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We provide a formal analysis of the results reported in Section III.C of the main
paper. After introducing several preliminary lemmas, we characterize the equilibrium
described in Section III.C as an equilibrium that maximizes the social welfare among
all equilibria of the communication game provided that the incentive compatibility
(IC) is satisfied. Finally, we delineate the parameter values for which the IC is indeed
satisfied.

1 Preliminary lemmas

Lemmas A1-Ab are from the proof of Proposition 2 in the main paper.

Lemma A1 Suppose that a; = (af,al,al’) is agent i’s equilibrium allocation under
h

one pair of posterior beliefs and a; = (af, a?, al!) is that under another. If a? < aZ,
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then E(a;|p;) — E(agps) < a — a? for any p;, with equality if and only if af and af!
are interior solutions when p¢ > 0 and pu? > 0, respectively.

Lemma A2 Let a; = (a%,a?,a") and ay = (ab,a%,al) be the equilibrium under

posterior (fu1, p12) such that Eb(u;) < Eb(uz). Then,

(a) E(ay|p) > af + Eb(uy) with strict inequality if uf > 0 and af < |¢].
(b) E(az|p2) < ay + Eb(us) with strict inequality if uf > 0 and a3 +h > 1.
(¢c) Earlp) — af = E(az|p2) — a.

Lemma A3 Let al =14t — E(a_i|pu_;), i.e., the unconstrained optimal allocation
of agent i of t-type relative to an allocation vector a_; € [0,1]® of the other agent
with a posterior belief u_;. Then, agent i’s utility from a: is the same regardless of
his type and decreases by y* if his allocation is y away from a.

Lemma A4 If Eb(u;) < X < Eb(us) for some X < h + (¢, then the equilibrium
value of al is a noninterior solution under the posterior (juy, ji2).



Lemma A5 If agent i of a type t € {{,h} always gets his unconstrained optimum
after sending my, (even if irrelevant) but weakly prefers sending m even if he some-
times gets less than the unconstrained optimum after m;., then agent i of n-type
strictly prefers sending m;y to myy.

We introduce a few more lemmas below.

Lemma B1 If Eb(u1) < Eb(ji1) and supp(p) = supp(fi1) # {h,n,l}, then af is
strictly higher in the continuation equilibrium after (fi;, o) than after (ui, ps) for
any fa.

Proof. 1t is clear when Eb(u1) < Eb(u2) < Eb(fi1) from Lemma 2 of the main
paper. When Eb(u;) < Eb(fi1) < Eb(uz) or Eb(uz) < Eb(u1) < Eb(fiy), if af is
weakly lower after (fi1, o) than after (w1, p2) then E(aq|in) < E(ai|lp) < 1 —
E(ai|i1) > 1 — E(aq|py) implying that af, thus E(as|us), is strictly lower after
(1, p2) than after (fiy, u2), contradicting a} being weakly higher after (fiy, u2) than
after (uq, u2). =

Lemma B2 If Eb(j;) < Eb(uz) with u' = 0 and p = 0, then a} =0 and a} =1 in
the continuation equilibrium after (f1, pi2).

Proof. If a} > 0, then either F(a;) < a} or E(ay) > a} so that af =1 — E(as) <
1—aly = E(ay) < a} with at least one strict inequality, a contradiction. An analogous
contradiction obtains when aj < 0 as well. m

Lemma B3 Suppose a} is higher in the continuation equilibrium after (py, p2) than
after (fiy, p2) where max{Eb(u1), Eb(fi1)} < Eb(us2). Agent 1’s utility is the same
for n- and h-type and is higher after (u1, o) than after (fiy, po), strictly if Eb(u) <
Eb(us) and pf > 0.

Proof. By Lemmas 1 and 2 of the main paper, both after (ui,us) and after
(fi1, p12), agents 1-n and 1-h obtain unconstrained optimum (hence, identical utility)
conditional on ay such that a§ = af + ¢ and af = min{1,a} + h}. Thus, their utility
is higher when as has a lower variance. The variance of ay is the same at (pq, ui2)
and at (fig, p2) if ub =0 or af +h <1 at (u1, p2); but is lower at (1, p2) otherwise,
which is the case when Eb(p;) < Eb(us) and pf > 0. =

At this point, we introduce some terminology to facilitate exposition. Since player
1 may send multiple messages that generate the same posterior u;;, we say “any
(some) m;;,” to mean any (some) message that generate the posterior p;;, when needed.
Moreover, since multiple messages may have the same expected bias, we say “any
(some) message with Eb(pu,).” For brevity, we say “agent i-t” to mean agent i € {1,2}
of type t € {h,n,l}. By “al after (my;, mog)” we refer to agent i-t’s allocation (to
area A) in the continuation equilibrium following the message pair (mq;, mog).

The following lemmas on comparing messages for agents prove useful.

Lemma B4 Fix my, with pb. > 0. In the continuation equilibrium (ay,ay) after
(mqg, ma,) where Eb(u1x) < Eb(usk), the utility of agent 1-n is constant so long as
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ay <1 — h and strictly increases in ay, > 1 — h. The utility of agent 1-¢ is the same
as that of agent 1-n if a} + ¢ > 0 and is lower by (a} + €)% if a7 + { < 0.

Proof. The first part is because agent 2’s allocation is of a lower variance for
higher aj > 1 — h. The second part is clear from Lemma A3. m

Lemma B5 Let (ay,ay) be the continuation equilibrium after (mg,, m_;.;) and let
(@1,ay) be that after (myp,m_;.). The net benefit of agent i from sending m
rather than my, (conditional on m_;.) is lower for {-type (resp. h-type) than for n-
type if and only if al + ¢ < min{0, al' + ¢} (resp. a} + h > max{1,a} + h}), strictly
when the inequality is strict; thus it is no lower if @} (a?') is interior.

Proof. Clear from Lemma A3 as a' and a} are interior. =

Lemma B6 Suppose a message m; is optimal for agents i-n and i-¢ and both of
them derive unconstrained optimum after (mg, m_;) for all m_;. € M_;. If another
message m;; is optimal for agent i-(, then it is also optimal for i-n and both of them
derive unconstrained optimum after (m;;, m_;y) for all m_;, € M_;.

Proof. Agents i-n and i-¢ derive identical equilibrium payoffs from sending m;y, as
agent i-¢ does from sending m;;. If agent i-¢ did not get unconstrained optimum from
m;; sometimes, agent i-n derives a higher overall payoff from m;; (as he always gets
the unconstrained optimum) which thus is higher than that from mg, contradicting
optimality of m;,. Thus, i-¢ always gets unconstrained optimum from m;;, hence the
same overall payoft as agent i-n who should, therefore, find m;; optimal. =

2 Characterization of non-babbling equilibrium

For an arbitrary equilibrium of the communication game, let M; = {m;1, mj2, - -+ ,mix, }
be the set of K; messages sent by agent ¢ with associated posteriors p;1, ftio, - -+ , ik,
for i € {1,2}, labelled in such a way that

Eb(pi) < Eb(pi) < -+ < Eb(uix,) and  Eb(u1) < Eb(uar).

Since Eb(u11) = Eb(u) implies the babbling equilibrium as shown in the proof of
Proposition 2, below we assume

(a0) Eb(u11) < Eb(po) < Eb(px, ).

We start with the extreme possibility that Eb(u;) = ¢ < pf, = 1. From Lemma
2, we have af = 1 and a} + £ < 0 at (p11, ptos) if Eb(ue,) > ¢. Consider any message
myy, used by agent 1-n so that pf, > 0. Agents 1-¢ and 1-n get the ideal payoff of 0
from both mq; and my, against any message ms, with Eb(us,) = ¢ (Lemmas 1 and
2 in the main paper).

If there is a message mag, such that Eb(ug.) > ¢ and aff < 1 at (ux, tox), agent
1-0’s payoff would be lower than that of agent 1-n by a smaller margin at (mqy, may)
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than at (my;,ma,) by Lemma B4, thus would prefer my; strictly to my; given that
agent 1-n finds my, optimal, which would contradict uqy, = £.

Thus, for every message my; used by agent 1-n, we have ai = 1 at (uix, pox) if
Eb(us,) > ¢. This implies that (i) ) = 0 for every message my;, used by agent 1-n
and (ii) b, = 0 for every message mo, such that Eb(ua,) > £, so that piz; = £. Then,
by applying the same reasoning to agent 2, we deduce that (i’) u, = 0 for every
message My, used by agent 2-n and (ii’) uf,. = 0 for every message mi, such that
Eb(,ul,.i) > /.

This means that both agents fully separate among the three types. Then, agent
1-¢ would obtain his ideal allocation (1 4 ¢ to A) when agent 2 is of (-type but an
allocation of 1 to A otherwise; by pretending to be h-type, instead, he would obtain
ideal allocation unless agent 2 is of A-type in which case the allocation is at most 1
to A. Thus, agent 1-¢ should pretend to be h-type, a contradiction.

The rest of the proof is on the case that Eb(uq1) > ¢, which we present in two
parts depending on whether

[0] there is a message my; such that a? is interior (i.e., a} +h < 1) after (mqy, moy)
for all mq, € M.

Note that this condition holds if u, > 0 by Lemmas 2-3.

Part 1: The case that [0] holds.

Fix a message my; for which [0] holds. By Lemmas A4 and A5, agent 1-n strictly
prefers sending any my;, with Eb(u1;) > Eb(ug1) and pf, > 0 to sending my;; and
consequently, any mi; with Eb(pg) > Eb(ug;) and pf, > 0, thus all my, with
Eb(p1) > Eb(ug;). This implies u, = 0 and consequently, uf,, u? > 0 since { <
Eb(u11) < Eb(pg). Thus, to find my; optimal agent 1-¢ must benefit less than agent
1-n by sending mq; rather than mi; against at least one msy, € Ms. That is,

[1] for every message my; with Eb(u1x) > Eb(pe1), there is mo, € My such that
agent 1’s net benefit of sending my, rather than mq; conditional on ma, is strictly
lower for (-type than for n-type, where Eb(pus,) > Eb(u1x) by Lemma B5.

Fix any mj g, and my, as per [1] and consider the continuation equilibrium (a;, a)
after (mq1, moy), where a} < aly by Lemma 3. Let (a1, @2) denote the equilibrium after
(mik,, mayk), where aj < a} < |¢| by Lemma B5 and [1]. From (6) in the main paper,

0 <ay —ay = E(as|p2x) — E(as|pex) < a3 —ay = E(ai|pnn) — E(an|px,)
where the second inequality is from Lemma A1l and consequently,
(al) E(ai|pr) —af = E(ai|mr,) —at = Eb(pik,) > Eb(uo).

At this point, we show that Eb(ua;) < Eb(uiy) for all myg # mqp. With a view to
reaching a contradiction, suppose there is my, # myq; such that Eb(pq1) < Eb(pp) <
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Eb(pg1) and thus, uf,, = 0 as well as pf; = 0 by Lemma A5. Then, either py; = pg
(in which case mj; and my may be identified as they induce the same continuation
equilibrium against every may) or Eb(u11) < Eb(u1y/). In the latter case, af is higher
in the continuation equilibrium after (mj;,mog) than in that after (mqg,moy) for
every mgi by Lemma B1, hence both agent 1-h and 1-n would strictly prefer sending
mi1 to myp by Lemma B3. As this would contradict Eb(u11) < Eb(u1x), we have
established Eb(u21) < Eb(uyy) for all myg # ma;.
Let (aq, as) denote the continuation equilibrium after (mqq,moy). If

[2] agent 2’s net benefit of sending ms, rather than my; conditional on my; is weakly
larger for h-type than for n-type,

then af < af must hold by Lemma B5. From (6) and Lemma Al, we deduce 0 <
dg — (Ig = E(a1|u11) — E(dl|[£11) S CLTIL — EL? = E(62|u21) — E((lg“ﬁg,{) and thllS,

(a2) E(as|p2r) — a3 < E(ag|pa1) — a3 < Eb(uz1) < Eb(uo).

But, (al) and (a2) are incompatible by Lemma A2-(c).

We now show that [2] prevails when [0] holds, which establishes that (a0) is un-
viable if [0] holds. Since agent 2-n gets the same payoff as 2-¢ from ms, but weakly
higher payoff than 2-¢ from my, and 3, = 0 would imply b, > 0, it follows that
agent 2-n weakly prefers ms; to mo,. If

[2a] agent 2-h’s net benefit of sending ma, rather than ms; is no higher that that of
agent 2-n conditional on all mq such that Eb(ug1) < Eb(pi) < Eb(pk, ),

therefore, negation of [2] would dictate that agent 2-h’s overall utility is strictly lower
with mg, than with mg;. As this would contradict /LSN > (0, which is implied by
Eb(uax) > Eb(up), this verifies [2] provided that [2a] holds.

Thus, suppose [2a] fails, that is, agent 2’s net benefit of sending ms, rather
than may; is strictly larger for h-type than for n-type conditional on some my; with
Eb(p91) < Eb(u1x). By Lemmas 1 and 2 of the main paper, this may happen only if

(3] Eb(ua1) = Eb(u1z,) for some k # 1 and pb = 0 and af + h > 1 at the interior
solution after (myg, mg;) by a larger margin than that after (mqy, mo).

If at +h < 1 after (myx, may) for all &', then uf, = 0 = pf; by Lemma A5
and thus, either pip = w31 in which case my; and m;; may be identified without
affecting equilibrium conditions,! or Eb(u;;) < Eb(ux) in which case agent 1 of
both h and n-type would strictly prefer my; to pyp by Lemma B3 because a} is
higher at (mqi, mog) than at (mgg, mey ), a contradiction. On the other hand, if
al +h > 1 after (ug, o) for some k', as this is possible only if uf, = 0 and
Eb(p1x) = Eb(por ) = Eb(pa1), we may relabel mgy as mg; and repeat the process of

hecause both messages generate interior a! for all ¢ against any may with the same bias, and
generate the unique continuation equilibrium against any other maoy.



verifying [2]. Eventually, either [3] does not hold at some stage, thus verifying [2], or
there is a cycle por, f1g, fokr, g, - -+ 5 fo1, all of which assign probability 0 to t; = h
and have the same bias, hence they are all identical posteriors.

In the latter case, with a view to reach a contradiction, suppose [2] fails, i.e.,

[2’] af + h — 1 is positive and strictly larger at (mq1, ma,) than at (mqy,may).

First, suppose u, # 1. For [3], letting (a1, az) and (a1, o) denote the interior solution
at (mqx, ma1) and the noninterior solution at (myg, may ), resp., since both af +¢ > 0
and a} + ¢ > 0 we have af — a} = E(ay|pg) — Elar|pr) = afy — ay = E(ag|u2) —
E(as|pior) > 0 where the last equality stems from af — a} = E(aa|u21) — E(aa|pax)-
Solving this equation system we derive

Y L L
(a3) ag—d§:a§—1+w>0.

oy,
For [2], again letting (ai,a2) and (ag,as) denote the solution at (mq1,ms;) and the
noninterior solution at (mqy, may), resp., we have E(ay|pu11) — E(ay|p11) = ay —ay <0
and E(ag|po1) — E(ag|pas) = at — at < 0. From this equation system we derive

0o (U= pgy)[uhe(as — 1) + 0(u" — p,)]
ay — ay = 7 - 7 < 0

p1y + pae(l — py)
when Eb(p11) < Eb(pe1), which is incompatible with (a3) because af is higher at
(m11,ma1) than at (myg,mor). If Eb(u1y) = Eb(ua1), we would have pf, > ub, =
phy since pty, = ph = ph = 0 (recall uf; < 1) and agent 1-¢ derives identical
(unconstrained optimum) utility from my; and mq; against any moy with Eb(por ) =
Eb(p11), but a higher utility from my; than from my; against every msgy such that
Eb(uor) > Eb(p11) and af + ¢ < 0 at (mag, max) by Lemma A5 because af is lower
at (myg, may) than at (mqq, moy ). If such a moy exists, agent 1-¢ strictly prefers myy
to myy, a contradiction. Otherwise, agent 1-¢ derives the same utility as agent 1-n
from sending my; and also from sending m;, contradicting mq; being suboptimal for
agent 1-n. This completes verifying [2] when puf; # 1.

Now suppose 3, = 1. For any mx with Eb(ux) > 0, whence uly > 0, by [1]
agent 1-¢ benefits strictly less than agent 1-n by sending mx instead of mq; against
some Mgy, termed “moderator (message)”, for which a} should be lower than —/¢
at (mq1, mop) and decrease at (mqg,may ). It is routinely verified that the solution
value of af decreases as such only if

h o by (U= iy — i) 4+ bl (b + i e — i il i)
(ad) ik < Mg = h h )
h(l - /~L11(1 - Mzk/))

thus every equilibrium posterior p1 with Eb(uix) > 0 must satisfy (a4).
However, since o must be in the interior of the convex hull spanned by agent 1’s
equilibrium posteriors, there exists an equilibrium posterior p;x with Eb(uix) > 0,
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on the opposite side from py, = (0,1,0) of the hyperplane spanned by py and g7 in
the posterior simplex, which is a condition characterized as
no_ po(— ) — popty — (g — pi)pa _ po(l— 20 — pig) + Pk

h
Pig = M = =
= K 1 — iy — iy L=y — ply

Consequently,

g = (Wl — 2ppy) — B = 2p2) iy palt) — 0(1 = gl — g )iy ] (1 = gy — i)
Mg MK h(1 — ph — ph)) (1 — phy (1 — pl)

Note that the expression in the bracket is positive if us,, > b, because it increases

. ¢ . h . (thf)/Lg(hfﬂugk,) ) _h o
in fiy;, and decreases in py; and obtains ————2= > 0 at py, = iy, and py; =

=4 (Eb(p11) < 0 implies pf; < =5). Since Eb(p11) < Eb(u1x) implies pfy + pf e < 1
and pf, < u{;u—fué = 1/2 implies pfy + pg < 1, it follows that p? > fyy if p, > .
Therefore, for any message mix with Eb(u1x) > 0, the moderator mg, must have
pby < ul,. Moreover, no equilibrium posterior g & {11, ptr} with Eb(uix) = 0
exists because any such posterior would have ', = 0 by Lemma A5 and thus would
be dominated by mq; for agent 1-h by Lemma B1.

Consequently, since g is the mean of posteriors, there must be a message, say

my;, such that Eb(us;) > 0 and ng > ,ugj, and for every py with Eb(uix) > 0,

[1'] agent 1’s net benefit of sending m, i rather than m;; conditional on my; is no
lower for /(-type than for n-type.

Suppose that agent 2-n derives a strictly higher utility with mg; than ms; against
myy, i.e., at is lower at (myy,mar) than at (my1,me;). Since E(ai|pui1) = af + plyh —
(1—p?)a®, as p1y is changed to u1x the negative effect of (uy —p’ )k is the same but
the positive effect of (uf, —uf;)at is larger when af is larger, i.e., at (myy,ma;). This
means that af remains lower at (mjy,mo;) than at (mgy,ma;) when pyp is changed
to pi1x with Eb(p15) > 0, thus agent 2-n’s utility remains higher with mo; than my;
against myg. Since his utility is same at 0 with both mg; and my; against myy, the
message mg; would be suboptimal for agent 2-n. As this is impossible as explained
below, it must be the case that he derives no lower utility with my; than mg; against
mq. This condition is calculated to be

—0 1 —ph —0 /1 —ph
h 1), ¢ 1), ¢
H2j h < uhy ) 2 h ( h ) 2

contradicting pgj > ugj.

Finally, if my; is suboptimal for 2-n so that supp(us;) = {h, £}, then supp(pax) =
{h, ¢} is not viable because that would imply ms, being suboptimal for agent 2-h by
Lemma B1, nor is supp(ua,) 3 n because that would imply 2-£’s utility from mo; being
no lower than 2-n’s utility from ms, by Lemma A5, contradicting suboptimality of 1,

7



for 2-n, and nor is supp(ug;) = {h} because that would imply a} = 0 at (mq1, max),
violating [1].

Part 2: The case that [0] fails.

Since uf, = 0 and Eb(u;;) = Eb(ug;) by Lemmas 1 and 2 (of the main paper)
in this case, we may assume that [0] fails for both agents as they can be relabelled
otherwise, so that

(0] p11 = por and for each i, ufy = 0 and a + h > 1 at the interior solution after
(my1, m_z) for some m_y, with Eb(pu_s) = Eb(u;1) <0.

This means that pu;; is generated by multiple equilibrium messages for each 7. In
addition, no other equilibrium posterior p;; # w1 has the same bias as Eb(u;)
because i > 0 would ensue if it did, confirming [0].

Recall ¢ < Eb(u11) = Eb(pa1). Suppose an equilibrium posterior say for agent
2, Mo F# o1, has pb, = 0. Since Eb(uz) < Eb(ug), agent 2-h derives no higher
utility than n-type from sending meg;, conditional on every mgj, and h? less when
Eb(u1x) = Eb(u11) by Lemmas A3 and B2; but by sending mg;, he derives the same
utility as n-type when Eb(uix) > Eb(py;) and less by an amount smaller than h?
when Eb(p1x) = Eb(p11) by Lemma 1 of the main paper. Since n-type derives no
lower utility from sending mo; than moy (because p3; > 0), this means that h-type
strictly prefers mg; to mgg, a contradiction unless pf, = 1, leading to the following
observation.

[4] p4. > 0 unless ut, = 1 for all equilibrium posteriors p;; # w1 for each i.

With a view to reaching a contradiction, suppose pf, > 0. If a + ¢ > 0 at
(mi,m_i) for all m_;, € M_; for both ¢ = 1,2, (which implicitly assumes pl}, # 1
for all ), then both agents i-¢ and i-n derive unconstrained optimum from my;
against all messages, hence so should both agents from all other messages m;;, as well
due to Lemma B6 since pf, > 0 by [4]. Then, agent i-n and i-¢ derive higher utility
from m;; than from m;, # m;; against all m_;; # m_;; and the same utility against
m_;, contradicting [4].

Therefore, for some agent, say 1, af + ¢ < 0 at (mq1,may) for some mop # moy.
If ufy = 0 then E(ag|uar) = a3 + Eb(uar) at (mqy, may), thus a} is higher and af is
lower at (mqy, mog) for any moy with Eb(ugr) > Eb(ugx). Hence, we may assume
that ,ugk, > (. Since a} + ¢ > 0 at any interior solution after (mjy,msy), it follows
that the net benefit of agent 2 from sending ms; rather than moy is strictly higher for
h-type than for n-type against mqy; moreover, it is weakly higher for h-type against
all messages my;, # my;. Since n-type weakly prefers mo; to mox, we have reached a
contradiction to uf > 0 as desired.

This leaves us to examine the case that u} = 1, whence Eb(p;;) = 0 and i > 0
(as well as uf, > 0 by [4]) for all k # 1. A key step for this case is to establish that

[5] for each ¢ = 1,2, {1, tix, } is the set of equilibrium posteriors.
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Suppose to the contrary that there are more posteriors for, say agent 1, and let
1 denote the one with the smallest bias, so that 0 = Eb(u11) < Eb(px) < ... <
Eb(u1k,) where the first strict inequality is implied by negation of [0]. We may also
assume that Eb(usk,) < Eb(u1k,) because if agent 2 had only two posteriors and
Eb(uar,) > Eb(u1k,) then since agent 1-¢ derives the same utility of 0 from every
myy with Eb(ux) > 0 against may, he (thus, agent 1 of all types) must derive the same
utility against po, as well, which means the same continuation equilibrium (a;, as)
at every (mag, mak,) with Eb(uix) > 0; but this would imply identical Eb(puyy) if
a?+¢ > 0 or identical values of b — uf, al otherwise, neither of which is compatible
with agent 1-h deriving the same utility from all such my; against mso; (which must
be the case given u?, > 0) unless uy; are all identical (because a} = 1+ fut, /ub,
at (mlk, mgl)).

Since both agents 1-n and 1-¢ obtain unconstrained optimum from m; k, against all
Moy, the net benefit of agent 1 from sending m; g, rather than myy is lower for h-type
than for both n- and ¢-type against all mogs such that Eb(ux) < Eb(par) < Eb(u1k,)-
If ui, = 0 = uTy,, the net benefit is strictly lower for h-type against mgy such that
Eb(uor) < Eb(p1x) by Lemma B1, thus both n- and ¢-type would strictly prefer my g,
to mi, contradicting pf, > 0. Hence, either pf, > 0 or puf, > 0 must hold.

If mik, is optimal for agent 1-n (implied by pujg, > 0), Lemma B6 dictates
that both agents 1-n and 1-¢ derive unconstrained optimum from every message
my, # myp and find them optimal. However, my; cannot be optimal for agent 1-
n as it is dominated by m;; due to Lemma B7 below, unless there is my; such that
Eb(p11) < Eb(ue;) < Eb(pu1y) and against which agent 1-n derives a higher utility
with my, than with mq;.

Lemma B7 Consider p with " =1 and 0 = Eb(u) < Eb(1) < Eb(ps). Let (a1, as)
be the noninterior solution at (u1,p2) = (u, u2) and let (ay,as) be the solution at
(,ula,MZ) = (/17#2) Then? ag > &g

Proof. Given uf > 0 we have a} = 1 — E(ay|pu2) so that a} = 1 —al = E(ay|us) >
1—h. If a% is an interior solution, i.e, aj+h < 1, then aj > a. Otherwise, i.e., aj+h >
1, then a} = 1 — E(aq|pg). For a < aly we would need E(aq|p) = at > E(ay|in) > af
where the last inequality stems from Eb(ji) > 0, so that E(a;|p) — E(a|f) < aff —a¥;
however, a} < ab implies F(az|p2) — E(as|pe) < @y — ay by Lemma A2 so that
al — a} = E(as|pe) — Elas|pe) < ay — aly = E(ai|p) — E(a1|ft), a contradiction. m

Thus, assume that my, is optimal for agent 1-n and there are messages for agent
2, denoted by ms;, such that 0 = Eb(u11) < Eb(ug;) < Eb(u1x). We may also
suppose that Eb(usr,) < Eb(u1gk,) because if Eb(usk,) = Eb(u1k,) we would have
encountered a contradiction by relabelling the agents. Moreover, my; is suboptimal
for n-type (thus, uy; = 0) by Lemma B7. If uy, = 0 for some message mgp with
Eb(pa;) < Eb(puak), then the net benefit of sending ms; rather than mgy would be
strictly higher for agent 2-h than for 2-¢ by Lemma B1, contradicting both agents
sending both messages. Therefore, we deduce that pf,, > 0 if Eb(ug;) < Eb(par) <



Eb(pak,). Consequently, if pfr, > 0 then agent 2-n would derive a higher utility with
Moy than with mog, against any myy # mqy with Eb(uir) < Eb(uag,) because ay is
interior at (p1xr, o, ) by Lemma B6, and against any my with Eb(uix) > Eb(pak,)
because af is lower (a3 is higher) after (ms1, miy) by Lemma B7, contradicting 5y, >
0. Thus, py'x, = 0 must hold.

Then, agent 2 of (-type does equally well as n-type with mag, (thus better than
h-type) against all my,» such that Eb(ue;) < Eb(p1) < Eb(p2k,), whereas h-type
does better than /-type with mg; against all such myx+’s. Against myy, both ¢-type
and n-type obtain unconstrained optimum, while h-type doesn’t but the margin is
smaller with msy; than mag,.

Against the message my g, (unique because iy, = 0), either E(as|pe;) < E(as|piox,)
or E(as|pa;) > E(as|p2k,). 1f the former, agent 2 of h-type does better with ms; than
with mag, relative to (-type (since af is lower with my;), contradicting i, > 0.

In the latter case, E(as|pa;) > E(as|pok,) against myg, requires that af + ¢ < 0
at the noninterior solution following (m;x,,ms;), which is calculated as

(1- M?Kl)(h:ugj — () (1— N?Kl)(hﬂgj — (1 + ng)) + <

+0= 0
1— (1 — plg, s 1— (1= plig, s
(h — 0)pb; (h — 0)pb; 1
ab — L I > ’ 9
(ab) Pk, = Pig, (h— O)p; — ¢ (h—Oply; — Llg==% 2

where the last inequality follows because Eb(us;) = pbh+(1—ph )0 > 0 < pb; > =5

and H?Kl increases in po;. Thus, there must exist a message, say mk, such that
Eb(u1r) < Eb(uikx) < Eb(mig,) and ply < ply because pg is the mean of all
posteriors.

By the standard argument, agent 1-h does strictly better with m;x than with m g,
relative to agent 1-¢ against all mgy between them (i.e., mix and my, ); and so does
he against mq; because it is routinely verified that a} + h is lower in the noninterior

h
chl
which is the case given (ab) and pufy < piy. The same also holds against my;
because af + h is lower in the noninterior solution after (mjx,ms;) than that after
(mik,, ma;) as explained below: it is straightforward if af +¢ > 0 at (mqx, my;) since
E(as|p2j) > E(as|pior,) implies af +£ < 0 at (mqx,, mo;); if af+€ < 0 at (mqx, me;),
on the other hand, it is routinely verified to be the case if and only if

b (h — g)/i]fKﬂizlj — (1 — /L{K)(l - ng)

(a6) Wiy, > [l = :
L e hﬂgj — (g + 1y, — 1),“}21]‘ +1)

which holds because by subtracting the RHS of (a6) from E?Kl we get

solution after (mjx,mo;) than that after (mg,,mo;) if and only if ;/le >

(hpl; — O)(h(1 — plge ) ply; + €1 — plpe — ply; + P i)
(ub;(h = 0) = O)(ph;(h 4 €) — (1 + (phg + pig ) 1h;)0)
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given that h(1 — pfy )b, + 0(1 — pi g — p; + pligepy;) increases both in pf; and pf
and assumes 0 at pj; = h‘—_@ and pf, = pby.

Therefore, there must exist a message, say mayy, such that Eb(u1x) < Eb(ugy) <
Eb(u1x) and against which agent 1-h does strictly worse with m;x than with mqg,.
This condition, obtained by an analogous calculation for (a6), is

(h = Oplephy — Ol + (1 — uﬁK)uéj)'
hply; — C((phy + o) (1 — pi ) + 15 )

At the same time, agent 2-¢ does better with msog, than with mgy; relative to
agent 2-n (and 2-h) against all my, such that Eb(usy) < Eb(uix) < Eb(usk,) by the
standard argument; against all myx with Eb(ux) < Eb(ugs) both agents 2-n and
2-¢ obtain unconstrained optimum. Therefore, agent 2-¢ should do worse, relative to
2-n, with mgog, than with mo; against m;k,. This requires that af + ¢ < 0 at the
noninterior solution after (mqg,, moy), which is verified to be the case if and only if

h _ _ X
e > }W%LL(I”EJ), but this is incompatible with (a7) because by subtracting the
1 hpg ;—(2—p5 ;)

RHS of (a7) from this lower bound we get

(a7) H}f}(l <

[A(L = pl sy — (e — piliae (L — b)) + pib )] (hatly =€)
(hahy — O((phy + pip) (1 = py) + pisy)) (hayy — (2 — b))

where the inequality follows since the expression in the bracket decreases in u?; and
assumes (1 — py) (hpgy + Cusy) > 0 when iy = pfg.

This verifies [5]. Consequently, both players may send two messages one of which is
i = (0,1,0) =: u, and the other is u;x, = (1/2,0,1/2) =: . There are a continuum
of continuation equilibria after (u, ) but they all are interior and generate the
same payoff for all types. The continuation equilibrium is unique after (up, ut,,) and
after (pn, ip). Jointly controlled lotteries (JCL) are possible via randomization of
equilibrium allocations after pairs of messages that generate posterior pair (fi,, fi,)-
Various specifications of JCL correspond to different PBE so long as the incentive
compatibility is satisfied for both players to send suitable messages depending on
their types. The welfare is the same across all these PBE’s because the allocation is
the same after each possible type realization. However, the incentive compatibility is
satisfied most widely in the equilibrium described in Section III.C of the main paper
because, given the symmetry between the two agents, the equal randomization of
specialization by the agents in the two areas minimizes the incentive of either agent
of biased types to mimic the neutral type.

3 Incentive Compatibility

Lastly, we determine when the IC is satisfied for the equilibrium in Section III.C of
the main paper. Consider an (-type agent, say 7, sending the equilibrium message b.
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If his opponent is of n-type, they play the unique noninterior continuation equilibrium
for u; = up and p_; = p,, as in Lemma 2 of the main paper; otherwise they play an
interior equilibrium for (pq, 2) = (up, i) as in Lemma 1. Hence, an f(-type agent’s
expected payoff from sending b is calculated as

%{— {(1+€)— (1—g+%€)r— [(1+£)— <1+g+§)r}: —(h6—€)2'

Next, suppose an (-type agent deviates by sending n or n/. If his opponent is of
n-type, he achieves his ideal allocation 1+ ¢ with probability 1/2 but ends up with a
total allocation of 1 to A with the other probability 1/2; otherwise, he gets a payoff
for the (irrelevant) agent i-¢ in the unique noninterior continuation equilibrium for
Wi = by and pu_; = pp. Thus, his expected payoff from deviating is

1 —5¢?

g{—[(1+€)—(1+2€)]2—[(1+€)—1]2—%[(1+€)—1]2}: i

Therefore, IC holds for an /-type agent if and only if £ < —(1 4 v/5)h/4.
Analogously, we calculate the expected payoffs of an h-type agent from sending b
and sending n or n/, respectively, as
—2(h+0)? = (h—1)? —h% — 402

5 and 5

so that IC holds for h-type if and only if £ < (1 — v/3)h, which holds whenever the
IC holds for (-type because —(1 4+ v/5)/4 < 1 — /3. Moreover, the IC always holds
for an n-type agent as it is routinely calulated that his expected payoff from sending
n or n’ is —2¢%/3 while that from sending b is —(h — £)?/6 < —2(?/3.

Therefore, the equilibrium described in Section III.C constitutes the maximim
welfare equilibrium of the communication game if and only if ¢ < —(1 ++/5)h/4.
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