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Online Appendix

This appendix proves the results on divergence, imitation, pilots, and longer planning horizons.

1 Long-Run Performance

Proof of Proposition 4: We can interpret our model as one in which, instead of a sequence
of short-lived agents, there is a single, infinitely long-lived but myopic agent. For expositional
convenience, we use this interpretation in this proof. We can then denote the agent in charge of
Field k = L, H and Agent k.

Suppose that Agent L engages in optimal experimentation. This is going to generate some
outcome mlL* in the first period, m%*in the second, and so on. Now take any period T" and let
7 denote the largest ¢ € [1,7] in which Agent L engaged in experimentation. Note that since

m& > M, Agent L engages in experimentation in the first period and thus 7 € [1,7]. We can now

write the outcome Agent L realized each period as

Lt mi*y + pA (mfy) + oy /A (mE) Zyfor t =1, .., 7
Lx —

msz fort=7r+1,...,T,

where Z; is the realization of a random variable z; that is drawn from a standard normal distribution
and where we streamline our notation by defining m{* = mf.

Consider now Agent H. Since méf > m this agent also engages in experimentation in the first
period. Suppose now that if Agent H engages in experimentation in a period t = 1, ..., 7 he happens

to realize the same Z; that Agent L realized. We will show that it must then be the case that

Epqy [mf5, —mii,] = mgl —mg, (26)

where the inequality is strict for some values of Z1,...,Z;. Since this result holds for any 7" and any

Z’s, it implies (9).



To show (26), we first need to introduce two definitions. For the first definition, consider some
period ¢ in which both agents find it optimal to engage in experimentation. We know from above

that each agent’s outcome is given by

mi = mb* 1—|—/J,A<mt 1>+U\/A(mt \)Z fork=H,L

i (A (mify) — A (mi))

We then define

= Hx L* _
<t (mt—lamt 1) = (27)
<\/ A (miT) \/ A (mi*y )
as the value of Z; such that m{™* — ml* = m% — m[*,. For the second definition, recall that

an agent engages in experimentation in period ¢ + 1 if and only if m} > m (m;), where m; =

max [mo, m},...mj_;|. We then define

mt L+ pA (mt 1) m (th)

2t (th lath) =- (28)
o4/ A (m 1)
as the value of Z; such that m} = m{*; + pA (m*)) + oy /A (ml*)) Z, = m (mf).
Since Agent L engages in experimentation in periods 2, ..., 7 it must be that
Zy > % (mir,my) forallt =1,..,7— L. (29)
In Lemma A2 below we show that if (29) holds then it must be that
2t (mf 1, Ty ) > max|[z; (mﬁ*l,mf{) ) 2t (th*l,mf )] forallt=1,..,7. (30)

To see the implications of this result, suppose first that 7 = 7', in which case Agent L is experiment-
ing in all periods up to and including period T'. Since Z; > z (th 1, T ) forallt=1,....,T—1, it
follows from (30) that

/)

Zy > % (mﬁ*l,mt and Z; > % (thl,mt ) forallt=1,.., T —1.

Together with the fact that m{l > m, the first inequality implies that Agent H also engages in
experimentation in all periods up to and including period T. And the second inequality implies
that

Hx Lx* Hx Lx* H L
mp_1— mT1>mT2 mp_ 2> >m0 —mgy. <31)

Finally, since (30) holds for ¢ = T it must be that either (i.) Zp > zp (m&*,mk), (i.) Zr <
Zr (m?*,ﬁ?), or (ili.) Zr € (ET (m?*,ﬁ?) 2r (m%*,mT)) We will show next that (26) holds

in any one of those three cases.



Case (i.): If Zp > zr (m%*,m%) both agents experiment in period 7'+ 1. We then have

Ergr [m5 —m#n] = mil" + pd (mf*) — mg* — pA (mf) (32)
> mir —mlr

> mOH_mga

where the first inequality follows from the fact that the optimal experiment is strictly increasing

in the outcome. To derive the second inequality, notice that since Zp > zp (m?ﬁl, m:%*_l) we have

mi* — mEx > mit* . — ml* || The second inequality then follows from (29).

Case (ii.): If Zp < Zp (m%’ *,m§! ) neither agent experiments in period 7'. We then have

Hx Lx _ —L H L
ET+1 [mT+1 —mT+1] =mpy —Mmr > mg —Mmg.

To see the inequality, let 7% € {0,1,...,T — 1} denote the period in which the outcome of Agent
k = H, L peaked, that is, in which miﬁ = mlfp* (where 7* = 0 is the case in which the outcome was

below status quo outcome in t = 1,2,...,T — 1). Suppose first that 77 = 7. Then

my —mp =mli —mly =mil —mg if 77 = 0.

and
my —mp =mls —mLy > mil —mg if 7 > 0,
where the inequality follows from (31). Suppose next that 77 # 7%, Then

—H _ —L Hx _ —L H L
mp — My > mZp — M2 > my —mg,

where the first inequality follows from m¥ > me* and m% = méf and the second inequality follows

from (31).
Case (iii.): If Zp € (2r (mi* mf)  zp (mk*,m%)) Agent H engages in experimentation in
period T+ 1 but Agent L does not. Since Agent H prefers engaging in experimentation to realizing

his previous peak m¥ it must be that Ep [mi,@_’;l] > m¥ . We therefore have

Hx Lx —H —L H L
Eri1 [miiyy —myy,] >y —mp > mg —myg,

where the second inequality follows from our discussion in Case (ii.) above.

To complete the proof, suppose that 7 < T. Since 7 is the last period in which Agent L
engaged in experimentation, we have m{* = mL for all ¢ > 7 + 1. Since Z; > z; (m{*;, m}) for all
t=1,..,7 —1, it follows from (29) that
‘)

Zt >z (mﬁ*l,mt and Z; >z (mfl_*l,mf_*l) forallt=1,...,7 — 1.



Together with the fact that m{l > m, the first inequality implies that Agent H also engages in
experimentation in all periods up to and including period 7. And the second inequality implies

that

Hx
T—1

Hx

mi* —mE > my —mIt, > s mfl —mf (33)

Finally, since (30) holds for ¢ = 7 it must be that either (a.) Z. < 2z, (mI*, mf) or (b.) Z; €

T T

(zr (mE*,m)  z; (mE*,mL)). We will show next that (26) holds in either of those cases:

Case (a.): If Z; < z; (mf*,ﬁf) then Agent H also does not experiment in periods ¢t =
74 1,...,T. We then have

Lx*

Ery [mifs —miy,] =mi

- m£ = méf - m(%?
where the inequality follows from our discussion in Case (ii.) above.
Case (b.): If Z- € (2 (mI*, mf) , Z. (mL*, mL)) then Agent H does engage in experimentation

in period 7 + 1 and, possibly, in period 7'+ 1. Since, in period T + 1, Agent H can guarantee

himself ™ m it must be that Epy [mT +1] > m . We therefore have
H L mH _ Ll H L
Erp1 [mpfy —mph,] > —mr > mg —my),

where, once again, the second inequality follows from our discussion in Case (ii.) above. B

LEMMA A2. If
Zy > 7t (mf 1, T ) forallt=1,..,7—1. (34)

then

Zt (th 1,mt) > max|z (mfl 1,mf) Zt (th*l,mt )] for all t =1,. (35)

Proof of Lemma A2: To prove this lemma, we first show that (35) holds for ¢ = 1. We then
show that if (35) holds for 1,...,x, where 1 < x <7 — 1, then it also holds for t = z + 1. Together
these facts imply that (35) holds for ¢ =1,...,7 as claimed in the lemma.

Suppose first then that ¢ = 1. From the definitions of Z; (-) and z; () in (27) and (28) we have

0oL ﬁ@(m&)—ku\/A(moL \/A (mil) —m

Z1 (mOL,mOL) —z1 (mg ,mg) = . (36)
U\/A(mo)




and

H_ L =~ (o L\ _ ~ (o H
El(moL,moL)—Zl(mg,mé{):mo mg +m (mg) — i (mg) (37)

oy/A (mfl)
VA () = A (f)
+ g\/A (mé)\/A (mg') <m (m{j) —i—,u\/A (mOL)\/A (ml) — mé) .
To see that (36) is strictly positive notice that
i (m§) + uy /A () /A (mdl) —m§ (38)

0

> m (mOL) + pA (mOL) —mb
L
0

> m(m )+,uA(ﬁz(mé))—m€
> 0

where the first inequality follows from A (m{){ ) > A (mOL) and the second follows from mf >

m (mOL) To see the third inequality, recall that m (mOL) is defined as the outcome at which the

agent is indifferent between receiving mé‘ and a normally distributed gamble that pays m (mOL) +
BA (771 (mé)) on average and has a strictly positive variance A (ﬁz (mOL)) o2. Since the agent is

risk averse, it must then be that m (mé) + uA (ﬁ@ (m{%)) >mb.

To show that (37) is also strictly positive, consider first the second term on the RHS of (37).
Since A (m{) > A (mf) it follows from (38) that this term is strictly positive. Consider next
the first term on the RHS of (37). This term has to be weakly positive since mf > m{ and
dm (m) /dm € (0,1]. We therefore have z1 (m, m{) > max[z (mf,mfl) >z (mfl,m{)].

Suppose now that (35) holds for ¢t =1, ..., z, where 1 < x <7 — 1. We will show that (35) then
also holds for ¢ = x 4+ 1. For this purpose, notice first that if (35) holds for ¢ = 1,...,z, then it

follows from (34) that (i.) both agents are engaging in experimentation in periods t = 1,...,x + 1

and (ii.) it must be that

Hx

Lx* Hx Lx* H L
My — Mgy > My — (39)

2= my > > my —myg.
Furthermore, we know from the definitions of z; (-) and 2 (+) in (27) and (28) that

e ey _ 77Esr) /BT AT

~ Lx —L ~
z m>*.m — Zpa1 (M m
41 ( T ) q;-i,-l) T+ ( x g o /A (m%*)




To see that this expression is strictly positive, notice that

) B ) 3 ) - w
> (mE) + A (mE) A (i) — mke
> (mg) + pA (mg") —my”
> (my) 4+ pd (7 (my)) —my"
> 0,

where the first inequality follows from mZ%,; > mk, the second from A (mf*) > A (mL*), and

the third from mL* > m (mm) To derive the last inequality, recall that m (m%) is defined as the
outcome at which the agent is indifferent between receiving m% and a normally distributed gamble
that pays m (mé) + pA (7% (m%)) on average and has a strictly positive variance A (ﬁz (m%)) o2
Since the agent is risk averse, it must then be that m (mk) + pA (m (m%)) — mL*. We therefore
have that if (35) holds for ¢t =1, ..., z, then Zy4q (mE*, Mk ) > 2,1 (mi*, mb*).

Next, we know from the definition of z; () in (28) that

Hx _ ., Lx ~ (=% —H *
o () = B (i) = S L) M)y

NG
+\/A(mf*)—\/A(m£*) (m (_ﬁl +M\/A mL* \/A mi*) — £*>

o/ A (mp*) /A (mgf*)
We know from (40) that the first term on the RHS is strictly positive. To show that the second

term is weakly positive, we first show that

Hx —Hx* —Lx
My > machl m:r+1 .

For this purpose, let 7% € {0, 1, ..., z}denote the period in which the outcome of Agent k = H, L

peaked, that is, in which miﬁ = m* | (where 7¥ = 0 is the case in which the outcome was below

the status quo outcome in ¢t = 1,2, ...,x). Suppose now that 7H = 7L Then

Hx
T

Hx Lx —Hx —L*

m >m —MZy =My — My,

where the inequality follows from (39) and the equality follows from the definition of 77 and 7".

Suppose next that 77 # 7L, Then

Hx L H Lx _ —H 7L
> mog — M2 > Moy — M = Mgy — My,
where the first inequality follows from (39), the second follows from m T > m_H, and the equality

Hx _

follows from the definition of 7 and 7*. We therefore have m® * >milr —mLt, as claimed

above.



Finally, notice that
—H —L ~ (_H ~ (I
M1 — My > M (1) —m (M)

where the inequality follows from mX* > mL* and dm (m) /dm € (0,1]. We therefore have

Hx Lx —Hx —Lx ~ (% ~ ([ %
My — My > Myy1 — My >m (m:c+1) -—m (mx—l-l)

which implies that the second term on the RHS of (41) is weakly positive. B

Proof of Proposition 5: The logic of escape is easiest to see for the example utility function of
Section 4.4. We prove the result in this special case. The key property in the argument is that
the experiment step size increases without bound in m. As this property holds generally, it is
straightforward to extend the argument to the full model.

We establish the result by proving a stronger result: That the probability agents achieve at
least half of the expected gain in performance in every period is strictly bounded away from zero.
Beginning at mg > m, this critical threshold we denote mf&, is mo + % (mo — m) cp, where ¢ > 0 is
a constant. The probability of success is 1 —CDF (mfé) = % [1 —erf (mf)} =1- %erfc (—mﬁ),
where erf and er fc are the error function and complementary error function, respectively, and using
the identities erf (x) = —erf (—x) and erfc(x) = 1 — erf (z). From Chang, Cosman, and Milstein
(2011) we have erfe(z) < 6_3’2, and thus the success probability satisfies:

1 _[ 1 (mg—m)en r
Pr (1) Z 1— 56 o4/2(mg—m)c

e

Take m?ﬁ as the realized outcome and iterate. The same set of calculations give:

12
_ %(mofﬁl)(%c,uﬁ»l)c,u )
PI‘ (2) > 1 N le a\/2(m077‘n)<%—cu+1)c_ _ 1 N 16_ |:-SIJ(;'_2:| (mo—m)(%CM‘Fl)C
e - 2
And this generalizes to: )
1 7[—8’% (mofrh)(%qk#l)tilc
Pr()>1——¢ L7

The escape probability is:

where w > 0 and z > 1 are constants.

AsO<1—e v <1,



converges as T — oo. Taking the logarithm of this product, we get that the product converges to

a positive value if
T
S <1 - le—wz“)
t=1 2
converges as T — oo. To prove that, we first note the classical inequality!!
3
In(l —x) > —3%

for 0 < 2 < 1/2. We also note that since z > 1, 2!/t — oo and so there exists Ty such that if

t > Ty, 2~ > t. Hence, for any T > Tp, we have the inequality

T T T o)

1 1 1 3 1 _ 3 —wt 3 1
Som(toge )2 Y1) 2 5y ez gy e =
t=To t=To t=Tp t=0

as each term In (1 — e_wztil) is negative. This establishes the necessary convergence.

2 Longer Planning Horizons

We assume that § > 2?‘”—2, which ensures that the crossing condition is satisfied, and that mg > m,

which ensures that the first agent engages in experimentation.

PROPOSITION 6. In the second period of their lives, agents behave as in the main model. An

optimal action therefore exists and is given by

o { @ if 1 (hy) < i (m(he))
! he + A (m (b)) if m(hy) > (m (b)),
where
A (m (hy)) = max 4 0,2 TZ(’”) _27% , (42)
o (ﬁ —
~_ 1. 20
m=Tg! [ozﬁ (5—20%)]’ )
and 5 %%

(u(m (@)) —u(m)).

The agent’s expected utility from taking the best action is given by

u(m (a)) if m (hy)

W (m (he) + i (af = hy) , (a — he) 0®) = u<m>+<m<ht>—m>(“5>
B

(m (ht))

<m
if m (he) > . (m (he)) .

(44)

"For example, see http://functions.wolfram.com/ElementaryFunctions/Log/29/



Proof: In the second period of their lives, the agents only care about expected utility from that
period. They therefore behave just like agents in the main model. Given the exponential utility

function, expected utility from taking action h; + A; is given by

1
W (m (hy) + pAe, Apo?) = a(m (he) + ply) — exp <—B (m (he) + pAy) + §ﬁ2AtU2> . (45)
The expressions in the proposition then follow from Propositions 1-3. B

PROPOSITION 8. In period t = 1 an optimal action exists. If, as we assume, mg > m, any
optimal action is strictly to the right of ag and increasing in the discount factor &, where m is
defined in (43). If, instead, mo were weakly smaller than m, the agent would take the status quo

action ag.

Proof: In the first period it can never be optimal for the agent to take an action strictly to the left
of ag. If it exists, the optimal first period action is therefore weakly to the right of ag. The problem
of characterizing the optimal first period actions that are weakly to the right of ag is a special case
of the problem of characterizing the optimal actions in any period ¢ in which a agent is in the first
period of his life and is constrained to taking an action weakly to the right of the right-most action
h¢. Since this more general problem is relevant for the proof of the next proposition, we examine
it here.

Consider then any period t in which a agent is in the first period of his life and suppose that
he has to take an action a; > h;. We know from the previous proposition that in ¢t 4+ 1 the agent

will then experiment to the right of a; if and only if
m (a;) 2 m (M) - (46)
This optimal learning rule is equivalent to the agent experimenting to the right if and only if
m (a¢) > m (my) . (47)
To see this, notice that the two inequalities are only different if
m (a¢) > max {mo, ...,m_1}. (48)

Since

m (ar) = m (m (ar))

and

max {mo, ..., mg—1} > m (max {mg, ....my_1}).



inequality (48) implies (46) and (47) which, in turn, implies that the two learning rules are equiv-
alent.

Next, we can write m (a;) as

m(ar) = m (hy) + pAy + o/ Az
Substituting this expression into (47) and rearranging, we have that in period ¢ + 1 the agent
experiments to the right if and only if
zt Z Eta
where
m (ht) + ﬂAt + g/ AtE = TAﬁ (mt)

or equivalently

i (-l =) )

49
ST (49)
We can therefore write the agent’s problem as
max V.,
A>0
where
1
Vi = a(m(h) + pA¢) —exp <—B (m (he) + pdg) + EﬁQAta2> (50)

—00 z

+o /g u(mt)dF(zt)+/~oou(ﬁz)+ (m (he) + pe + 0Bz — ) <a—6dF(zt)

and the subscript ‘r’ stands for ‘to the right of h;.” Differentiating V, we get

av, 1, 2 1 oe o
a, — rmghe <B a2>exp< Blm () + ) + 55"
af - 1 -
-— 1-FZz)+o——=f(z) | -
oy (0= FE)+o=rG)

Taking limits we further have that

+9

>

>0 ifm(h) >
lim ve ) _ 0 ifm(h
AtHOdAt - o ! m( t)

I

3
=
=

<0 ifm(h) <m
and
lim v = -0
At—ﬂ)odAt - ’

10



This implies that if m (h;) > m there exists an optimal A > 0 that maximizes the agent’s expected

utility. Moreover, since

2 N ) i
ddA:gé _ <5 _5%%) <,u (1-F(z))+ 02\/1th (Zt)> >0

the optimal action is increasing in 9.
To establish the agent’s optimal action if m (h;) < m notice that

a2V, 1 9 1
dAdm (hy) 552‘72 <5 - U-’;) exp (—6 (m (he) + pAt) + 552Ata2>

o o 1 -
620 (7 ) — m (1) e f ()
(5-%)
which is strictly positive for all A; > 0 if m (hy) < m (7). Since m < m () it then follows from

(51) that if m (hy) < m the agent’s optimal action to the right of h; is given by hy.

PROPOSITION 9. Consider any period t = 3,5, ... in which one of the agents that follows the first
agent is in the first period of his life. In any such period, an optimal action exists. Any optimal
action is strictly to the right of he if m(hy) > my, and it is an unknown action to the left of ht
if m(hy) < myy, where myy and myy > my are defined in the proof. Moreover, there exists a 6>0

such that my; = mp for all 6 < d.

Proof: In the proof of the previous proposition we characterized the solution to the problem that
an agent in the first period of his life faces if he has to take an action to the right of h;. Consider
now an alternative constrained problem in which the agent has to take an action between two
neighboring actions a; and ap, with a; < a, < hy and m (a;) > m (ap). The agent’s expected utility

is then given by

Vi = E[u(E[m(at)]+ Var(m(at))ztﬂ%—é /u(E[m(at)]+ Var(m(at))zt>dF(zt)(52)

Zt

+5/ max {u (m(a)),E [u <m (he) + pA (he) + JMZLLHH } dF (z),

—00

where

11



E[m (a)] + /Var (m (a;))z =m,

u () = max {u (m(a)),E [u (m (he) + pA (he) + 0/ A (ht)2t+1>] } :

and where the subscript ‘I’ stands for ‘to the left of h;.” Differentiating V; and taking limits we get

Sl

dvi 00 if m(a;) =
lim —% = (53)
e | do% (o) (-G (@) <0 i ma) <

where 7 (+) is the coefficient of absolute risk aversion. If m (a;) = T, therefore, there exists an
action strictly between a; and a, that the agent strictly prefers to both a; and a,.

Suppose now that m (hy) < m. We have established in the proof of the previous proposition
that a young agent then prefers h; to any action to the right of hy. Moreover, if m (h;) < m, it must
be that m (a;) = M, in which case there exists an unknown action between @; and its neighboring
actions that the agent prefers to @; and thus all all other known actions. For any m (h;) < my; = m,
it is therefore optimal for the agent to take an unknown action to the left of h;.

Next, it is immediate that if h; is the best known action, there always exists an action to the
right of h; that the agent prefers to any action to the left of hy. For any m (hy) > myp; = Ty—1, it
is therefore optimal for the agent to take an unknown action to the right of h;.

Suppose next that m (h) € (m,m (M¢—1)). The agent’s expected utility from taking the best
action to the left of h; is bounded from below by u (m (@;)). Suppose now that § = 0. The agent’s
optimal action to the right of h; is then given by A (m (h;)) and his expected utility from taking
this action is given by W (m (hy) + pA (m (ht)) , A (m (hy)) 0%) < w(m (@;)), where A (m (ht)) and
W (-,-) are given by (42) and (45). Moreover, it follows from (50) that at § = 0, the derivative of
the agent’s expected utility from experimenting to the right of h; is given by

av,

a0 dF (Zt) y

/Oo u (71,) dF (zt)+/; w () (m () + 1A (2 () + 0 /B (o () — ) @a—ﬁzﬁ
: )
where 7 is defined in (49). Since this derivative is finite, it follows that there exists a § > 0 such
that for all § < § the expected utility from taking the best action to the left of hy is strictly larger
than the expected utility from taking the best action to the right of h;.

Finally, suppose that m (h;) € (m (My—1),M—1), in which case m (@;) < m. As we observed
above, there then exists a § > 0 such that for all § < & the agent never finds it optimal to
take an action strictly in between two known actions. For any such §, the best action to the

left of h; is therefore given by a;. The expected utility from taking the best action to the
right of h¢ is bounded from below by W (m (k) 4+ pA (m (he)), A (m (ht)) 02), where A (m (hy))

12



is the best myopic action to the right of h;. Since m (hy) € (m (my—1),M4—1), we know that
W (m (he) + pA (m (hy)), A (m (b)) 02) > u(m (@), which implies that for all § < ¢ the expected
utility from experimenting to the right of h; is strictly larger than that from experimenting to the
left of h;.

There therefore exists a 6 > 0 such that for all § <9, mis =mps =m(mg—1). B

3 Pilots

PROPOSITION 7. In any period t > 1 there exists a unique, optimal action for the agent. If
m (hy) < m (), the agent puts all his income into the best known action a;, where m () is
defined in the proof. If m (hy) > m (M), the agent puts a fraction (1 —8) of his income into the
best known action @ and the rest into action hy + A (m (ht)), where A (m (ht)) > 0 is defined in
the proof. The optimal step size A (m (hy)) is increasing in p and ™y and decreasing in o and
the agent’s risk aversion. The threshold m () is decreasing in j, increasing o and the agent’s
risk aversion, and can be increasing or decreasing in ;. Moreover, an increase in the minimum

feasible scale of a pilot @ leads to an increase in the m (M) and a reduction in A (m (hy)).

Proof: Notice first that the agent will never take a known action other than the best known action,
that he will never take an unknown action to the left of the right-most action h, and that the agent
will also never take two unknown action to the left of h;. The first two claims are immediate. To
prove the last claim, suppose that in some period ¢ the agent puts (1 — 6;) of his income into an
action @’ > hy and the rest into another action a > a/, where 6; € (0,1). Let A’ = o/ — hy and

A = a —d'. The agent’s expected outcome and its variance are then given by
E [mt] =m (ht) +u (AI + HtA)

and
Var (my) = o2 (A" + 07A),

where we are using (13) and the fact that Cov (m (a’),m (a)) = Var (m (a’)). The agent can then
ensure himself the same expected outcome at a strictly lower variance by reducing A’ and increasing
A appropriately. This proves that the agent will never take two unknown actions to the left of h;.

We already observed in the text that if the agent does put some income into an unknown action,
he will never put in more than #. In any period ¢, the agent will therefore put all his income into
the best known action or he will put a fraction (1 — @) into the best known action and the rest into

an unknown action to the right of h;. Consider first the constrained problem in which the agent
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has to experiment to the right of h;, which is given by

s E [u ((1 —0)m (@) + Om (hy) + Oud, + Q\/Ataztﬂ .

This is exactly the same problem as the constrained problem in the main model if the drift and
the variance of the Brownian motion were given by 6 and #20% and the outcome generated by
the right-most action were (1 — @) m (a;) + 8m (ht). Moreover, the agent’s unconstrained problem—
which involves comparing the agent’s expected utility from taking the constrained optimal action
with his utility from taking the best action—is also the same as appropriately specified version of
the main model. Except for the comparative statics with respect to m; and 6, all the claims in the
proposition therefore follow from Propositions 1-3.

For the comparative static with respect to 6, suppose that the A; that maximizes the agent’s
constrained problem is strictly positive and denote it by A*. If the agent does experiment, his
expected outcome is then given by E [m:] = m (h:) + p@A* and the variance is given by Var (m;) =
20?2 A*. Suppose now that the minimum feasible scale 6 is reduced to 0 < 8. The agent can then
achieve the same expected outcome with a lower variance by reducing the fraction of income he
invests in the unknown action to @ and increasing the step size. This has two implications. First,
since expected utility is concave in the step size, the new optimal step size is strictly larger than
A*. This proves that reduction in @ increases the optimal step size. Second, the above observation
implies that a reduction in 6 increases the agent’s expected utility from taking the optimal action.
It then follows from the proof of Proposition 3 that a reduction in 0 reduces m (772).

Finally, consider the comparative statics with respect to m;. The result that the optimal step
size A (m (hy)) is increasing in 7T, follows immediately from the fact that in the main model the
optimal step size is increasing in m (h;). To see that the threshold m (7;) can now be decreasing

in 7, suppose that the utility function is given by (10). It then follows from Section 4.4 that

2
a-o (ﬁgagﬁ%)

i — (u (1) — u ().

I —

m (Mg-1) =

Differentiating this expression we get

m (M — B — %%
: d(mt_ll) -4 QQ) ( Qa/QB ) (a+ Bexp (—pm)) .

This expression will be negative if

2 2
(6 - Q%) Bexp (—fm) < a (ij‘z - BQ)
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which, in turn, will be the case if

and 7 is sufficiently large. W

4 Stochastic Processes

In this section we analyze the case in which the underlying environment is the realized path of a

geometric Brownian motion. Recall that the agent’s problem is
max B [u (m (A))]
where m (A) is now given by
m (A) = mgexp (LA + oW (A))

and W (A) is a standard Brownian motion.

Now let z denote a random variable with a standard lognormal distribution. We can then write

V(A)

m(A) = M(A) + Var(2)

(Z_E[Z])7

which allows us to rewrite the problem as

u (M(A) + ‘ZL&A(;) (z—FE [z]))]

max F
A

The first derivative is

dE [u(...)]
dA

=M (A)E [V ()] + % ‘;CL(A(’?

V/(A)E [W/(..) (z — E[2])] .

We wish to examine the derivative at A = 0. For this purpose, rewrite the derivative as

Eu'(..) (2= E[z])]
V(4)

% = M'(A)E [v/(..)] + %\/Var(z)V'(A)

At A = 0, both the numerator and the denominator of the term in squared brackets are zero.

Applying 'Hopital to the second term on the RHS we get

VA Var?) “//((2)) E[w(.) (2 - B [2])

+/Var(z) <\/V(A)M/(A)E [W'(...) (z — E[2])] + %\/Var(z)v/(A)E [u"(...) (- E [z])2]>
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At A = 0 this becomes
1
Var(z)2§V'(0)u"(mo)

So at A = 0 we have

dE [u(...)]

el MO (o) + Var(z)2 5V (0)u (o)

= Lvioning [0 (0 ]

Note that this expression is exactly the same as for the Brownian motion in which case z is
distributed normally and Var(z) = 1.
From the properties of the geometric Brownian motion we know that

M'(0) = my <u + %aQ>

and
V'(0) = m2o?
And so we have

dE [u(...)

Ll = MO (mo) + Var(z)Z%V’(O)u/l(mo)

2 (p+30°) (_u”(m0)> Var(z)zl

moo? u'(mg)

- %V’(O)u'(mg)

The key difference to the Brownian motion case is that the risk adjusted return is now decreasing in
myg (the first expression in the brackets). The richer you are, the worse therefore the opportunity
for innovation. The sign of the derivative, however, depends on how this compares to declining
absolute risk aversion, given by the second term in the brackets. The technological opportunities

for innovation would dominate if the coefficient of absolute risk aversion were constant, that is, if

we had a regular exponential utility function u(m) = — exp(—/Sm). In this case, the above becomes
dE[u(.)] 1o, 2 (n+30%) 2

and a threshold value of mg exists such that the first derivative is negative at A = 0 for starting
performance above this threshold.
To capture both declining innovation opportunities and declining risk aversion, apply instead

the linex utility function used in Section 4.4 Setting u(m) = am — exp (—5m), the above becomes

dE [u(..)] 2(ut30®) < B2 exp (—Brmo) )Var(z)2]
)

dA

1_, '
= 5V (0)u'(mg) Moo? a+ Bexp (—Bmg
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% = %V’(O)u'(mo)movar(z)2

o?Var(z)? Oa—i-ﬁexp(—ﬂmg)

Numerical calculations show that the second expression in the brackets is single peaked, reaching a

24, Fomlim )}

maximum for moderate levels of performance. Thus, if the first expression is large—the innovation
opportunities are good—then all agents have a marginal incentive to experiment. For less appealing
technological opportunities (lower drift or higher variance of the stochastic process), it will be the

moderate performers who first experience a disincentive for initial experimentation.

How agents trade-off the attractiveness of innovation opportunities and risk varies, therefore,
in the agent’s tolerance for risk. Take the following utility function that is the sum of two standard

utility functions that are frequently used when outcomes are lognormally distributed.

1
u(m) = alogm — —

= alogm — exp (—blogm)

Straightforward calculations show that the coefficient of risk aversion and prudence are given by

A b+ am® + v?
m (b + amb)
b - 2b + 2am® + 36 + b

m (b+ am® + b2)
As both are decreasing, and DARA and DAP imply standardness, this utility function satisfies

standard risk aversion and the requirements of our model.

Looking again at the first derivative at A =0,

dE[u(.)] 1., ., 2 (u+ 30?) b+ aml + b?
Sl oty (g - (b vy
I S 2(n+30%)  [b+amf+0?
= GO mo) | T ( o+ an) ) V‘"(Z)z] |

which reveals that, for this utility function, the declining innovation opportunities of the geometric
Brownian motion are dominated by declining risk aversion. Thus, within our model, there exists
preferences such that the comparative static remains, even with a geometric Brownian motion, that
if any agents do not have the incentive to experiment, it is the lowest performing agents only. This,

unfortunately, is not a complete analysis of behavior, and we must leave that task for future work.
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