(1) = a(1)/N for each j, which are the same initial
asset positions at the beginning of period 1 as in Proposition 1. It then follows that the
proposed plan satisfies the feasibility constraints in all periods ¢ > 1, just as in the proof of
Proposition 1.
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Next, we show that a feasible plan for each unit must satisfy an integrated intertemporal
budget constraint of the form (A.12), where p; continues to be defined by (A.8) for all t > 1,
but in period t = 0 we instead define

b

po = B(1+ i(o))P*—(l)

u/(yf; 61)7

which is only equal to the value defined in (A.8) if the interest rate is chosen so as to ensure
that yo = yi. With this modification, the demonstration that a feasible plan satisfies the
intertemporal budget constraint proceeds as in the proof of Proposition 1. Moreover, we can
again show that the hypothesized plan for each unit satisfies this constraint with equality.

After this, in order to show that the proposed plan for each unit is the optimal plan
among those consistent with the budget constraint (A.12), we need only to show that the
marginal rates of substitution are all equal to the corresponding relative prices. In the case
of marginal rates of substitution between goods in periods ¢ > 1, all quantities and prices
are the same as in Proposition 1, so that the equality of marginal rates of substitution and
relative prices has already been shown. Condition (A.14) implies that the marginal rate of
substitution between any two goods that units in sector j consume in period zero is equal
to their relative price (which is 1); and condition (A.15) implies that the marginal rate of
substitution between real expenditure in period zero and real expenditure in period one is
equal to the real interest rate between those two periods. Hence all of the necessary and
sufficient conditions for optimality are satisfied. Then the fact that the plan is optimal among
those consistent with the weaker constraint (A.12), while it also satisfies all of the additional
conditions required for feasibility, together with the fact that all feasible plans must satisfy
(A.12), implies that the proposed plan for each unit is optimal among all feasible plans.

Next, we have already shown in the proof of Proposition 1 that the conjectured paths
{yx(t)} for the production levels also satisfy (14) for each sector k at each date ¢ > 1.
Condition (A.14) implies that this is true in period ¢ = 0 as well. We have also already
shown in the proof of Proposition 1 that the prices in all periods ¢ > 1 are market-clearing
prices. And once again, the hypothesized plan for units in any sector j implies that 0/(t) =
a’(t) = a(t)/N in each period, from which it follows that ) . #'(t) = a(t), and the asset
market clears in every period t > 0.

Finally, we have already shown in the proof of Proposition 1 that the conjectured prices
and quantities in all periods ¢ > 1 are consistent with the specification of monetary and
fiscal policy in those periods. The prices and quantities assumed here for period ¢ = 0 are
also consistent with our alternative specification of policy in period ¢ = 0. Hence all of the
conditions for a perfect foresight equilibrium, under the assumed policy, have been shown to
be satisfied.

In this equilibrium, the level of output yg is determined by (A.15). Since all quantities in
this formula are taken as given, except the values of y(0) and i(0), the equation establishes
a structural relationship between these two quantities. The left-hand side of (A.15) is a
decreasing function of yo, while the right-hand side is an increasing function of (0); it
follows that y(0) is a decreasing function of ¢(0). When (0) takes the value specified by (16),
the equation implies that yy = y;. Hence yp is less than or greater than y; according to
whether i(0) is greater or less than the value specified by (16), as asserted in the proposition.

o4



B Equilibrium with Asymmetric Disturbances

Here we present proofs of the main results in section II of the main text.

B.1 Proof of Lemma 3

The proof that the prices and quantities described in the proposition constitute a flexible-
price perfect foresight equilibrium for all periods ¢ > 1, taking as given the real financial
wealth of each sector at the beginning of period 1, follows the same kind of reasoning as in
the proof of Proposition 1.

First we verify that given the conjectured prices, the quantities described in the proposition
represent a feasible plan for each sector j. The vector a(1), together with the target a(1)
for the public debt after taxes are collected at the beginning of period 1, implies that

PC R y o) | J
i1) = =2 + [a(1) — (1/N DIP* (1) = —2 + —LZ—P*(1).
G = G+ W0 - UM Ear W) = P+ P
Then the fact that the stationary quantities {c,} and y; satisfy (23) implies that (11) is
satisfied each period, if we further specify that
’ a(t) f : a(t) B
ity = —= P(t V() = —= Pt B.1
for all ¢+ > 1. This path for {0’(t)} must also satisfy the borrowing constraint (12) each
period, if the borrowing limit satisfies (22). Hence the hypothesized plan for sector j is
feasible, given the conjectured prices and the specified policy.

Next we show that any feasible plan for periods ¢ > 1 must satisfy an integrated
intertemporal budget constraint. We can proceed as in the proof of Proposition 1 to show
that under any feasible plan for a unit in sector j, we must have

for any T > 2. (The factors {p;} are now omitted, because the absence of aggregate
disturbances implies that now p; = p; for all ¢ > 1; but we must now take account of
intra-period relative prices, assumed to equal 1 in (A.9).)

The argument after this step is slightly more complicated than in the proof of Proposition
1, because we no longer assume that &’(£) = 0 each period. However, (12) and (13) in the
more general case imply that

(1) _ A+ T -1 T-1)  (T) _ PR
PH(T) ~ P=(T) NP+(T) PHT—1)

Then the assumption (20) together with (A.10) guarantees that any feasible plan must satisfy
(A.11), even under our more general assumption about the borrowing limits.*” This together

47Because of this, the result in Proposition 1 could easily be generalized to allow the more flexible kind of
borrowing limits assumed here.
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with (B.2) then implies that any feasible plan must satisfy the integrated intertemporal
budget constraint

> Y £ ¥+ L8 |gu ~ ) (8.3

In addition, (15) and (19) imply that

Xt (i(0)al0) o=,
D R T e SLICE

Substituting this into the right-hand side of (B.3) and using the definition (24), the intertemporal
budget constraint can alternatively be written

S E Y ) < YA g0 + (B.4)
t=1 k t=1

s

Thus under the assumptions of the proposition, any feasible plan for units in sector 7 must
satisfy (B.4). Moreover, it follows from (23) that the hypothesized stationary plan satisfies
(B.4) with equality.

Next we show that the hypothesized plan for units in sector j maximizes the terms
in (1) for periods ¢ > 1, among all plans consistent with (B.4). We have already shown
that the hypothesized plan satisfies (B.4) with equality, so it remains only to show that all
marginal rates of substitution are equal to the corresponding relative prices. The fact that
the stationary allocation is a competitive equilibrium of the static model requires that

u’(c;Jrh/Oéh; 3 _ V(s §) (B.5)

*

Bih q;

for each h € H (i.e., for each of the goods that units in sector j consume in periods t >
1). This implies that all intra-temporal marginal rates of substitution are equal to the
corresponding relative prices. We also note that the marginal utility of additional expenditure
on the composite good in any period, for units in sector j, is given by (any of) the expressions
in (B.5). Thus under the hypothesized plan, this marginal utility is constant over time, and
the marginal rate of substitution between expenditure on the composite good in periods ¢
and t+1 (for any ¢ > 1) is equal to S~!. This is exactly the real interest rate between these
periods, under the hypothesized prices, because of (25). Thus we verify all of the necessary
and sufficient conditions for the hypothesized plan to maximize (1) among all plans consistent
with (B.4). Since we have also shown that all feasible plans must satisfy (B.4), and that the
hypothesized plan is feasible, it follows that the hypothesized plan maximizes (1) among all
feasible plans.

Next we show that markets clear under the hypothesized plans for all sectors. The
fact that goods markets clear each period follows from the fact that the intra-temporal
resource allocation each period corresponds to a Walrasian competitive equilibrium of the
static model. And condition (B.1) implies that

= >

;aj(t) = a(t) + WP*@ = a(t)
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each period, so that the asset market clears as well.

Finally, we show that the conjectured paths are consistent with the specification of policy.
The only non-trivial condition to check is consistency with the Taylor rule (16) for interest-
rate policy. Because the inflation is consistent with the central bank’s target in each of the
periods ¢ > 1 under the conjectured paths, the right-hand side of (16) corresponds simply to
P*(t+1)/(8P*(t)), which is greater than 1 under the assumption (18). Hence the assumed
monetary policy rule requires that 1+1i(¢) equal this quantity each period, which is precisely
what (25) assumes. Hence the conjectured paths are consistent with policy, and constitute
a perfect foresight equilibrium under the assumed policy.

Moreover, in this equilibrium, the borrowing constraint (12) is not a binding constraint
in any period t > 1, as we have shown that each unit’s intertemporal plan would also be
optimal if the unit were subject to only an integrated intertemporal budget constraint. Note
also that our analysis implies that it would be possible to relax the borrowing limit QJ(t)
in any period t > 1 without this implying any change in the equilibrium paths of prices or
quantities.

B.2 Proof of Lemma 4

The function V7 (a; a(1)) is the maximum achievable value of the discounted utility in periods
t > 1 for a unit in sector j that carries real pre-tax wealth a into period ¢t = 1, if the prices
and interest rates are the ones associated with the stationary equilibrium determined by the
aggregate vector of pre-tax wealths a(1). The envelope theorem then implies that the partial
derivative of V7 with respect to a, evaluated at @ = a’(1), will equal the marginal utility of
real expenditure in period 1 in the stationary equilibrium. Thus we must have

N(@(1): a(1)) = w(e /w33 §) _ vy §) (B.6)

* )

Ik q;

where we note that in the stationary equilibrium, the middle expression must have the same
value for each k such that aj_; > 0, and the final expression must also have this same value,
as a consequence of the first-order conditions for optimization by units in sector j.
Moreover, it follows from Lemma 3 that the allocation of resources in the stationary
equilibrium depends only on the value of the vector f implied by the vector a(1). Thus both
the second and third expressions in (B.6) are functions of f that are independent of the
value of 3, and we can define -
v'(y;(f); €)

q;(f)

Here y;(f) means the output supply by sector j in the static competitive equilibrium
associated with the vector of net transfers f, and ¢;(f) is the relative price of the sector j
good in that same equilibrium. Note that we have assumed that a(1) is such that f € U,
so that we have a uniquely defined static competitive equilibrium with the vector f. It then
follows not only that A*( f) is uniquely defined, but that it varies continuously with variation
in the elements of f.

A(f) =
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Our definition of the equilibrium selection has also assumed that when f = 0, the static
competitive equilibrium is the one in which y; =y, ¢; =1 for each sector. Thus we have

AY(0) = V(y; &) = (5 §).

And since A*(f) must be a continuous function near f = 0, we must have

lim A7(f) = u'(5;€)

f—0

for each 7, as asserted in the lemma.

B.3 Proof of Proposition 3

Here we consider equilibrium determination when «(0) is arbitrarily close to zero (though
we assume that a(0) > 0), and &’(0) = 0 for all 5. In this case, satisfaction of the borrowing
constraint (12) by all sectors requires that 0 < #(0) < a(0) for each sector, and hence that
each element of f must satisfy the bounds

1 (1+14(0)) . N-1 (1+14(0))

- - a(0). (B.7)

As a(0) — 0, for fixed values of the other model parameters, both the upper and lower
bounds converge to 0. Hence we can assure that in equilibrium, all elements of f must be
as close as may be desired to zero, by fixing a sufficiently small value for a(0).

Lemma 4 then implies that the value of A7(a’(1); (1)) must approach /(i; ), so that
under the assumption about i(0) maintained in the proposition, the Euler condition (27)
takes the simpler form (29).

In addition, given that 8 < 1, the bounds (B.7) can alternatively be written

1 A N -1
<
- N

a(0).

Thus we observe that in the limit as a(0) — 0, the equilibrium value of each of the {0/(0)}
must approach zero. We thus calculate the equilibrium in period zero for the limiting case
in which we must have (0) = 0 for all j. It then follows, as discussed in the main text,
that the vector ¢(0) of sectoral expenditure levels must satisfy ¢(0) = Ac(0).

We now show that under our assumptions, the matrix A must have a unique right
eigenvector 7 with an associated eigenvalue of 1. We first note that the definition of the
matrix A in (5) implies that Ay; > 0 for all £, j, and that Zszl Ay = 1 for every j, or in
vector notation, that

€A = €.
This indicates that 1 must be an eigenvalue of the matrix A, with e’ the associated left
eigenvector. Any eigenvalue must also have at least one associated right eigenvector; thus it
remains only to establish that the right eigenvector 7r is unique (up to normalization).

We observe from the properties noted in the previous paragraph that A is a non-negative
matrix (Gantmacher, 1959, chap. XIII, Definition 1) that is furthermore a stochastic matrix
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(Definition 4).*® Any non-negative matrix necessarily has a maximal (Frobenius-Perron)
eigenvalue A\ with the properties that (i) A is a non-negative real number, and (ii) [\ < A
for all eigenvalues A of the matrix (where |A| denotes the modulus of an eigenvalue that
may be complex); moreover, (iii) the left and right eigenvectors associated with the maximal
eigenvalue are real-valued and non-negative in all elements (Gantmacher, Theorem 3). In
the more specific case of a stochastic matrix, the maximal eigenvalue is 1 (Gantmacher, p.
83). The associated left eigenvector is €', which is obviously non-negative in all elements;
but there must be a (non-zero) right eigenvector 7 that is also non-negative in all of its
elements. Because 7 > 0, we can normalize the right eigenvector to satisfy e’ = 1.

To go further it is useful to write the matrix A in the normal form defined in Gantmacher
(sec. XIII.4).% This involves partitioning the N sectors (the rows and columns of the
matrix) into disjoint subsystems {Si,...,Ss}, each of which is irreducible, in the sense that
any two sectors j # z within the same subsystem can be linked by a sequence of sectors
(7,k,1,...,y,z) all within the same subsystem, with the property that j buys goods produced
in k, k buys goods produced in [, ..., and y buys goods produced in z. We further define
a subsystem as “isolated” if each of the sectors j € S; spend only on products of sectors in
subset S;. Then Gantmacher shows that one can order the subsystems so that the first g > 1
of them are the (only) isolated subsystems; and the subsystems S; for g+1 < i < s each have
the property that each of the sectors j € S; spends only on products produced in subsystems
Sk with k£ < 4. Thus if one re-orders the sectors in accordance with this ordering of the
subsystems, the matrix A has a normal form representation that is upper block-triangular,
with all off-diagonal blocks being blocks of zeroes in the first g block columns.

In the case that ¢5(0) > 0 for all k, our assumption that a; > 0 implies that there is only
one isolated subsystem, which is the complete system of all IV sectors (1 buys from 2, which
buys from 3, ..., which buys from N, which buys from 1). Hence in this case, we must have
g = 1,s = 1. The situation is only slightly more complicated if there exists a sector for which
¢1(0) = 0. We have assumed that there can be at most one such sector; let it be sector 1
(as in the numerical examples shown in Figure 2). In this case, we must have g = 1,5 > 2.
The only isolated subsystem must be the one that contains sector /N; the assumption that
a1 > 0 implies that 1 buys from 2 which buys from ...which buys from N — 1 which buys
from N, so that any isolated subsystem must contain sector N. In addition, subsystem S
must consist solely of sector 1, since no other sector buys anything from sector 1 (as a result
of the pandemic); thus there must be at least two subsystems.

Gantmacher (Theorem 12) shows that a stochastic matrix A has a unique right eigenvector
7 with an associated eigenvalue of 1 if and only if ¢ = 1 in the normal form representation
(i.e., there is a unique isolated subsystem). In this case the Frobenius-Perron eigenvector
7 corresponds to the uniquely defined stationary long-run probabilities of occupying the
N different states, if A is interpreted as the matrix of transition probabilities defining a
homogeneous N-state Markov chain. The elements of this eigenvector satisfy m; > 0 for all
Jj €51, and 7; = 0 for all other j. We have shown that this result necessarily applies to our
model.

48More precisely, the transpose A’ is a stochastic matrix as defined in Gantmacher. Below we translate
the properties of stochastic matrices established in Gantmacher into statements about the matrix A.
49More precisely, we put A’ in the form shown in Gantmacher (p. 75).
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This unique solution for 7 allows us then to solve uniquely for the vector ¢(0) = Qr,
where the value of {2 > 0 is given by (31), as explained in the main text, in order to satisfy
(29). This establishes the proposition.

Because ¢(0) is a multiple of 7, it has the property that ¢/(0) > 0 for all j in S;, while
¢?(0) = 0 for all other sectors. For example, in the case of the uniform network structure
shown in the left panel of Figure 1, S; consists of sectors {2,3,4,5}, while Sy consists
of {1}. In the case of the chain structure shown in the right panel of Figure 1, instead
(and regardless of the value of the parameter \), the irreducible subsystems are S; = {5},
So = {4}, S3 = {3}, S4 = {2}, and S5 = {1}, among which only S} is an isolated subsystem.
This explains why, in Figure 2, we have ¢/(0) = 0 only for j = 1 in the left panel, while
instead ¢/(0) = 0 for all j <4 in the right panel.

B.4 Proof of Corollary 1

We know from Lemma 2 that the first-best consumption level ¢} (0) of any good k that is
consumed by sector j in period zero is given by (9), where 3(0) = y*(¢x(0); £), and the
function y*(¢; €) is implicitly defined by (8). We have also shown in section A.2 above that
y*(¢;€) is an increasing function of ¢, for a given disturbance vector £. Because we have
assumed that v is at least weakly convex in y, v'(y*;€) must be non-decreasing when ¢
increases. Thus the right-hand side of (8) must be non-decreasing, and so the left-hand side
cannot decrease either. Because u'(c;€) is a decreasing function of ¢, it follows that y*/¢
must be non-increasing when ¢ increases.

Then since the optimal level of production for sector k satisfies y*/¢ = 3 when ¢4 (0) = 1,
we must have y*/¢ > ¢ for all 0 < ¢x(0) < 1. Thus the optimal level of production in sector
k is necessarily no smaller than ¢;(0)g. Combining (9) with this result, we conclude that the

optimal consumption of good k by sector j must satisfy
A™(0) > ar;0k(0)7. (B.8)

But the quantity on the right-hand side here is the equilibrium consumption if the borrowing
constraint does not bind for units in sector j, from (32). This in turn is an upper bound
on equilibrium consumption, since a binding borrowing constraint can only reduce ¢/(0) and
hence (because of (4) reduce sector j consumption of all goods of which there is positive
consumption. Thus we must have

(0) = Ay (0) < apydr(0)y < ¢7(0) (B.9)

for each good k. Thus no good can be consumed in an amount greater than the amount
required for the first-best optimal allocation, as stated in the corollary.

Furthermore, if sector j is borrowing-constrained in period zero, the first inequality in
(B.9) must be a strict inequality. Thus in this case we must have c,(0) < ¢”(0), as stated
in the corollary (condition (i)). Finally, if v is a strictly convex function of y, the function
v'(y*;€) must strictly increasing (and not just non-decreasing) when ¢ increases. From
this we can conclude (by an argument parallel to the one made above, under the weaker
assumption of weak convexity) that y*/¢ must be a decreasing function of ¢ (not just non-
increasing). This implies that y*/¢ > g for all 0 < ¢;(0) < 1, from which we conclude that
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(B.8 must be a strict inequality for any 0 < ¢4(0) < 1.°° This then implies that the last
inequality in (B.9) must be a strict inequality, so that again we must have ¢,(0) < c.°7*(0),
as stated in the corollary (condition (ii)).

B.5 Algebra of the examples in Figure 2

In the case of a uniform network structure (the left panel of Figure 2), Ay; = 1/(N — 1) for
all j and any k& # 1; the Frobenius-Perron maximal right eigenvector is then easily seen to
be

= (0 1/(N-1) ... 1/(N-1)).

(Because every sector spends the same amount in each sector k # 1, but nothing in sector
1, the eigenvector must have this property as well.) Furthermore, w; = (N —1)/N for all
j. Hence the maximal value in the problem on the right-hand side of (31) is achieved by all
sectors j # 1, and the equilibrium expenditure vector is given by

c0) = (0 (N-1/N ... (N-1)/N)-g,

as shown in the left panel of Figure 2 for the case N = 5. In this example, expenditure
collapses completely in sector 1 (which no longer receives any income), but it is reduced in
sectors j # 1 only to the extent that it is efficient for these sectors to reduce their spending
(given that they no longer can or should buy sector-1 goods).

The collapse of effective demand is much more severe (and the inefficiency much greater)
in the case of a “chain” network. In this case, one can show that the Frobenius-Perron
maximal right eigenvector is given by

w =(0...0 1)

Sector 1 cannot spend at all, because it receives no income. Given that sector 1 cannot
spend, sector 2 receives no income other than its own within-sector spending. But because
sector 2 does not spend all of its income within-sector, an eigenvalue with eigenvector 1 must
involve zero spending by this sector as well. Continuing iteratively in this way, one can show
that every sector but sector N must have zero expenditure.

The argument no longer goes through in the case of sector N, because — given that they
can no longer buy sector 1 goods — units in sector N spend all of their income within-sector.
Hence all elements of 7v but the final one must equal zero. In the problem on the right-hand
side of (31), sector N achieves the maximum. Then given that ¢*V = (1 — a;)y = (1 — \)7,
the equilibrium expenditure vector is given by

c(0) = (0...0 1=X) -7,

as shown in the right panel of Figure 2 for the case N =5, A = 0.8.

50Note that (B.8) still holds with equality if ¢x(0) is equal to either 0 or 1. In the former case, both sides
are equal to zero; in the latter case, both sides are equal to aj_;y. Note also that (B.8) also holds with
equality for any good k such that a;_; = 0, so that sector j does not wish to consume it, regardless of the

value of ¢ (0).
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These two cases illustrate the two extremes with regard to the degree of collapse of
aggregate expenditure and output in the limiting case in which a(0) — 0. For a general
network structure with a fraction oy = 1/N of within-sector spending by all sectors (as in
these examples), we can show that aggregate spending ¢*99(0) = Zjvzl ¢/(0) must fall within
the bounds

(I/N)g < e(0) < (N=2+(1/N)g < (N=1g =y = ) .

Here the lower bound is established by the fact that at least one sector must not be borrowing-
constrained, and since that sector cannot be sector 1, its first-best level of spending ¢*/ must
at least equal gy = y/N. The upper bound is established by the fact that spending by
sector 1 must be zero, and that spending in every other sector must be bounded above by
¢*, which cannot exceed ¢ for any sector. Both of these bounds are achievable, since (as
just shown) the chain network achieves the lower bound while the uniform network achieves
the upper bound.

B.6 Proof of Proposition 4

We derive the solution to (35) and demonstrate its uniqueness in several steps. We begin by
observing that there must be a unique solution, before deriving a closed-form expression for
that solution.

B.6.1 Existence of a unique solution to the “Keynesian cross”

Let 6 >> 0 be fixed, and consider the set of vectors ¢(0) that satisfy (35). We can show
that there must be a unique solution using properties of positive concave mappings that are
reviewed in Cavalcante et al. (2016). For any vector ¢(0), let F'(c(0)) be the vector defined
by the right-hand side of (35); thus F(-) maps N-vectors into N-vectors. If §(0) >> 0, we
can further show that F'(-) is a positive mapping, in the sense that for any ¢(0) > 0, we
have F'(¢(0)) >> 0. Let Fj(-) be the jth element of F'(-), that is, the implied value for ¢/(0).
Then for each j, we need to show that for any ¢(0) > 0, F;(c(0)) > 0. Since A > 0, ¢(0) > 0
implies that Ac(0) > 0. Then under the hypothesis that §(0) >> 0, we must have

%5(0) + Ac(0) >> 0.
Thus the jth element of this vector must be positive, for any j. Since ¢/ > 0 as well, the
minimum of the two quantities must be positive. Thus F}(c(0)) is necessarily positive, as
required.
We can further show that each of the functions Fj(-) is concave. This requires that for
any vectors ¢1, ¢y, and any scalar 0 < o < 1,

Fi(ae, + (1 — a)es) > aFj(e) + (1 — a)Fj(cs). (B.10)

62



Given the definition of F(-) in (35) as the minimum of two functions, this holds if and only
if both of the inequalities

ZAJk ack + (1 —a)d] > aFj(e)) + (1 — a)Fj(ey), (B.11)

> aFj(e) + (1 —a)Fj(e) (B.12)
are necessarily satisfied. But inequality (B.11) follows from the fact that

F Cl S —+ZAJkC

for each of the cases ¢ = 1,2; and inequality (B.12) follows from the fact that
Fi(e;) < ¢

for each of the cases i = 1,2. Hence (B.10) is satisfied, and Fj(-) is a concave function for
each j. This in turn means that F'(-) is a concave mapping.

Thus F(+) is a positive concave mapping. Moreover, there exists a finite upper bound €
with the property that F'(c(0)) < ¢ for all ¢(0) < ¢; this is the bound € = ¢*, where the
elements of the vector ¢* are defined in (30). It then follows from Cavalcante et al. (2016,
Proposition 1 and Facts 4.1 and 4.2) that the mapping F'(-) has a unique fixed point. This
means that the system of equations (35) has a unique solution ¢(0).

B.6.2 Properties of the solution: monotonicity

For any vector § >> 0, let this unique fixed point be denoted ¢(d). (Note that the mapping
F(-) depends on the vector §.) One can easily establish several features of the functional
dependence of the fixed point on §. In addition to being useful in the proof of Proposition
4, these will be used in our later analysis of the effects of fiscal policy and credit policy.

First, because 0 << F(c) < ¢* for all ¢, it is clear that the fixed point must satisfy
0 << é€(d) <cforall § >0.

We can also show that each of the component functions ¢;(d) must be at least weakly
increasing in each of the elements of §. Consider any two vectors 81, 5 such that d; > §; >>
0. Then we can show that we must have ¢(dy) > ¢(d,) for each j. Let F;(:) be the mapping
defined by the right-hand side of (35) when § = §;, for i@ = 1,2, and further define the
mapping 3

F(¢) = F3(c(d1) +¢) — ¢(d1),
defined for an arbitrary vector ¢ > 0. Then ¢ will be a fixed point of F; if and only if
¢ =c—¢&(d,) is a fixed point of F'.

It is evident that F'(-) is a continuous mapping, with the upper bound F(¢) < ¢* — &(8y)

for all . Moreover, for any ¢ > 0, we must have

F(C) Fy(c(d1)) — ¢(6)
Fi(c(6,)) — ¢(d1) = 0.

(AVARAVS
0l
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Thus ﬁ’() maps the set of vectors satisfying the bounds
0 < ¢ <c —¢d)

into itself. These bounds define a compact, convex subset of RY. Hence by Brouwer’s fixed-
point theorem, there must be a vector ¢* in this set that is a fixed point of the mapping

F(-). It follows that ¢ = €(d,) + ¢* is a fixed point of Fj(-), and since (as shown above) the
latter mapping must have a unique fixed point, it follows that we must have

c(62) = ¢(d1) + ¢* > ¢(d1).

Hence each of the functions ¢;(d) must be weakly increasing in each of the elements of 4, as
asserted.

This means that along any continuous expansion path §(s) for the vector & specifying
period-zero liquidity, where the real variable s indexes distance along the expansion path [not
time], if each element of §(s) is at least weakly increasing in s, then each element of €(d(s))
will be weakly increasing in s as well. Among other things, this means that along any such
expansion path (representing situations that can be reached through progressively larger
lump-sum transfers in period zero), if the borrowing constraint no longer constrains some
sector j for the level of transfers parameterized by s, then sector ;7 will not be borrowing-
constrained for any vector of transfers corresponding to a point s > s along the expansion
path.

Thus for each sector, there will be a single point along the expansion path at which that
sector shifts from being borrowing-constrained (for all levels of transfers below that point) to
being unconstrained (for all levels of transfers beyond that point). This is illustrated for two
different network structures in Figure 3 (where the labeled points {a;} on the horizontal axis
are levels of initial liquid assets at which another sector ceases to be borrowing-constrained).
If we let C' be the subset of the sectors that are borrowing-constrained in the case of
a particular vector of initial asset positions, then as one proceeds along any monotonic
expansion path, the set C remains the same except at a finite number of points, and at any
point where C' changes, increasing s can only result in the subtraction of elements from C'

The set of possible vectors é can thus be partitioned into regions corresponding to
different subsets C' of borrowing-constrained sectors. We have already shown (in the proof
of Proposition 3) that for all §(0) close enough to 0, the set of unconstrained sectors will
be Uy, the set of sectors j for which the maximum value is achieved in the problem on the
right-hand side of (31); hence at such points the set of constrained sectors will be Cp, the
complement of Uj,. Because the set of constrained sectors can only shrink as a result of
additional initial transfers (or further relaxations of borrowing constraints), it follows that
for all §(0) >> 0, C' must be an element of C, the set of all subsets of Cy (including the
empty set () as well as Cj itself).
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B.6.3 The local solution for a given subset C of borrowing-constrained sectors

If we know what the set C' is for a given vector 8, it is straightforward to compute the
equilibrium expenditure vector ¢(d) at that point.>* The solution vector ¢(0) must satisfy

d(0) = %_j + 3 At (0)

for all 7 € C, and ‘ .
A0) = v
for all j ¢ C. This is a system of linear equations to solve for ¢(0).
The first of these sets of equations can be written in vector form as

é =6+ Accé + Acpér,

where ¢ is the vector of elements of the solution ¢(0) corresponding to sectors j € C; S is
the vector collecting the values of ¢/ /p for the sectors j € C; é* is the vector of elements of
c* corresponding to sectors k ¢ C; and the matrix A has been partitioned as in (43) in the
main text. This system of linear equations has a unique solution (and hence the complete
system has a unique solution) if and only if the matrix I — A is non-singular.

This is necessarily the case for any C' € C. Note that in order for I — Age to be singular,
there would have to exist a vector w # 0 such that Accu = w. This would require that
the set of sectors C' be an isolated subsystem (that is, sectors j € C spend only on the
products of sectors k£ € C'). But we have shown in the proof of Proposition 3 that under
our assumptions, the only isolated subsystem can be S;, the one containing sector N. We
have further shown that the eigenvector 7w has non-zero elements only for sectors j € Sj.
Hence the elements of Uj (of which there must be at least one) belong to Sy; it follows that
not all of S; can belong to Cy, and thus that not all of S; can belong to any C' € C. We
can therefore conclude that C' cannot be an isolated subsystem, from which it follows that
I — A must be non-singular.

We can show something stronger, which is that all eigenvalues of Acc must be inside
the unit circle (i.e., have modulus less than 1). We note that Ac¢ is a non-negative matrix,
though no longer a stochastic matrix (because the set C' cannot be an isolated subsystem,
as just discussed). It follows from Gantmacher (1959, chap. XIII, Theorem 3) that Acc
has a non-negative real eigenvalue 7, such that |[A| < r for all of the other eigenvalues of the
matrix. This maximal eigenvalue is bounded above by

r < maXZAkj < 1.

icC
I kec

5INote that it may be ambiguous whether to include a particular sector j in the set C' or not, as in
equilibrium the sector’s income may be just enough to allow it to spend the optimal quantity ¢*/, with
end-of-period assets b’(0) = 0. In this case, it does not matter whether we consider the set C' to include the
sector j or not; the solution obtained for ¢(d) will be the same in either case. In such a case, the value of
0 lies on the boundary between two regions corresponding to different sets of constrained sectors; but since
the function ¢(d) is continuous at such boundaries, it does not matter to which region the boundary case is
assigned. Note that if instead we wish to compute the effect of a change in 6, it will matter how we define
the set of constrained sectors C; but in that case, the right answer will depend on the direction in which &
is to be changed.
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Here the first inequality follows from Gantmacher (p. 68), and the second from the definition
of the matrix A.

However, we have just shown that 1 cannot be an eigenvector of Acc. Thus the maximal
eigenvalue must satisfy r < 1, from which it follows that |A| < 1 for every eigenvalue of Acc.
This allows us to write

(I—Ace)™ =T+ Ace + (Ace)? + (Ace)® + ...

where the infinite sum must converge because the eigenvalues of Acc have modulus less
than 1. Since each of the terms on the right-hand side is a non-negative matrix, it follows
that

(I-Acc)™t > 0. (B.13)

The system of linear local equations therefore has a unique solution

cloc(é' o) = (I — ACC)*l(S + Acpc”)
) é*

Y

where the solution is partitioned as in (43); this is the solution (37 referred to in the
proposition. (See the proof of Lemma 6, below, for further details.) Here we have written
the set C' as an argument of the function, because there is a separate function of this kind for
each possible choice of C' € C. We further see that for any (', the solution is a linear function
of 6 and ¢*, and that the matrices of coefficients denoted M and N in (37) contain only
non-negative elements, because of (B.13) and the fact that all elements of A are non-negative.

B.6.4 The unique global solution

We see then that if we can determine which set of sectors C' is the borrowing-constrained
set in the case of any given vector of initial asset balances, we can determine the value of
¢(d) at that point. We next show how to do this. Fixing the vector §, let C' be the set of
constrained sectors in the solution to the “Keynesian cross” system (35), and let C' instead
be any other element of C. Then let

¢ = c(6;C) — (68, 0)

measure the difference between the linear solution under the assumption that sectors C
are constrained and the linear solution under the assumption instead that C' is the set of
constrained sectors. (Also, in what follows, let us write ¢/°°(d; C') simply as ¢, and c/*¢(§; O)
as ¢.)

In the case of any sector 7 € C, we must have

Cj = éj + ZAjkck,
k

d <V + Y Ayl
k
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where the second condition holds for all j given that € is a solution to (35). Subtracting the
first equation from the second yields the implication

¢ < Z Ajic
K

for all 7 € C. Instead, in the case of any sector j ¢ C, we must have
d = v,
& < v,

where again the second condition holds for all j given that € is a solution to (35). Subtracting
the first equation from the second yields the implication

¢ <0

for all j ¢ C. A
Then if we let ¢ be the vector of elements of ¢ corresponding to sectors j € C, and ¢ the
vector of elements corresponding to sectors j ¢ C, we must have

¢ < AccC + Acd, ¢<o.
If we let u= (I — Acc)é , then the first inequality implies that w < 0, and hence that
(= (T—Acc)u <0,
using (B.13). This together with the second inequality implies that ¢ < 0, and hence that
c°(6;C) < c(8;0). (B.14)

The fact that (B.14) must hold for any C' € C then implies that C' must be the selection
of borrowing-constrained sectors that implies that

(6) = Iélei?cloc(é;C). (B.15)

0l

That is, for any & >> 0, C' must be one of the elements of C that solve the minimization
problem on the right-hand side of (B.15). Since (B.15) must hold for arbitrary §, this gives
us a closed-form solution for the function €(é) for all § >> 0.

If for values of § on the boundary of the positive orthant we select as the relevant solution
to (35) the vector ¢(0) that can be reached as the limit of a sequence of solutions ¢,, — ¢(0)
corresponding to a non-increasing sequence of vectors 4,, — 8 with §,, >> 0 for each n, then
also for these values of § the solution for ¢(0) will be the one given by (B.15). (This follows
immediately from the fact that the functions defined in (B.15) are all continuous functions
of 4.) Hence (B.15) is the desired solution for all § > 0, as stated in equation (38) of the
proposition.
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B.7 Proof of Corollary 2

The proof follows exactly the same lines as in the proof of Corollary 1 above. Even when we
allow non-negligible values for the {a’(0)}, in the limit as 8 — 1, the Euler condition again
reduces to the form (29), which implies the upper bound (30) on spending by each sector.
This was the crucial result needed to establish Corollary 1. In the case that the {a/(0)} are
non-negligible, the equation for the level of spending if a sector is borrowing-constrained
changes, but the equation for its level of spending if it is not borrowing-constrained is
unchanged, and the previous conclusions continue to hold.

B.8 Proof of Corollary 3

The solution to the system (35) involves no binding borrowing constraint for any sector if
and only if ¢/(0) = ¢* for each j is a solution to this system. Since we have established that
the solution must be unique, if this is a solution it must be the unique solution; so it suffices
that we check whether this vector of expenditure levels satisfies all of the equations in the
system (35).

Substituting the candidate solution for ¢(0) into (34), we see that this equation holds if
and only if

Y .
— + ZAjkc*k Z c.
p k

Using (30) to substitute for the elements of ¢* in this inequality, and recalling the definition
(5), we obtain the requirement
7 $;(0)y = w;y.

This implies a lower bound for §’ that is equivalent to condition (39). Hence the candidate
solution satisfies (34) for all j if and only if ¢ satisfies the lower bound (39) for all j. Hence
(39) holding for all j is necessary and sufficient for the solution to the system (35) to involve
no binding borrowing constraints, as asserted in the corollary.

We have already noted that if borrowing constraints do not bind, consumption demands
must be given by (32) for each sector. Then (28) implies that equilibrium production in each
sector k must equal

ye(0) = ZC}]C(O) Z%—j%(@?j = ¢(0) - 7.

J

This establishes that the resource allocation must be (40).
Finally, in the special case that a/(0) = a(0)/N and ¥ (0) = 0 for all j, we have ¢ =
a(0)/N for all j. In this case, (39) reduces to

a(0) > Npy- > oo (0) — ¢;(0)].

This condition holds for all j if and only if a(0) satisfies the lower bound (41), as stated in
the corollary.
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C Equilibrium with Fiscal Transfers

Here we present proofs of the main results in section III of the main text.

C.1 Proof of Lemma 5

In any equilibrium, regardless of the nature of policy, the consumption allocation in period
zero must satisfy (4). We wish to consider the conditions under which this can be consistent
with achievement of the first-best allocation of resources, characterized in Lemma 2.

Consistency of (4) with (9) requires that for each pair of sectors j, k such that ay_;¢,(0) >
0 (so that j wishes to consume good k in period zero), one must have

d(0) _ u(0)
= 5 (C.1)

(Note that ¢].(0)/(c—j¢x(0)) must equal both of these quantities, so that they must be
equal.) This means that for each of the goods k consumed by sector j, the value of y,(0)/¢x(0)
must be the same (and positive). But condition (8) implies that for each sector k,

u'(9r(0)/1(0); &) = v'(ye(0); &o)- (C2)

Hence v/(yx(0); &) must be the same positive quantity for each of the sectors k consumed
by sector j.

Since this conclusion is independent of the identity of sector j, we can show more generally
that v'(yx(0); &) must be the same positive quantity for any two sectors that both sell
a positive amount to some single sector. Our assumptions about the network structure
further imply that the sector of sectors with ¢, (0) > 0 (and that are therefore consumed
by someone) form an indecomposable system. It follows that v/(yx(0); &) must be the same
positive quantity for all k£ such that ¢;(0) > 0.52

If v(y;&) is strictly convex, as assumed in the lemma, then v'(y;&) is an increasing
function of y, and the conclusion of the previous paragraph is only possible if y,(0) is the
same quantity for all k£ such that ¢5(0) > 0. Moreover, the Inada condition on the function
u(c; &) implies that (C.2) cannot have y;(0) = 0 as a solution, for any ¢5(0) > 0. Hence the
common value for y;(0) for all of the sectors that produce must be positive.

Condition (C.2) further implies that if y,(0) is the same for every sector that produces,
Yx(0)/ P, (0) must also be the same for each of these sectors. And since the common value
of yx(0) is positive, this is only possible if ¢5(0) is the same for each of the sectors with
¢r(0) > 0. This establishes the lemma.

Note that if instead v(y;&p) is a linear function of y (one of the cases considered in
Proposition 5), v'(y; &) will be the same for all y > 0. Hence in this case, the conclusion
reached above does not follow: it is possible to have different levels of production y4(0) in
different sectors that all produce in period zero, and still achieve the first-best allocation
of resources. In this case, we do not need to assume that ¢;(0) is the same for each of

2Note however that the value of v'(yx(0); &) can be different for a sector with ¢;(0) = 0, if one exists,
since in that case the ratio ¢ (0)/(cu—;¢x(0)) is undefined, and (C.1) need not be satisfied for this value of
k.
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the sectors with ¢5(0) > 0 in order for the first-best allocation to be achievable under an
appropriate policy, as Proposition 5 shows.

C.2 Proof of Proposition 5

We shall show that the equilibrium allocation of resources under this policy is given by

c(t) = o)y, ye(t) = ox(0)y

for any j,k, and any period ¢ > 0. The associated equilibrium prices are pi(t) = P*(¢)
for each k in any period ¢t > 0, and the nominal interest rate i(¢) is given by (25) in each
period ¢ > 0. The associated path of beginning-of-period nominal asset balances is given by
a’(t) = a(t)/N for each sector j in any period ¢ > 1, while end-of-period asset balances are
given by b’ (t) = a(t)/N for each sector in any period ¢ > 0.

Note that if this is indeed an equilibrium under the proposed policy, (40) holds in period
zero, as asserted in the proposition; equilibrium prices and quantities in all periods t > 1
are as specified in Proposition 1; and borrowing constraints do not bind in any sector in any
period, since

V(t) = a(t)/N > 0 > b (1)

for any sector j in any period ¢t > 0.

Thus if the conjectured allocation is indeed an equilibrium, it remains only to show that
this allocation of resources is the first-best optimal allocation defined in Lemma 2. It is easily
verified that the proposed allocation satisfies (9) for all j, k, and ¢. In addition, the proposed
output levels in any period ¢ > 1 are yi(t) = g for all k, and these satisfy (8) for each k and
any t > 1. When ¢ = 0, the proposed allocation specifies that y;(0) = 0 for any sector with
¢r(0) = 0, as is required by Lemma 2. Thus we need only verify that the proposed output
levels in each of the sectors with ¢, (0) > 0 also satisfy (8) in period t = 0.

Under case (i) of the hypothesis, this condition becomes

' (y1(0)/61(0); §) = v,

which is satisfied by the proposed allocation for each k such that ¢x(0) > 0, since in the case

of these preferences, u'(7; &) = v. Under case (ii) of the hypothesis, the condition becomes
u'(7;€) = V'(5;€)

for every sector k with ¢;(0) = 1, and this condition is satisfied by the definition of £. Thus
the proposed allocation satisfies all of the conditions stated in Lemma 2 for the first-best
optimal allocation.

We then need only to show that the quantities and prices proposed in the first paragraph
above do indeed constitute a perfect foresight equilibrium, under the policy specified in the
proposition. This can be established using the same method as in the proof of Proposition 1.
Because the proof is straightforward (following the proof strategy already illustrated in the
earlier proof), we omit the details. We confine ourselves here to a sketch of the intuition for
the result. First, the proposed end-of-period balances {#(0)} imply that a’(1) is the same
for each sector j, so that (24) implies that f = 0 under the conjectured paths. And we have
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already shown in Lemma 3 that if f = 0, the prices and quantities specified above represent
a perfect foresight equilibrium from period ¢ = 1 onward. Second, an equilibrium in which
f = 0 going into period ¢ = 1 must have the equilibrium allocations described in Proposition
4, even if § < 1; the assumption that § — 1 was only used in the proof of that proposition
to guarantee that f = 0. Third, the initial asset balances {a’(0)} specified in (42) imply
that conditions (39) are satisfied for all sectors, in the case of any borrowing limits b’ (0) < 0.
Hence the same argument as is used in the proof of Corollary 3 can again be used to show
that no sectors are borrowing-constrained in period zero, and that the equilibrium allocation
of resources in period zero must be given by (32). And finally, the initial balances together
with this pattern of spending and production in period zero imply the specified end-of-period
balances {&’(0)}, and hence that f = 0. Thus we obtain an equilibrium of the conjectured
form.

C.3 Proof of Lemma 6

Let C' € C be the set of constrained sectors in the case of initial liquidity 8. (Because our
definition specifies that ¢/(0) is strictly less than ¢*/ for each of the constrained sectors, these
will continue to be the constrained sectors in the case of any small enough increase in the
vector of initial assets.) Then we know, for each sector j, which of the two terms on the right-
hand side of (34) ¢/(0) is equal to; this allows us to replace the nonlinear equation system
(35) by a system of linear equations, that must hold locally at d and for any alternative
vector &' > § close enough to it.

If we order the sectors so that all of the sectors in C' (if any) come first, and partition
the matrix A as in (43), then the local version of (35) can be written as

el A e ]|

Here ¢ is the vector of expenditures ¢/ (0) for the sectors j € C, ¢ is the vector of expenditures
for sectors j ¢ C; the vectors ¢* and ¢* similarly collect the values of ¢*/ for the two groups
of sectors; and & similarly collects the values of 87 /p for the sectors j € C.

For any C € C, we have already shown in the proof of Proposition 4 that Acc has all
of its eigenvalues inside the unit circle. It then follows that the matrix I — A must be
invertible, and that its inverse can be expressed as the infinite sum on the right-hand side
of (44). Hence the linear local system of equations has a unique solution of the form (37),
where the matrices M and N are the ones given in the statement of the lemma. Moreover,
the sub-matrix M¢e can alternatively be written as in (44).

Since Ace > 0, it follows from (44) that Mce > 0 as well. This together with the fact
that Acy > 0 implies that all elements of the matrices M and IN must be non-negative.

O«
O« O
O« O

C.4 Fiscal transfer multipliers: An example

Our model implies that the multiplier effects of fiscal transfers can be quite different,
depending both on the sectors receiving the transfer and which sectors’ expenditure we
are concerned with. As an example, consider again the chain network with fraction A of
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out-of-sector purchases (right panel of Figure 1), and consider the case of a pandemic shock
which makes it impossible to consume the output of sector 1, while other sectors’ products
are unaffected. Suppose that we compute the multipliers for small additional transfers,
starting from liquid asset balances that satisfy the inequality

> al(0) < Apy. (C.3)
J#N
When this inequality is satisfied, sector N is the only unconstrained sector (as already
established in section B.5, for the limiting case in which a(0) — 0), so that the set C

consists of sectors {1,2,..., N — 1}. The matrix of transfer multipliers is in this case equal
to ~ _
1 0 o ... 0 0
APt o0 ... 000
—1 -1 -1
M - A 00
DD D S S |
0 0 0 ... 0 0

The aggregate expenditure multiplier for transfers to sector k£ can be obtained by summing
column k of the matrix M this is largest (equal to 1 + (N — 2)/\) for transfers to sector
1, and smallest (zero) for transfers to sector N. In the numerical example discussed in the
paper, N =5 and A = 4/5. In this case, the aggregate expenditure multiplier for a transfer
to sector 1 is

L+ A P+ AP+ A 40 = 4.75,

as reported in the main text. The multiplier effect of uniformly distributed transfers on
sector j spending can be obtained by averaging the elements of row j of the matrix; these
are largest (equal to (N —1)/(AN)) for sector N — 1, and smallest (again zero) for sector
N. In the numerical example discussed in the paper, the aggregate expenditure multiplier
for uniformly distributed transfers is the average over the five columns of the sums of all five
rows, or

1
5[4.75 +3.75 +2.50 4+ 1.25 + 0.00] = 2.45, (C4)
as reported in the main text.

In the event that fewer sectors are borrowing-constrained, additional rows and columns
of M must be set to zero. We continue to have a matrix of the form

1 0 0 .. 0 0
AT A 0 .. 0 0

M= | X" 2t 2 o0 o0 |,
0O 0 0 ... 0 0

but if a;, 1 < a(0) < a;, for any i > 1, the last i rows of the matrix are all zeroes. Thus when
1 = 1, as assumed above, the aggregate expenditure multiplier for uniformly distributed
transfers is given by (C.4). But if i = 2, it is instead equal to only

1
5[3.50 +2.50 + 1.25 4 0.00 + 0.00] = 1.45;
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if + = 3, it is equal to only
1
5[2.25 + 1.25+0.00 + 0.00 4+ 0.00] = 0.70;

and if ¢ = 4, it is equal to only
1
5[1.00 +0.00 + 0.00 4+ 0.00 + 0.00] = 0.20.

And of course, once a(0) > a4, the entire matrix of multipliers is equal to zero.

The differentiation of alternative multipliers according to the sector affected (the separate
rows of M) is relevant for calculation of the welfare effects of transfer policies, since the
marginal utility of additional spending varies across sectors. For example, when (C.3) holds,
the marginal utility of additional real expenditure by any sector j # N is given by

W= (@0)/(1— o) = W (A a¥(0)),

k=1

while for sector N it is
pt o= (V0)/(1 - ) = d(p).
It follows that in the case of any a(0) >> 0 satisfying (C.3),

,ul > MQ ,uN_l > ,uN.
The welfare effect of transfers to each of the different sectors is then given not by € M (the
vector of column sums), but by u' M, where p is the N-vector with jth element equal to .

C.5 Proof of Corollary 4

Given a one-parameter family of transfer policies (45), let ¢/(s) be the solution for ¢/(0) in
the case of the transfer policy indexed by s. It follows from (38) that

j _ : j,loc e
A(s) = rélelgcj (a+v-s;0).

It follows from Lemma 6 that each of the functions ¢°(ax + = - s; C) is a non-increasing
linear function of s. Since ¢/(s) is the minimum of a finite collection of such functions, it
must be a non-increasing, piecewise-linear, concave function. This then implies that its right
derivative, m;(s), must a piecewise constant function, non-increasing in s, and everywhere
non-negative in value.

It remains only to show that m;(s) is eventually equal to zero for all s above some finite
bound. But since ¢/(s) can have only a finite number of segments with different slopes,
there must be some finite § such that m;(s) is constant for all s > 5. Suppose that this
terminal value is positive. It would follow that ¢/(s) would be an increasing linear function
of s for all s > 5. But it follows from (30) that ¢/(s) must be bounded. Hence we obtain a
contradiction, and can conclude that instead m;(s) must equal zero for all s > 5, as asserted
in the corollary.

73



C.6 Proof of Lemma 7

For any choice of the parameters specifying policy in period 1, and any value of § close
enough to 1, there must be an equilibrium of the following kind. First, the equilibrium for
all t > 1 is a stationary equilibrium of the kind characterized in Lemma 3, for some vector
f € U. (The stipulation that § be close enough to 1 is in order to ensure that f € U.)
Second, for each sector j, the consumption plan in period ¢ = 0 must be of the form (4) for
some choice of ¢/(0). This allows us to compute end-of-period balances ¥ (0) as a function of
¢(0), so that constraint (12) implies an upper bound for ¢/(0), that depends on the policy
specification (both on a(0) and on ¥’(0)). Total expenditure ¢/(0) must also satisfy

W((0) s &) > BAY(), ©5)
as a consequence of (27). This also implies an upper bound for ¢/(0) that depends on policy
(in particular, that depends on the monetary policy parameter 1). Since at least one of the
constraints (12) and (C.5) must hold with equality, the optimal choice of ¢/(0) must be the
minimum of these two upper bounds, for each sector j. Third, the vector f must satisfy
(24), where

(1) = w20
p

for each sector j, and we can compute ¥ (0) from the sector’s choice of ¢/(0), as just indicated.
This gives us a fixed-point relationship, f = W(f), that the vector f must satisfy. The
mapping W is defined for any f € U.

In the limiting case § = 1, this fixed-point relationship becomes a mapping ¥(f) = 0
for all f, and there exists a unique fixed point, f* = 0. For any values of § close enough
to 1, the mapping will still be a contraction, and will have a unique fixed point f* near 0.
Hence there is a perfect foresight equilibrium of the kind proposed above. Moreover, in the
limit as  — 1, the fixed point f* — 0. Lemma 4 then implies that the stationary allocation
in periods ¢ > 1 approaches the one characterized in Proposition 1 (for the case in which
& = & each period), which is to say, the stationary allocation that represents the first-best
optimum when & = €.

It then follows that U/ — U* in this limit, so that (47) must hold, as asserted in the
lemma. This in turn implies that (48) provides an equivalent welfare ranking of alternative
policies in this limit.

We also note that Lemma 4 implies that A (f) — «/(y; €) in the limit as 3 — 1, so that
the upper bound implied by (C.5) approaches

(0) < ¢(¢) = Ywyy, (C.6)
a generalization of (30). The vector ¢(0) of equilibrium spending levels in period zero is
then the solution to the fixed-point system (35), given by (38), in which we now substitute
the more general definition of ¢*/ given in (C.6). This result is useful for characterizing the
effects of interest-rate policy, discussed further below.

C.7 Proof of Proposition 6

Substitution of (2) into the welfare measure (48), and simplification using the fact that in
any equilibrium the consumption plan for each sector must be of the form (4), allows us to
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write the welfare measure in the form

N

Wo = > wiG(e(0)/w;) + 3 H(yu(0), (C.7)

k=1

where B B ) )

G(e) = u(c) — W' (m&) ¢, Hly) = V' (@:¢) -y — v(y:€).
We can then use our solutions for the effects of transfers on ¢/(0) and y;(0) to calculate the
welfare gradient.

Differentiating (C.7) with respect to each element of the vector of transfers, we obtain
equation (49) given in the main text, where g is the vector with elements

9; = G'(¢(0)/w;)
for each j, and h is the vector with elements
hi = H'(yx(0))

for each k. (We use that M is the matrix of expenditure multipliers and MY = AM is
the matrix of output multipliers.) Differentiating the functions G' and H, we obtain the
expressions for g; and hj, given in the main text.

We further observe that G(c) is a strictly concave function, that reaches its (unique)
maximum at ¢ = g, and that H(y) is another (at least weakly) concave function, which
achieves its maximum value at y = g (though the maximum need not be unique). It follows
that g; must be positive for all ¢/(0)/w; < g (or for all ¢(0) < ¢¥ = w;y, as stated in the
text), and similarly that hy must be non-negative for all y;(0) < g. Since the elements of M
and MY are all non-negative, we obtain the result that the elements of the welfare gradient
must all be non-negative if we consider additional transfers at a point where ¢/(0) < ¢*/ for
all j and y,(0) < g for all k.

When ¢ = 1, the Euler condition (29) must hold. Then because of (30), we must have
¢/(0) < ¢ for all j in all cases. This in turn implies that ¢,(0) < ay_;¢5(0)y for all j,
using (4), and hence that yx(0) < ¢x(0)y for all k, as a consequence of (14). (The reasoning
is the same as in the derivation of (B.9). Under the further assumption that 0 < ¢, (0) <1
for all sectors, we must have y;(0) < y for all k, and all elements of the welfare gradient
must be non-negative.

Now consider the effects of a transfer to sector j only, meaning that the vector of transfers
is proportional to e;, the vector with 1 as its jth element, and all other elements equal to 0.
If j ¢ C (sector j is not borrowing-constrained), it follows from Lemma 6 that Me; = 0, as
a consequence of which w; = w'e; = 0. If instead j € C, it follows from (44) that M;; > 0,
and hence that

w; = w'e; > g'Me; > g;M;; > 0.

C.8 Proof of Proposition 7

The proof proceeds in the same way as in the proof of Proposition 5. In the earlier proof,
the key to establishing existence of an equilibrium with the first-best optimal allocation of
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resources was demonstrating that the assumed policies were consistent with (i) an equilibrium
for periods t > 1 of the kind characterized in Lemma 3 with f = 0; and (ii) an equilibrium in
period ¢ = 0 in which no sectors are borrowing-constrained, so that the equilibrium allocation
of resources is given by (40). In the limit as 5 — 1, we must have f — 0 regardless of the
nature of equilibrium in period ¢ = 0, so that condition (i) is now more easily established.

Given an equilibrium for periods ¢ > 1 with f = 0, the Euler condition takes the form
(29), which implies that the equilibrium in period zero must satisfy (30). It then follows,
as in the proof of Corollary 3, that (39) is a sufficient condition for the existence of an
equilibrium in period zero in which borrowing constraints do not bind in any sector. One
can then establish that the equilibrium must involve the first-best optimal allocation of
resources using the same argument as in the proof of Proposition 5.

D Equilibrium with Interest-Rate Policy

Here we present proofs of the main results in section IV of the main text.

D.1 Proof of Proposition 8

The proof follows exactly the same lines as the proof of Proposition 3, but taking into
account the fact that (29) now takes the more general form (C.5). As before, the assumption
that initial asset balances are negligible and that borrowing is impossible implies that the
equilibrium for periods t > 1 must be of the kind characterized in Lemma 3, for the case
in which f = 0. The equilibrium in period ¢ = 0 must be one in which &(0) — 0 for each
sector j, with the consequence that ¢(0) must be a multiple of the maximal eigenvector 7,
as in Proposition 3. The fact that the inequality (51) must hold for each sector, and with
equality for at least one sector, then implies that the multiplicative factor €2 must be given

by (53).

D.2 Proof of Corollary 5

It follows from Proposition 8 that the allocation of resources in periods ¢ > 1 is independent
of the choice of ; hence (7) is maximized by the policy that maximizes the single-period
welfare criterion (48). Using (2) and (4), we can write (48) in the form

Wo = 3 Jagu (2 €) - o003 9. (D.1)

J

Here both the quantities {¢/(0)} and {y;(0)} depend on ¢ purely through the effect of ¢ on
the value of §(¢). Hence we can reduce the problem of choosing ¢ to maximize (7) to the
problem of choosing ¢ to maximize (D.1). (The optimal ¢ will then be whatever value is
required in order for g(¢) to equal the optimal value of 3.)

Proposition 8 implies that each of the quantities {¢/(0)} and {y;(0)} is a non-negative
multiple of §(¢); in addition, at least one of the {¢/(0)} and at least one of the {y;(0)}
are positive, and hence strictly increasing function of ¢. It then follows from (D.1) that Wy

76



must be a strictly concave function of v, with a continuous derivative. Hence Wy (1)) must
have a unique maximum, which must furthermore be the unique point consistent with the
first-order condition that 0W,/dy be equal to zero.

Differentiating (D.1) with respect to g, we obtain

a@VZO = > {“' (cif); 5) ac;?(go) — v/ (y;(0); /S_)agg;o)}

J

SR e g

(R

using the assumed form for v(y;&).

The corollary assumes that each sector j will belong either to a set of borrowing-
constrained sectors C' with ¢/(0) = 0 (which requires that m; = 0), or to the complementary
set of sectors U, for which (51) holds with equality. (Note that under the assumptions of
this corollary, the set of borrowing-constrained sectors is the same for all values of v.) For
any j € C, the fact that 7; = 0 means that 9¢/(0)/9y = 0, using the solution for ¢/(0) in
Proposition 8. Hence these terms contribute nothing to the sum in (D.2). Moreover, the
fact that (51) holds with equality for every sector j € U allows us to write the remaining
terms in the form

G RGIpRE (D.3)

jEU
The solution in Proposition 8 implies that ¢/(0) is a linearly increasing function of ¢ for
each of the sectors j € U (and there must be at least one such sector); hence the sum of the
0c7(0)/079 terms must be positive. Moreover, the fact that u(c; &) is strictly concave implies
that (Q; E) must be a decreasing function of §. Therefore the expression in square brackets
is positive if § < y and negative if § > g. It follows that 0W,0y is positive for all § < ¢ and
negative for all § > y.
From this we can conclude that W, is (uniquely) maximized when 1 is chosen so that
9(v) = y, which holds if and only if ¢ = 1 (the policy assumed in Proposition 3).

D.3 Proof of Proposition 9

The result that the equilibrium for periods ¢ > 1 is the same as in Proposition 1 can be
established in the same way as in the proof of Proposition 4, since it is once again the case
that in the limit as 8 — 1, we must have f — 0, regardless of the nature of the equilibrium
allocation in period t = 0.

The demonstration that the system of equations (54) has a unique solution for ¢(0) also
proceeds in the same way as in the proof of Proposition 4. In fact, for any given specification
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of policy, the equations (and hence their solution) are exactly the same, except that the
vector of parameters ¢* >> 0 in the previous discussion is now replaced by the vector
w - Y(1), which indicates how the elements of the vector depend on the choice of 1. (The
more specific assumption that ¢* = w - ¥ was never used in the derivation of (38), only the
fact that the elements of the vector were all positive.) Hence we obtain a unique solution
c(d;), given by our previous solution (38), but with the above substitution for the vector
c.

Finally, the fact that the right-hand side of (54) is homogeneous of degree one in (¢(0), 9, 3)
implies that if some values (¢(0),d, ) satisfy the equation, the values (Ae(0), Ad, Ay) must
satisfy it as well, for any multiplicative factor A > 0. This means that if ¢(0) = ¢ is a
solution to (54) in the case of a policy that implies parameters (9, 7), then ¢(0) = Ae will be
a solution in the case of a policy that implies parameters (Ad, Ay). Thus the function ¢(d; )
must be a homogeneous degree one function of (4, g(v))).

From this it follows that the function can be written in the form

c(05¥) = @'c(g@)‘s)’

where

c(d) = ¢(9;1).

Moreover, when 1 = 1, the system (54) reduces to (35), the system for which we have already
determined the solution. Hence the function €(d§) must be the one defined in (38).

Given this solution for the sectoral expenditure levels, the fact that prices are predetermined
the level p,(0) = p for all k implies that the complete allocation of resources in period zero
is given by (4) and (14).

D.4 Proof of Corollary 6

It follows from the form of the solution for ¢(0) in Proposition 9, together with (38), that
we can write

o) = B2-pme (550.)

J
_ ) min y c’
_ {y (M) + N(C) }
— min{M(C)cS + N(C)w - gw)}, (D.4)

ceC

y  CeC

where the notation M (C'), N(C) indicates that the matrices M and N in (37) depend on
the choice of the set C. The expression on the final line indicates that each of the solutions
¢(0) is the minimum of a finite collection of non-decreasing linear functions of §(¢). It
follows that ¢/(0) must be a non-decreasing, piecewise linear, concave function of §(1)).
Since y*99(0) = 3=, yk(0) = 3=, ¢7(0), aggregate output is the sum of a finite collection of
non-decreasing, piecewise linear, concave functions of (1), and hence must itself be a non-
decreasing, piecewise linear, concave function of §(1)). Moreover, for every partition C' € C,
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the sectors j € Uy (which must include at least one sector) are among the unconstrained
sectors. It then follows from Lemma 6 that for any j € Uy, the coefficient

eN(Clw = w; > 0

for any C' € C, so that ¢/(0) must be increasing as ¢ increases, no matter how large § may be.
Since at least one such sector exists, the sum y*9(0) = >~ ¢/(0) must be strictly increasing
as well. Thus y*9(0) is an increasing, piecewise linear, concave function of 3(v), as asserted
in the corollary.

Each of the quantities 0,7;(0), yx(0), for arbitrary j, k, is similarly a linear combination
of the different elements of ¢(0) with non-negative weights; and so by the same kind of
argument, we can show that each of these quantities is a non-decreasing, piecewise linear,
concave function of (1)), as asserted in the corollary.

Let us next consider how the set C' of borrowing-constrained sectors changes as we lower
1, increasing §(1)). The system (54) implies that for each sector j,

d(0) = min{L’(§(v); C(¥)), wii()}

where C'(1)) is the set of borrowing-constrained sectors in the case of interest-rate policy 1,
and for each possible choice of C', L’(7; C) is the function
i 5j / loc(

L(y;,C) = 7t e;Ac™(y; C), (D.5)

where we use the notation
d(9:C) = M(C)6 + N(C)w - (1))

for the functions of ¢ on the right-hand side of (D.4) associated with the different possible
choices of C.

Consider a value of 1 at which a particular set of sectors C'(¢)) = C; are borrowing-
constrained. This means that for sectors j € Cy, LI (4(¢);C1) < w;g(v), while for the
unconstrained sectors, LY > w;y. And now consider whether the set C'(¢)) remains equal to
C} if 1 is reduced relative to this initial value. In order for this to be the case, it must
continue to be true that L7(§(¢);C1) < w;§(¢p) for sectors j € Cy, while L; > w;y(v)
continues to hold for all of the other sectors.

We see from (D.5) that for each j, L7(§(1); C;) is the sum of a non-negative constant
plus a non-negative term proportional to §(1)); it follows that L’(¢(¢); C} either grows in
proportion to the growth of §(¢) (in the case that ¢ = 0), or less than proportionally to the
growth of §(¢) (in the case that 6 > 0), when 1) is reduced. In either case, the fact that
LI(9(v); C1) < w;g(v) initially for sectors j € C; means that this inequality must continue
to hold for any smaller value of v, given that w;y(¢) grows in proportion to ¢(¢). Hence
it cannot be the case that any of the borrowing-constrained sectors ceases to be borrowing-
constrained as a result of a reduction in .

On the other hand, it is possible that a reduction in ¢ will eventually increase ¢(1))
sufficiently for one of the initially unconstrained sectors to cease to be unconstrained. If so,
at that point the set C'(¢)) must change; but the change must always be an increase in the
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set of borrowing-constrained sectors. The sectors 7 € (' that were previously borrowing-
constrained must continue to be constrained. Thus as v is reduced, the set C'(¢) can only
be increasing, as asserted in the corollary.

Finally, we consider the behavior of the solution to the system (54) when the real interest
rate is very low. We begin by noting that one of the functions ¢/°*(3; C) on the right-hand
side of (D.4) is the one associated with the partition C' = Cj. In the case of this choice of
the set of constrained sectors, the definition of the eigenvector 7 implies that

(I —Ace)me = Acymy,

and hence that

Moreover, for each of the sectors j € Uy, it follows from (31) that
mj = [max(me/we)] - wy;

hence we have
Ty = [m?X(W/W)] Wy

Substitution of this into (D.6) yields

m = (/] | N | 0.7)
Hence
N(Co)w = [%gg]wzf = m

and the local solution ¢**(§(1); Cp) is given by the formula on the right-hand side of (56). It
remains to show that this choice of C' is the one that yields the lowest values for all elements
of ¢(0), in the case of any large enough value of 3(v).

But we know from Proposition 4 that the solution ¢(d) is a continuous function of §;
thus there must exist a neighborhood N of 0 such that for any § € A, the solution ¢(9)
has the same set of constrained sectors as the solution for 6 = 0. And when & = 0, the
solution to (35) is the expenditure vector characterized in Proposition 3, for which the set
of constrained sectors is Cy. Thus for any & € N, the choice of C' that results in the lowest
value for all of the elements of ¢(0) must be Cj.

It follows that in the solution (55), ¢(0) must be given by the local solution corresponding
to the choice C' = Cy (i.e., by the right-hand side of (56)) for all values of 1 such that
(g/9(¥))d € N. We have already shown that ¢(¢) can be made arbitrarily large by choosing
a small enough value of ). Hence we can choose a ¢ > 0 such that ¢y < ¢ implies that
(7/4(1)))8 € N. This is then a bound such that the solution for ¢(0) must be the one given
in (56) for any ¢ < ¢, as asserted in the corollary.
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D.5 Proof of Corollary 7

The proof follows the same lines as the proof of Corollary 5. It follows from Proposition 9
that the allocation of resources in periods t > 1 is independent of the choice of ¥. Hence (7)
is again maximized by the policy that maximizes the single-period welfare criterion (D.1),
and we can again reduce the problem of choosing ¢ to maximize (7) to the problem of
choosing g to maximize (D.1). The main new complication that arises here comes from the
fact that now the set of borrowing-constrained sectors can change as we vary v, for a given
specification of 4.

Corollary 6 implies that each of the quantities {¢/(0)} and {y;(0)} is a non-decreasing,
concave function of §; and whenever v increases, at least one of the {¢/(0)} and at least one
of the {y;(0)} must increase. It then follows from (D.1) that W, must be a strictly concave
function of . It is no longer the case that the derivative 0W,/0y must be continuous at
all points; but W, must have well-defined left and right derivatives at all points, and these
must be equal at all but some finite number of values of ¢ (the ones at which the set of
borrowing-constrained sectors changes). The strict concavity of Wy(¢)) continues to imply
that the function must have a unique maximum. This must furthermore be the unique point
consistent with the first-order condition: Wy is maximized at ¢ if (a) either the left or right
derivative OW, /0y is equal to zero at 1, or (b) the left derivative is greater than zero at
while the right derivative is less than zero.

Differentiating (D.1) with respect to 3, we again obtain (D.2). This expression is correct
for either the left or right derivative of Wy, as long as one understands each of the to be
correspondingly left or right derivatives. We wish to evaluate the sign of both the left and
right derivative at the value ¢ = 1.

Let C' and U be the sets of constrained and unconstrained sectors respectively, in the
solution (38) when 1) =1 and § has the specified value. For any j € C, we must have

J(0) = %% S A (0) < wyil®)

when 1 = 1, and since the solution is continuous in ¢, this will continue to be true for all v
in a neighborhood of 1. Under the hypothesis that Aoy = 0, the equality reduces to

. §i
d0) = — + > Auch(0)
p keC

for each j € C. As discussed in the proof of Lemma 6, this system of equations can be
uniquely solved for values

07(0) = l_e;MCC&
p

This will be the solution for all values of ¢ in the neighborhood of 1 where these sectors
continue to be borrowing-constrained.

Hence we have 9¢7(0)/09 = 0 for all j € C, as both the left and right derivative at any
¥ in the neighborhood of 1. Tt follows that near 1 we can express (D.2) more simply as

= | (ﬁ JRGIE

JEU
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Again, the fact that (51) holds with equality for every sector j € U allows us to write this
in the simpler form (D.3).

The derivatives ¢/ (0) /07 are all non-negative, and there must be at least one sector j € U
for which both the left and right derivative are positive; hence the sum of the d¢’(0) /94 terms
must be positive, whether a left or right derivative is considered. Thus regardless of whether
we consider the left or right derivative, the sign of 0W,/dy must be the same as the sign of
u’ (gj; 5) — v(€). This is positive if § < 7, negative if > ¢, and exactly equal to zero if and
only if y = y exactly.

From this we again conclude that W is (uniquely) maximized when 1) is chosen so that
§(v) = g, which holds if and only if ¢ = 1 (the policy assumed in Proposition 4).
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