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A  Omitted Proofs

A.1 Proof of Proposition 1

We prove that a monotone continuous equilibrium exists by considering the limit of a se-

quence of finite horizon equilibria. We show that this limit exists and that the equilibrium

objects associated with it are continuous and increasing in the government’s reputation.
Define Q (0, 7) = qPu+q (1 —7) ) _psh(OLls) o (m,s),

w* (Q,s) = Ah (Bpls) [Brk (Q)* = b (Q)] + (1 —A) [h (Buls) b (Q) =k (Q)]
w (Q,8) = Ah (Onls) Ork (Q)* —b (Q)] + (1 —A) [R (Buls) b (Q) —Wh (O1ls) b (Q) —k (Q)]
w (Q,s) =h (6is) b (Q)

with k (Q) = («8n Q) "™, b (Q) = (aBy) /17 Q/(1-%) et
X={AW:[0,1] - R and AW () is increasing and continuous and AW (pn.) = 0}

and f: X — X as f (AW) = o to be the smallest! solution to the functional equation

0 if BAW (pnc +mAP) = Aw (Q (0,7, 5)
0(m,8) =45 1 BAW (Pne + zr "2k ) = Aw (Q (0,7, 5) M
if BAW (pe) < Aw (Q (0,7),5)

—_

Define the operator Ty : X — X as
AW’ (1) = T (AW) (1) = W' (1) = W' (pnc)

where

Zps m,s) w* (Q (0,7),5)

+) psll—o(ms)] [W(Q(Gr”)rs) +BAW (p“C+ T+ (1—717)1?1]9—0(71 s)))] '

and o = f (AW). Note that if AW = TAAW then 0 = f (AW) is an equilibrium for the

1By doing so we are selecting the best equilibrium. We could alternatively look for the worst by choosing
the largest solution.



model. In fact, if we have a fixed point then we can compute

“(Q (0, Pne),s)
(1-p)

[w (Q (0,Pnc),s) + BAW (pnc + Pnc-i-(l—PnTSa—G(pnc,s)))}
1-p

W(pnc) = Zpso—(pnc/ s) @

"‘Zps (1—0(pne,s))

and
W (m) = W (pnc) + AW (7)

and so all equilibrium conditions are satisfied.

We first establish a preliminary result that characterizes f (AW):
Claim. Given AW € X, o(m,s) = f(AW) is decreasing in 7. Moreover, if AWy > AW
then f (AWH) < f (AW}_)

Proof. Note that the smallest solution of (1) is the smallest fixed point of the following
operator: Ty : ¥ — X defined as

0 if BAW (pnc +AP) = Aw (Q (0, 7),s)
Too (m,s) =& BAW (e + 27 ) = Aw(Q(0,7),5)
if BAW (pc) < Aw (Q (0, 7), 5)

—_

where © = {0:[0,1] xS — [0,1]}. First we show that for any 0 € X and AW € X,
o' (m,s) = (Te0) (7, s) is decreasing in 7. Suppose by way of contradiction that there
exists iy < 7y and o' (7, s) < o' (7, s) for some s so that the bailout probability is
larger if we start from a higher prior.

Suppose first that o’ (71, s) = 0 then

Aw (Q (o, 7L),s) < BIW (pnc + L AP) — W1 (Prc)l -
We also have
Aw (Q (G,WH) /S) < Aw (Q (O-/T(L) /S)

and
B W (Pnc + 7TLAP) -W (pnc)] <P w (pnc + WHAP) -W (pnc)]

where the first inequality follows from Q (o, 7H) < Q (0,7 ) and the fact that B (Q) is



increasing, and the second inequality from W (7t) being an increasing function. Therefore,

Aw (Q (o,mH),8) < B IW (Pne + TTHAP) — W (Pnc)]

and o’ (7, s) = 0, yielding a contradiction.
Next, suppose that 0 < o’ (711, s) < o’ (7, s) < 1. Then,

TAp B
B |W (et e s ) — W (P = A0 QLo 5,

TAp B
B (W (bre+ e sy )~ W )] = A0 Qo) ).

Therefore, since Aw (Q (o, 7H) ,s) < Aw (Q (0, 71), s) and W is increasing, it must be that

T[LA]D T[HA]D
P e A=) (=0 (,5) ~ P i (=) (1= o (1, 5))
= A=) (1—0 (mn,s)) > (=) (1—0'(m,s))
TTH T
— 1—0'(my,s) 2(1_7TL)/(1_7TH) (1—0'(m,s)) >1—0'(m,s)
s TtH

< o' (my,s) > o’ (7, s)

obtaining a contradiction.
Finally, if 0 < o’ (711, s) < 0’ (7, s) = 1 then

B W (pc) =W (pnc)l < Aw (Q (0, 71),s) < Aw (Q (0,711 ), 5)

implying o’ (7, s) = 1, which is also a contradiction. Thus o’ (7,s) = (Tq0) (71, s) is
decreasing in 7.

Next, we show that T is monotone in o. That is, if oy > oy then G,q > O'{. Suppose
by way of contradiction that for some 7 and s, o}, (7, s) < of (7, s). Then, it must be that

of (m,s) > 0so0

AP
+(1—n) (1—of (ms))

BAW (pn6+7r ) > Aw (Q(GL/T[)/S)'

Since oy > o1 then Q (o, ) > Q (o, ) and

Aw (Q (op,m),s) > Aw (Q (o, m),s).



Thus,

mAp TAp
AW (pnc+ﬂ+(1_7_[) (1—0{_1(7'[,8))) > BAW (pnc+ﬂ+(1_ﬂ) (1—0‘1/_(7-[,3))>
> Aw (Q (o, m),s)
> Aw (Q (op, ), s)

which implies that of, (7, s) = 1, a contradiction. Therefore the operator T is monotone

and we can find f as
f(AW) = lim Tg0 0(m,s)=0 V(ms)
n—oo

where 0 is some initial feasible value.
Finally, we show that if AW} > AW then f (AW}) < f (AW, ). We know that

f(AWi) = lim TE (O,‘ AWl)
n—oo
so it suffices to show that for all n
oy (m,5) = T (0; AWY) < T'g (0; AW ) = o} (71, )

which is true since T is monotone increasing in o and monotone decreasing in AW. This
must also be true in the limit so that f (AWy) < f (AWL). ]

We now show that TAAW € X. Notice that the definition of Ty implies that T (AW) (pnc) =
0. Thus, what is left is to show that the operator Tx maps increasing functions into in-

creasing functions.

Claim. Suppose that AW (7) is an increasing function. Then AW’ (1) = Tx (AW) (n) is

also an increasing function.

Proof. Let 0 = f(AW). Consider mp < 7y and define 8 = {s: o (7, s) = o (my,s) =0},
8 = {s:0(m,s) >o(my,s) =0}, and 83 = {s: o (m,s) > o’ (my,s) > 0} so that in 8;
there are no bailouts under both 71 and 7y, in 8, there is a positive probability of bailouts
under 7rp but not under 7y, and in 83 bailouts happen with positive probability under



both 7y and 7. Then

W (m) = ) pslw(Q(m,0),5) + BAW (pnc + mLAP)]

s€ES

+ Y pslw* (Q(m1, 0),5) + BAW ()]

SESy

+ 3 pslq* (Q (11, 0),5) + BAW (prc)]

sES3

and

W () = ) ps[w(Q (7, 0),5) + BAW (pnc + HAP)]

N

+ ) Pslw(Q (7, 0),5) + BAW (pne + THAP)]

SESy

+ ) pslqw* (Q (1, 0),5) + BAW (prc)l .

s€83

Since Q (1, 0) < Q (7, 0) and w (Q, s) is decreasing in Q we have that for all s

) >0,
) > 0.

72}

w (Q (T[H/ O-)/S) —w (Q (T[L/ O-)/

w* (Q (TEH/ G) /S) —w" (Q (T[L/ G) 7

[72]

Moreover, since AW is increasing we have
W (pne + TtHAP) = W (pne + L Ap) .

Thus, for all s € 8; U 83 we have that the value at 71y is higher than at 7i;. Finally, for
s € 8§ we have that

- (Q (7TH/ 0-) /S) + BAW (pTlC)

w (Q (1tH, 0), 8) + BAW (pnc + mHApP) 2 w
2 (U* (Q (’7'[]_, 0-) /S) + BAW (Pnc)

and so it follows that
W' (my) = W' () > 0= AW/ () — AW (1) > 0.
O

Finally, consider the sequence {AW,}; ,, where AW (1) = 0 and AW, 11 = TAAW,,

for all n > 0. We show that this sequence is monotone increasing.



Claim. If py is sufficiently close to zero then AW, 1 (1) > AW, (7) for all mand n.

Proof. We use an induction argument to prove the result. Consider first the initial iter-
ation. Since AWy () = 0 for all m, 07 = f(AW,) = 1 for all mand s # sy. Thus,
Q1(m) = qPu+q(1—m)Prand

Wi () = ) psw*(Qq(m),s) +puw (Qq (n),sn)

SESH

which is strictly increasing in 7. Thus, for all 7 > py,
AW (1) = Wy (1) = W1 (Pne) > 0 = AW (7).
Moreover, we have that for all 7t > py,:
AW (Pne + TApP) — AW (Pre (1 +Ap)) = AW, (pne + TTAP) — AW, (pne (1 + Ap)).

Consider now an arbitrary interation n:

Wit (1) = pH [w (Qnt1 (1), sH) + BAWR (Pne + TADP)]
+ Y PsOnit (M) 0" (Qust (1), 5)

SF#SH
TAp
" 5%4 e <pnc T (1—m) (1 — ok (71,8)))] .

Assume that the sequence up to n satisfies AW;,, > AW,,_; and

AWy (pnc + ApP) — AWq (pnc (1 + AP))
>AW,_1 (Pnc + TAp) — AW, 1 (Pnc (1 + Ap)). )

For 7t > py., we have that
Wi (1) = Wi (11) > puB [AWh (Pre + TTAP) — AW, 1 (Pnce + AP )] 3)

because Qn11 < Qn, w and w* are decreasing in Q, o+ < oy, and AW, (1) > AW, (7)
for all T > pn¢ by the induction hypothesis.
If py is sufficiently close to 0, then 0,11 = f (AW,) is such that 6,11 (Pne, s) = 1 for

all for s # sy and s0 Qnt1 (Pne) = Q (Pne) = Pu + (1 —7) PL and thus does not depend



on n.. Therefore, for py. close to zero

Wit (Pnc) Z Psw” (Q (Pnc), ) + BPHAWR (Pnc (1 +Ap)).

seS

and so,

AW, 11 (1) — AWy (1) = Whp (10) — Wa (0] = Whi1 (Pre) — Wa (Pl
> Bpy [AWn (pnc + TAP) — AWy 1 (Pnc + TAP)]

— BpH [AW, (Prc (1 +Ap)) — AW, (Pnc (14 Ap))]
>0

where the first inequality follows from (3) and pn. being close to zero, and the second
inequality follows from (2). Finally, since py is close to zero, AW, 11 (pnc (1 + A)) is close
to zero and so condition (2) holds for interation n 41, completing the induction argument.

O

Thus, the sequence {AW,}”, C X is increasing. Moreover, it is bounded because
AW, < [WR (0) —WR(1 )}. Thus, the constructed sequence converges, AW;, — AW € X,
and the limit is an equilibrium as AW = TAW. Since AW € X we have that AW is
increasing in 7. Since we showed that o = f (AW) is decreasing in 7t for all AW € X,
the equilibrium bailout probability on path, o, is decreasing in 7. Finally, o (7, s1) >
o(m spm) = o(m, sy) follows from the fact that the static costs of not bailing out are are
increasing in s. Q.E.D.

A.2 Proof of Proposition 2

We first show that under condition (21) in Assumption 1 we have o (7,s;) = 1 forall 7
To this end, note that in any equilibrium B (7t) = b (¥ (7)) > b (0). Moreover, note that
the dynamic gains from bailing out, W (p.) — W (pnc), are bounded by WR(0) —WR (1),
ie.,

W (pe) =W (pne) < WX (0) = WX (1).

This is because WR (0) = WR > W (p,.) since the value of the Markov equilibrium is lower
than the value of the Ramsey plan, and W (pn.) > WR (1) because along the equilibrium
path private agents believe that with some probability they are facing the commitment
type. Hence we have that

B (71) > b (0) > B [ WX (0) = WX (1)] > B IW (pe) =W (prc)]



and so it is optimal to bail out with probability one if s = s;.
Next, we show that for some 7 it is optimal to mix in a mild crisis under assumption

(22) in the text. Since we know that o (71, sy ) = 1 for all 7t then

(1—m)

T/(T[) _ PL (1—7[)5(7'[/&)+PMH(1—7[)U(7T/SM) c |:(1_7_[) E,
Pr Pr

SO

B (n) € {bu—m,b ((1—71) E)].
PL

First, suppose by way of contradiction that o (7, sp1) = 0 for all . Then it must be that

0 <PuB (1) < B [W (pnec +7Ap) — W (pnc)l

but as pne — 0, for m = prc = 0 we have

0 <YuB (pne) < B W (pnc) _W(pnc)] =0

which is a contradiction. Thus for 7t low enough we have o (7, spm) > 0.
We now show that it is not optimal to bail out for sure in state sp;. Suppose by way of
contradiction that o (71, spq) = 1 for all t. Thus, we have that ¥ = 1 so it must be that for

all
Pub (1—m) < B W (pc) _W(pnc)] .

Under the contradiction hypothesis, o (7, s;) = 1 for all T and s; = sy, st so the continua-

tion value for the optimizing type is

W () = (1 —=2A) [qPub (1 —7) =k (1 — )] + A [qPpk (1 — )% — k (1 — 7)]
+ BPHW (pnc + ApP) + BPLW (Pnc)

which evaluated at T = p. and py reduces to

W (pne) = (1=2A) [qPub (1 —pnc) —k (1 —pnc)l + A [qPHK (1 —pre)® =k (1 —pnc)]
+ BPHW (pnc + PncAp) + BPLW (pnc)
W (pe) = (1=2N) [qPub (1 —pe) —k (1 —pe)l + A LqPrk (1 —pe)* —k (1 —pc)]
+ BPHW (pnc + pcAP) + BPLW (pnc)



and as pnc — 0 and p. — 1 we have

W (pnc) = (1 —2A) [qPyb (1) —k (1)] + A [qPrk (1) — Kk (1)]
+ BPHW (pnc) + BPLW (pnc)

W (pc) = (1—2A) [qPub (0) —k (0)] + A [qPHk (0)* — Lk (0)]
+ BPHW (pc) + BPLW (pnc) -

Thus, using [qPyb (0) — k (0)] = 0 and subtracting the two expressions above we obtain

AW (p;) = 51__62;‘3 {k(1)— qPpb (1)}
A . N
+1_BPH{[qPHk(0) —k(0)] — [qPuk (D* — Kk (1)]}.

Since for all A € [0,1/2] we have that (1 —2A) +A =1 —A < 1, condition (22) in the text

ensures that

k(1) — qPub (1)

B—7 >pub (1),
—BPr
B{[qPHk(O) —k(g))] —B][)qPHk(l) _k(l)]}>1|)pb(1),
—PFH
which in turn imply that

BAW (pc) > (1)

so that it is not optimal to have o (7, sp1) = 1 because the static costs of not bailing out are

smaller than the dynamic benefits. This is a contradiction. Q.E.D.

A.3 Proof of Proposition 4

To prove that the conjectured equilibrium with o7 = 1 exists, we need to show that (26),
(27), and (28) in the text hold at m = p. = 1 and o7 = 1. From (25) in the text, a simple

computation gives us the transitory type’s continuation value:
Uar (01, 7) = Pr (q (Pr+ (1 =) P)) ¥/ 07 0/ 70 (1 — o). 4)

Recall that under the conjectured equilibrium, the transitory types do not receive a bailout
but repay in both states.Their problem in period 1 is

max POk —k/Q

10



with Q = q. Thus,

kit = (aPpOpq) Y/ 17

and

)1/(1*06) o/(1—a)

Bit = (aPHOy q < Bip. )

Using (4) and (5), conditions (26), (27), and (28) in the text can be written as (recall that
mt=1)

. (aPHeH)l/(l—oc) qoc/[lfoc) + BPquc/(lfoc)ell_l/(l—“) ococ/(lfcx) (1 . OC) > O,

— (oPy8) 1 g1 1 By (P 0y a1 (1— ) < 0,
B W2 (1) =W, (0)] < [uBip+ (1 —p)Biyl.
Using the expression for W, (1) we have

Wa (1) = W5 (0) = 0— (aB1) T Q (0)T= [qPy — Q (0)]
= (‘Xqu)ﬁPL-

Moreover, since Bip > Bjr, to show that (26), (27), and (28) in the text are satisfied it is
sufficient to show that

— (aPyoy) /(1) qo/ (=) 4 BPquc/(l—cx)ell_l/(l—oc)ococ/(l—oc) (1—a) >0,
. (aPHeH)l/(l—oc) qoc/(lfoc) + BPH (qPH)oc/(l—oc) 611{/(1*0() (Xoc/(lfoc) (1 . OC) <0,

BIW (1) — W (0)] < ¥ (aPyi0yy) /(17 qo/(1—e0),

It is straightforward to verify that these three inequalities are satisfied under Assumption
2. QE.D.

A.4 Proof of Proposition 5

We now want to show that
—by + BUsz (pnc) = 0.

Note that
by < by (0) = (aByy) Y/ 17 g/ (1=,

Thus it is sufficient to show that

_ (oceH)l/(lfoc) qoc/(l—oc) + BPquc/(l—oc)ell_l/(lfoc) [Cxoc/(l—oc) _ al/(l—oc)] >0

11



or
ell_l/(lffx)qoc/ (1—a) {BPH [ o/(1—a) 0(1/(1700] . 061/(1%)} >0

or
PPy — (1+ BPH) x> 0.

But this follows directly from (29) in the text. Q.E.D.

B Extensions

B.1 Model with N borrowers

Consider an environment with N borrowers. Let B = (by,...,bn), K = (kq, ..., kn) and
O = (01, ...,0n). We show that as N — oo, the equilibrium outcome is the one in the main
text.

Consider first the incentives for the government in sub-period 2. If the government

bails out, its static value is

1
w* (B,K,0®) = max A [Z N [max {0;k{* + T; — b;; 0}]

Ty

i

(1—A)

1 1
2 NP Moueimonz0p — D Tt
i i

The value with no transfers is

w (B, K,0) =A

+(1-A) > %bi—w > %bi.

1
> ~ max {8k — by 0
izei:BH 1..29120

i

Notice that since N is finite and A < 1/2, the optimal transfers will satisfy T € {0, T*} since
choosing any other level only imposes costs on the government. Thus, we can summarize
the government’s decision is sub-period 2 by the bailout policy o (7, B, K, ©®). The static

benefits of bailing out are
w (B,K,0) = Z —b (6)

103 0

Consider now the problem for a borrower. This problem is identical to the one in the
main text, except that now they internalize the effect of their choices on the government’s
equilibrium bailout policy o (71, B, K, ®). The first order condition that characterizes debt

issuance is

a0 (Qibi)* " (Qi + Qp,bi) —1=0 )

12



where Q; = Qi (B, K, 7, 0) is the pricing schedule for borrower i which can be written as

Qi(B,K,m,0) =qPu+q(l—m) ) ps)Y Pr(Ols)o(mBK,06)
s (C]

where N
Pr(O[s) = ] [h(6ils)
i=1
and Qi _ B K,9)
i (7t,
Qpi = . ZpsZPr @Is .

This is identical to the characterization with a continuum of borrowers if Qv; = 0. We
next show this is the case in the limit as N — oo.

First note that the dynamic benefits are independent of b; and so borrowers can only
affect the bailout decision by affecting the static benefits of bailing out. Differentiating (6)
we obtain

iAw (B,K,0) =

¥ ife; =0
ob; 0

if 0; = Oy

which converges to 0 as N — oo. Therefore Qp; converges to zero and in the limit the first

order condition for the borrower is By (Qibi)‘x_l Qi—1=0s0

[od 1 1

by (1) = (@) T% Qi (MTF, ki (71) = (aB) T Qi ()T

Using the law of large numbers we have,

Qi(m) = qPu+q(l—mn Zps (7,B,K,© (s))

where © (s) is a sequence © = {0}, ; with a share h (0 |s) of borrowers with realizations
equal to 01 and a share h (6yy|s) of borrowers with realizations equal to 61;. The expression
above is the same as the one in Lemma 2 for the case with a continuum of borrowers. Since
the static benefits in (6) are the same as the ones in (9) in the text then the limits of W and
o are also equal to that in the continuum case. To see why, notice that we can just apply

the same argument as in Proposition 1.

B.2 Ramsey Problem

Here we show that if « is sufficiently high and 1 is sufficiently low, then a government
with commitment chooses not to bail out. Thus, bailouts are not optimal ex-ante but are

only optimal ex-post.

13



The objective of the government with commitment is to maximize
W¢=(1-A)[e—K+qPyB]+A[qPy (OuK*—B)] —yP. (1—¥)B (8)

where the first term is the consumption of taxpayers and lenders, the second term is the
borrowers’” consumption, and the last term is the social default cost. Note that we can
rewrite the first two terms of (8) as

(1—A) [e — K + qPyBl + A [qPH (04K™ — B)] — AK + AK
= (1 — }\) e+ (1 — 7\) (—K + qPHB) +A [qPHeHK"‘ — K]+ A (K — qPHB)
= (1 — 7\) e+ (1 —27\) (—K + qPHB) +A [qPHGHK“ — K] .

Thus, the Ramsey problem is

max (1—A) e — (1—2A) (K— qPyB) + A [qPOuK* — K] —$PL (1-7) B
7 Iy

subject to

B=b(y) = (a0)"/"* g (P + Py
K=k h_/) = ((erq (PH + PLT/))l/(lfoc) .

Differentiating with respect to Y we have:

+b" (Y) (1 —=A) qPH—A— PP (1 —¥)] +PPb (V).

Note that

oW
oy

<A |aqPuOk ()% 1] K (7) = b’ (7)WPL (1— ) + bPib (7)

<—YPL[b'(¥) (1—7)—Db (V)]

where the first inequality follows from the fact that the term (1 —2A) (K — qPyB) is in-
creasing in Y, the second from the fact that aqP 0k (7)“_1 —1<0and k’ (y) > 0. Thus,
it suffices to show that [b’ (¥) (1—¥) —b (y)] >0 or

oqPr

1—o) (OCGH)l/(l—oc) [q (P + Pm—,)]oc/(l—oc)—l (1—v)— (OCGH)l/(l_O‘) [q (Py + Pm—/)]cx/(l—oc) <0

14



or )
oqPr (1—7v)

(1—o) [q (P +PLY)]

which is true if « is sufficiently close to 1 and ¥ < 1. For ¥ close to one, we have that

—1>0

. owe¢
lim —
y—1 a‘y

=K' (1) |— (1 —A) + AxqPy0nk (1)*

+b' (1) [(1—A) Py — Al + WP b (1)

which is negative if 1 is small enough. Therefore if « is sufficiently close to one and 1 is
sufficiently small then the Ramsey problem has y = 0.

B.3 A Consumption Smoothing Model

In this section we describe a model in which the desire to borrow arises from consumption
smoothing motives. All of our results go through in this economy.

All borrowers are one-period lived and symmetric ex-ante. In sub-period 1, borrower
ihas income Yj; = Y7 and can borrow b; from risk neutral lenders to finance consumption
ci1. In sub-period 2, the aggregate state s is realized according to a distribution P. As in
our baseline model, assume that the state can take three values: s € {s{,sm, sy} with
probabilities pr, pm, and py respectively. Each borrower receives stochastic income 0
drawn from a distribution H (-|s) . We assume that 0 can take on two values: 6 and 1. In
state sy, all the borrowers receive the high endowment so h (0y|sy) = 1and h (6¢|sy) = 0.
In state sy instead, h (Op|spm) =1 —pand h(01|spm) = . Finally, in state s; all borrowers
receive the low endowment, h (01 |s;) = 1 and h (Oy|s;) = 0. After the realization of 0,
each borrower can default on its debt. The rest of the model is unchanged.

Let cip (s, 0) denote the consumption of borrower i in sub-period 2 given (s,0). The

preferences of borrower i are given by

w(ci)+8) ps) h(0]s)ulci(s,0)) 9)
s 0

where u (-) is increasing, concave, and differentiable, and % is the borrower’s discount
factor across sub-periods. The budget constraint of the borrower in sub-period 1 is

ci1 = Y1+ Qb4

where b is the debt issued by the borrower and Q is the price of the debt. In sub-period
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2, if the borrower does not default, its budget constraint is
Cin(s,0) =0—b;+T;

where T; are transfers from the government. We assume that the private cost of default to
the borrower, u (s, 0) is given by

0 - {u(O) if0 = 0y
w(0) if6 =0

which implies that these costs exhibit a high degree of convexity. Thus, it is always opti-
mal for borrowers to repay debt if 0 = Oy while if 6 = 01 there is repayment only if debt
issued is zero or there is a transfer equal to at least b. Therefore, the fraction of borrowers
defaulting is givenby A = 3 g h (0 | s) Iy 0—b+1(B,s)(b,0))<u(s,0)} and the optimal transfer is
T € {0, T*} where

T"(B,s) (b,0r) =b.

Given this setup, it is easy to see that all the results in the baseline model apply here as
well.

B.4 Payoff Types

Here we show that the equilibrium outcome in the main text is also the equilibrium out-
come of a policy game with payoff types if the cost of default for the low cost type is
sufficiently small.

Suppose there are two types of governments: low and high cost types which are in-
dexed by subscripts L and H respectively. In particular, the social default cost for the high
cost type is Py = P as in the baseline model (i.e. the one in the main text) and the default
cost for the low cost type is ;. Here, 7t is the probability that the government is the low
default cost type L. Let o; (7, s) for i = L, H be the probability of a bailout given prior 7tin
state s and o (7, s) denote the equilibrium strategy for the optimizing type in the baseline

model.

Proposition. Under the assumptions in Proposition 1 and 2, there exists by > 0 such that for
all P < P
on (7, s) = o (m,s) and o (7,s) =0, Vm,s

is an equilibrium.

Proof. Given the conjectured bailout strategies, the levels of debt and capital B (7r) and

K () are the same as in the case with the commitment type considered in the text. Given
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B (7t), K (m), and oy (71, s) = 0, the problem of the high cost type is identical to the problem
of the optimizing type in the baseline model and thus oy (71, s) = o (7, s) is optimal. We
are left to check that never bailing out is optimal for the low default cost type. To this end,
define the value for the low cost government type of following the conjectured strategy,
W1 (7,11 ), as the unique solution to the following functional equation:

WL (mbL) =w(m) +B ) pWi <Pnc T (171_(23 (_1]?;)(71 S));lbL)

where the static value given by
w () = (1—A) e+ (1—2A) [qPuB (1) — K (m)] + A [qPHOWK ()% — K ()] = qPLB (71) .

It is easy to see that since w (7;1pr) is strictly increasing in reputation 7, this property
is inherited by Wi (m; ). For oy (7,s) = 0 to be an equilibrium, it must be that for all
T € [pne, Pel and s € {sp, 1}

7T (Pc — Pnc) . B .
B (Wi (e + o s i ) < Wi pagit) | > (0s) B ). (10

(pc—Pnc)
i+ (1—7t) (1—0o(7,s))

from pnc. Note that for 7 close to pne, we know from the proof of Proposition 2 that

We now show that the posterior after no bailout, pnc + , is bounded away

o(ms)>0.Let0O< o(s) = MiNcp o0t O (71, s) for some ¢ > 0. Thus, we have

e [t e forn et
nc =
m+(1—m)(l—o(ms) Pnc + € (Pe — Pne) > Pnc form>pnc+e¢

so we can define

. . 7T (Pc — Pnc) }
= min min + > .
1= cclimst nelpnepel {p‘“ i+ (1—m(l—o(ms)f '

Then the dynamic benefits of not bailing out are at least

B WL (m;Wr) — WL (Pne; W)l >0

where the strict inequality follows from Wi (; {1 ) being strictly increasing in 7t and n >

Pne. In particular, for ; = 0 we have that

WL (m;0) —W (pnc}o)] >0
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so condition (10) holds for }; = 0. Thus, by continuity, there exists ;. > 0 such that for
all Y < P condition (10) holds and so it is optimal for the low default cost government
to follow a strategy of never bailing out. Q.E.D.

The proposition implies that any equilibrium outcome in the model with a behavioral

commitment type is an equilibrium outcome in this model with payoff types.

B.5 Arbitrary Distributions and Recovery Rates

We now argue that Proposition 1 hold in more general environments with more general
distributions and recovery rates. We allow both s, 0 to be drawn from continuous distri-
butions P (s) and H (0 | s) respectively. We generalize the social cost function to allow for
any increasing function C (). Finally, in the event of default, we assume that lenders and
borrowers can renegotiate the contract so that borrowers make a partial repayment to the

lenders and avoid the default cost. Let

A(BK,s) = /H{B>9K“}dH(9ls),

A(B,K,S) :/eKaI[{B>eKa}dH (e|3)

where A (B, s) denotes the maximal transfer that can be extracted from the borrower such
that it is indifferent between defaulting and not.

The static value of bailing out is
wballout (B K 5) = A / max{0K*—B,0}dH (8]s) + (1 —A) [(1— A (B,K,s)) B+ A(B,s)]
and the static value of not bailing out (and allowing default) is

ono-bailout (B,K,s) = )\/max{e](‘x —B,0}dH (0]s) + (1 —A) [(1 —A(B,K,s))B+ A (B, K,S)}

—C(A(B,K,s)B).

Note that even absent a bailout, since private agents can re-negotiate contracts, lenders
will extract A (B, K, s) from borrowers who default. Given this the pricing schedule for
debt is

Q (b, k|7, B,K) = q {/(1—A(b,k,s))dP(s)+/A(b,k,s) dP(s)} (11)

+q {(1—7t)/0(7t,B,K,s) [A(B,K,s)B—A(B,K,s)] dP(s)}.
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Given that private contracts can be renegotiated, lenders receive at least A (B, K, s) in the
event of default. The expression on the second line denotes the additional transfer re-
ceived in the event of a bailout. From Lemma 1, the problem for the borrower in period 1
is
nt}ix//max{ek“—b,O} dH (8]s) dP (s) (12)
subject to
K < Q (b, klm, B,K) b.

Define ©% (B,K) = {0 :0K*—B > 0}. The following Lemma characterizes the private
outcome in the stage game given the bailout policy o if the distribution for 0 is continuous:

Lemma 1. Given 7t and a bailout policy o, (B, K, Q) is a symmetric equilibrium outcome if
K=(QB)%,

// a8 (QB)* 1 (Q+Q'B)dH (8 |s)dP(s)—1=0,
s /8Os (B K)
and Q = Q (B, K|m, B, K) where

dQ (b/ le[/ B/ K)
db (bK)=(BK)

Q' =

We show that both the existence and characterization results hold in this environment

if the private equilibrium of the stage game satisfies the following condition:

Assumption 1. For any bailout policy o (7, B, K, s) which decreasing in m for all (B,K,s), the
private equilibrium outcome is such that B (7t) is a decreasing function.

The assumption requires the debt issued to be decreasing in 7t which implies that the
equilibrium default probabilities in each state s, to be decreasing in 7. In general, as 7
decreases there are two effects on the equilibrium price of debt Q. First, since the prob-
ability of a bail out is higher, Q increases. However, the resulting increase in borrowing
increases the probability of default which might lower Q. The assumption requires the
first force to dominate so that in equilibrium the price of issuing debt decreases and thus
the debt issued increases. It is easy to see that the example described in the previous
section satisfies this assumption. Under this Assumption, the steps in Proposition 1 go
through unchanged.

19



B.6 Persistent Shocks: Contagion and Shock Sensitivity

In the model with iid shocks, there is no heterogeneity among borrowers at the beginning
of any period. As a result the model cannot generate the contagion effects described in
the introduction. By the contagion effect, we mean the increase in the price of debt for a
country not directly affected by an adverse fundamental shock. Moreover, since the price
of debt depends only on 7 and not the state, it is not possible to generate the differential
effect of reputation on the sensitivity of prices to fundamentals unless we introduce multi-
ple types of borrowers. To show that our framework can generate such features we extend
the baseline model to allow for persistent of aggregate and idiosyncratic states. As a re-
sult, the distribution functions of idiosyncratic and aggregate shocks are now h (6'ls’, s, 0)
and P (s’|s).

Let’s consider our simple example. To simplify the algebra we assume that the gov-
ernment cares only about the borrowers (A = 0). The aggregate state s follows a Markov

chain
PHH PHM PHL

P(3/|S): PMH PMM PML
PIH PIM PLL

As before, in state sy, all borrowers draw 0 and in state s; all borrowers draw 0, i.e.
h(Onlsy,0) = 1 and h(0y|s;,0) = 1 for all 8. We assume that in the medium state, a

fraction p of borrowers have the low output 0; and

h(0rls =sm,s— =sm,0-=061) =pr

h(OLls = sm,s— =sm,0- = On) = pH

with prp+ pp (1 — p) = . Thus, the productivity shock is persistent in the medium state.

Letz_ = (s_,0_),z=(s,0) and v (z_) denote the fraction of type z_. Next, let Py (z_)
and Py (z_) be probabilities of a high and low idiosyncratic endowment respectively, con-
ditional on history z_. Therefore,

Pr(z-) =ps_ n+ps.m []Is,:sM (1 - Pe_) + (1 - ]Is,:sM) (1— H)} ,

PL(z-) =ps_L+Ps.Mm []Is,:sM Po_ + (1 - I[s,:sM) IJ'] .

Next, define

Ps_L(1—m) o (7, s, s) +Ps_MPs_M [I[s,:sM Po_ + (1 - ]Is,:sM) PL] (1—m)o(m,s—,sm)

v(z-) = Pz

to be the probability that an individual borrower with history z_ will be bailed out con-
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ditional on drawing 6;. As in the i.i.d case this serves as a useful sufficient statistic to

characterize private decisions. The price of debt in this environment is

Q(z,¥) =qPu(z-)+qPL(z-) Yy (z-)
and the optimal debt level B (z_,¥) is given by

0.4

B(z_,7) = (x0) 7% Q (z_,¥)T% . (13)

Define the B (s_,¥) to be aggregate level of debt where

IB(SL/_) EIB((S[_,GH), ) IB((S[_,@[_) )
B (sm,¥) = uB ((sm,01),¥) + (1 — ) B ((sm, 0n1),7),
B (s1,¥) = B ((sn,01), ) =B ((s1,01), 7).

Next, we characterize a set of continuous monotone equilibria for the economy for an
arbitrary transition matrix P and provide sufficient conditions so that the characterization
results for the iid case extend to this more general environment. Assumption 2 is the

analog for Assumption 1 in the text for the case with persistent endowments.

Assumption 2. Let C (x) =x. Define WR (s,7) as be the solution to
WX (s_,7) —e—Zv s—, ,0)+ (1—v(s—,0))] qPr (s, 0) B ((s_,0),V(s_,0))

+B Z psfs\/vR (s,v)

Assume that

WB (s_,0) > f [WR (,0) —WR (s,1)] forall s (14)
and
Al x>G (15)
where
1-puL  pPw PLH
A= pmt 1-pPwm Pmu |-
PHL Pum 1 —Pun

q (prmp+prr) B (st 1)
x= | qu(pmmer +pmr) B ((sm,01),1) + H(pMMpH+pML)IB((SM/eH)/1)
q (prumm + prr) B (sp, 1)

21



and

YulB (s, 0)

G=| ¥lupB ((sm,00),1) + (1 — ) puB ((sm, O1) , )]

PuB (sy, 0)
Proposition 1. For an arbitrary transition matrix P, if pnc is sufficiently small, there exists
a continuous monotone equilibrium in which B (s—,m) : S x [0,1] — R is decreasing in m,
o(s_,ms):Sx[0,1] xS — [0,1] is decreasing in m, W (s_,m) : S x [0,1] — R is increasing
inm, Q(s_,m:S x[0,1] — R is decreasing in 7 for all s_, and

W (s, ) < W (sm, ) < W (sy, 7).

Furthermore, under Assumption 2, if p. — 1 and pnc — 0 then it must be that:

o [t is optimal to bailout with probability one in a severe recession, o (s—,m,sp) =1 forall 7t
and s_.

o It is optimal to mix in a mild recession for some values of 7t for all s_.

Proof. The proof of the first part is identical to the i.i.d case. To see the second, we
first show that under condition (14) in Assumption 2 we have o (7,s_,s;) = 1 for all
(7, s—). To this end, note that in any equilibrium B (z_,vy) > B (z_,0). Moreover, note
that the dynamic gains from bailing out, W (s, p.) — W (s, pnc), are bounded by WR (s,0) —
WR (s,1) in that

W (s,pc) — W (s, Pnc) < WR (5,00 — WX (s,1)

because WR (5,0) > W (s,pc), and W (s, pnc) = WR (s,1). Hence we have that
PB (s, 7) > $B (s-,0) > B W (5,00~ WR (5,1)] > B W (5,pc) = W (5, Prc)]

and so it is optimal to bail out with probability one if s = s;.

Next we show that it is optimal to mix in a mild recession under assumption (15).
Suppose by way of contradiction that o (7,s_,sp) = 1 for all r. Under the assumption
that the government type is absorbing, the value for the optimizing type in state s for
m=1Iis

W (s, 1) = qpsH [0+ BW (sp, )] + qpsm [0+ BW (spm, 0)] + qpr [0+ BW (s, 0)].
For m =0, since ¥ (0) = 1 we have for s = {sy, st }

W (s,0) = —q (psMu‘i‘PsL) B (s,1)+ qpsHBW (sn,0)
+ quMBW (SM/ O) + quLBW (SL/O)
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and for s = sy

W (sm,0) = —qu (pmmer + pmr) B ((sm, 00),1) —q (1 — 1) (pmmpen +pme) B ((sm, On1) , 1)
+ qpmuBW (sH, 0) + qpmmBW (sm, 0) + qpmr BW (st 0)

and so W (pc) — W (pnc) = W (1) — W (0) equals

W (s, 1) =W (s,0) =xs+qB ) _pssr [W(s',1) =W (s",0)]

for some constant x;. Hence we can write
A -W=x

where
1—piL  pwm PLH

A=| pmt 1-Pwm PMH
PHL PHM 1 —Pun
W(SLll) _W(SLIO)
W= | Wisp,1)—W(sm,0)
W (sy, 1) — W (s, 0)

and

q (prmp+prr) B (st 1)
x= | qu(pmmer +pmr) B ((sm,00),1) + H(PMMPH+PML)IB((SM,9H),1)
q (pumm + prr) B (sp, 1)

and so
W=A"!

The static gains of bailing out in a mild recession if 7 = 1 is given by

q)HI_B (SL/ 0)
G= w[HPL]B((SM/GL)/l)—i—(l—H) pHIB((SM,eH),l)]
q)HIB (SH/ 0)

For the contradiction hypothesis to be valid, it must then be that even for m = 1 the

government prefers not to incur the default costs, or

G>Al«x
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which contradicts in Assumption 2. Hence it must be that o (7, s_,spm) = 1 < 1 for some
L.

We are now left to show that we cannot have that o (7, s_, sp1) = 0 for all 7. Suppose by
way of contradiction this is indeed the case. In particular, we have that o (0,s_, sm) = 0.
Hence, it must be that

V(z_) = pLl—mo(ms)+pmp(l—mo(msm) ps (17
! Pr(z-) PLiz)

The posterior after no-bailout (if 7 = 0), is

' = Pnc + 7 (Pe — Pnc) = Pnec

since a no-bailout is expected under the contradiction hypothesis, and for s_ € {sy, si}

FL]B (s—,¥)<B [W(Slpnc) _W(Srpnc)] .

This is a contradiction since
0 < pB(s—,¥) < BWI(S,Pnc) — W (s, pnc)] = 0.

Hence, we cannot have that o (7, s_, sp1) = 0 for all 7. Therefore, there is mixing for some
interval of 7. A similar argument holds for s_ = sy1. Q.E.D.

Thus, a continuous monotone equilibrium exists when shocks are persistent and the
economy displays similar dynamics to the i.i.d case. We now show that the introduction
of persistence can generate the contagion effects described previously. In the i.i.d case,
there is only a single type of borrower in each period. However, with persistent shocks,
if s_ = sp, then in the following period there are two types of borrowers: (sp, 61) and
(sm, O1). If there is no bail out and a subsequent rise in reputation, the interest rates
faced by both types rise due to the presence of a common government. This provides an
explanation as to why the CDS spreads for Italy rose after the perceived recovery rates for
Greek bonds declined. The announcement that private creditors were expected to receive
haircuts on Greek bonds signaled that EU countries were less likely to receive the benefit
of a full bail out in case of default in the future. As a result, the cost of borrowing for other
countries that might have been considered at risk of default rose as well.

Proposition 2. (Contagion) If the reputation of the government increases after observing no bail
out in state sy, then the price of debt for types (sm, O1) decreases.

The proofs follows from the observation that the pricing function Q depends posi-
tively on 7.
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We next show that this model is capable of generating higher sensitivity to fundamentals
when reputation is high.

Proposition 3. (Sensitivity) For any s_, the difference in the price of debt for a 6_ = 0y bor-
rower and a ©_ = Or borrower is increasing in the reputation of the government. That is,
Q((s—,0n-),m) —Q((s—,01_),m) is increasing in 7. Similarly, for any 0_, the differences
Q ((sy,0-),m) —Q ((sm,0-),m) and Q ((sm,0-),m) —Q ((sr, 0-), ) are increasing in 7 for
7t large enough.

Debt prices (and debt issuances) are less responsive to the state s_ when the prior is
low. That is, if the probability of facing the optimizing type is low then lenders are less
worried about the state of the world since they expect to get bailed out with high proba-
bility and therefore, debt prices are not sensitive to the state. These effects are illustrated
in Figure 1. As the fourth plot illustrates, the difference between the price of debt across
the different states is increasing in 7. At 7t = 0, the prices are identical and equal to the
risk-free rate since lenders expect to be bailed out with probability one. At 7t = 1, prices
are driven exclusively by the probability of default and since the states are persistent, the
difference in prices is large.

B.7 Learning Model

We can simplify the analysis by noting that since 0, = 1, the price in the secondary market
simplifies to

1-w+u(l-—m)oy(mB,q2) +e s=sy
q2 = Q2 (7, B, s, ¢lo) = .

(1-m) [(1—p)+poy (m,B,q2)l +¢ s=st
It follows that if Q3 (71, sy, en) = Q2 (71, s, €1 ) then

er=¢en+(1—pwm

If we assume that supp (g) = (—oo0,+00) we can then make a change of variable and

express all the equilibrium objects as a function of the realization of ¢ in state s. Define

F(m) = /01 (r,e)lp(sn)gle)+p(sp)gle+ (1—p)m)lde (16)

to be ex-ante probability of a bailout in the first stage of the sub-period two given prior 7.
Then, the price of issuing debt in the first sub-period is

Qm) =qlp(sn) (1—w+p(st)(1—w) (1 —m)+pu(l—n)F(n)] (17)
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Figure 1: Equilibrium objects for computed discrete example with persistent shocks
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and so the optimal choice of debt satisfies

1 o4

B () = (aOp) T Q (71) T-=. (18)
The value for the government, assuming A = 0, is given by

W () = —Q (7) B (1) + (19)
+qp (sp) {(1 —p) B ()

+/G1 (7, €) BW (pne) g (€) de

7t
[ 1o e | —e () + BW (bt i ap ) g (o) ae

T qp (s0) {/ 1= 0y (7€ + (1 — ) )] [—cuB (m)] g (¢ 4+ (1 — o) ) de + BW(PnC)}.

Finally, the probability of a bailout in the first stage o7 (71, €) is given by

0, ifcuB () < BPu(m e) W (pne +7AP) =W (pnc)l
01 (m,€) = {5, if cuB () = Bpu (7€) | W (Prc + el ) — W (pn)|  (20)
1, ifcuB(m) > By (7€) W (pne +Ap) — W (Pnc)l

where
P (sn)

plsu)gle)+p(st)gle+(1—wm)
Thus, (16)—(20) define a set of functional equations that can be solved for the equilibrium
objects F (7), Q (71), B (7), W (7), and o7 (7, €).

PH (me) =
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