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In this not-for-publication Supplementary Appendix we start by studying the extensions described
in Section 6.6 of the main text. We then fill some gaps in the proof of our main result, Proposition
1, and provide proofs of Propositions 5, 6 and 7. We give a numerical example of bounded replace-
ment equilibria in the costly noise model (Section 6.2), and provide other missing details, such as
the shape of the optimal choice of noise for a generic type, depicted in Figure 3 of the paper.

Numbered references for figures, equations, etc. refer to the main text. References that start with
“a” refer to corresponding objects in this Supplementary Appendix.

1. EXTENSIONS SUMMARIZED IN SECTION 6.6

In the main text we covered four variations of the baseline model: the case of costly noise, a
dynamic environment with agent term limits, non-normal signals, and the possibility of signal-
contingent disclosure. But our setting lends itself easily to other extensions some of which we
cover in the following sections. Section 1.1 allows for costly mean-shifting of signals. Section 1.2
considers more than one agent, each with private type. Section 1.3 studies non-binary agent types.

1.1. Mean-Shifting Effort, and Noisy Principals. We can easily augment the baseline model to
include unobserved effort to shift the mean value of one’s type. For instance, suppose that each
agent k is endowed with some baseline value (or type) 0), (with §, > 6;). He can augment 6 using
a cost function d(6; — 6x), common to both types, where d defined on R, is increasing, strictly
convex and differentiable, with d (0) = 0. The signal sent is then given by x; = 0y + oye. Finally,
the principal makes a decision to retain or replace.

Parts of this model run fully parallel to our setting. The principal makes her decisions on the
basis of conjectured means and variances chosen by each type, leading to the familiar conditions
(6)—(8) for the retention edge-points z_ and x,. Similarly, an agent of type & maximizes the
probability of retention net of cost. Whether or not x_ is smaller or larger than =, (and even when
x4 = oo as it will be with monotone retention), the agent always maximizes ® ([z — 0;]/01) —
O ([x_ — bk])/ox) — d (0 — b)), this time by choosing both oy, and 6. What this extension adds is
a first-order condition for 6, given by
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with equality holding if ) > 0. This additional condition can be used to show that the extension
fully mimics the original model: We claim that

0, < 0,4, with choices of noise and principal decisions just as in our baseline setting.
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Proof. We begin by eliminating the possibility that ¢, > 6,. From the definition in (a.11) is it clear
that a bounded retention regime is associated with o, > o, and it is of the form X = [z_, z,],
and a bounded replacement regime is associated with o, < o0, and the principal replaces inside
X¢ =[xy, 2z_]. Then, under any one of these two regimes, the first-order condition with respect to
Qk is

1 _—0 1 -0
(a2) —¢ (‘” ’“) - —¢ (9““+ ’“) <d (0~ 0y,
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with equality holding if 6 > ;. Under bounded retention, we have
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Because ¢ (-) is single-peaked and symmetric around 0,
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But then (a.2) cannot hold with equality for any k, so 6, > 0, is impossible if §, > 0,. Similarly,
under bounded replacement, we have 0, < 0, so that
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0y < 0 < <T_.

Then, once again,
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and the same contradiction follows. Finally, with monotone retention, o, = o0, = o, and the
retention rule is: retain iff
- 9g + 6, o?

2 0, — 0,
The first-order derivative with respect to 6, is then

1y (”C - 9’“) —d (B — b)),
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which is always negative, so given that 0, > 0, 8, > 6, can never hold.

Moreover, it cannot be that 6, = 6, = 6. For if so, the induced “second-stage game” with choice
of noise must have exactly the same equilibrium payoffs, as well as the same marginal payoffs
with respect to the common value 6, not counting the effort cost d. But since 0, # 6, and d' is
injective, it is clear that at least one of the agents is not satisfying the optimality conditions in the
“first stage”, when 6 is chosen. Therefore 0, # 0,. [}

This extension is also useful for understanding other aspects of the noisy relationship between
principal and agent. For instance, mean-shifting effort for the sake of retention could be directly
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valuable to the principal, apart from providing information about type.' If neither that effort nor
the payoff-relevant “output” from it is contractible, then the principal could want to structure her
environment to keep agent effort high. Of particular interest is the case in which the background
noise ¢ is close to zero, so that the agents can communicate their types with very high precision.

In general, this limit model has several equilibria, some pooling and some separating. To see the
issue that arises, let’s concentrate on a particular parametric configuration in which ¢, and 6, are
sufficiently separated from each other so that

(a.3) d(6, — 0) > 1.

In this case it is easy to see that there can be only separating equilibria in zero-ambient-noise limit.
In each such equilibrium, the bad type exerts no effort whatsoever. The principal cannot incentivize
the agent because there is no noise in the signal. Both types reveal themselves perfectly. There
are still many equilibria possible in which the good type is forced to exert effort to raise ¢, beyond
0,, simply because the principal’s retention set is some singleton {6,} with 6, > §,. But these
equilibria are shored up by the “absurd belief” that observations between ¢, and 0, are attributable
to the bad type. These configurations can be eliminated by standard refinements, leaving only the
least-cost separating equilibrium in which retention occurs if = 6, and no agent exerts any effort
at all. Condition (a.3) guarantees that the bad type will not want to mimic the good type in this
case.

If mean-shifting effort is separately valuable to the principal, this outcome is undesirable to her.
The solution will therefore involve the principal adding noise, thereby ensuring that the bad type
has some chance of being retained, and so incentivizing him. In any equilibrium of such an ex-
tended model in which the principal can move first, the principal will choose o > 0, endogenously
injecting noise into the system.

1.2. Multiple Agents. Suppose there are two agents, 1 and 2, who simultaneously signal their
types, and the principal must decide which agent to retain. Assume that there is exactly one agent
of the good type. The agents know their own types and therefore both types. But they look identical
ex ante to the principal, so her prior places equal probability on the two. The communication
technology is unchanged:

(a.4) Ty = O + Ore)Eis

where ¢ = 1,2, and k(i) denotes i’s type. The errors are independent and identically distributed
standard normal random variables. A (symmetric) strategy for agent 7 is a pair (o4, 03). The
principal’s strategy is a function r : R? — {1, 2}, which indicates for every possible pair of signals
(x1, o) the agent she wants to retain. After observing (1, x2) the principal retains agent 1 if (and,

modulo indifference, only if)
() | do(2)
g9 g9 Z g g9 .
o(=)  Se (=)

IFor other models of relational contracts in which effort provides both current output and information about match
quality, see, Kuvalekar and Lipnowski (2020), Kostadinov and Kuvalekar (2020), and Bhaskar (2017).

(a.5)



4

In this setting, a monotone equilibrium is defined as one where the principal retains the agent with
the higher signal value. Once again, monotonicity can only be achieved if both fypes of agent take
the same actions, so that o, = o0y, but that won’t happen:

Proposition A.l. In any equilibrium, o, > 0,4, and the principal retains agent 1 if and only
if |ty — 2| < |zg— |, where & = (030, — 020,)/(0} — 07) maximizes the likelihood ratio

1 z—04 1 z—0, . vyep .
o 0] (—Ug ) / Ub(b (—Ub ) In particular, monotone equilibria do not exist.

The proof of this proposition is long and involved, and we relegate it to the end of this Supplemen-
tary Appendix. Intuitively, when both types choose the same level of noise, the principal retains
the one with the higher signal realization. But the bad type then wants to inject additional noise,
since the good type has a lot of probability mass around his (higher) mean. At the same time,
and for the same reason, the good type wants to decrease noise. This proposition bears a broad
resemblance to the main result in Hvide (2002), who studies tournaments with moral hazard, when
agents can influence both the mean and spread of their output. In equilibrium, there is excessive
risk taking. By setting an intermediate value for output and rewarding the agent who gets closer to
this threshold, the principal can do better.

1.3. Multiple Types. We extend Proposition 2 to many types, in the costly noise model of Section
6.2 of the main text. It is expositionally convenient to assume that there is a prior on types given
by some density ¢(6) on R. Let Q be the space of all such densities and give it any reasonable
topology; for concreteness, think of Q as a subset of the space of all probability measures on R
with the topology of weak convergence. A subset Q° of Q is degenerate (relative to Q) if its
complement Q — QU is (relatively) open and dense in Q.

Given ¢ € Q, each type 6 chooses noise o(f) as in the model of Section 6.2. Following the
choice of noise, a signal is generated. The principal obtains payoff «(6) from type 6, where u is
some nondecreasing, bounded, continuous function. There is some given continuation payoff —
V' — from replacing an agent, which reasonably lies somewhere in between the retention utilities:
limg_, o u(f) <V < limy_, u(6). We also impose the generic condition that « () is not locally
flat exactly at V.

Proposition A.2. Fix all the parameters of the model except for the type distribution. Then, under
Condition U, an equilibrium with a monotone retention regime can exist only for a degenerate
subset of density functions over types.

See Section 9, at the end of this Supplementary Appendix, for a formal proof.

2. MISSING DETAILS IN THE PROOF OF PROPOSITION 1

First, we rewrite conditions (11) and (12) in terms of the parameter 5. Define

_99_91?

(a.6) o o

> 0,



and then let

1 o
a7 = exp | ——————| <1,
@7 VI { o+ m}
and
(a.8) B = exp [2@2} > 1.

Lemma A.1. At 3 = [3; (resp. B = (1), condition (11) (resp. (12)) holds with equality. Further-
more, (12) is equivalent to 3 < (3, and (11) is equivalent to 3 > [3,.

Proof. The only non-immediate assertion of this lemma is the very last: that (11) is equivalent to
B > ;. To this end, multiplying both sides of (10) by a(/3) and defining

. )
(a.9) y(B) : 2(B) + VIt )

we have that (10) is equivalent, for all 5 € (0, 1), to
(a.10) a(B)B =y(B)exp{—y(B)}.

We claim that () is decreasing in (3. If false, there is 3; such that « is locally nondecreasing
at B;. But then «(3)[ is strictly locally increasing at 3;. Because (a.10) holds and y exp {—y} is
increasing in y when y € [0,1),? y(53) is locally strictly increasing at 3;. But from (a.9), it is easy
to see that dar/dy < 0. These last two observations contradict our presumption that a(3) is locally
nondecreasing in 5. The last assertion of the lemma follows immediately. ]

€10,1),

For convenience, we reproduce here the expressions for the principal’s thresholds = (o) and
x4 (o), when b plays 0, = 0 > ¢ and g plays o, = o

0*0y, — a0y — 0aR (0) _ 0%0, — 0%, + ooR (0)

(a.11) z_ (o) = p and 7 (o) = o7 o ,
where
(a.12) R(o) := +\/A2 + (02 —0?)2In (ﬁg),

with A := 6, — 0,

Proof of Lemma 5. When 3 > 1, it is clear that the term within the square root in (a.12) is strictly
positive for all ¢ > . For § < 1, consider the set of pairs (o, 5) such that R = 0. These pairs
satisfy

A2

View (3 in (a.13) as a function of o, depicted in Figure A.1. Any pair (o, 5) strictly below the
R = 0 locus (the curve in the diagram) implies that the argument inside the square root in (a.12)
is strictly negative, and therefore the functions z_ (o) and x, (o) are not well-defined for such a

Note that dy exp(—y)/dy = exp(—y)(1 —y) > 0 fory € [0,1).
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FIGURE A.1. The R (o, 8) = 0 locus.

pair: there are no real roots to 3 %gb (%) = %gb (””‘Teb) On the other hand, when the pair (o, 3)
is strictly above the locus, R > 0 and, therefore, two distinct real roots exist.

Now consider the R = 0 locus. We have 8 — 0 as 0 — ¢~ and as ¢ — oco. By computing
the derivative with respect to o, we find that 5 in (a.13) strictly increases with o if and only if
—0% 4+ 0 + g% > 0. The two roots to this quadratic polynomial are o (a —Vva?+ 1) and

(a.14) of =0 <a + m> ,

where « is defined in (a.6). The first root is negative, so (3 is increasing in o for o € [o,0%),
and decreasing for ¢ > ¢*. At o = ¢ the derivative is zero, so a global maximum is attained.
Evaluating (a.13) at 0 = ¢*, this maximum value equals (;, as defined in (a.7). So if 8 > [ (i.e.
if (11) holds, as per Lemma A.1), then z_ (¢) and x, (o) are well-defined and distinct for all o.
The converse is also true: if the roots are not well-defined for some ¢ or not distinct for all o, then
(B, 0) is at or below the R = 0 locus; so 5 < /3, and (11) fails. [ ]

Proof of Lemma 7. By Lemma 5, if 5 > 1 orif § < 1 and (11) holds, x_(0) and z, (o) are
well-defined and distinct for any o > o.

(i) Inspection of (a.11) immediately reveals that lim,_,,+ 4 (0) = oc. For the corresponding limit
of x_ (o), apply L’'H6spital’s rule to see that
20’1n(ﬁ§)+(02—g2)%
lim 2. (0) — lim 2099 —alt (U) —og R(o) _ eg + 6, . QZ

o—ot o—ot 20 2 9g — 95

In (8) = 2" (a).

.. . . R(o) 2 — 1 (65—0,)* _i ) =
(i) Notice that lim, o { = lim, 00 5~ + (1 — =) 2In BU 0o. So, because

x_ (o) and 2, (o) can be respectively written as

2 2
0, — %0, — g 22 0y — L0y + o 22
v (o)== 1 o andz (0) == "12 I
— o7 —

itis clear that z_ (o) — —oo and z (0) — 00 as 0 — 0.



(iii) Suppose that § > 1 and (12) fails. Using (a.11), we see that
0?(8, — 0,) — oo R (o)

2

(a.15) x_(0,8)— 0, =

02 — g2

So the claim is established if the right-hand side in (a.15) is non-positive. But that will be true if
o*(8, — 0,)* < 0%a*R(0)? or equivalently, using (a.12), if

0?0, — 0)* < a*(0, — 6,)° + 20°(0* — o*) In (ﬁﬁ) :

g

Rearranging terms, this is equivalent to (6, — 6,)* < 2¢”In (B %) But this inequality is implied
by the failure of (12), because o > o. [}

Proof of Lemma 8. We show that the derivative of ¥ (o) at any fixed point is negative. This, to-
gether with the end-point conditions verified in the main text, determines the uniqueness of such a
point. The derivative of the left-hand side of (32) with respect to o is written as

xy (o) — 6 (o) — (o) wy(0) =02l (o) V(o) = (w4 (0) — ) V' (0)
() -0 (s - V(o) )

where we use the fact that ¢ is the normal density. For the right-hand side we obtain the same
expression but with x_ (o) instead of z, (¢). Now, the first two terms on each side will cancel each
other, because V(o) satisfies (32). Rearranging terms, we obtain

2’ (o) _ (u(a)—eb)?) 2!y (o) ((u(a)—ebﬁ _ )
\J (a)3 z_(0)—0p (1 V(o) + To—a V(0)? 1

2 (04 (0) =2 (o)) (222 g,

(a.16) V(o) =

By differentiating 32 ¢ (%) = 1¢ (2=%) with respect to o we find that
(3 (0) = 6\’ VN g r_(0) =6,\*
1 (0 > and 2’ (o) = R(0) . 1],

where R(0) is defined in (a.12). Substituting (a.17) into (a.16) and evaluating the resulting deriv-
ative at 0 = ¥ (o), we see that

| _ @(@-6)? ! ((x+(0)*9b)2 _ )2
NemeEy (1 = ) t @ - 1

2(24 (0) = 2 (o)) (2252~ ,) R(0)

g

R(o)

(a.17) 2 (o) =

V' (o) = —go < 0.

Lemma A.2. Let 0* be defined as in a.14. Along the R = 0 locus,
(i) z_ (0) =24 (0) > b, + 0 if, and only if, o0 € (g,0");
(i) z_ (0) = x4 (0) < Oy + o if, and only if, 0 > o*;

(iii) x_ (0) = x4 (0) = 0y + o if, and only if, 0 = o*.
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Proof. Any point (o, 3) along the R = 0 locus is characterized by equation (a.13), so xz_ (o) =

020,—a20,

1y (0) = g (look at (a.11)). So along the locus, z_ (o) = z, (o) > 0, + o if and only if

—o?+0(f, — 6,) + c® > 0. One root of this expression is negative; the other is ¢*, as in (a.14).
Soz_(0) =x4(0) >0, +oifand only if o € (g,0%). Similarly, x_ (0) = 24 (0) < 6, + 0o if,
and only if, o > o*. Finally, at (0, 8) = (%, 5), x_ (¢*) = x4 (%) = 0, + 0. n

Proof of Lemma 10. We first rule out monotone equilibria: if 5 < 1, inspection of the expression
of z*(o) in (5) immediately reveals that x*(o) > %—;reb > @, for any o, so type b always wants to
deviate to inject additional noise. For bounded retention equilibrium, we will claim that if (11) fails
when 5 < 1, then for any o such that the roots x_ (o) and z, (o) of a bounded retention equilibrium
are well-defined and distinct, we have either 6, +0 < z_(0) < x4 (o) orbp+0 >z, (0) > x_(0).
But this is inconsistent with bounded retention, because by Lemma 3 (iii) type b responds to the
retention interval by choosing o, that satisfies z_(0) < 6, + 0, < x(0), so a fixed-point is

impossible.

Now we prove the claim in the previous paragraph. If g < f;, Figure A.1 indicates that we have

at most two values of o such that R = 0. Denote these by o, and o}, with o) < ¢* < o). Ina

bounded retention equilibrium, either o < Uf oro > 05.3

We treat the cases § < ; and 8 = [3; separately. In the first case, x_(alﬂ ) > 0, + alﬁ by Lemma
A.2(1). So x_(0) is increasing for o < afj but close to af; see (a.17). And yet x_(o) > 6, + o for
all o € (¢, 07). For if not, then z_(o") < 6, + o for some ¢’ € (g, 0 ), but then, because z_ (o)
is well-defined and continuous (R > 0), x_ (o) crosses 6, + o from below at some o. That means
@/ (o) > 1, (a.17) tells is that 2’_(¢) = 0. Therefore 8, + 0 < x_(0) < z,(0) forall o € (a,0)).
Now consider ¢ > o/ At o we have z,(07) < 6, + o) by Lemma A.2(ii). Looking at (a.17),
this implies that x, (o) is increasing for o close enough to af. We claim that z (o) < 6, + o for
all o > o). For if this is false for some o', then z, (¢) > 6, + ¢’, so because ., () is well-defined
and continuous for ¢ > 05 (R > 0), 24 (o) crosses 6, + o from below at some . That means
xﬁr(a)ﬁz 1, but (a.17) tells us that 2/, (¢) = 0 at such a point. So 6, + o > z(0) > x_(0) for all
o> 0.

Finally, consider 8 = [;,. Here, alﬁ = af = 0", where o* is defined in (a.14). Looking at

(a.17) we can see that 2’ (0*) = 2/, (¢*) = 0 and, as established by Lemma A.2(iii), z_(c*) =
x4 (0*) = 0, + o*. Then, if we consider o < ¢, it is clear that for o close enough to o* we have
x_(0) > 0,40, and as we showed before this leads to the conclusion that 6, +0 < z_(0) < z,(0)
forall o € (g,0)). Similarly, for ¢ > o* and close enough to o*, we have that 2 (o) < 6, + o,

which leads to 6, + 0 > (o) > z_(0) forall 0 > o} |

3. OMITTED PROOFS FOR DYNAMICS WITH TERM LIMITS, SECTION 6.3
Lemma A.3. Assume (5 € (0, B1), then

3The equalities are not considered because being on the locus means z_ (o) = x4 (0): It’s a trivial equilibrium.



(1) — <0 and £ >0

(i1) hrnﬁ_)ﬁ;r ¥t = hmﬁ_w;r x =0, + 0" and limﬁ_w;r o, = 0", where o* is in (a.14).

Proof. (i) When 5 € (3, Br), both (11) and (12) hold by Lemma A.1, and therefore Proposition
1 tells us that there exists a unique equilibrium, which is a bounded retention equilibrium where

o, > 0, = ¢ and the principal retains in a bounded interval X = [z_, 2], with x_ < z,. The
equilibrium values (JZ, x*, :Jci) are determined by

1 —0 1 —0
B=o (I g) =—¢ (x b) , forz =2* 2%, and
g g Op Op

x_—0 xy —0
¢< b)(x_eb):¢(+ b>($+—9b).
Op Oy
Differentiate these equations with respect to 5. In the case of the first equation, we obtain
' A R 1
@18) % ((x ) _1) _ R, L
O oy op0 15}
1

g Ty — Oy ’ _ R(m)
%(1_( o )) T oae B

In the case of the second equilibrium equation we obtain the same expression as in (a.16), where
U (o) is now oy, and the derivatives are those with respect to 5. By combining it with (a.18), and
after some heavy algebra, we obtain:

o~

Oy Gb Ub . B 2 -1
@l9) = A bety) o 0,0 (y - >2y+ o JrZy—k) (y+ ) 2
p (6 — 0n) \ “’by Ue s — 9 + (=22 s + (-2 0
ooVl ty) o P (g —y- )y + (s +yo) (1-92)
* 8 (g — 0p) \ 2= "by Yy (y —y )+ (=) e+ (- 3) e

8:51

where the notation z; means $%, and y; : io_be”, for i = —,+. Now, 0, > ¢ implies z_ > 6,
(Lemma 3(ii)), so y_ > 0. Also from Lemma 3(iii), y. > 1 > y_. Then, from (a.19) we see that
2’ < 0and 2!, > 0, so the interval shrinks as 3 decreases.

(ii) By Lemma 3(iii), oy, satisfies z_ (03) < 6, + 0, < 4 (03). In the limit as 5 — £3;, condition
(11) holds with equality, and z_ (6*) = x4 (0*) = 6, + 0" where 0* = o (a + Va2 + 1) by
Lemma A.2 (iii). Then, o; — o* as 3 — ;", which completes the proof.

Proof of Proposition 5. For some (provisionally given) value of /3, use Proposition 1 for the baseline
static model to generate retention probabilities II, and 1I,. The circle is closed by the additional
condition that (3, 11, IT,) must solve (20), reproduced here for convenience:

1—p 1+(5Hb
.20 = = )
(2:20) b= 1—q D 1+ 9010,
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As argued in the main text, it must be that II; > II;, because the principal uses a retention zone
that retains the high type at least as often than the low type. So in the dynamic model, 5 < 1. Then,
following Proposition 1 and Lemma A.1, we consider two cases: either (11) fails and 5 < ; < 1,
or (11) holds and 8 € (f;,1]. In the former case, by Proposition 1, only trivial equilibria exist
(see Lemma 10). Then, II, = II,. But equilibrium condition (a.20) then says that 3 = 1, a
contradiction. That is, if an equilibrium exists in this dynamic version of the costless model, it
must be the case that 3 € (5, 1] C (5, Br), so it must have bounded retention. We now prove
existence.

For any given § € ([, 1], by Proposition 1(ii) and Lemma A.1, there is a unique equilibrium in
the static model, with bounded retention thresholds {z_(3), z(5)}. Given {c,(3), 0,(5)} in that
equilibrium (with o,(8) > 0,(5) = o as already established), define, for k = b, ¢:

B B 1 z1(B) T — 0
(a.21) Ix(B) = /Xﬂk(x)dx ) /w_(ﬁ) ) ( o (3) ) dz.
Now, in line with (a.20), define a mapping 5’ = ¢ () by
/ 1+ 5Hb (ﬁ)
o2 T, )

Because the equilibrium is unique for every 5 € ([, 1], it is easy to see that ¢ is a continuous
map. Next, when § = 1, we know from the non-triviality of the corresponding static equilibrium
that I1, (1) < II, (1), so that 3’ = v(1) < 1. Finally, as 3 — (3, the boundaries of the static
equilibrium retention thresholds x* and z? converge to each other (see Lemma A.3 (ii)), so that
limg_, 5+ I, = limg g, IT;, = 0, and therefore

1+ oI, (B)
14 011, (B)
as 3 — 3. This verifies a second end-point condition limg_, 5+ 1 (8) > (. By the intermediate

value theorem, there is 5 with 1(5) = [, and this — along with the corresponding values of o,
and o, — is easily seen to be an equilibrium of the dynamic game.

g =v(B) = —1

To complete the proof, we establish uniqueness of equilibrium. Begin by differentiating the expres-
sion in (a.21) with respect to 3, taking care to use an envelope argument for type b (his first-order
condition) and the fact that o,(3) = ¢ for type g. We obtain:

o S a0 () )

Next, observe that

0 1461, (8) TP 1+ 0T, (8)) — (1411 (5)) 552

(a.24)

Substitute (a.23) in (a.24) and note that z_ () and =, () solve (6) with equality to obtain:

9 1+461L,(8) _ rr.%ﬂ)qf’(lctr(f()ﬁ_)eg)"JE'+ 5) - 7%® ‘b( 70 )xlf (#) <6— 1+5Hb(6)>.

B, () 0 (ENE) I o1, (3)
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Because 2/, () > 0 and 2’ () < 0 (Lemma A.3(i)), we must conclude that
_ 81+5Hb(ﬁ)} _ { 1—1—51’[,)(6)}
25 S —— ¢ =S - .
— o g ()~ 5 {4 T
This, along with limg_,5 ¢(3) > (3, eliminates two solutions to:
14600, (B)
1+ 611, (8)

for that would require the sign equality (a.25) to be violated for some /. ]

8

4. THE NON-NORMAL CASE, SECTION 6.4

For any 0}, and o, define

/()

(a.26) h(z) = —r 2
f (337957) 7

and let k := foy,/0,. Following (3) in the main text, the retention zone is then given by

(a.27) X(k) = {z|h(z) < k).

Lemma A4. (i) If 0, = oy, then h(x) is strictly decreasing in x with lim,_, ., h(x) = oo and
lim, , h(z) = 0.

(ii) If o, > 0, then lim, . h(z) = lim,_, - h(z) = oco.

(iil) If oy < 0y, then lim,_,o h(x) = lim,_, . h(z) = 0.

Remark. The symmetric statements of parts (ii) and (iii), despite the fact that ¢, < 6,, reflect our
observation in the main text that “spreads dominate means.”

Proof. (i) Define z(z) = (x — 6)/0 and a = (8, — 6,) /o, where 0 = 0, = 7,. Then

 f @)
") = ) —a)

Because z(x) is affine and increasing in z, the result follows directly from strong MLRP.

(ii) There is € > 0 such that for z sufficiently large, (z — 6)/0p, < (v — [0, + €])/0,. Because
f'(z) <0 forall z > 0 (see main text), it follows that for all x large enough,

z—0 z—[0g+¢]
=) )
0 = 0 ’
) (=)
and now, using strong MLRP, the right hand side of this inequality goes to infinity as z — co. The

case + — —oo follows parallel lines: switch (6,,0) and (6,4, 0,) in the argument above, notice
that f is increasing for z < 0, and use part (i) again.
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Noticing that the relative magnitudes of 6, and ¢, played no role in part (ii), the same argument
with appropriately switched symbols works for part (ii1). [

Proof of Proposition 6, Part (i). Suppose the assertion is false. Then, by Lemma A.4 and the
definition of the retention zone in (a.27), we must have o, > 03, and retention for all x large in
absolute value. But then, given such a zone, the probability of retention of any type converges to 1
as o, — o0o. Therefore, for any candidate pair (o4, 0},), any type finds a profitable deviation. ]

Lemma A.5. For z > 0, f(z)z is increasing for z € [0, z*), decreasing for z > z*, and maximized
at z* > 0, the unique solution to f'(z)/f(z) = —1/z.

Proof. The derivative of f (z) z with respectto zis f (z) z [’;((ZZ)) + ﬂ 1" (2) / f (z) is non-increasing
by MLRP, and 1/z is strictly decreasing as well. We also have that £z % — oo as z — 0 and

f(z)
that J;((j)) + i is negative for z sufficiently large. Then z*, the unique maximizer of f (z) z for
z > 0, satisfies ];/((j)) + % =0. [

Lemma A.6. (i) If X = [z%,00) and 0, > x*, the agent of type k chooses oy, = o; if O < x¥,
the problem has no solution, in particular, the agent always wants to inject additional noise; if
Or = x*, the agent is indifferent across all choices of o.

(ii) Assume a retention zone of the form [x_, x| withx_ < x,. Ifx_ < 0 and x, > 0 then
O = 0.

(iii) Assume a retention zone of the form [x_, x| withx_ < x,. If x_ > O, then for each k define

x_—0 xy —0

(a.28) dp(ok) == f ( k) (x_—0p)— f ( * k) (x4 — O) forall oy, > 0.
Ok O

Then type k’s payoff derivative with respect to her choice of noise oy, is precisely given by oidy,(oy,).

The function dy, is continuous, initially positive then negative, with a unique root to dy (o) = 0,

oy, satisfying

(2.29) ot € (x — 0 74 = 9b> ,

z* z*

where z* > 0 is defined in Lemma A.5, and agent k sets o}, = max{g, o} }.

Proof. (i) In the case of monotone retention, the first-order derivative with respect to oy, is

T* — Qk z* — Gk
f 5
It is always negative if * < 0, so o, = g; always positive if * > 0, so the agent always wants

to increase the noise and the problem has no solution; and always equal to 0 if z* = 0, so the
agent is indifferent across all choices of o.
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(ii) A type-k agent wishes to maximize the probability of being in the retention zone [z_, x|, so
he chooses ¢;, > ¢, to maximize

(2.30) P (x+ — 9k> _p (x — Qk) 7
(% (%

where F'is the cdf of f. The first-order derivative of the objective function with respect to oy, is

el () )]

where dj, is defined in (a.28). If z_ < 0 and = > 0, the sign is negative, and the agent optimally
chooses 0, = 0.

(iii). If x_ > 6y, rewrite the above expression as

so the sign is determined by the sign of the term inside the square brackets. By the strong MLRP,
f (%) /f (%) is decreasing in oy, with limit co as o, — 0 and limit 0 as o, — o0, so

there is a unique oy > 0 with di (o) = 0. Agent k sets o, = max{c, o} }.
Since o}, satisfies di(ox) = 0, f (LO;G’“> xfa—_f’“ =f (“U;ek) “a—:e’“, and by Lemma A.5 f(z)z
k k k k

is increasing at z € [0, 2*) and decreasing at z > z*, it must be that “LO—:G’“ <z < “U—Ze’f, s0 o}
k k
satisfies (a.29). [ |

Proof of Proposition 6, Part (ii). By Lemmas A.4 and A.6(i), monotone equilibria are only possible
ifo, =0y, = 0.* Using the definition of the retention zone in (a.27) and the strong MLRP, the
principal retains in such an equilibrium if and only if z > z* (¢), where z* (¢) is uniquely defined
by

o ()

By Lemma A.6(i), 8, > =*(o), and using strong MLRP along with (a.31), we see that

(a.32) Bf (—M) > £(0).

g

It follows that ¢ > o(), where recall the definition of () from (22) in the main text.

Conversely, if o > o(f3), then allow both types to choose 0, = 0, = g; then the principal
will select the monotone retention threshold z*(¢), where this threshold solves (a.31). Because
o > a(f), (a.32) holds, and it follows that *(c) < 6,. Applying Lemma A.6(i) yet again, we
must conclude that o, = 0, = ¢ is an optimal response by each of the types to the retention zone
[2*(c), 00), and the proof is complete. n

“In any monotone equilibrium, 6, > 6, > x*(0), and so by Lemma A.6(i), 04 =0.ByLemma A4, o, = 0,.
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Proof of Proposition 7. We proceed in a number of steps. It will be useful to define s (z) :=
f'(z)/f (). By MLRP, s is a decreasing function. Moreover, by single-peakedness around 0,
s (x) is positive for x < 0, negative for x > 0, and zero at x = 0.

Lemma A.7. For any o, > o0,:

Ubeg—aqﬂb

(i) h (z) is decreasing for x < 0, and increasing for v > e > Oy, In particular, X (k) is an
interval for all k > 1, and because k = [oy,/ oy, thisis a fortzorz true for all > 1.

2ln (@) ;

(i1) Under the additional assumption that is convex for all x > 0. h (x) decreases and then

0g—040s

increases on <99, 7o ), with its minimum achieved at the unique solution to

Op—0g

1 _ 1 _
(a.33) s (m 9b> — (m 99) ,
Jp Op Og Og

so that X (k) is an interval for all k higher than the minimum value of h.

(iii) Combining cases (i) and (ii), a nonempty retention zone is an interval [x_, x|, where x_, x
are the two real roots to

@34) or () = 2 (B0,

and the upper root always exceeds 0.

Proof. For notational convenience, define zi(x) := (z — 0x) /oy for k = b, g. Then differentiate h
in (a.26) to see that

1 1

(a.35) Sign A'(x) = Sign {—s (zp(x)) — —s (zg(x))] :
Op Og

Figure A.2 can be used to supplement the argument that follows.

Part (). Break x < 6, into two regions. If z < 6, < 6, then 0 > z,(x) > z4(x), so 0 <
s (z(7)) < s(z4(x)). Therefore, Uibs(zb(x)) < U—lgs(zg(x)), and so by (a.35), A/ (z) < 0. If
x € (O, by), then z,(x) > 0 but z,(z) <0, so (a.35) implies right away that A'(x) < 0.

At the other extreme, if z > 2t%a=%a%

b 6y, it is easy to verify that 0 < z,(z) < z,(z). It follows
that 0 > s (zp(x)) > s (z4(z)), so that JT,S (zp(x)) > U—gs (2¢(x)) and therefore (a.35) implies that
h' (x) > 0.

By Lemma A4(ii), limy| oo b (z) = 00. Also, h(6,) < 1, and  (“2=%%) — 1. Finally, if

op—0yg
0g0g—040

x € (99, p—— ) 2p(z) > z4(z) > 0, so by the single-peakedness of f around 0, f(z(z)) <
f(z4(x)) and therefore h(z) < 1. So X (k) must be an interval for all £ > 1.

ab0gfag€b

(i1) Suppose that the assertion is false. Then there exist y, w € <99, p— ), with y > w such
that h(y) = h (w), h'(y) < 0and '(w) > 0. These inequalities together imply

(a.36) @8<y—95>§5(y—99)<S<w—9g)§ﬁs(w—95>.
Op Op Og Og Op Op
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h(x) h(x)

-/

1
[}
|
|
0 Gb0 -0'g9b Hg Ubeg—o'geb

. X L X
g
& Ub - Gg O'b - Gg
(A) Lemma A.7, Part (i) (B) Lemma A.7, Part (ii)

FIGURE A.2. Diagram to Accompany Lemma A.7.

: 0y—040 - -9 - -0
Since y, w 6(«99, M), we have =% > Y% gpd =% > “=% Then, 5 (z) convex for all
op—0g ap Og Op Og

() - (5)
Og Og

x > 0 implies

or, equivalently,

R () = () 020,

Since s (w;eb) — 8 <y_—9”> > 0 and 0, > 0, we also have
ap op

RO 05) < (50 5
op Op Op Og Og

which contradicts (a.36).

(i11) The assertion that the retention zone is an interval follows from the arguments in parts (i) and
(ii). The equation (a.34) is equivalent to X (k) = k and therefore must define the edges of the
retention zone. Because h is decreasing all the way up to o = 0,, the upper root x that defines
the retention zone must exceed 0,. See Figure A.2 for an illustration. ]

Lemma A.8. Under the conditions of Lemma A.7, consider any situation in which o, > o, > 0,
in which the principal retains if and only if v € [x_, x| with x; > x_, where these roots solve
(a.34), and in which type b is playing a best response to the principal’s choice of retention zone.

Then, the derivative of the payoff of type g evaluated at o is strictly negative.
Proof. Because 0, > 0, > 0, 0}, is an Interior solution to type b’s optimization problem. Therefore,

the first order condition for type b’s optimization holds with equality, and

(a37) f <x+_6") (24— ) = f (I‘ _0*’) (x-— ),

Op Op
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which also shows in passing that x_ > 6,. (For z > 6, > 0, by Lemma A.7(iii), so that every
term in (a.37) must be strictly positive.)

Now, let’s study the derivative of type-g’s retention probability evaluated at o,. This is:

1 x_ — 0, 1 xy — 0,
= ( - )(x_ - ( > )m 0,)

B 5010,; [f (x_a_b 9b> (r- =0y~ <x+0_beb> e 99)]

-5t (22 [0 e 00- 0]

where the first equality invokes (a.34) for the roots, and the second equality uses the first order
condition (a.37) for the low type. Because x_ > 6, x; > x_ and 6, > 0, this derivative is
negative. It follows that o, must be at the corner ¢, and the proof is complete. ]

Lemma A.8 is suggestive of the fact that in any bounded retention equilibrium, o, = ¢. So in our
hunt for such equilibria, we will provisionally fix o, at ¢, and to save on notation we denote o, by
simply o.

Lemma A.12 below will guarantee that the principal will employ nontrivial bounded retention
intervals for any o > ¢, under some conditions. For this, we first prove some technical results
(Lemmas A.9-A.11 below). Let 2** (¢) be the unique minimizer of h (z), defined by (a.33) in
Lemma A.7, when type b employs 0, = ¢ > ¢ and type g plays o0, = ¢. That is,

(a38) 1 (M) _1 <:c (o) — 0g> |
g g o o

Lemma A.9. % is strictly decreasing in o, and there is a unique o** that solves

(a.39) (o) =0, + 2%0.

Proof. Differentiate (a.38) with respect to o to obtain
%S/ (x**(a)ft%) 2 (0)=6 4 0_125 <x**(a)79b>

g (e (e

Ly <w**(o>—eb> 1y <x**<a>fog>
o o a g

By Lemma A.7(ii), z** (o) > 0,, and s(z) is decreasing and negative for z > 0, so the numerator
is negative. By Lemma A.7(ii), h(z) is decreasing for x < x** (¢) and increasing for z > =** (o).

That means that
1 -0 1 -0
—s (x g) > —s (x b) forall x < z** (o), and

o g o o

1 —0 1 —0
—s (x g) <=5 (:C b) forall z > 2™ (o).
o o o o

Therefore, at © = 2** (o) we have

E z** (o) — 0 >i8/ ™ (o) — b,
o? o o? o)

(a.40) ™ (o) =
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so the denominator in (a.40) is positive, and z** () < 0: x** (o) is decreasing. Then so is
2 (o) =0,

R et

Finally, as ¢ — o, ™ (o) cannot converge to a finite value, because z** (o) solves (a.38) and
s(x) is strictly decreasing. Since 2**(¢) > 6, it must be that z** (¢) — oo as 0 — g. So
M — ooaso — ¢g. And # — 0 as 0 — oo. Then, since z* > 0, there exists a unique
o= U** that satisfies (a.39). [

To proceed further, define

*

1 f <x**(0_**)_9b>

(a41) =T =0

Lemma A.10. 3, < 1.

Proof. By Lemma A.7, the minimizer of i (x), 2** (o), is in the interval <99, %) That means
that I**(‘;)_eb > a:**((;)—eg > 0 and therefore f (%) <f (x “o)=0y ) Then, for o > o we

also have = f (%) 1f (w (o)~ 9q> B < 1 results from taking o = o**, defined as the
solution to (a.39). [

Lemma A.11. Let 5(0) be defined as
(a.42) ﬁ(g)lf (x** (Ua) — 99) _ %f (:L“** (o) — 96) .

M Iff = p(o), X ={z™(0)};
IfB>p(0), X =[z_(0),x(0)] with x(c) > x_(c), which are the two roots to (a.34);
If5<po), X =0;

(ii) B(0) is increasing at all o € (a,0™"); it is decreasing at all o > o**; it attains a maximum at
o = o**, and its maximum value is 3;, defined in (a.41).

Proof. (i) By Lemma A.7(ii), x**(o) is the unique minimizer of A(x). Recall the retention zone is
X ={z:h(z) <k}

If 5 = B(0o) or, equivalently, if h(z**(0)) = k, X = {z™*(0)}.

If 6 > 5(0), h(z**(0)) < k. By Lemma A.7(ii), X = [z_(0),z4(0)] withz;(0) > z_(0), which
are the two roots to (a.34).

If 5 < B(0), h(z**(0)) > k and therefore h(z) > k for all x, so X = ().
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(ii) Take (a.42) and differentiate with respect to o. After some algebra, and using the fact that (5 (o)
satisfies (a.42) and x** (o) satisfies (a.38), we obtain
1 0
o z** (o) =0 0z
F (=)
By Lemma A.7(ii), 2** (o) > 6, > 6,. By Lemma A.5, for = > 0, 0f(2)z/0z is first positive, then

. (V0 . . . . .
negative, and zero at z*. By Lemma A.9, % is decreasing in o and there exists a unique o**,

defined in (a.39), such that w = z*. Then, for o € (g,0™), f'(¢) > 0, and for ¢ > o™,
B’ () < 0. Finally, this means that 3 (o) attains a maximum at c**. This maximum value of [ is
3, defined in (a.41). n

:| |z: z**(0)—6

We now establish a sufficient condition for the existence of bounded retention intervals for any
possible pair (o, 03) with o, > 0, = 0.

Lemma A.12. For any (0,,0,) with 0, = 0 > g and 0, = o, the principal employs a bounded
retention interval if > [3;, or equivalently, if 0 < & (), where o (3) is defined as the value of o
that solves (a.41) when we replace [, with 5 < 1 and 6(f) = oo for § > 1.

Proof. By Lemma A.11(ii), if 3 > §;, 5 > (o) for all ¢ > ¢. Then, by Lemma A.11(i), the
principal retains if and only if z € [z_(0), x4 (0)], withz_(0) < x,(0), forall o > g.

Now, we show that 3 > (3 is equivalent to ¢ < & (). First, recall that for any ¢ > 0, ¢** and
x** (o) in (a.39) and (a.38) respectively are well-defined. Then, so is ; (¢), defined in (a.41). We
show that f3; (¢) is strictly increasing in ¢. Define 7 (¢) by 7 (¢) := 2™ (¢** (¢) ,0); then Z (o) is
just z** (0, o), defined in (a.38), evaluated at c** (¢), defined in (a.39). Because

o** (Q) ’

the equation (a.38) evaluated at o** (o) becomes

T(@) =0 (5@) Jg) -

o g

(a.44)

and (a.41), also evaluated at 0** (¢), becomes

(2.45) B (o) = +€>

Differentiate (a.45) with respect to ¢ to get

(e () mom) - (g o () 7]

Using (a.44) we can replace ~s (5‘;@_-(&,) by —1/(z(g) — 0,), and we obtain

Bile) = pi(a) -

=

g

B () =Bi(a)-
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5B [ !
O S a>38(B) o < 8(B)
o | 5
o o < a(p) L aza(p)
o | !
6 1 P B Bi 1 B B
(A) The two upper bounds as functions of (B) Relationship between the two condi-
B. tions.

FIGURE A.3. The two upper bounds for o.

We describe the limit of 5,(c) as ¢ — 0. If ¢ — 0, the value that maximizes the likelihood of the
good type, z** (¢), converges to 6, for any o. That means that % f (1”((—737—_9") —ooasog — 0, and

therefore
27 f(E=)
6[ (Q') = % — 0
Lf (Het)
So we can conclude that 5 > f3; is equivalent to ¢ < & (), where & (/3) is defined as the value of
o that solves (a.41) with § = j,. [

Now we determine a second upper bound on ¢ (recall that a parallel bound (12) was used to negate
the existence of a monotone retention equilibrium):

(a.46) o <&(B)if B (0,1).

By Lemma A.10, 8, < 1, and therefore if 5 > 1, (a.46) is trivially satisfied.

For the arguments to follow, it will be useful to indicate clearly the way in which the two upper
bounds on ¢ relate to each other. To do so, let 5, be the value of 5 > 1 such that ¢ = o(3). Now
look at Figure A.3. Notice that (a) ¢ > () implies ¢ < g(f); (b) ¢ > a(5) implies ¢ < &(5);
whereas (¢) ¢ < () and g < &(f) can occur simultaneously.

The condition ¢ < &(f3) is a sufficient condition under which the principal, when conjecturing
that the agent will play o, = ¢ and 0, = o > ¢, will employ a nontrivial, bounded retention
interval, for any such o. The next step is to show that there exists a fixed point between the noise
oy conjectured by the principal and the one optimally chosen by type b. For this, we need to
analyze the way in which the retention interval [z_ (o), x (0)] behaves, in particular as 0 — ¢ and
as 0 — oo. This is what we do next.

Lemma A.13. Let x_ (0) and x (o) be the roots to

(@47) o () = 2 (550).
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for o > o. Then,
() lim,,, 2 (0) = 2" (¢) and lim,_,, 2, (o) = 00

(ii) lim, 0o _ (0) < Oy,

(iii) For @ = —, +, the derivatives are
of(z)z
1 [%] |zt
(a.48) 7 (o) =
0—25 f,(z (0)— 9)_ 1f,<x (0)— 6b>

(iv)Ifag > a(pB), then x_(0) < Oy forall 0 > 0.

Proof. (i) x_ (o) must satisfy A/ (x_) < 0, whereas x, (o) must satisfy A’ (z,) > 0. Recalling
(a.35), this means that:

(a.49) %S (M) - %S (x_ (0; — Gb) |

and

(2.50) 1 (M) Y (x+ (0) - eb) |
g g o o

Similarly, the monotone threshold z* (o) satisfies

(a.51) ﬁf( (Qi ) :f(x* (g;—9b>

and

w52 [(r@=0) (r@=0)

In the limit as ¢ — ¢, the condition (a.47) is the same as (a.51), and the condition (a.49) is the
same as (a.52) (equality of (a.49) at 0 = ¢ cannot hold because s (x) is decreasing). Because the
MLRP implies that 2* (¢) is uniquely defined, we have lim,_,, z_ (¢) = z* ().

Notice that, as 0 — g, (a.50) becomes

(8) . (2192)

But since s (z) is decreasing and 6, > 6, it must be either true that lim, ,, 4 (0) = oo, or
lim,_,, x4 (0) = —oo. But the latter cannot hold because x (¢) > x_ (o) forall ¢ > o, so it
must be that lim,_,, x4 (0) = oo.

(i1) Notice that, for o large enough, at x = 6, we have
1,/6,—06 1
f—f (—g) >—f(0).
o o o
So for o large enough, the principal retains the agent at z = 0,; i.e., lim,_, x_ () < 6.

(ii1) Differentiate (a.55) with respect to o to obtain (a.48).
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(iv) By part (i) of this Lemma, z_(0) — 2*(¢) as 0 — g. If ¢ > ¢(f), a monotone equilibrium
exists by Proposition 6(ii), and therefore z*(c) < 6, by Lemma A.6(1). ¢ > o(f3) also implies
that 5 > 1 > (3, and therefore x_ (o) is well-defined for any o > ¢ by Lemma A.11(i), and it is
clearly continuous in o.

We note again that x_ (o) must satisfy &' (x_) < 0, which implies (a.49). Then, the denominator
in (a.48) for z_ (o) is positive, so that 2’ (¢) is also well-defined and continuous in ¢ > ¢, and in
addition:

(a.53) Sign (2/_(0)) = Sign | — [Gfa(j)z}
|, _zi0)-0,

If 2* (o) < 6y, the continuity of z_ (o) implies that x_ (o) < 6, for ¢ > ¢ close enough to o.

If 2*(c0) = 6, (a.53) and Lemma A.5 together say that 2’ (0) < 0 for o > ¢ close enough to ¢, so
once again x_ (o) < 6, for o > ¢ close enough to o.

Then, for the assertion to be false, it is required that 2’ (o) > 0 for some o > ¢ at which 2’ (o) =
0y, but this contradicts (a.53) and Lemma A.5. [

Guided by Lemma A.6, let us now consider the following mapping, defined for all ¢ > o:
V(o) = max{g,0" (o)},

where o* (o) is the unrestricted maximizer of type-b’s retention probability when the principal
retains if and only if z € [z_ (0) , 24 (0)]. So by Lemma A.6(iii), o* (o) solves:

ash (D) -0 1 (DS o] ),

and z_ (o) and z (o) are the roots to

1 x—40 1 x—0
(a55) B—f ( g) =—f ( b) .
oy a o o
The following Lemma determines an important feature of W(o).

Lemma A.14. At any fixed point 0 = ¥ (o), ¥'(0) < 0.

Proof. At any fixed point o we have ¢ < ¢ = ¥(0), so V(o) must solve (a.54). Differentiate
(a.54) with respect to o, replacing o*(¢) by ¥ (o), to obtain

) s ) (422)) 0 (1 () 6+ (42
) R (B ) |

Evaluating at ¥ (o) = o and plugging the expressions for z’_ () and 2/, (¢) in (a.48) yields

G e i) M il 0 e e G )

,3 f/m f/M ﬂif/%fif/%
@56) V(o) = — )=o) B (B ) gy ()

o? f <x+<o>—eb) <z+<o>—eb>2 g <z7<a>—eb) <x<a>—eb)2

\1//(0)—(/<
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Since 1 (z_ () < 0 and &' (2. (o)) > 0,
%f,(u(a)—eg) _ if’(x+(g)_9b>,and

g
5%]“ (M) > iz ! (M) ’
g o o o

so the numerator in (a.56) is positive. The second-order condition of o is

7 <$+ - 9b) (w4 —2917)2 _ (1‘— - 96) (w_ _2957)2 <0,

o o o o

which is the denominator in (a.56). So ¥’ (¢) < 0 at any fixed point. u

Lemma A.15. If both the conditions ¢ < o(f) and g < &(B) hold, there is a unique nontrivial
equilibrium. It has bounded retention.

Proof. Under the condition ¢ < ¢(/3), both bounded replacement equilibria and monotone equi-
libria are ruled out by Proposition 6. Importantly, the nonexistence of monotone equilibrium is
equivalent to z*(g) > 6.

By Lemma A.13(i), [z_ (0) ,z4 (0)] — [2*(¢),0) as ¢ — ¢g. Since z*(0) > 6,, by Lemma
A.6(i), we have that V(o) — oo as 0 — 0.

By Lemma A.13(ii), for o large enough, z_ (0) < 6, and by Lemma A.7, z, (0) > 6, so
0y € [x_ (0),x4 (0)] for o large enough. Then, ¥ (o) = ¢ for o large enough, by Lemma A.6(ii).

By Lemma A.12, (a.46) guarantees that the principal always employs a bounded retention interval
for any pair (0,, 0,) with 0, = 0 > g = 0,. Then, itis clear that z_ (¢) and x (o) are continuous
in o, and therefore so is ¥ (0). Then, the above end-point verifications and continuity guarantee
that W has at least one fixed point. Lemma A.14 guarantees that such a fixed point is unique. At
this fixed point, both the principal and the bad type are playing best responses.

It remains to show that the good type is also playing a best response at g. Notice that z(o) > 6,
so that Lemma A.6(ii1) applies, and the derivative of the payoff of the good type with respect to
04 18 given by agdg(ag), where d,, is defined in equation (a.28). By Lemma A.8, this derivative is
negative at o, = ¢, and by part (iii) of Lemma A.6, it must continue to be negative for all 0, > 0.
Therefore the best response of the good type is indeed to play o, as claimed. ]

Lemma A.16. If 0 > o(5) (in which case o < &(8) automatically holds), then a bounded reten-
tion equilibrium cannot exist.

Proof. Every bounded retention equilibrium involves o, = ¢. This follows from Lemma A.8 and
the decreasing payoff derivative as noted in part (iii) of Lemma A.6. It follows that every bounded
retention equilibrium can be expressed as a fixed point of the mapping W(o), where at the fixed
point, ¢ > o. However, if ¢ > (), x_(0) < 6, for all ¢ > ¢, by Lemma A.13(iv). Moreover,
xy(0) > 6, for all ¢ > g, by Lemma A.7(iii), so 0, € [x_(0),z,(0)] for all c > o. Then, by
Lemma A.6(ii), ¥ (o) = ¢ for all o > ¢, and a fixed point of ¥ cannot exist. [ ]

Lemma A.17. If o > 6(B), then ¢ < o(f3) and a nontrivial equilibrium does not exist.
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Proof. By Proposition 6, a bounded replacement equilibrium does not exist. Moreover, o > &(/3)
implies # < 1. But then 0 < o(f) = oo, and again by Proposition 6, a monotone retention
equilibrium cannot exist. It only remains to show that a bounded retention equilibrium cannot
exist either.

Consider 5 < ;. By Lemma A.11 a nontrivial bounded retention equilibrium is possible only if
o < o) orif o > o), where 3 (of) =f (a,’f) = fB,and 0] < o™ < o). What we now have to

show is that, for any o such that a nontrivial retention regime is employed by the principal, type-b’s
best response will never coincide with such o.

Suppose alﬁ exists, and consider o < af. By Lemma A.11(1), z_ (af) = ™ (0{3), and by

Lemma A.11(ii) alﬁ < o™ implies S’ (015 > > ( or, equivalently (see (a.43)),

of (2) z
0z

| z_(0)—0p < 0
S

z_(0)—6

X — O'B —
By Lemma A.5, # > 2*, but type-b’s optimal o satisfies ¢ < z* by Lemma A.6(iii),

9
SO 028 cannot be a fixed point. The next step is to show that @ > z* forall o < JZB . So

o

suppose not: there exists o such that @ < z*. That means that z_ (o) crosses oz* + 0,
from below at some point, which requires 2’ (0) > z* > 0 at such intersection point. But
z_ (o) = 02" + 0, implies “=2=%
we have 2’ (o) = 0, a contradiction.

= 2%, and therefore by Lemma A.5 and inspection of (a.48),

Now suppose a,f exists, and consider o > 05 . By Lemma A.11(1), x4 (Uf) =" (05) , and by

Lemma A.11(i1), a,ﬂl > o** implies ' <O’£) < 0 or, equivalently (see (a.43) again),

of (2) z
0z

|Z:z+(c;)—0b > O

B —0 _
By Lemma A.S, % < z*, but type-b’s optimal o satisfies M > z* by Lemma A.6(ii1),
SO a,f cannot be a fixed point. The next step is to show that M < z*forall 0 > af. Suppose
not: then there is o such that M > z*. That means that z; (o) crosses oz* + 0, from

below at some point, which requires z/, (o) > z* > 0 at such intersection point. This implies that

x4 (0)—0p

- = 2", but by Lemma A.5 and inspection of (a.48), that means x’+ (o) = 0, a contradiction.

Finally, consider 3 = f,. In this case 0] = 0** = o, s0at 0 = 0**, z_ (0) =z, (0) = 02* + 6,

and 2’_(0) = 2/ (o) = 0. Then, for 0 < o™, it is clear that for o close enough to o** we have
x_(0) > 0+ z*0, and as we showed before this leads to the conclusion that 6, + z*o < z_ (o) for
all 0 € (o, olﬁ). Similarly, for ¢ > ¢** and close enough to o**, we have that x (¢) < 6, + z*0,

which leads to 6, 4+ z*0 > 2 (o) forall o > o} |
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We now complete the proof of Proposition 7. For parts (i) and (ii), consider first the case o > (/).
Lemma A.17 says a nontrivial equilibrium does not exist. Now let ¢ < (). Bounded replace-
ment equilibria are ruled out by Proposition 6(i). If ¢ > o(), by Lemma A.16 a bounded retention
equilibrium cannot exist, but by Proposition 6(ii) a unique monotone retention equilibrium does
exist. If ¢ < o(f3), by Proposition 6(ii) and Lemma A.15 there is a unique nontrivial equilib-
rium, and it has bounded retention. The equilibrium strategies are given by Lemmas A.7, A.8, and
AL6(ii1).

To prove Part (iii): when § < 1, we have ¢ < &(f3), and therefore if a nontrivial equilibrium exists,
it must involve bounded retention by Proposition 6(ii). [

5. SIGNAL-CONTINGENT DISCLOSURE, SECTION 6.5

In Section 6.5 we observed that there is a potential multiplicity of equilibria with a pessimistic
future (¢ > p) and low non-disclosure costs (x < 1). To see this, consider an arbitrary pair of
variances (0,,0,). Consider the principal’s best responses to these in the benchmark model; call
that retention set X. Likewise, consider the principal’s best response to (o, 0;) in our extended
scenario, which produces a possibly distinct retention set; call it R. Because all disclosed signal
realizations are transmitted by both types, if the principal retains the agent after observing z, it
must be that £ € X. So R C X. The multiplicity arises because 12 can be any possible subset of
X after all, the principal can threaten to replace the agent for some specific realization € X is
observed, which induces both agent types to hide the signal after that realization. Consequently,
2 € X 1is not observed in equilibrium and the principal’s threat can be sustained in a sequential
equilibrium. To close the equilibrium circle, we observe that oy, is a best response for type-k, given
R.

This multiplicity is sustained by the principal’s threat to replace the agent if she sees some = €
X\ R. A simple refinement eliminates such threats, and yields an equality between R and X. With
that observation in hand, we will be able to pin down a unique equilibrium, which coincides with
that in the benchmark setting.

Consider a sequential equilibrium and a signal value Z that is not transmitted in that equilibrium.
Suppose the principal asks herself which agent type could have conceivably benefited from trans-
mitting that particular realization. We will say that a subset of types is a beneficiary set if —
whenever the principal evaluates her beliefs using equilibrium play but restricted to that bene-
ficiary set — she has a best response that benefits every type, and only those types, within the
beneficiary set. We will say that an equilibrium is robust if for every unsent signal realization,
there is no beneficiary set.

Fix an equilibrium with agent strategies (o,,0}), associated non-disclosure rules, and principal
retention set R. Then we know that R C X. Now suppose that an unsent signal & is received. Then,
if 2 € X \ R, {b,g} is a beneficiary set. For under that presumption, and using the equilibrium
strategies of the agent, it is optimal for the principal to retain, because £ € X. Therefore both
types must benefit from the deviation to sending z. It follows that for this equilibrium to be robust,
X\R=0,s0 R=X.
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If © ¢ X, we observe that there is no beneficiary set. For if the set consists of g alone, the principal
will retain, but then b will also want to transmit the same signal. If the set consists of b alone,
the principal will surely replace, but then b is worse off. Finally, if the set is {b, g}, the principal
will also replace, given that & ¢ X. Therefore all the robustness conditions are satisfied for any
equilibrium with R = X.

Finally, let’s analyze the agent’s best response under a robust equilibrium. The agent knows that if
a signal realization falls within R, then it will be disclosed and the agent will be retained, receiving
a payoff of 1. If the signal realization is not in R, the agent will hide it and will still be retained,
but this time at a cost of «, thus collecting a total of 1 — « in such case. Type-k’s best response to

R, 0}, therefore solves
1 —0
maxl—li+lﬁ/—¢(x k)dx.
o R g ag

If R = X, we conclude that the robust equilibrium with noise choices (o, 03, R) coincides with
that of the benchmark model.

6. EXAMPLES
6.1. Bounded Replacement Equilibria in the Costly Noise Model. We first describe necessary
conditions for bounded replacement equilibria in the model of Section 6.2.
Proposition A.3. Suppose a bounded replacement equilibrium exists. Then, either
(i) o > 04 > oy and B > 1 and large enough so that v, < x_ < 0, < 0,; or

(ii) o0y > 0y, > o and 8 < 1 and small enough so that v < 0, < 0, < x_.

The proof of this Proposition is available on request from the authors. Guided by it, we now
construct two examples of bounded replacement, one for 5 < 1 and another for 5 > 1. For
B < 1, Proposition A.3 says that both o, and o, must exceed o, and that both types are inside
the replacement zone, with the bad type deeper it. Then, the good type will pay a bigger cost
of escaping the zone, whereas there is not much the bad type can do. Provided we construct the
“right” marginal cost function, this yields o, > oy.

Take 0, = 1, 0, = 2 and x_ = 2.3. Impose o, = 0.42 and 03, = 0.250001. Then, because

A B O'geg — O'S@b
2 o - o’
O'2 —0'2 . .
we have x, = 2% — x_ =~ —1.38. The value of 5 < 1 is now also determined:
b g
1 zy—0 1 z_—0
=9 (—Z b) =9 (—g ")
B = = > L= "/ ~2.92-107°.

1 x4 —0 1 r_—0
so(=)  Se (="
Finally, the two first-order conditions need to be satisfied. To this end, we choose

d (o) =Aln(o) + B.
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FIGURE A.4. A Bounded Replacement Equilibrium for 5 Small.

The cost function that yields this expression for the marginal cost is
¢(0) = A(cln (o) —cln (o)) + (B—A) (0 — o).

We have two free parameters, for the two first-order conditions:

s x_ — 0, :L’_—Qg_(b xy —0,\ 24 — 0, ~ Aln(o,)+ B
oy ol oy o2 g ’
x_—ﬁb l’_—tgb $+—9b $+—8b
_ = Al B.
¢( Op ) o ¢( Obp o nlo) +
Therefore,
r_—bg \ z—_—05 T4—05\ z4—0g\ T_—0p \ z_—0p z1—0p \ z+—0p
L ) o) =) - (e (5n) 5t - o (55) =)
In (o,) — In (o)
~ 1
T — 0\ z_ — 0 Tz — 0\ vz — 0
B = ¢>< - ”) - b—¢( = b) - b~ Aln(0p) =~ 1.39
b b b b

The resulting value of ambient noise is o ~ . Figure A.4 depicts the equilibrium.

1
e
Now we find an example for the case 8 > 1. By Proposition A.3 it mustbe that v, < z_ < 0, <
t,. Both agents are in the retention zone, so 03,0, < o, but the bad type is closer to replacement,

and so will make a bigger effort than the good type: 0, < 0, < o. Let us then choose ¢, = 3,
8, = 5and x_ = 2.5. For the choices of noise, let’s take o, = 0.3 and o, = 0.6. All this again pins

—x_ ~ 2.17, while

Lo(=52) Lo
#o(=51) Fel

o204—020,
down Tyatxry = ZW
g

r_—0)
Op

) ~ 2936.

)

xr—

b9

g
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FIGURE A.5. A Bounded Replacement Equilibrium for /3 Large.

For the cost function, take: ¢’ (¢) = Aln (¢) + B to implement the first-order conditions, so:

() e ) - (o (52) o (522) )

- In (o,) — In (o)

0.68
A —0 —0
B = ¢<x0 b)xazb_¢(x+ b)x+2b—wﬂn@g%035
b

b Obp Oy

Q

Ambient noise is now g ~ 0.6004. Figure A.5 depicts the equilibrium.

7. MISCELLANEOUS DETAILS

7.1. The Behavior of o (0) in the Costly Noise Model. We describe the behavior of o (f) in the
costly noise model of Section 6.2, when the agents face a retention rule X = [z_, x|, including
x4 = oo (the monotone regime). To begin, the first-order condition of type € is

x_—60\x_—0 xy—0\ 2 —60
(@.57) ¢< ) S —¢<* ) —— = (0).
o o o o
Differentiation of (a.57) shows that
(a.58) o () =— L h(6) )

707 26 (=) =2t — 0 (22) =2t — ¢ ()] lootr

where

(2.59) hwy_¢(%i%?><C%é§52—1>_¢(ﬁléé><(ﬁ&;52—1>,

The denominator is the second-order derivative, which is negative at the optimum. Therefore:
Sign{o’ (0)} = Sign {h (0)}.
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For monotone retention (Panel A of Figure 3), the term with -, in & () disappears, and so:

Sign{o’ ()} = Sign{|z_ — 6] — o (6)}.
Remember that o (z_) = ¢ > 0, so o (6) is decreasing as we enter the retention zone, and it will be
so until o () = 6 — x_, at which stage the derivative is 0. From this point onwards o (0) is always
increasing.” However, o (f) cannot grow unboundedly, since o () € (o,,0*). Then, xa_(_;)G — —00
as  — oo. Given that ¢(z)z — 0 as |z| — oo, ¢(c(f)) — 0 by (a.57), which means that o ()
approaches ¢ from below as 6 — oc.

If we decrease 6 from z_, o (f) cannot always stay above x_ — 6 because this would mean o (¢) —
oo as § — —oo, but this is inconsistent with optimality: the first-order condition would imply
that ¢/(o(f)) — 0, which means o(¢) — ¢. This means there is an intersection point at which
o (#) = x_ — 0 and o () reaches its maximum. Then, o (f) | g as § — —oc.

Now consider bounded retention, depicted in Panel B of Figure 3. The symmetry of ¢ (¢) around
the midpoint of the retention interval, z := %, 1s evident from the first-order condition, so we
study o (6) only for @ > z. Start with § = Z: evaluating h at § = T we have h(z) = o'(z) = 0.
Next, let 6 € [z, 2 |. The LHS of the first-order condition in (a.57) is negative, so o < ¢ for every
6 in this interval. We cannot pin down the sign of ¢/(#) for every 6 in this range, but we can claim
that o(xy) > o(Z) and ¢’(z,) > 0. To prove this claim, first note that for any o:

—¢(m+_$_) .T+—2$_ >_¢(as+—x_) £E+—2£E_.
o o 20 o

Since ¢ is increasing, we may use (a.57) to see that o(x) > o(Z). Next, by (a.59):

o= (o(555) (555) oo~ (555)) -0

so that by (a.58), we have o’(z,) > 0, as claimed. Together, ¢'(z) = 0, 0'(x,) > 0, and
o(zy) > o(x) suggest that o(f) is nondecreasing on [Z, z,]. On the other hand, if the retention
zone is large, the midpoint type could choose greater noise than a type closer to the edge, who
needs more precision for his signal to stay in the zone. We claim that at § = Z, o(f) is concave
(convex) for x — x_ sufficiently large (small). From (a.58) we have that

1 W' ()
- (2) 2 [¢ (x_(;9> e <$+T*9) ml ¢ (0)] [

so, at § = Z, the sign of the second-order derivative of o(f) coincides with the sign of h'(#). We
compute i’ from (a.59), and evaluating it at # = T we conclude that

Sign {o"()} = Sign {f - ﬁ} .

20(%)

Y

O'//(Q_Z) —

Ty —T— Ty —T—

Because 0(f) € (0.,0%),s0 = < T2= <
o o (Z) 204
concave at # = Z, which eliminates the monotonicity of ¢(6) on all of [Z, 2 |.

. Soif xy — x_ is sufficiently large, o(0) is

3¢ () cannot cross the # — z_ function again since this would require ¢’ () > 1 at the intersection point, but crossing
6 — x_ means o’ () = 0.
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Now consider § > x,. We will show that there is only one type, #, such that o(6) = g, all types in
(x4,0) choose o(f) < g, and all types above f choose o(f) > ¢. Additionally, in this range above
x4, o(0) is first increasing and then decreasing, and it converges to g as § — oo. First, to see
how the optimal choice o (6) compares to the ambient noise o, consider type-6’s first-order payoff
derivative with respect to noise at 0 = ¢:

06—z, 60— O—z \0—x
(2.60) qb( f*) Uf*—qﬁ( :) o

A type chooses ¢ has this expression equal to zero. So, we study ¢(z)z for z > 0, looking for 2y
(= 97%) and z, (= 9—;:,) such that 21 < 29, ¢ (21) 21 = ¢ (22) 22, and 25 — 21 = Z="=_It’s easy
to see that there exists only one such pair of values (look at Figure A.6), and type § = 25 - 0 + x_
chooses 0 = ¢. For types 0 € (xy,8), their corresponding values of z; and z, are both smaller
than the ones of type € so ¢(z1)z1 < ¢(22)22. That is, the sign of (a.60) is negative for these types,
and they will choose o(6) < ¢. Similarly, for those types above 6, the sign of (a.60) is positive, so

they will choose ¢ () > .

Notice that, since () € (o.,0"), 90_(‘3; and 90_(?; go to 0o as # — oo. It must then be that
d (0(0)) — 0as § — oo, by the first-order condition and the fact that ¢(z)z — 0 as z — oo. This

implies that 0(0) — o as § — oc.

Now consider any type §* > z, such that o/(0*) = 0.° ¢/(6*) = 0 means h(6*) = 0, so take
a look at Figure A.6, which plots the function ¢ (z) (22 — 1), which relates to i (6) (see (a.59)):
h (0*) = 0 means that there are two points on the x axis, z; and z9, that reach the same height:
& (21) (22 — 1) = ¢ (22) (22 — 1). Recall the smaller point, z;, corresponds to es(Tf)*, and the larger

point, 25, to %. Since ¢’(6*) = 0, we have that both z; and z, are increasing in 6 at 6*. It is
easy to see that this implies that, for 6 > 6* and close to 6%, h(#) < 0 and therefore o’(f) < 0.
Then, 90_(—996; and 90_(—“2)‘ will always be increasing forever after, so o’(6) < 0 for all § > 6*. We can

the conclude that, in the range [z, 00), o(#) is first increasing and then decreasing.

7.2. Sufficient Conditions for Uniqueness. We describe a condition on ¢ (o) that implies Con-
dition U in Section 6.2 . Consider the case o, > 0,4, s0 X = [z_,2,]| with 2, < o0 iff 0, > 0y
Recall the necessary first-order condition:

—0 —0 _—0\x_—-10
_¢(x+a )x+02 +¢<xa )xO'Z = ().

We want to impose conditions such that the objective function is always strictly concave, this
generating an unique optimal choice for each parameter. For this, we will ask ¢’ (o) to be always
bigger than the second derivative of the marginal benefit, which is the derivative of the left-hand
side with respect to o :

e () 2]

®By the previous results, at least one such type exists: o(f) < o forall @ € [z,6); o(#) > o forall § > ¢; and
o(f) —» cgasf — oc.
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FIGURE A.6. Variations of the Function ¢.

This expression is related to the function ¢ (2) z (2 — 2?), where the value of z could be anywhere
in the real line: x, — 6 is always positive, but z_ — 6 can take either sign. Forget about the term
% on the left: we will find the biggest possible value of the term inside the square brackets, which
will be a number, say . Then we ask for ¢’ (¢) > % for all 0. We plot ¢ (2) z (2 — 2*) function
in Panel B of Figure A.6 In order to find the critical values of this function, compute the first-order
derivative and set it equal to zero:

% (z)z(Q—z2) = ¢ (2) (24—522-1—2) = 0.

We have 4 values of 2 that satisfy the condition:

/5 17
e=%\[5 £/ = 2= {-214,-0.66,0.60,2.14}

Finally, to find the maximum value of ¢ (23) 25 (2 — 23) — ¢ (21) 21 (2 — 2¥) with 29 > z; and

29 > 0, it is clear that we have to consider z3 = 4/ g — 4/ % and z; = — / 17 'So we ask for

" (o) > =Vo

K
o2
where

ko= ()2 (2—2) —¢(z1)2 (2—27)
0.662594.

8. PROOF OF PROPOSITION A.1 IN SECTION 1.2
The inequality (a.5) implies that

(a.61) (02 — 02) x% -2 (0?6’9 — 03«91,) T < (05 — 03) :Eg -2 (0?99 - 030;,) To

9
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To prove Proposition A.1, we fist eliminate 0, = 0, = ¢ in equilibrium. If that were the case, then
(a.61) reduces to x1 > x4: the principal retains the agent with the higher signal. In this case, it is
easy to compute the retention probability for agent j for both realizations of types:

| T — 0 x4_9b 0 —91, . .
gb(jg) <1_¢<J>>dx. = 11— 2=% | k() =b,
/—ooUg Og Ob ! 1/034—02
() (e (51) e IR
S (DY (e (%) Ve, = o[ =2 | irk@) =g,
/_mab¢< 7 7 J UZ—l—UZ () g

where we have used the property that [*° ¢ (w) ® (“52) dw = & <ﬁ> . But it is clear from

these expressions that b will want to increase o3, whereas g will seek to lower o, — there will
always be an agent who would deviate, and therefore there is no equilibrium in which both types
choose the same noise. Also, as we will see (but it’s already quite clear) there can be no monotonic
equilibrium either, since the only way the principal will keep the agent with the higher signal is
when both agents communicate with the same level of noise.

Next, we eliminate 0, < o0,. In this case, let Z be the value of = that minimizes the likelihood ratio
[U_lg¢ (ﬂ)] / [Uib¢ (m;—f’]ﬂ . It is easy enough to verify that

g

2 2
03,0, — 0,0,

2 _ 52
oy o

T = < Qb,
g
and that (a.61) becomes |z — Z| > |zo — Z|; that is, the principal retains the agent whose signal is

further away from z. So player 7’s retention probability, when his type is 6;, is:

e [ (5 0) - (B o (5%
—o0 T3 0j Oi gi
() 0 () o (B
& Oj 0j g; g;

2 2
030g—030

We analyze the derivative of II; with respect to o; at & = which is given by:

2_ 2 B
9y~ 94

O (" 1 (=0 (L (202 =0 o L (=0
Ulaai/ooaj¢< gj ><Ui¢)( 0 >(21 7= 6) O'i(b( o (2; = 6:) ) dz,
1 (z;—0; 1 (2 —a:—0;\ .

(Ui(b(]ai) (xj_ei)_ai¢<0:> (Qx—l"j—@))dl“j

;(]5 (]) (Q’E —Z; — 91) d’L]

.

_/ 1¢(If—9a> 1¢<%‘9i)(x]_9i)d%

—oon O'] ag; ag;
Ooi l’j—HJ l Ij—ei s .

+/@ Uj¢< Tj )Uz‘¢< i (g =00} de;
> 1 . — 0. 1 — 7. — 0.

f/ —¢ (mj 9])¢> <2X e 0‘)(2@@@)(1%.
z 05 gy g; g;
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Lengthy and tedious manipulation of this equation(details available on request) shows that

) P 020; +0‘ (22—6;)
qu, i 0; ()L — 2z B a'2 o? 2z — 91 —0;
o = g; o + x 2P + -1 (E22J)
9o o} +o} o} + o} oTro? 9; +0;
) P 039J+a]2.9i
o; 0; —0; T ota? 0;, — 0,
+ 0 L 20 | — 52— | 1| (—5
2 2 2 2 I o2 + o2
o; + 05 o; + 03 o2 +o? @ J

N 29 +a]2(2m 0;)
G'JO'Z GJ —+ 91 — 2$ (b o?Jrsz
2 2 050
o; +0; o2 + g2 o

P 070;+026;

(T PR - 2 2

(2.62) 4o 0i% 0; —0; p a2 +a?
o? + 0]2 o2 + g2 ‘;’;:0_2

Now notice that

L 020,+02(2i-0)) ) L 0204020

6)]‘ —+ 02 — 2[% T = 012-5-0]2 Qj — 92 T = az.2+cr]2.
¢ ¢ 575; =\ —F——= || ——Fm— |
0'.2 + 0'2. 2 2 0'.2 —+ 0'2. 2, 2
i j o +‘7j 7 j \/7; +a'j
so that
n a20; +a (22—6;)
7 g; i P T +cr T — ;s — U;
oIl 2 0; +0; — 2 2 22 —0; — 0;
O'ia ‘ = 20 575 2 —1 70_2 +0_2
Ti o} + 07 o} + o7 0Tt i t0;
~ 0'39]4-0']201
2 r— ——S 53—
g; Qj — Qz 2% 01-2-5-0]2- 1 01 — Qj
* 2 Q(b 2., o —i B o? + 02
UZ + O-] O-’L + 0-_7 2+0- 7 J
249 +o‘26’
o;o 0; —0; 2+0
) J 1
+4 D) 2¢ ¢ - ojo;
o; + 0 2 2 ——
( J o; +0; /—+g
~ 020 o 20
Evaluated at & = 224" we obtain
ab—ag
N U?@j-‘rO’?@i
. 2 0. — 0. e 0. — 0.
81’12 B o; ¢ b i 2P o;+o; _1 7 J
%00, 2, 2 [ 2, o — i 0% + o2
i o; + o3 o; + 07 o2 +a? g J
A 0'3034-0']291
x —_— —————
0,0 0; ) 02402
7914 J 7 i Y
+4 ¢ 5557

2 2
o; 05 o2 + 02 Tl
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R ‘71'29j+‘7]2'9i

2 2
o; Hj—l—aj 0;
2 2 s
o7 +O'j

2 2
o +Uj

we have that &

Because & < 6, < < i. Therefore 011,/d0, > 0,

. /Ujg;ajz
whereas the sign of 011,/Jo, is ambiguous. The fact that 011, /00, > 0 indicates that the bad type
wants to deviate, and the equilibrium falls apart.

We are therefore left with only one possibility, o, > o,, where the principal retains 1 if and only if

. . A 0599—0391,
that is, for the signal closer to 7 := ~5>—4—
b g9

> 0. |

9. PROOF OF PROPOSITION A.2 IN SECTION 1.3

Suppose each type 6 chooses some noise o (). Then signal emitted by type 6 has density my(z) =

ﬁqﬁ (fj(—’e@) Let U(x) be the expected payoff to the principal when the signal x is received. This

is just the expected value of u() weighted by the posterior distribution of § using Bayes’ Rule and
the strategies, as described above. So

1 o 1 x—0
(a.63) U(z) = W /OO u(é’)@gb ( -0 ) q(6)do.

Lemma A.18. Suppose that o(0) is continuous in 0 and has a unique maximum at 6*. Then U (x)
converges to u(0*) as |x| — oc.

Proof. Pick any sequence z,, such that z,, — oo (the argument for z,, — —oo will be identical).
Define a corresponding sequence of density functions on R, £,,, by

B 1 q(0) , (wn—0
0= @ o)

and let H,(0) = ffoo hn(s)ds be the corresponding cdfs. We claim that this sequence converges
weakly to the degenerate probability measure placing probability 1 on 6*.

To prove the claim, first pick any § < 0*. Let o7 be the maximum value of o(s) for s < . Because
o(0) is uniquely maximized at * and 0* > 0, there exists an interval of length € around 6* such
that min o(s) for s in that interval — call it oo — strictly exceeds o;. Denote by Q)(6) the prior
mass of types up to #, and by A the prior mass in the e-interval around 6*. With these values
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fixed, observe that for n large enough so that x,, > 6,
2
0 q(s) 1 |zn—s
ffoo g(s) exXp {_5 |: o(s) :| }dS
I at) oy {—1 [“‘tr}dt
o o(t) XPY T2 | o
2
Q) 1 | z,—0
U—*GXP{—é [—al ] }
= 2
2 e { - [r0)}

as n — 0o,” where the very last conclusion uses o; < 0. By applying the same logic to the “other
side” of #*, we also conclude that 1 — H,,(0) — 0 for each § > 6*. It follows that H,,(¢) — 1 for
each 0 > 0%, so H,, converges to the degenerate cdf placing all weight on #*. Because u(0) is a
bounded, continuous function, it follows that

U@J—/MM@MWM%%MW)

—00

Hn(e) =

Lemma A.19. Assume Condition U. Consider any monotone retention threshold x*. Then any
optimal choice function by an agent of type 6 only depends on the difference t = x* — 0 and on that
agent’s payoffs; in particular, it does not depend on the type distribution q(0). Call this function
s(t). It is continuous. If the retention zone is [x*, ), then s(t) attains a unique maximum at some
ty > 0. If the retention zone is (—oo, x*|, then s(t) attains a unique maximum at some ty < 0.

Proof. An agent of type 6 chooses o to maximize

1—¢<ﬂ;9)—c@)

if the retention zone is [z*, 00), and
*—0
@(x )—cw)
o

if the retention zone is (—oo, x*]. Just these expressions make it clear that the solution o can only
depend on ¢ = z* — 6. By Condition U, the solution is unique and therefore easily seen to be
continuous. The first order condition with retention zone [z*, 00) is given by

(2.64) ¢(:)§*—9) l‘*;@ — (o) =0.

o

By Condition U, (a.64) is necessary and sufficient for a maximum. When x* > 6, the correspond-
ing value of o exceeds o, and using the fact that o¢/(o) is increasing when o > o, we see that the

"The values o, and o* are the lowest and highest values that noise could optimally have; see main text.
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maximum possible value of ¢ satisfying (a.64) is achieved when

od(0) = 6 (“’ = 9) L YR

o o

where z* is the value that maximizes ¢(z)z. That is, define oy by the first and last terms in the
equality above and then set * — 6 = t; = 012" to define t;. When the retention zone is (—oo, z*],
the first order condition is given by

(2.65) ! (x _9) x*f — (o) =0.

o o

Now the corresponding value of o exceeds ¢ when z* < 6. By a parallel argument to the one just
made, the maximum possible value of o satisfying (a.64) is achieved when

ocio) = =0 (T0) Tl = ot

o o

where z, is the value that minimizes ¢(z)z (z, will be negative). Define o9 by the first and last
terms in the equality above and then set x* — 6 = {5 = 052, to define ¢*. ]

Lemma A.20. Let t* stand for t| or to as defined in Lemma A.19. Then u(z* —t*) = V.

Proof. We consider the retention zone [z*,00) where t* = t;; the other case is dealt with in
identical fashion. By Lemmas A.18 and A.19, U(x) converges to u(z* — t;) as || — oo. Suppose
that u(z* — ¢;) > V. Then for x negative and large in absolute value — in particular for some
x < z* — we would have U(xz) > V, so that the principal must retain for such values. That
contradicts monotone retention. Similarly, if u(z* — ¢;) < V/, then for x large — in particular for
some = > x* — we would have U(z) < V/, so that the principal must replace for such values.
Once again, that contradicts monotone retention. We are therefore left with just one possibility:
u(z* —t) =V. |

Lemma A.21. U(z*) = V.

Proof. By monotone retention, U(z* —¢) <V < U(z* +¢) (orU(z* —€) >V > U(z* +¢€)). U
is obviously continuous, so the result follows. [}

Lemma A.21 combined with (a.63) tells us that
1 o 1 x*—0
0 0)do =V,
Frn | O g () 10 =V

where s(t) is the optimal noise choice function as defined in Lemma A.19. Using the formula for
7o () and transposing terms, we have

[ =T e O

—00

Lemma A.20 pins down z* uniquely:

v =u N V) 4 t¥,
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so that combining these two inequalities, we conclude that

(2.66) / h h(0)q(6)do = 0,

—00

 u) -V v (V) +t -0
"= S =) (s(u-W) + 17— 9>>

is a function that depends on model parameters but is entirely independent of the particular density
{q(0)}; see Lemma A.19. Let Q be the set of all densities on R equipped with the topology induced
by the sup norm, and let Q" be the subset of densities in Q that satisfy (a.66). It is obvious that
Q — QY%is open and dense in Q. m

where
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