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Wait-and-See or Step in? Dynamics of Interventions
D. Foarta and T. Sugaya

1 Proofs of Results from Main Text

1.1 Proof of Lemma 1

Our objective is to maximize the objective given in (7) subject to o4 € X% (0,). Notice
that, for each op, if A is indifferent between two pure strategies (of the dynamic game), then
we can arbitrarily pick the one better for P. In addition, the past effort levels or types do
not directly affect P’s or A’s payoffs. Thus, for each o4 which depends on the past types
or efforts, there exists another o’y which (i) does not depend on those variables, (ii) solves
(6), and (iii) brings P the same payoff. Hence, without loss of generality, we assume that
the agent takes pure strategies that do not depend on past effort levels or types. Now,
the relaxed problem becomes (7). Therefore, it remains to show that the solution to (7)
constitutes a PBE.

Given the agent’s problem (6), the effort level by the H-type agent in period t after
(h¢, 21, p¢) depends only on the continuation payoff after each possible realization of o; con-
ditional on 6, = H:

(U)(O'p, ht, Zty Pty Lty 0t>>ot =
T T—1 .
(H;%X]E T;l Hj:t-‘rl P]5 u(eT) |0-P70-A7ht7zt7ptvbt7{0t - H};Ot]> . (]-)
= Ot

By feasibility, all of them are included in [0,1/(1 — J)].

For each (h, 2, pi, 1) and (w,), satistying w, € [0,1/(1 — §)] for each o, there exists o}
such that (i) o} guarantees that the agent’s payoff equals (w,), : w(op, he, 2, pi, e, 01) = W,
after each oy; and (ii) 0% guarantees that the principal’s continuation payoff given each h'*!
is no less than vp, where

vp = 17— (= Pr(b|0)-1—Pr((g,5)|0) - L). (2)

We construct such a o}, as follows: Given w,, the principal calculates the probability «,
such that a,-1/(1—0) = w,. Using the public randomization at the beginning of period ¢t+1,
the principal keeps the agent forever (regardless of the future outcomes) with probability a,
and replaces him with probability 1 — «, after o, = 0. In the latter case, the principal
replaces the future agents after one period regardless of the outcome. The principal always
intervenes. Given such o}, the H-type agent does not provide any effort after each history.



Hence, the principal’s continuation payoff in (7) is no less than v, after each history
he.! Tt remains to show that there exists a punishment equilibrium such that the principal’s
payoff given h;; 1 is no more than vp.

Consider the following strategy profile: the principal replaces the agent and intervenes
after each history, and the H-type agent does not provide any effort after each history.
Clearly this strategy profile is a mutual best response. Moreover, the principal’s payoff is no
more than vp after each history h', (kY z;), or (h', 2, p;); and no more than E [ule = 0, ;] +
d - vp < wp after each history (h', z, py, t¢), as desired.

1.2 Proof of Lemma 2

Monotonicity with respect to u.

Suppose that J (u) = J for some p. Then, for a higher value p/ > p, we have J (u/) > J.
To see why, if (p,¢) is a feasible policy when the belief is p, then it is also feasible when the
belief is /. Recall that the instantaneous utility for P given ¢ is

Pr (s = glpa) - u” (Ol ,5) + Pr (s = blur) - (u(s = b)|, e, ) 3)
which is (weakly) increasing in p. Hence, by the standard arguments (Stokey, 1989) | J (u)

is (weakly) increasing in p.

Convexity with respect to pu.

Let J (i, 6) be the payoff when P follows the optimal strategy given p, and the current
type is @ € {H, L}. Then,

J()=p-J(p,H)+ @ —p)-J(u, L) =J(p, L)+ p- [J (0, H) = T (p, L)] . (4)

Take p, 1, 1o and B € [0, 1] such that p= G-y + (1 — ) - po. For n € {1,2}, by taking
the strategy given p when the belief is u,,, P obtains

J (s L) + pn - [ (s H) = T (p, L)] < T () - (5)

Hence,

J (L) + (L= B) - po - [J (, H) = J (1, L))
=J(p, L)+ p- [J (w, H) = J (p, L)) = J (). (6)

!Otherwise, replace the principal’s continuation strategy from h; with o}; this change improves her
continuation payoff from h; without affecting the agent’s incentive before period t.
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1.3 Proof of Lemma 4

After s = b, the principal does not intervene if
[
where = H implies e = 1 and # = L implies e = 0. This inequality reduces to

- Pr(b, B|L) - (1 - )
/21 (o, BID) — Pale, BIH)) (1L~ 1) + & Prlb, GIH) ¥

1.4 Proof of Proposition 1
After s = b, by Bayes’ rule, the belief is updated to

My = 1 Plf(b,B|L)+Pr(b,G|L) : (9)
pt (1 —p)- Pr(b,B|H)+Pr(b,G|H)

Writing u? (1) as the expected payoff from ¢ € {0,1} if s = b and the agent is of type 6, the
principal’s problem given s = b is

gy - (1) + (L= ) - u (1)
+0 eI () +0- (M=) (arpy J(1)+ (1 —a-m)-J (), (10)
where 1 is the belief after s = b and y = B:

. p- Pr(b, B|H) 1)
~ u-Pr(b,B|H) + (1 — ) - Pr(b, B|L)

0

Notice that when p > p°, ¢ = 0 is optimal by Lemma 4. When p = A, where A — 0, we
have i/ — 0. Thus, ¢ = 1 is optimal for ;. — 0. Therefore, we can establish that intervention
is optimal for p sufficiently small, and no intervention is optimal for p sufficiently large.

Since the prior 1 and the interim belief 1, have a monotone relationship, it suffices to
show that there exists u; € (0,1) such that the intervention after s = b is optimal if and
only if p, < i for some pf € (0,1).

Notice also that g/ is increasing in p. Hence, ¢/ < pg for all 4 < p° whenever the
following condition is satisfied:

1—p’ S 1 —puy Pr(b,B|H)

: 12
ps  —  pm o Pr(b,B|L)’ 12
where 1 is derived in (8). Thus, substituting for y°, the above condition reduces to:
Pr(b, B|H) L
< - UH. 13
Pr(b,GIH) ~1-L M (13)



Therefore, with the upper bound I/C-(1 —1/C)~" iy on Pr(b, B|H)/ Pr(b, G|H), we have
J (1) = J (pg) for each p < p¥. Hence, for each pu < 1, in (10), the expression

™ (1) + (1= 1) b () 46 (L= o) - (g - T (D) + (L= a-pu) - T () (14)

is linear in jy, while J () is convex in j,,. Together with the facts that (i) at g > u°, no
intervention is optimal and (ii) at u, = 0, intervention is optimal, there exists a unique p}
such that, conditional on s = b, intervention is optimal if and only if p, < p;.

1.5 Proof of Lemma 5

We show that J (V') is concave in V. Suppose V' = 3-Vi+(1 — 3)-V; for V4, Vo, 5 € [0, 1]; and
let o [V1] and « [V5] be the optimal policies for (V7) and (V43), respectively. Suppose P chooses
a [V1] with probability 8 and « [V5] with probability 1 — (3, according to the realization of
the public randomization device.

1. Since « [V4] delivers V] to the agent and « [V5] delivers Vs, the agent’s expected payoff
is V=p-Vi+(1—0)-Va. Hence, promise keeping is satisfied.

2. Conditional on the realization of the public randomization device, since both a [Vi]
and « [V;] are incentive compatible, the agent’s incentive compatibility is satisfied.

3. With probability 3, the principal achieves J (V;), and with probability 1 — /3, she
achieves J (V3), since we fixed p. Hence she achieves 8- J (V4) + (1 = 3) - J (Va).

Hence, the principal with V' achieves at least 5-J (Vi) + (1 — ) - J (V3).

1.6 Proof of Proposition 2

Fix an equilibrium. Suppose there exist period ¢ (of the current agent’s tenure), history ht,
and public randomization Z; such that (i) e(ht, z;) = 0 and (ii) there exists 7 > £, history A7
that is a continuation of (h{, Zt-), and public randomization z, satisfying e(h”, z;) = 1.

We show that there exists another equilibrium such that (i) it coincides with the orig-
inal equilibrium up to period ¢, and also after (hi, z;) + (i_zi, Z{), and (ii) after (i_zf, 5{), P
again draws a binary public randomization. After the first realization of the binary draw,
the equilibrium is as if we skip period ¢, and, after the other realization, the agent retires
with probability one (i.e., he exerts e = 0 in all future periods). That is, we replace the
continuation play after (h?,z;) with the following two paths: (a) the period of e(h”, z,) = 1
is front loaded by one period; and (b) the agent is allowed to retire. Recursively, we can
create another equilibrium in which the agent takes e = 1 or he retires.

Let V(h', z;) be the agent’s continuation payoff after (ht, z;). Since J (V) is concave in V,
we have V(h!, z;,w) = 1/6 - {V(h', 2;) — 1} for each w. Hence, the principal’s payoff equals

TV, %)) = u(0,1)+6-J (% V(R ) — 1}) | (15)
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Suppose that, at (h', z;), the principal offers the relational contract to bring 1/0-{V(h, z;) — 1}
with probability 6 and the one to bring 1/(1 — §) (that is, to let the agent retire) with prob-
ability 1 — . Then, the agent still obtains the value V' (h', z;), and the principal obtains

§-J (% {V(h',z) - 1}) +(1-9)- % = J(V(I', z)) . (16)

Hence, the principal is (weakly) better off.
Note that the best PBE may not be unique since here we start from one equilibrium and
create another with front loaded effort with the same equilibrium payoff for the principal.

1.7 Proof of Lemma 7
Part 1. Concavity with respect to V.

Since p is fixed, the proof is the same as Lemma 5.

Part 2. Convexity with respect to pu.

Since V' is fixed, the proof is the same as Lemma 2.

Part 3. Monotonicity with respect to pu.

Suppose that J (u, V) = J for some p and V. Then, for a higher value y/ > p and the
same promised utility V', we have J (¢/, V) > J. Since V is fixed, the proof is the same as
Lemma 2.

We now show it is strictly increasing for V' € (0,1/(1 —4)). Fix public history h* with
(u, V) with V' € (0,1/(1 — §)) arbitrarily, and let afu] be the principal’s optimal strategy
from this history. Given the starting belief 1/ > u, suppose the principal in period 7 > ¢
takes the same strategy o[u'] = afu| as long as e, = 0 for each z, given afu]. Then, as long
as e,, = 0 for z, given afu|, the payoff is exactly the same between p and p' (and the belief
stays the same unless replacement happens); and once the current agent exerts a positive
effort (if he is of H type), the principal’s expected payoff is higher with x4’ than with p.
Hence, we have J (1/, V) > J (u, V) if there exist { > ¢ and z; such that, given a[y], (i) h'
happens with a positive probability, (ii) the same agent stays until period  given h*, and
(iii) e., > 0.

We now show that there exists such (h’g, zi). Suppose otherwise. Then, the principal’s
payoff is equal to J (1, V) = o - J(u, V) + (1 — @) - J, where 1 — a is the probability of
immediate replacement and the promise keeping constraint implies V = V. That is,

J(N,V):%-J(M,V)Jr(l—%) ¥ (17)



~ Suppose V=1 Then, since e = 0, we have J(u, ‘:/) = (1-6) -2 +d-J, and so
J—J(pV) = (1-6)-(J—1"). Suppose next that V = 1+ A. Then, the principal
can implement e = 0 in period ¢, which makes the next-period promised value equal to

(V —1)/6 = A/5. Hence, the principal can achieve the payoff at least

(1—®'flﬂy(%'«1—®@f+6wm+<l—%)mo. (18)

Hence,

J(:U’a ‘7 + A) — J(M? ‘7)

. (1—A5)~QP+6~(%.((1—5)~QP+5~J)+(1—%)~J)—(1—5)~QP—5.J
_ : S (-8 (T-27). (9
In total,
% {%-J(u, V) + <1—%> -J} o > 0. (20)

Hence, the first order effect of increasing 1% by A keeping e fixed is no less than 0. Suppose

that the principal increases V; in the problem to maximize J(p, V'), keeping all the other

continuation payoffs fixed. This increases e and V. Since the first order effect of changing
V' given e is 0, the principal is strictly better off by implementing e > 0, as desired.

1.8 Proof of Lemma 8

We have J (u,0) = J for each p since P has to replace A right away. Hence we are left to
prove the other four properties:

Part 1. There exists V (u) such that J (p, V) is linear forV € [0,V (u)].

Suppose such V' (u) does not exist. By Lemma 7, this means that J (i, V') is strictly
concave near V = 0.

Take V' € (0,1). This means that P needs to stochastically replace A, since otherwise A
receives 1 by not working. Let 8 be the probability of a replacement. The promise keeping
condition implies

B-0+(1—p)- V=V, (21)

where V > 1 is the promised utility conditional on A not being replaced.
P maximizes

~

max B (1,0)+ (1= B) - J(u, V) (22)
Bef0,1],Vel0,1L5]



subject to R R
f-0+(1=p)-V=VandV > 1. (23)

Substituting the constraint, P’s payoff is
14 .
T(0)+ - [T V) =T (1,0)] (24)

Taking the derivative with respect to V (the differentiability of J(j, V) follows from the
Envelope Theorem), we obtain

T (5, 0) + [, V) -V = I, V)]
v - , 25)

where .J,, is the derivative of J with respect to its n'" argument.
We show that the numerator is always negative for each V' > 0. With V' = 0, the
numerator is 0. Taking the derivative of the numerator,

{0+ [ V)7 = 28]} =7 1), (26)

Since we assumed J (f, -) is strictly concave, this is negative for each vV >0. Therefore, the
numerator is globally negative. R
Hence, the smallest V' = 1 is optimal. Given V' =1, by (24),

for V' € [0, 1], which is linear in V.

Part 2. For u > uy , we have V () > 1.

Suppose > pg. For the sake of contradiction, assume that V' < 1 for each V €
argmaxy J (11, V). Then, in the above problem (22), V = 1 — the smallest continuation
payoff without immediate replacement — is the unique optimum. Recall that 3 is defined as
the probability of immediate replacement in (21). Hence P cannot replace A in the current
period after P picks V with probability 1 — 5. If P promised a positive continuation payoff
from the next period, then since ¢ (0) = lim._,o ¢/(e) = 0, A could obtain a payoff greater than
1 with providing a sufficiently small e. We therefore have to make sure that V/[V] (w) = 0
for each z and w, and so e, = 0 for each z. Therefore, the effort has to be equal to 0. Then,
P’s instantaneous payoff is (1 — d) - v¥. Moreover, since V/[V](w) = 0 for each z and w,
the agent will be replaced in the next period with probability one. Hence, the continuation

payoff is 6 - J. Since B = 0 if the current promised value is 1 and V=1,
J(pu,1)=(1—=0)-vP+6-J. (28)
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Recall that v? is defined as the principal’s dynamic game payoff when no effort is provided
and P intervenes every period.

It will be useful to verify that the payoff at the arrival of a new agent is higher than v”.
To see why, the principal can improve upon v? as follows: For each z, the principal always
takes ¢, = 1 as in the no effort equilibrium. If w = (g, G), then P keeps the agent forever.
Otherwise, P replaces the agent (and goes back to the no effort equilibrium). That is, P
rewards the agent after a good outcome in the first period, which incentivizes the high-type
agent to supply a positive effort. Hence, the principal can obtain a payoff greater than v in
the first period, and then obtain the continuation payoff of § - v, In total, we have J > v’.
Given J > v”, for each (u, V) with V € (0,1/(1 — 6)), by concavity of J (u, ),

-V _ v 1
T (V)2 = J + = J(u,1_5)>yP- (29)

1-6 1-6

For pu = py, (28) together with (29) implies that J (ug,0) = J and J (uy, V) is linear
and less than J for each V € (0,1]. By concavity, this means that J (ug, V) < J for each
V > 0. Thus, argmaxy J (ug, V) = 0. This means that .J is uniquely obtained by always
replacing A; however, this implies that A exerts no effort, which is a contradiction. Hence,
V (ug) > 1. Moreover, since J = maxy J (jug, V), it follows that

J (pw, V') = J for V€ [0,V (um)] - (30)
For yu > pg, by Lemma 7, we have J (u,1) > J (ug,1) > J, which contradicts (28).

Hence, V (i) > 1 as well.

Part 3. The Slope of the Linear Part.

Since J (u, V) is strictly increasing in u € (0,1), and J (1, 0) = J for each y, (30) implies
the slope of the linear part is negative for p < py and positive for p > py.

~

Part 4. Property of V € argmaxy J(u, V).

Define
Lzllua ez ZPI" ’[1'7 ez : (Lz’/L>GZ73) . (31)

Without loss of generality, we can take V' € arg maxy J(u, \7) such that V' is the extreme
point of the graph {V, J(j, V V)}y- This means that no mixture can implement (V, J(u, V)).
Hence, P’s payoff J (u, V) at V € argmax, J(u, V), denoted by J (1), is determined by the
dynamic program without mixture:

J (1) = max {u” (tlp,e) + 6 Priwlp.e,e) - J (1 (ne,0), V' (W)}, (32)

(e,e, V')



subject to incentive compatibility constraint:
e € arg max 1—c(e)+5'ZPr(w|e,L)-V’ (w)] . (33)

Note that we do not impose the promise keeping constraint since we are free to choose 1%
to maximize J(u, V'). Moreover, since the first-order condition for e is always necessary and
sufficient by the assumption of the cost function ¢, we can see the above dynamic program

as deciding (V' (w)),, and then e is determined by the first-order condition.

A

In this problem, we first show that V' (w) < argmaxy J (1 (p, e, w), V) after p (p, e, w) <
. Suppose otherwise: There exists w such that V' (w) > argmaxy J (1 (1, e, ), V) after
1 e,w) < p.
Since w-Pr(wle, )
p-Pr(wle,t) 4+ (1 —p) - Pr(@|0,¢) = (34)
we have Pr (w]0,:) > Pr(wle, t). We assume Pr (wle, ¢) is monotone in e for each w and ¢, so
the probability Pr(@|e, ) is decreasing in e.

Then, the first-order condition for the optimality of V' (w) is

0= dv/d(@) {u” (t|p,e) + 0 - ;Pr (Wi, e, ) - J (1 (uye,w), V' (w))}

(s e,w) =

= {Uf (L’/Jﬁ 6) +d- ZPT@ <w|lu’7 €, L) - (/LI (:u’a €7w> ) v’ (w))

8-S Pr(lien)- (1 (1) V(@) - 1 (1. 0,0)} - e

av' (o)
+0-Pr(@lp, e o) S (1 (p,e,0), V' (@), (35)

where J, is the derivative of J with respect to its n'® argument; and v > 0, Pr., and
. are the derivatives of u”, Pr, and u’ with respect to e, respectively. Since Pr(&|e, ) is
decreasing in e, it follows that de/dV’ (w) < 0. Moreover, Jy (1 (i, e,w), V' (@)) < 0, since
V' (@) > argmaxy J (' (11, e,@), V) and J is concave. Hence,

ul (vlp,e) +6 - ZPre (Wi, e, ) - J (1 (nye,w), V' (w))
+0 - Z Pr <w|:u’ €, L) - (:u/ (:u’ 67w) ) v’ (w)) ) /l; (M? evw) <0. (36)

Similarly, if there exists & such that Pr(wle,¢) is decreasing in e but
V' (w) < argmaxy J (i (@, e,@), V), then the symmetric argument implies that

{uf (L|/L7 6) +0- ZPI"E (w‘:ua €, L) - (:u/ (:u’ e>w) ) v’ (w))

+9- ZPI‘ (w’:u7 €, L) -1 (:u/ (M? eaw) ) v’ (w>> ’ /Lle (/Lv €7w)} >0, (37>



which is a contradiction.

Therefore, letting 2 be the set of signal-outcome pairs w such that Pr(wle,t) is de-
creasing in e, for each w € Q_, we have V' (w) > argmaxy J(1' (1, e, w) , V). Symmetrically,
letting €2, be the set of w such that Pr(wle, ) is increasing in e, for each w € 2., we have
V' (w) < argmaxg J (i (1, e,w), V).

Now we set V* (w) = arg maxy J(p' (i, e,w) , V) for each w, and let e* be the new optimal
effort (fixing ¢ throughout). Since V*(w) < V' (w) for w € Q_ and V*(w) > V' (w) for
w € Q,, we have e* > e (here, e is the original effort). Hence,

P elpet) > u” (tlpe). (38)

In addition, we adjust V* (w) so that the continuation payoff increases with fixed e:
> Pr(wlpe,n) - J (1 (ne,w) ZPI" (wlpe,0) - J (1 (pe,w) , V" (W) (39)

Moreover, since maxy, J (4, V') is increasing in 4/,

J (1 (e, w) V7 (W) < J (1 (s €,0) , V" (@) (40)

for each w € Q_ and @ € 2. Since increase in e increases the probability of event w if and
only if w € Q0 ,

S Pl e,n) - TG (1 ew), < Pl ) (o) V(). (D)

Finally, learning (the difference between p’ (i, e,w) and p' (i, e*,w)) further increases the
continuation payoff. To show this, we first make the following claim:

Claim 1 For iy < pio, V* (1) € argmaxy, J(p1, V) and V* (uy) € arg maxy J(p2, V), we
have Jy(p1, V(1)) < Ji(pz, VF(p2))-

Proof. J is convex in p, so

J (pa, V(1) + Jo (pa, V() [p2 — pa] <0 T (i, V(1)) - (42)
V* (o) maximizes J (u2, V) at pg, so

J (1, V() + (s, V() (2 — pa] < T (po, VE (12)) - (43)
Also,

J (p1, V' (1)) > T (p2, V* (p2)) — Ty (p2, V7 (p2)) (12 — pua] (44)

since J is convex in y. From the first inequality of the proof,

J (1, V(1)) = T (o, V(1) + i (g, V() (12 — ]
— J1 (p2, V* (p2)) [2 — pa] . (45)
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Hence,
0> [J1 (p1, V7 (1)) — J1 (2, V™ (p2))] (2 — p1) - (46)

[

Given this claim, J; (¢ (u, e,w),V*(w)) is larger for w with p' (i, e,w) > p than for w
with g/ (p1, e,w) < p. Since the distribution of {4/ (1, e*,w)}  given e* is the mean-preserving
spread of the distribution of {4/ (i, e,w)}, given e and we have p (i, e*,w) > ' (p, e,w) if
and only if w satisfies y' (u,e,w) > p, faster learning increases the continuation payoff.
Together with (39) and (41), this leads to

ZPI‘ (w’M767 L) ’ J(:u, (M767w) ) v’ (w)) <
Z Pr <w|:u’ €, L*) - (// (:U“v 6*70‘}) ) Ve (w)) : (47)

Together with (38), we have proven that P’s payoff increases.
The proof for V' (w) > argmaxy J(u' (u,e,w),V) after p' (p,e,w) > p is completely
symmetric, and so it is omitted.

1.9 Proof of Lemma 9

Recall that we refer to intervention as the intervention decision after signal s = b, since

P never intervenes after s = ¢g. Given s = g, the principal observes the same information

regardless of «(s = b). Given s = b, she can observe o € {G, B} after s = b without

intervention while she can only observe o = [ with intervention. Hence, intervention is

more informative in the Blackwell sense, and, given e, the distribution of the updated beliefs

(1 (1, e,w)),, after no intervention is a mean-preserving spread of that after intervention.
In particular, the belief update is given by

: p - Pr(ble)
e b I) = , 48
# e b D) = S ey T (- ) Pr o) (48)
/ p - Pr (baG“B)
b = 4
e ) = B Gl + (L ) - Pr (b, GI0) )
/ p- Pr (baB|€)
B) = .
€00 B) = b, Ble) + (L—p) - Pr (5, B0 )
Hence, the difference in the variance of 1/'(u, e, w) is given by
= "Pr(wlp.e,t=0) (1 (1, e,w) ZPr (wlp, ey0=1) - (4 (. €, 0) — )
= s ‘- (Pr(b, y\e) — Pr(b,9]0))*
e Pr b y\ )+ (1= p) - Pr(b,y[0)
2 _ 2 . o 2
= (Pl - PrOOF

p - Pr(ble) + (1 — u) - Pr(b]0)
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Note that this difference is 0 with © = 0 and p = 1. Moreover, taking the second derivative
of d (p) with respect to p yields
3 Pr (b, yle)* Pr (b, y|0)* B Pr (ble)? - Pr (b]0)°

. 52
2 Pyl + () PrgOF (Pl () PrEO)

The function f (z,y) := 22y? (uz + (1 — p)y)~° is convex since, for each (a,b) € R?,
2 2.2 b 2,2 2,.2 4 1— 2
(a,b)(fm fmy)(a): (b*z® — abry + a’y?) (p°x” + /;( u):t:y—l—y)zo’ (53)
Joy fow )\ O (g + (1= p)y)

as b2 — abry +a®y? = (b + ay)’ — abxy = (bx — ay)® +abxy. Given Pr (ble) = Pr (b, Gle) +
Pr (b, Ble), we thus have d” (1) < 0.

1.10 Proof of Proposition 3

The proof consists of the three steps: (1) proving that intervention is optimal in the initial
period, (2) intervention is optimal for a sufficiently large 7', and (3) in some period ¢ > 2,
no intervention is optimal.

Intervention is Optimal in the Initial Period.

Lemma 1 There exist iy € (0,1) and ¢ € (0,1) such that, for each pg < pg and
Pr(G|0) < @, it is optimal to intervene after s = b in the initial period of an agent’s
appointment.

Proof. In period 1 of the agent’s appointment, after an s = b, the belief is no more than
pg. Hence, the instantaneous cost of non-intervention is no less than

1= [ Pr (Gle ) -0+ (1= ) - (~C)] = € — 1 = puy - C. (54
On the other hand, the gain in the continuation payoff of no intervention is at most
- (1 -0+ (L= o) - max J (i, V)| = 6+ J (s, Vi) (55)
We now drive an upper bound for maxy J (pug, V):
mac J (V) < g -0+ (1= pun) - (Pr(y = BI0) - (<) + 8 -max J (us, V) . (56)

Here, the H-type would deliver the best outcome, the L-type would be replaced immediately
after period 1, and we allow P to intervene if and only if the outcome is bad, so that we
derive an upper bound. Rearranging,

(57)

(=) (1= )1
mpse J (0, V) € —
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By contrast, J (up, Vy) > —I/(1 — §) since the principal can always intervene. Hence, the
continuation payoff gain is bounded by

—(Q—pu)-A—q)-1 I
5.((1_,“{). 0 )8 _1—5)' (58)
Hence, if
C—Z—MH-C>5-((1—;@-_(1:?f)_'i)__g)'l—l__lé>, (59)

then intervention is uniquely optimal. At uy = 0 and ¢ = 0, (59) holds since C' — [ > 0.
Therefore, there exist iy > 0 and ¢ > 0 such that, for uy < iy and Pr(G|0) < g, we have
(59). =m

Intervention at the Limit.

Lemma 2 For any parameter values, if we start from p = py and V = arg maxy J(pp, V),
then after w with Pr, (wle) < 0, we have Jy (1 (p, e, w), V! (w)) = 0.2

z

Proof. From Lemma 2, we have J (i (1, €,,w), V! (w)) = maxy J (ug, V). Hence, Lemma
8 implies the result. m
We form the Lagrangian

J(u,v>—/<1—pz>-i

uf (el e2) + 6 Pr(wlp,exyee) - J (1 (1, ez, w) , V(W) dZI

+A- (V—/pz- {1—c(ez)+(5-ZPr(w|ez,Lz)-Vz'(w)}dz>

—I—/pz-nz- <(5-ZP1‘6 (w\ez,éz)-w(w)—c'(ezv dz (60)

with 7, > 0 (higher effort is beneficial). Recall that Pr(w|e,,t,) = Pr(w|p = 1,e,,t,). By
the Envelope theorem, Jy (i, V) = A. Taking the first order conditions and substituting

2], is the derivative of J with respect to its n'" argument.
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Jo (@, V') = A, we obtain

. —Jo(p, V) - (e.) +n.-c(e.)
= uf (Lalp,ez) +6 - Z Pr. (wlp, ez, 0.) - J (1 (p, ez,w) , V] (W)

+0- ) Pr(wlpesye) - S (1 (1 ez, w) V(W) - i (1, 02, 0)
Y Pr(eleni) V(@) (1)
w +01: Y Prec (wles, i) - Vi (w), (61)
and )

, , , Pr(wle, ¢,
V) s (W (reei) V2 ) = ol

Pr. (wle., t,)

<2 (1, V) = - (62)

" Pr (wlp, ezyts)

Using these two first order conditions, we will show that the effort level converges to 0.

Lemma 3 On the equilibrium path, given a history h such that the belief updates positively,
w(ht) > (ht=Y) for each t, effort converges to 0.

Proof. Fix (z;,w;);-, to satisfy p (k') > p(h'™1) for each ¢, and let (i, e;);-, be the imple-
mented intervention decisions and effort levels along the history. For notational simplicity,
we omit (z),-, since the argument holds conditional on (z;),- ;.

On such a history, we have Jo (1 (i, €1, w1), V' (wq)) < 0. To see why, since Pr, (wy]e1, t1) >
0 given p (ht) > p(ht™1) and Jo(uy, Vi) = 0 in the initial period, given (62), it suffices to
show that n > 0. If n = 0, since Jy(p, V') = 0 in the initial period, Lemma 2 and (61) yield

O - U/f (L1|/1’17 61) + 5 : Z Pre (('Dl‘,ula €1, Ll) * J (,U// (,ula 617(:)1) 7V/ ((Z)l))
81,01
+4- Z Pr (1|1, €1, 1) - J1 (1 (g, e1001) , V' (&)
w1l (p1,e1,01)>0
’ /JJIe (/Lb 617<I)1> : (63>
The first two terms of the right hand side is the benefit of increasing e; to the principal’s

value fixing ¢; and V' (@1); and the last term is non-negative given .J; (1, V') > 0. Hence, the
right hand side is positive.® This is a contradiction.

3Otherwise, the principal should have implemented e; = 0 and V' (©1) = V' (@) for each &1, @] given
concavity of J (u, V). However, (i) the first order condition for e (this is necessary and sufficient given
our assumption), (ii) Lemma 2, and (iii) parts 2 and 3 of the proof to Lemma 8(omitting z for notational
simplicity) imply

c (61) =4 Z Pre (wl‘blvel)a

w1:Pre(wyler)>0

which means e; > 0. This is a contradiction.
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In addition, on such a history, we have Pr, (w|es, ) > 0 and Pr (wi|eg, ¢4) > Pr (wy|pe, e, 1)
for each t. Hence, recursively applying to (62),

Pr. (w|e, t4)
Pr (wel g, e, 1)’

Pr (wele, 1)

o J V) — n, -
Pr(wt|ﬂt,€t7bt) 2<'ut7 t) 1

(64)

']2 (:u/ (/’Lb €t wt) ) ‘/t-i-l (Cdt)) S

so it is monotonically decreasing. If e; does not converge to 0, then p; converges to 1 and
1: > 0 converges to 0, since otherwise J, diverges to —oo.
Suppose p; converge to 1 and 7, converges to 0. At this limit, (61) converges to

— L (L,V)d (e)=ul (1,e,0) + 6 - ZPre (wil,e,0) - J (1 (1, e,w), V' (w))
+6-) Prwle,t) - Ji(LV' (w)) -l (1,e,w)

—4- ZPre (wle,t) - V' (w) - Jo (1, V). (65)

Since

i (1,e,w) = lim (66)

p—1

d pu - Pr(wle) _0
de ju-Pr(wle) + (1 —p)-Pr(wl0))
for each Pr (w|e) with e > 0 (recall that we assumed that e > 0 for the sake of a contradiction)

and ¢ (e) =0 > Pr(wle,¢) - V' (w) from (15),

0=ul (t|l,e) +5- Y Pr(wle,t) - J(1,V (w)). (67)

This means that the benefit of increasing e to the principal’s value fixing V' (w), i.e.,

%[up (¢e|1,€) + 0 - ZPr (wle, o) - J (1, V" (w))], (68)

is 0. This in turn implies that e is equal to 0. Therefore, e; converges to 0. m
Given that e converges to 0, intervention is optimal at the limit:

Lemma 4 There ezists é € (0,1) such that, for any belief p € [0,1] and promised value V,
iof the principal implements e < é, then v = 1 is optimal.

Proof. With discounting, e € [0,1], and V € [0,1/(1 — §)], the principal’s payoff is contin-
uous in e. Hence, it suffices to show that it is uniquely optimal for the principal to choose
v =1 for effort e = 0. With e = 0, we have p/ (u,e,w) = p. Since J (u, V') is concave in V,
it is optimal to choose V' (w|t) = V' (&'|¢) for each w,w’. Hence, the continuation payoff is
fixed regardless of ¢. Since ¢+ = 1 maximizes the instantaneous utility u” (¢|u, e, s) after s = b
given e = 0, intervention ¢(s = b) = 1 is uniquely optimal. =
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No intervention is Optimal in a Period after the Initial Period.

The following lemma ensures that e; is bounded below:

Lemma 5 For sufficiently small ¢ > 0, if ¢ (€) < Pr.(g,G|é) - G, then the initial effort level
e(D) is no less than e.

Proof. From (i) the first order condition for e (this is necessary and sufficient given our
assumption), (ii) Lemma 2, and (iii) parts 2 and 3 of Lemma 8 (omitting z for notational
simplicity), we have

d(e))=96- Z Pr. (wi|e1,t1) > 60 - Pre(g,Gler, t1) = 6 - Pre (g, Gley (69)

w1:Pre(wiler)>0

Hence, e; >e. m

Lemma 6 For each py and (Pr(ble)) o ), there exists ¢ > 0 such that, if the effort provi-
sion condition holds given g and Pr (G|0) < g, then there exists t > 2 such that no interven-
tion is optimal in period t.

Proof. It suffices to show that there exists ¢t > 2 with e > €, and p/ (h') is sufficiently close
to 1 since then no intervention is statically optimal. Note that we first fix (Pr (ble)),cpq)-
Hence, if p/ (h') is sufficiently close to one, i/ (ht,b) is also close to one.
On the one hand, if there is no period ¢ > 2 such that no intervention is optimal along
the path of repeated (g, G). Then, the payoff is bounded by
u” (11 |prr, €) + 0 - max {m‘ng(uH,V) : 1—15 -Pr(s =1ble) - (—l)} . (70)

Here, to obtain an upper bound, we allow P to replace the L-type at the end of period 1, and
she learns that the agent is an H-type at the end of period 1 (we then take the maximum of
these two continuation payoffs). In the latter event, intervention is optimal after s = b since
(i) there is no learning benefit if P learned the type and (ii) if the belief were sufficiently high
for no intervention to be statically optimal after some history, then it would get sufficiently
high along the path of repeated (g, G).

On the other hand, if P implements e; = e without replacement for each t = 1,...,T as
long as w = (g, ), then she obtains a payoff of at least

=1

o (il @)+ D20 T Pries = (6,60} P £ (5,6)

(45 max T (V) 407 T Prws = (9,6)) - (71)

=1 1—9¢
where the probability is determined by the initial belief g and the H-type agent taking e.
The second line says that, until w; # (g, G) is first observed, no cost is incurred, and once
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wy # (g, G) happens, the principal pays C' and replaces the agent. The last line says that, if
wy # (g, G) never happens until period T, then s = b happens all the time and the principal
always intervenes for t =T + 1, ....

For each py, for sufficiently large Pr (g, G|é) and sufficiently small Pr (g, G|0), the belief
W (um,g,G) is sufficiently close to 1 and u? (¢1]ug, 1) and u? (11|pw,€) are close to each
other. Hence, at T' = co (namely, 67! = 0), the latter is larger.

For each T, for sufficiently small g, it is possible to implement e, > e for each t =1, ..., T
by keeping the agent if and only if he generates the outcome (g, G). Hence, lim; 0T = oo.
Therefore, for sufficiently small g, there exists ¢ > 2 with e > €, and p’ (k') sufficiently close
tol. m

2 Three-Period Model for Comparative Statics

In this appendix, we introduce the three-period model to theoretically derive comparative
statics. As mentioned in the main text, effort choice is binary, e € {0,1} with ¢(0) = 0
and ¢(1) = 7. We write Pr(wle) = a,, + e for each w. We also write fg = Sya + fua,
By = Bve + Bop, and so on. We keep Assumption 2: Byq, Bye > 0, By, B < 0, and
ape = 0. We also assume that Byp/app < Byp/ayp (hazard rate is lower for bB). Given this

assumption, starting from a fixed p and e = 1, the belief update p,, = % satisfies

toB < figp < pb < flgc < foc = 1. (72)

We assume that keeping the agent for another term after w € {gG,bG} or keeping
him for another two terms after w € {gG} is sufficient to incentivize the effort: v <

min {(wg, 0B4c <1 +0— %’y) }, where the term —%’y represents the cost of effort that
the agent pays to exert effort in the second period.

We assume that there are only three periods. In period 1, the principal has initial belief
p1 € [0,1] and starts with the initial promised value V; € [1,1+ ¢ + 6%], and the principal
cannot replace the agent in period 1 (that is, V; is the promised value conditional on the
realization of the public randomization in the language of the infinitely repeated game).
Although the game formally starts from period 1, by endowing the principal with (i1, V),
we can measure the effect of the state variable (u, V7).

In periods 2 and 3, for simplicity, we assume that the principal cannot observe a signal
s. Hence, the principal’s payoff is —C' if y = B and 0 otherwise.* As in the main text, in
periods 2 and 3, the newly arriving agent is an H-type with probability .

2.1 Backward Induction

We now specify the principal’s optimal strategy by backward induction.

4This assumption keeps the derivation of the continuation payoff simple and allows us to talk about the
main trade-off faced by the principal in a clear way. If we allowed her to observe a warning, then the principal
could tailor the intervention decision based on her belief and promised value in period 2. This additional
effect would increase the principal’s incentive to learn the agent’s type, so not to intervene in period 1.
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Period 3 In the third period, since there is no future period, no agent exerts effort. Hence,
regardless of (i, V'), the principal’s payoff is J3(u, V') = apg (—C).

Period 2 If the public randomization tells her to keep the agent and provide him with
value V', the principal solves (ignoring the continuation payoff since it is constant)

* — P 1 — P
J3 (1, V) o haX o p (e) + (1 — pw)u (0) (73)

subject to

7<5Z BV, if e =1, (74)
V=19 L+ (o +Bue) Vi (PK)

Suppose the promise keeping (PK) is not binding. Since u(e) is increasing in e and

e = 1 is implementable, we have
J3(n) = — (ap + ubs) C. (75)

We now derive the range of V' in which (PK) is not binding. Effort e = 1 is implementable
if and only if 550V + 6pdVE > 7, and given e = 1, the agent obtains 1 —v+ (ag + Sg) 0Vg+
(ap + Bp) 0Vp. Given v < §fq, the lowest payoff that the agent obtains given e = 1 is
V, =14 yag/fe and the highest payoff is

=5 1 —

Y —0Ba SR ag

B

Vo:i=1—v+ (ag+ Bc)d + (ap + Bs)

v, (76)

where the second equality follows from ag + ap =1 and g + B = 0.
Given this observation, we solve for Jj (u, V). If
J3 (/MII)"‘QBC > J3 (N)"‘OQBC S p =y —— 1 1_056‘%
+0 14+0—-V, 1490 Pa
then the principal maximizes the probability of replacing the current agent by mixing V' =0
and V =1+ 9. Hence,

(77)

1+0-V %4
T35 (pm) — 1+5aBC’ for each V € [0,1+ §]. (78)

If yu € [p, 1], then since the problem is linear, it is optimal to mix 0 and V5 for V < V5

J5 (1, V) =

and to mix V5 and 1 + & otherwise. Hence, we have

vy { S )+ ) T VST
2 (U, 1+6VJ*()_VVQQBC fOI‘V>V2

(79)

1+6—V5 1+6—V5,

Finally, for pp > ppy, for V< V,, it is optimal to mix 0 and V,; and for V' > Vs, it is
optimal to mix V5 and 1 4 §. Hence,

7V > (1m)

Jy (1, V) = N J3 (p
1 V' o7x

1:5 VQ‘]( )_1+5 Vs

+ K%J; (1) for V< V,,
) for Ve [K2, ‘_/2} , (80)
agC for V> Vs.
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Period 1 In the first period, the principal given (p1, V) maximizes
Ji (g, Vi) = max paut’ (v,e) 4+ (1 — py)u®’(2,0)

1€{0,1},e€{0,1},V,€[0,1+6]
+0 Z(Oéw + p1Bue) s (po, Vo) (81)

subject to
M1 (aw + ﬁw)
w = —7 82
oy + Mlﬁw ( )
y<oY, BVaife=1, (83)
Vi=l—q Ly +0) (0 + Bue) Vi (84)

Except for the claim about V; in Proposition 6, we assume that (PK) is not binding.
Hence, we omit V) until we prove Proposition 6. If e = 0, then ¢+ = 1 is optimal since there
is no learning or incentive reason not to intervene. Since the continuation payoff is concave
in V,,, it is optimal to have V,, = % (V4 — 1) and obtain

1

—Ozbl — OégBC + 5J2* (;Ll, 5 (Vi — 1)) . (85)

Especially, if (PK) is not binding, then the principal’s value is
—apl — aypC + 6J5 (max {p, pr}) - (86)

If e =1 is implemented, then we can write the problem as
Jy () = max (1, 1) + (1= p)u®(2,0) + > (w + 1Bu) T2 (e, Vi) (87)

subject to
&y + B

w=————and vy <9 o Vi 88
po = = o and y P (88)

Since the derivation of the optimal continuation payoffs requires tedious algebra, we first
summarize the result: For ¢+ = 0, there are following four cases, depending on the value of

pa and g

Lopwr < op < pigp < Hee < tee: Vic = Voo = Va, and find the maximum V,p € [0, V)
and V,p € [0, V] to satisfy the incentive compatibility constraint (IC), v <> B, V.
We first decrease Vg before we decrease Vyp: Vyp < V, only if Vi = 0. The principal’s
payoff is

Ji (i) = (ap + mBp) (=C) + dap (=C) + o011 Bp (—C)

3 %22“@ (% (s — 1) — pua (1 — uH)> BrC. (89)

we{bB,gB}
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2. e < p < g < pga < et Via = Voo = Vo, Vig = 0, and find the maximum
Vo € [0,V,] to satisfy the incentive compatibility constraint (IC), v < 6> B,V
The principal’s payoff is

Ji (1) = (ap + mpPp) (—C) + dap(ag + 1 ba) (—C) + 08pp (aq + Ba) (—C)
+ dap(agp + 11 fgr) (—C) + 6Bp(ags + Byn) (—C)
+ 0(owp + t1BB) (B + pupfs) (—C)

) — o

3. e < g < pu < pea < twa: Vaa = Vya = Vs, and Ve = Vo = 0. The principal’s
payoff is

Ji (1) = (ag + mPp) (—C) + dap(ag + pfa) (—C) + 08pp (g + Ba) (—C)
+d(ap +mBp) (ap + pufp) (—=C). (91)

4. wpp < PgB < pgc < ftr < fbG: Vie = Vi, and Vo = Vo = 0, and find the minimum
Vya € [O, ‘/2:| to satisty 1C. The principal’s payoft is

Ji (1) = (ag + 1 Be) (=C) + dag(awe + 11 fua) (—C) + dBpp (e + Bra) (—C')
+ d(age + p1Byc) (s + nuPs) (=C) + d(ap + i Bp) (as + pupp) (=C)

4 0PecVoc (%G (o — 1) — (1 = HH)) BrC. (92)
‘/2 ﬂgG

For « = 1, there are following four cases, depending on the value of p; and pg:

L. pw < o, fhgB < flgc: Vyo = Va, and find the maximum V,p € [0,V,] and V;, € [0,V,] to
satisfy 1C. We first decrease V,, with lower g_:j: Viger < Vo for w™ = arg maxueqp, g8 5—‘:

only if Vi« = 0 for w* = argmingc, 45} %

The principal’s payoff is

Ji (1) = (a + 1 Bp) (=1) + (g + 1 8y8) (—=C) + dap (=C) + dpu Bp (=C)
Z 56&1 (KQ — Vw) (aw

v, E (prr — p1) — pa (1 — MH)) BsC. (93)

we{b,gB}
2. min{pp, pyp}t < pr < max{uy, et < pa: Ve = Vo = Vo, Voo = 0 for w* =

arg minye b, g5} 5—:, and find the maximum V. € [0,V,] to satisfy IC for w* =

Buw
arg mane{bhqB} "

20



The principal’s payoff is

Ji(p) = (a + paBy) (—1) + (agB + NlﬁgB) (—C)
+ dap(agg + e + 1 (Bga + Pus=)) (—C)
+ 0811 (g + e + (Bya + Bue)) (—C)
+ 0(aws + p11Bw) (s + puBr) (—C)

0B (Vy = VL) (O‘“” (e — 1) — pa (1 = MH)) BeC. (94)
v, Brr

3. max{u, g} < pm < pgc: Vya = Vo and Vg =V = 0. The principal’s payoff is

Ji (1) = (o + 1 Bo) (=1) + (agp + 11 Ben) (=C)
+ dap(aga + 11 Bea) (—C) + 68pi (aga + Bea) (—=C)
+0(ags + o + p (Bgs + Bo)) (s + puBp) (=C) . (95)

4. poe < pu: Vgp = Vp = 0, and find the minimum V¢ € [O, ‘72] to satisfy IC. The
principal’s payoff is

Ji (1) = (aw + p1Bp) (—1) + (agn + 1 Byr) (=C)
+ 6(aga + 1 Bya) (s + puBs) (=C)
+0(agp + ap + 1 (Bys + Bv)) (as + prBp) (—C)

1 PocVoc (%’G (i = ) = pa (1= w)) B (96)
sz ﬂgG

2.2 Period-1 Problem without Promise Keeping

Suppose ¢ = 0 is optimal. Given (72), there are following four cases:

Lopm < pop < pigp < flgc < HpG: In this case, the principal would like to set V¢ =
Vic = Va, Vg = Vip = V,. This satisfies IC if and only if §85V2 + 085V, > 7.

If IC is not satisfied, then the principal either increases Vg or Vg, or she decreases V,p
or Vig. To relax the IC constraint by one unit by changing V,,, we must change V,, by
Jﬁ . The marginal effect of increasing V¢ by 66 units on § Y (o + p15u) J2 (e, Vio)
is

MgGﬁBC %% BeC
— = 1] —— < 0. 97
ﬁgGmgemﬂgG)Hé_% (BQG+ )1+5—v2 (7)

Similarly, the marginal payoff of increasing V,¢ by W

; BeC
SIS iy, < 0.
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The cost to change V5 by 65;3 is
g

1 * o *
_<agB 4 /vblﬁgB) J2 (:uyB) JQ (:uH)
BgB KQ

‘}2 (gzj: (e — 1) — pa (1 = MH)> BsC. (98)

Similarly, the cost to change V,p by 5511) is i (‘;sg” (g — p1) — i (1 — MH)) BeC.
Since 14+0—V, < 6 < 1 < V,, and @ (g — ul) p1 (1 — pg) €10, uq] given py, > py, it
is optimal to decrease Vg B or Vip 1nstead of increasing V¢ or Vi. Moreover, given that
b < ﬂgi, we have 0 < §8 (ugy — ) — i (1= par) < 322 (i — pa) — i (1 = o),
so it is most efficient to decrease Vi then decrease Vp.

If decreasing V, is enough, that is, if 65¢ V5 +0By8Y 5 > 7, then the principal decreases
Vip such that IC holds with equality: 68¢V2 + 08,8V5 + 06w8Vie = 7. Othervgise,
she sets Vg = 0 and decreases V,p such that IC is satisfied with equality: d85Va +
d8,8Vys = 7. Since Vg = 0 satisfies IC by assumption, there exists V5 € [0,V,] to
satisfy IC for sure.

In total, we have Vig = V,q = V4, and largest V5 € [0,V,] and Vi € [0,V,] to satisfy
IC vy <6), BuVe. Moreover, Vg <V, only if V,p = 0. The principal’s payoff is

Jl (:u’l) (aB + ,UIBB + 6 Z aw + /Llﬁw ( w)
we{bG,gG}
Vo=V, Vi
5 Y Gt (B G+ 1205 )
we{bB,gB}

= (ap + 1Bs) (=C) + dap (=C) + 618 (—0)

3 M ((;“ (ne = ) = (1 = MH)) ApC. (99)
we{bB,gB} - N

2. s < pr < pgp < pge < twc: In this case, the principal would like to set Vyo =
Vie = Vs, Vyp = Vo, and V,p = 0. This satisfies IC if and only if §Bc Vs +08,8V 5 > 7.

If this condition is not satisfied, then the principal either increases V g or Vi, or
decreases V5. As in Case 1, it is optimal to decrease V,p instead of increasing Vi or
Vi Hence, the optimal continuation payoft will be: Vg = Vig = Vo, Vig = 0, and
Vyp > 0 solves I1C with equality: 8B Vs + 0BgsVys =7

Hence, we have Vi, = Vo = Vo, Vig = 0, and largest Vog € [0,V,] to satisfy IC
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v <>, BuVi. The principal’s payoff is

Ji () = (ap + p1Pp) (=C) + dap(ac + mbe) (—C) + 08 (ac + Be) (=C)
+ 5OéB(OégB + ,u1ﬁgB) (=C) + B (O‘gB + 593) (=C)
+ 6(app + p1Be) (ap + pupfs) (—C)

B 5ﬁgB (KQ — Vw) <OégB (,UH . “1) — I (1 — MH)) 630 (100)
V, Byp

s < pgp < pm < pige < pwg: In this case, the principal would like to set Vyg =
Vic = Vo, Vyp = Vi = 0. This satisfies IC by assumption. The principal’s payoftf is

Ji () = (ag + 1 Bp) (=C) + dag(ag + 1 fa) (=C) + Bpp (aq + Ba) (—C)
+d(ap + 11Bp) (ap + pabp) (—C). (101)

B < pg < fga < pa < ppg: In this case, the principaliwould like to set Vig = VA,
Vea = Vyp = Vg = 0. This satisfies IC if and only if 63,cV2 > .

Otherwise, the principal has to either increase Vjg or increase V. On the one hand,
the marginal payoff of increasing Vi by ﬁ units on 0 Y (ow, + 1 Bu) 2 (e, Vi) s,
if prye > p, then

Js (NgG) Jy (NH)
Vs

/Bg (agG + ,ulﬂgG)

:?l<zzwﬂ—m)/uﬂ—MM)&ﬂ,ﬂm)

and if pyq < p, then

eyel ﬁBC
+1 . 103
n (52 +1) 155 (103
By definition of , the cost of increasing Vg is no more than
1 «
o (5 = ) = 1= ) ) B (101)
696‘

On the other hand, the marginal payoff to increase Vo by ﬁ is

BsC

_ 105
14+6—V, (105)

251

Since 1+6—V, <6, Vo > 1, and 2 (= pa) = (1= pmr) € [0, pa] given pge <
it is optimal to increase Vg such that IC holds with equality. Hence, the optimal
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continuation payoff will be: Vio = V5, Ve = Vip = 0, and smallest Vi > 0 to satisfy
6B Va + 0B,6Vye > . The principal’s payoff is

Ji (1) = (g + mBs) (=C)
+ dap(ape + p1bva) (—C) + 68ppi(ave + Bua) (—C)
+ 5(agG + MlﬁgG) (ap + pubp) (—C)
+d(ap + 11Bs) (as + nabs) (—C)

n 6/39(_;‘/57(; <agG (g — 1) — 1 (1 — NH)) feC. (106)
‘/2 BgG

Suppose next that ¢ = 1 is optimal. Let w* € {b,¢gB} and w** € {b,gB} such that
Ho+ < e+~ There are following four possible cases:

Loopr < por < = < pgg: In this case, the principal would like to set Vo = Va,
Vo = Vi, = V,. This satisfies IC if and only if

6BycVa+ 6 (Byp + By) Vo > 7. (107)

If this condition is not satisfied, then the principal either increases V¢, or decreases
Vi or Vyp. On the one hand, the marginal payoff of increasing V¢ by ﬁ is
g

e BBC
+1 — 108
(52 +1) 1 (108
On the other hand, for w € {b, gB}, the cost to change V,, by ﬁ is
1 Iy () — Jo 1 [«
E(aw + 18,) = G )Kz i ) _ v, <E (ko — 1) —pa (1= MH)) BeC. (109)

Since 1 +8§ — Vo < § < V, and 5 (= pa) — pa (1 — ppr) € [0, 4n], it is optimal to
decrease V,p or V; instead of increasing V. Moreover, the marginal payoff of changing
Vo« by ﬁ is higher. Hence, the optimal continuation payoff will be: V,q = V4,
Vi € [0,V,], and Vo = V, if there exists V« € [0,V,] to solve IC with equality:
5ﬁgg% + 0B,V + 0P+ Vir = 7. Otherwise, Vyo = Va, Ve = 0, and V- € [0,V,],
where V. € [0,V,] solves IC with equality: §8,6Va + 0B, Ve = 7.

The calculation of the principal’s payoff is the same as in the case with « = 0, so it is
omitted.

2. Hye < pig < o < pige: In this case, the principal would like to set Vg = Vi,
Ve =V, and V,,» = 0. If this is not enough, then by the same calculation as Case 1,
it is more efficient to decrease V,,+«. Hence we take V.« € [0,V,] to solve IC when it
holds with equality:

8846V + 0 Bues Vigre = 7. (110)
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3. My < My < g < Hge: In this case, the principal would like to set V,o = Vi and
Vo =V« = 0. By definition, this continuation payoff satisfies I1C.

4. e < e < pge < gz As in Case 4 for ¢« = 0, the principal sets Ve € [0,1 + §] and
Viger = Vy» = 0, where V¢ solves IC with equality: 68,¢V,a = 7.

2.3 Proof of Proposition 4

Discount Factor 6: Let Ji(¢,0) be the principal’s payoff given e = 1, + € {0,1}, and
d € [0, 1], keeping all the other parameters fixed. We show that the marginal benefit of no
intervention is increasing in d € [0, 1]:

d
T (J1(0,6) — J1(1,9)) > 0. (111)

Note that the following variables are independent of d: J3(-), V,, and 1+ — V4. Given
e = 1, let w(¢) be the outcome w such that V,, changes as we change ¢, and let w(¢,d) :=
0D 5ty BoVa(t) be the expected sum of the other continuation payoffs. Note that w() is
non-empty if and only if IC is binding.

Suppose that it is not the case that w(t) = gG and pye < p. Note that 08, Vi) (L) +
w(t,d) = 7 if IC is binding, and so % (§ﬁw(b)Vw(L)(L)) = — Zw#}m BzVa(e). As seen in Ap-
pendix B.2, the marginal effect of changing V,,,)(¢) by 1/(03,,)) unit (or changing 65, Vi)
by one unit) is independent of §. Hence, there exists mc,()(¢) > 0 such that the marginal
effect of increasing ¢ is given by

C%Jl(L, §) = mew () + Ja(1, 9), (112)
where J5(¢,6) is the expected continuation payoff from period 2. In particular, mc,(¢)
corresponds to the absolute value of the marginal payoff of increasing ¢ 3,,;) V., by one unit,
multiplied by >,y BzVa() (the change in 65, Vo) (¢) when we change ).

Since J, is piecewise linear and no intervention guarantees the higher continuation payoff
for the principal, the benefit in terms of continuation payoff from no intervention is larger
than the cost that the principal has to pay in state w(¢):

mcw(l)(1> - mcw(g)(()) S J2<07 5) - J2<17 6) (113)

Hence, we have the desired inequality (111).

Next, suppose pige < pp < pg. If w(l) =0 (IC is not binding for intervention), then we
have w(0) = ) since no intervention allows the principal to monitor the effort more precisely.
Hence, (111) holds.
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If w(0) = w(l) = gG, then for + = 0, we have w(t,0) = 0 and 68,6V is fixed at
v — 0B Va. The expected continuation payoff from Vg, 6 (oya + p158yc) J2 (gas Vi), 18

1+06-V, Vea
0 (g + 1 Byc) (%J*(,UH) — 1—Ma C)
= 6oy + 1) (an -+ i) (<C) = 157 (@ + i) s (<€)
5 BaVa

— —C). (114
5 b (00 i) s (<0). (114)

For . = 1, in contrast, d3,V,¢ is fixed at v. The expected continuation payoff from Vi,
5(O‘QG + MlﬂgG)J2(HgGv VgG)a 18

1+6—Vg ., Vo
s+ o) (L )

1+6 J<”H>_1+5a 5C

1

1+ 5ﬁg (age + 11 Byc) uu B (—C), (115)

= 0 (agq + 11Byc) (g + pupfs) (—C) —

since 0 (v, + 1) Jo (fe, Vi) = dJ2(ppr) for each w # gG. Direct calculation implies (111).
The proof for w(0) = 0 and w(1) = ¢gG is analogous.

Cost of Effort v: Let Ji(¢,7) be the principal’s payoff given e = 1, ¢ € {0, 1}, and 7,
keeping all the other parameters fixed. There exists a set of parameters such that

% (11(0.7) — Ji(1,7)) (116)

is negative for some v while it is positive for others.
For example, suppose that, with ¢ = 0, ug < e < pgp < pga < g, and Vyp =V, and
Vi € (0,V,) to satisfy IC:

§ (Boc + Byc) Va + 08,8V + 6BV = 7. (117)

At the same time, assume that, with ¢ = 1, pg < pup < pgp < pya, and Vyp = V, and
Vi, € (0,V,) to satisfy 1C: )

0ByaVa + 08,8V o + 058,V = 7. (118)

Since %‘72 = —%, Boc > 0, Bp < 0, and B < 0, given (117) and (118), we have

%ﬁbBVbB > d%ﬁbe. Since pug < s, My, increasing BppVip and [V, (decreasing Vip

and V3) is costly. In particular, depending on the relative values of %&B%B, %ﬁbe,

@ (aop + Bop) 802 (s, Vig), and g (ap + By) 80 (s, Vo), 2 (J1(0,7) — Ji(1,7)) can be
negative or positive. A specific numerical example is available upon request.
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2.4 Proof of Proposition 5

For + = 0, since the instantaneous payoff — (ap + ) C stays the same, we focus on the
continuation payoff. Except for Case 4 of Appendix B.2, the continuation payoff is constant
given g and (g being fixed.

In Case 4, Vg = Vs, Vop = Vo = 0, and we set Vg € [07‘_/2] as the smallest value
to satisfy IC: 68pcVa + 08ycVye = 7. Hence, the marginal effect of increasing Sy (and
decreasing [,i) on 08,¢V,q is —0V,. The marginal effect of increasing Bye (and decreasing
Bgc) on the principal’s payoft is, given the result of Appendix B.2,

dappy (=C) + 08pp (=C) — 6p1 (g + pufp) (=0)

_57
= (% (bt — ) = (1 — m) e
0fgcVee _ga B o
+ Vs (Bl (prr — p1) B
_ QG _ Ve
= 652 () 5B>c( V) (119)

Since j1,6 < pg implies pg — py > 0 and we have Vg < Vs, the marginal payoff is positive.

For ¢ = 1, the instantaneous payoff — (ay, + 55) I— (s Bp)C decreases since f, increases
while other variables stay the same. In addition, the continuation payoff decreases as well.
Since the verification is analogous in all the four cases listed in Appendix B.2, here, we focus
on Case 1: g < i, figp < Hyc- Recall that Vg = V5, and we take the largest V,z € [0, V]
and V;, € [0,V,] to satisfy IC: 68,6V + 6B,8Vys + 0V > 7. Hence, 63,58V,5 and 43,V;,

increase as B, decreases: d‘;%;;/“ — d‘;g“g“ > 0. Given the result of Appendix B.2, the total
g

effect on the continuation payoff is

d5 wVw d5 wVw 1 w
E, (S5 ) oo s

wE{b,gB}\ RN J/

-~ -~

() ()

oV, =V, «

ML=l o (ug —p1)  BC < 0. (120)

V, By
—

(+) given p1>pp and B,<0

2.5 Proof of Proposition 6

Promised Value V;: Suppose p1 = g, and v > 6 5yq, that is, keeping the agent only after
w = bG for one period is not sufficient to incentivize the effort. Given this assumption, since
aye > 0, to implement e = 1, the H-type agent obtains the payoff more than one (that is,
the principal has to pay the rent to the agent). Hence, with V; = 1, the principal has to
implement e = 0. So, optimal ¢ is 1. Similarly, with V; = 1 + § + §2, the principal has to
retire the agent, so e = 0 and intervention is optimal.
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On the other hand, suppose Vi € [1,1+ & + §?] is such that (PK) is not binding. Then,
the results in Appendix B.2 implies that e = 1 and ¢ = 0 are optimal for sufficiently small

Bop-
Initial Belief j;;: We consider non-binding (PK), and let J;(u1,¢) be the principal’s

payoff given e = 1, 1 € {0, 1}, and 1, € [0, 1], keeping all the other parameters fixed. Suppose
the p; is sufficiently small such that py¢ < pg. In addition, the reward Vs after w = bG is
sufficient to satisfy IC with V¢ = V5 = V,p = 0. Then, %Jl (1, 0) is equal to

B (—C) + daphua) (—C) + 08p(wa + Bua) (—C)
+6Bya (ap + puPBp) (=C) +66p (ap + puBp) (—C), (121)

while %Jl (i, 1) is equal to

By (=) + By (—C) + 0By4a (ap + puBp) (=C)

46 (B + o) (s + pB) (—C) + (% (-1)—(1- m) BsC. (122)

Hence,

d d
_Jl (M,O) - _Jl (:U’u ]-)

dp dp
= ﬁbgl — ﬁbB (O — l) + 6‘5B| C (ﬁbg (1 — ,LLH) — l (E -+ (1 — ,U,H))> . (123)
‘/2 BgG
At the limit where § — 1 and ’561,(;‘72 — 7‘ — 0, this value is
Boc (z — 299 | 3| C) — Bos (C = 1). (124)
ﬂgG

This can be positive or negative, depending on the parameters. Hence, for sufficiently large
0 and small |(5ﬂbgv2 — ’y’, the sign of %Jl (1,0) — %Jl (i, 1) is not determined.
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