Online Appendix: Markets with Within-Type Adverse
Selection

By ANH NGUYEN AND TECK YONG TAN*

I. Online Appendix: Extensions
A.  Three Quality Levels

Consider the setup described in Section IV.A for k = 3. To streamline the
exposition with the baseline model, let the three quality levels be L, M and H,
with vy, < vy < vy and ¢, < ¢y < eg. Let sy = vy — e and assume that
sy > 0. To shorten the notation slightly, let 7 (1|0) = 7 (6) and 7 (2]0) = 7 (6).
Therefore, type-6 seller has 77, (6) units of L, 7as (0) — 71 (0) units of M, and
1 — 73/ (0) units of H, and

C(q,0) =qcr + g — 72 (O] (ear — cz) + la — 7as O)]F (cr — enr)
V(q,0) =qur + lqg — 7 (0)]" (var —vz) + [q — 7ar (0)] (v — var) -

With an abuse of notation, let F' denote the distribution of # and f its density,
assumed to be strictly positive over 6 € (0,1). To simplify the exposition, we also
assume that 77, and 75 are both differentiable, and 7 (0),7}, (0) > 0 for all 6
(i.e., single-crossing).

Our main program is program (P), with the type A replaced by 6. Note that

oC (q,0)

20 =T (q>71(0))77,(0) (car —cr) +Z(q > s (0)) T3y (0) (crr — ear) -

Thus, by the envelope theorem,

0

US (6) = US (0) + (car — 1) /0 o (DT (g (1) > 7 (1)) dl

0
+en=en) [ DT (@) > D)l

Following the same argument as that for the baseline model, program (P) in the
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current setup is
(1)

1
max S(q(0),0)f(0)dd —b s.t.
max S (a(6).0)£0)

q(+) is nondecreasing , U® (0) >0, and fol VB (q(0),0)do — U (0) =b
where

S (Qa 0) =V (Qa 0) -C (Q7 0) )
¥ (q,0) = [(enr — L) 77, (0) T (¢ > 71.(8)) + (et — ear) Ty ()T (q > 7ar (9))] [L — F (6],
A threshold schedule here is a schedule ¢ (+) in which there exist 0; and 0, with

Orr < g, such that q(0) = 71, (0) if 0 < Onr, q(0) = Tar (0) if 6 € [Opr,05), and
q(0) = 1if 6> 0.

LEMMA 1: If q(-) is a solution to program (1), it must satisfy the following
properties:
1) q(0) > 11(0) for all 0.

2) If there exists an interval X = [0,0] such that q () > 7ar (0) for all § € X,
then there is some ¢ such that q (0) = ¢ for all 6 € X.

3) If there exists an interval X = [0,0] such that 71, (8) < q(0) < ar (8) for
all 0 € X, then there is some ¢ such that q(0) = min{7as (0),q} for all
feX.

PROOF:

Lemma 1 is the extension of Lemma 5 and follows from S (¢,6) and ¥* (q, )
being strictly increasing in ¢ when ¢ < 71, (0), ¢ € (7. (0),7m (0)) and ¢ €
(tar (6),1).

Next, let ¢* (-) denote a solution to program (1). Let x be the set of # in which
q* (0) ¢ {7 (0) ,7ar (0) ,1}. Note that if y is empty, then ¢* is a threshold sched-
ule. We will show that x is empty if the following condition holds:

CONDITION 1: f/[1 — F] is nondecreasing, Tr, and Tp; are weakly concave, and
TM(EZ@SL(H) (Jg()g)) is nondecreasing in 0.

The following is an example that satisfies Condition 1: F' is log-concave (e.g.,
uniform distribution), and 73, and 77, are affine functions, with 75, weakly steeper
than 7p,.

We will prove that x is empty under Condition 1 now. As before, without loss
of generality, we assume that ¢* is right-continuous. Let 6 be the infimum of y.
Henceforth, let ¢* (61) be denoted by ¢f. Because of point 1 of Lemma 1 and that
¢* is right-continuous, it must be the case that ¢ € (77 (0),1). We break things
down into two cases:
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o Case 1: 7, (01) < ¢f < 7 (07).

o Case 2: Ty (01) < ¢qf < 1.

Consider Case 1 first. By point 3 of Lemma 1, there exists 6, < 1 such ¢* (0) =
min {7as (0), 71 (62)} for all @ € [0y, 02 and there exists O3 such that ¢* (0) = 11 (9)
for all 6 € [fo,63]. For some small £ > 0, define n' (¢) implicitly by

O24+n1 () 02
) L+ m O -F O~ [ @) 0n-F @)

Pick the ¢ to be small enough such that 6 + ' (¢) < 63 and 77 (62 + ' (¢)) <
mrr (61 + €). Let G be the schedule in which

q* (0) if 0 ¢ [01,0s)
i) = 1, (6) if 0 € [01,01 +¢)
€ min {TM 0), 1L (92 +nt (6))} if 0 €01 +¢,00+1n'(e))
71 (6) if 0 € [0+ n'(e),03)

Thus,

1
= [ S 0).0) =5 0).0] 5 0)ap

2+ (¢)
= | [min {727 (0), 72 (62 +n' (¢))} — 7 (0)] f (0) dO
02
—SMm i [min {7 (8), 71 (62)} — 72 (0)] f (0) df

By equation (2) and Lemma 2 below, we have §! > 0. Equation (2) implies that
J S (gL (8),0) df = [, ¢S (¢* (8) ,8) df. This implies that [ v (4! (9),6) db—
fol PP (¢ (0),0)dd = 6} > 0. Thus, ¢! is feasible, but G! achieves a higher
objective value than ¢*, which is a contradiction. This rules out Case 1.

Next, consider Case 2. Let 62 be the largest 6 in which ¢* (6) = ¢f. Lemma 1
implies that either a7 (62) = ¢f (Case 2A) or 77, (A2) = ¢f (Case 2B).

Consider Case 2A first. Under Case 2A, there must exist 3 such that ¢* (6) =
7ar (0) for all @ € [0, 03]. For some small £ > 0, define 7?4 (¢) implicitly by

o+ 2A(zs) )
(3) /9 ) OV F(0)]do = /e 2 (0)[L— F (9)] do.

Pick the € to be small enough such that 6, +n>4 (¢) < 5. Let ¢24 be the schedule
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in which

7 (0) if 0 ¢ [67,65)
() if 0 € (01,60, +¢)

v (G2 + 174 (2)) i 0 € [01 +¢,00 + 1 ()
(9) if 0 € [0y + 1?4 (¢),03)

@t (0) =

Thus,
1
524 = /0 [5 (424 (6).6) — S (¢ (6)..6)] £ (6) db

024 (e) 02
=spy (/9 (701 (02 + 0> (£)) — s (0)] £(0)dO — [ [rar (62) — 7ar (0)] £ (6) d9> :

1+e 01

By equation (3) and Lemma 3 below, we have 624 > 0. Equation (3) implies that
1.8 A2A 1 5 q* s : 1. B (~2A

Jo ¥ (qs )d9 = [, ¥ (¢* (0),6) df. This implies that fo ) (q6 (9) ,0) db—

fol B (g% (0 ) 9) do = 524 > 0 Thus, §24 is feasible, but G2 achieves a higher

objective value than ¢*, which is a contradiction. This rules out Case 2A.

Consider Case 2B next. Under Case 2B, there must exist 63 such that ¢* (§) =
71, (0) for all @ € [0y,603]. Let 6 be the type such that 7y, (5) = ¢*. Note that

01 < 0 < 0. For some small & > 0, define ~; (¢) and 3 (¢) implicitly by

() WOt O) 1= F(0)]d :fé T (0)[1— F (6)] o
(5) Syt (O)[1— F(0)]d0 = [7? 77, (0) [1 ~ F (0)] do

Pick the ¢ to be small enough such that 6 + 72 () < 3. Let 6’ be the type such
that a7 (é’ ) =711 (02 + 72 (¢)). Let ¢2 be the schedule in which

2

¢* (6) it 6 ¢ [6,,05)

a1 (6) it 0 € 61,0; +¢)
2~ | G+m(e) 00y +e0+7()

v (6) it c0+m(e),0)

L (02 +72(2) O €[0,0+72 ()

71, (8) if 0 € [0+ (2) , 03)

\

Observe that equations (4) and (5) imply that fol VS (G2P (0),6) db = fol ¥ (q* (0),0) do.
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Moreover,

1
¥B=A[S@?WL®—S@W®ﬂﬂfww9

(6) ~ ~
—sy ( /0 19:1@ [TM (é 7 (e)) v (0)} £(8)do — /9 19 [TM (9) . (9)} 7(8) d9>
(7) O2+v2(¢)
o ([ in (rag 007 (624 2 (£)) — 7.0 £ (6) o
6+1(¢)
(8)

02
—A[UWﬁ~m@uwwﬁ

Equation (4) and Lemma 3 below jointly imply that line (6) is positive. Equa-
tion (5) and Lemma 2 below jointly imply that line (7) minus line (8) is positive.
Therefore, 628 > 0. This implies that fol VB (¢2P (6),0) d@—fol B (q* (0),0)do =
628 > 0. Thus, ¢2B is feasible, but ¢2Z achieves a higher objective value than ¢*,
which is a contradiction. This rules out Case 2B as well.

Since both Case 1 and Case 2 are not possible, x must be an empty set. There-
fore, ¢* must be a threshold schedule. We summarize the argument above in the
following proposition:

PROPOSITION 1:  Suppose that Condition 1 holds. If q(-) is a solution to pro-
gram (1), q(-) must be a threshold schedule — i.e., there exist Oy < O such that
q(0) =7(0) if 0 <O, q(0) =7 (0) if 0 € [0rr,01), and q(0) =1 if 0 > On.

We conclude this subsection with the proofs of Lemmas 2 and 3.

LEMMA 2: Let6; < 0] < 02 < 0. Under Condition 1, f;,/? 71 (0)[1 — F (9)]d =
1
274 (0)[L — F (6)] d6 implies that

0% 62
/9, [min {ras (0) , 71 (63) } — 72 (8)] f (6) dﬁ—/e [min {7 (0), 7L (02)} — 71 (8)] f (6) db > 0.

PROOF:
For x > 01, define ¢ (z) by [ 7} (6) [L - F (0)]d0 = [,* 7} (6) [L — F (9)] db.
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This implies that ¢’ (z) = Ti(;i(ggﬁiigz)(i))} Let

02

o(z)
D (x) = / (min {7ar (0), 72 (¢ (2))} — 72 (0)] f (0) dO— | [min{7as (0), 7L (62)} — 72 (0)] f (0) d6.

01

Suppose first that 7as (x) > 77 (¢ (z)). This implies that
¢(z) 02
D () = / (7 (¢ (2)) =72 (O)] £ (0) dO — | [7r (62) — 72 ()] f (0) d6),

01

and

D' (z) = [F (¢ (2)) = F (@)l 71, (¢ (2)) ¢ (2) — [ (¢ (2)) — 72 (x)] £ (2)

L (z)[1 = F(x)]
o F@)-F@)  [mn(@) -7 1 f(z)
1= F (6 ()]0 () —a] o -z S A@|I-F@
F(gp(x)—F(z) [f(z)
“I-FO@)o@—a 1-F@)

TL(¢(x)) =71 (x)

é(x)—
Using the same argument that establishes statement (A7) in the proof of Lemma
2, the last line is positive; thus, D’ (z) > 0.

where the inequality follows from 7} (z) > because 77, is concave.

Next, suppose that 7y (z) < 71 (¢ (x)). Let & = 73, (71 (¢ (2))). Therefore,

02

2 o(x)
D(x) = / frar (6) — 71 (8)]  (6) d6+ / 1. (6 () =72, (001§ 0) b= | " (11, (02) =71, (0) £ (0) 0
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(@)1 F ()
—1F 0@ - F @) BT @) - @) £ @)
F(cb(w))—F(A)TM(w)—TL(fU)( f (@) >
1—F(¢(x)) 71 (2 1—F(x)
Flo@)-F(@) i@ -1()/ @)
O 2 TFew) @) (1—F<@>>
:F<¢<m>>—F<A>TL<¢<x>>—n<@>< f (3) )
I F () @) [ F(3)
F (6 ()~ F(3) [wm))—nwx | ] f(3)
1 F (@) [6@ 3 o) -2 A @]1-FQ@)
Foe)-FG@  [@)
ST Fo@B@ 5 1-F@

The inequality in (9) is due to the last part of Condition 1. Therefore, as before,
D' (z) > 0.

For both cases, since lim, g, D (z) = 0, this implies that D (z) > 0 for = > 6,
which establishes the lemma.

LEMMA 3: Let6y < 0] < 02 < 0. Under Condition 1, f;),é T (0)[1 — F(0)]do =
1

9912 Thy (0) [1 — F ()] d0 implies that

65 02
/6 [T (65) — a0 (0)] £ (0)dO — | [ras (B2) — 7as (0)] f (6) 6 > 0.

1 01

The proof of Lemma 3 follows the same argument as that for Lemma 2 for the
case of Tar (z) > 71, (¢ (x)); thus, we omit it.

B. Asymmetric Information on Endowment Size

We consider an extension wherein the size of the seller’s endowment is also her
private information, as described in Section IV.B of the main text.

Let F (:|n) denote the distribution of A conditional on n and J (-) denote the
distribution of n. Let their respective densities be f (:|n) and j(-). With a
slight abuse of notations, let (¢ (n, A),t (n, A)),cf0,1),1e[0,n denote a direct mech-
anism, and let UB (n,\) = V(g(n,\),\) —t(n,A\) and U® (n,\) = t(n,\) —
C (q(n,A),\). Program (P) in the current setup is
(10)

{I%afz() fol Jo U (n, A) f (An) j (n) dAdn, st.  (IC%),(IRS) and (IR%)
q(-),t
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(I)
/o /o UP (n,A) f (Aln) j (n) dAdn > b

Because the type is two-dimensional, the type space does not have a complete
order, which means that defining a monotonicity notion for the quantity schedule
is not straightforward. The following is the appropriate monotonicity notion:

DEFINITION 1: ¢ (-) is “monotonic” if

e for any two types (n',N') and (n,\) in which X' > X, either q(n',\') >
q(n,A) or q(n,A) >n'=q(n',\).

o for any two types (n’, \) and (n, \) in which n' > n, either ¢ (n',\) = ¢ (n, \)
orq(n',\) >n=q(n,\).

In words, when X' > A, the type with A" (or more Ls) must trade weakly more
than the type with A whenever the endowment of A permits. Therefore, if the
lower \ trades more than the higher ), it must imply that ) trades her entire
endowment (i.e., her endowment constraint binds). Next, if two types have the
same A, then they must trade the same quantity whenever their endowments
permit. Therefore, if g (n', \) > ¢ (n, ), it must imply that type (n, \) trades her
entire endowment.

Similar to Lemma 1, the seller’s truth-telling constraint (/C§) can be replaced
by the following two conditions:

A

(11) US (n,\) =U%(n,0)+ (cy — cL)/ T(qg(n,0)>1)dl Y(n,\),
0
(12) g (+) is monotonic according to Definition 1.

From equation (11), for each n, constraint (/R$) holds for all (n, ) if it holds
for (n,0). Additionally, substituting in equation (11), the objective function of
program (10) becomes

[ oS @i+ [ en =) ["Ta) >N F O] @) dxdn,

and constraint (I R%) becomes

1 n 1
[ [ @ s ivan - [ 0% 0.0 o dn >,
0 0 0



where (with an abuse of notation)
¥P (a,n,0) = 8 (0,2 f (AIn) = (e —er) (g > M) [L = F (An)].

This implies that constraint (I R%) must bind. Therefore, program (10) becomes
(13)

max I3 [ S (g (n,A),A) f(Aln) j (n)drdn —b st

a();uo

q(-) is monotonic , up >0, and fol Jo B (q(n, A) ,n, A) j (n) dAdn —ug = b .

LEMMA 4: Ifq(-) is a solution to program (13), q(-) must satisfy the following
two conditions:

1) ¢* (n,\) > X for all (n, \).
2) Let X be the set of \ such that q (1,\) > A.

a) If X is empty, then q (n, ) = X for all (n, \).

b) Suppose that X is nonempty. Let A1 denote the smallest \ in X, and
let Ao denote the smallest A € (A1, 1] such that ¢* (1,\) = X. It holds
that for all X\ € [A1,\2], ¢(n,A) = min {n, A2}.

PROOF:

S (q, ) is strictly increasing in q. When ¢ < A, ¥ (¢,n,)) is also strictly

increasing in ¢g. This explains point 1. Next, monotonicity of ¢ (-) implies that
for all A, ¢(1,\) > ¢q(n,A). Point 2a hence follows. Finally, for Point 2b, since
Y5 (g,n, \) is also strictly increasing in ¢ when ¢ > A, it must be the case the
q(1,A) = Ag for all A € [A1, A2]. Point 2b then follows from the monotonicity of
q().
Lemma 4 is the analog Lemma 5. Point 2b states that unless every type sells
only their Ls, the optimal quantity schedule must feature some bunching, similar
to the middle panel of Figure 1 for the baseline model. The difference is that
because of the endowment constraint for some types, such bunching might not
always be possible. When this happens, the endowment constraint for these types
must bind.

The following is a sufficient condition for the solution quantity schedule to
always be a threshold schedule:

N|n>N Aln>A
CONDITION 2: For all X' > \, Lozl — JRRZAL > e (X, \), where

&(2,A) =~ log [ [L = F (Aln)] j () dn.

Note that & (X, \) is always positive. Thus, Condition 2 requires the conditional
hazard rate to be increasing sufficiently quickly (as opposed to only increasing).
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The following is an example that satisfies Condition 2: j (n) = 2n and F (A|n) is
the uniform distribution over [0, n].!

PROPOSITION 2:  Under Condition 2, if q(-) is a solution to program (13),
then q () must be a threshold schedule — i.e., there exists x such that q (n,\) = A
if A<z and q(n,\)=n if A > z.

PROOF:

Let ¢* (-) be an optimal schedule. Let A; and A2 be as defined in Lemma 4.
The lemma is proved by showing that Ao = 1. Suppose, for a contradiction, that
A2 < 1. There must then exist A3 > A2 such that ¢* (1, \) = X for all A € [Ag, A3].
Since ¢* (+) is monotonic, this also implies that for any n < 1 and A € [Ag, A3],
q* (n,\) = A. Observe that

1 A3
/0 /A S(q" (n,A), A) f (Aln) j (n) dAdn
n A3
:/ / S(q* (n,A), ) f(A|n)j(n)drdn + / (n.0).\) £ (\n) () dAdn
Az I N )\1

1 A3
_ / s f (Aln) j (n) dAdn
0

/)\2//\ (Mo — A sgf(Aln)j(n)drdn + /)\1\2 /: (n=A)sgf(An)j(n)drdn

For some small € > 0 and = € [A\1, \; + €], let ¢ (z) be such that

/ /‘f’(ﬂ«“ A) suf(An)j(n)didn + /j(w) /xn (n—X)sgf (An)j(n)didn

/)\2/)\ (A2 = A)sgf(An)j(n)drdn + /}:2/:(“—)\)SHf()\\n)j(n)d)\dn

We restrict € to be small enough such that ¢ (A +¢) < As.
Define schedule g, as follows:

q* (n, ) A A E [A1, A3)
. A if A € [A,z)
Gz (N, A) = . " ’
min{n, ¢ (z)} ,if X € [z, ¢ (z))
A 7lfA€[¢(x)7)‘3)
ITo be precise, this means that f (A\|n) = % for A € [0,n] and f(Aln) = 0 for A > n. It is readily
verified that % f and £ (N, \) = (17A’)(172>§)>\J;?AA')7>\)(17>\')? thus Condition 2 holds.
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By constructlon

/ / S (Gz (n,A),A) f(An) g d)\dn—/ / S (g (n,A), ) f(An) g (n)dAdn.

v (g, 0) =T (¢ > N) (e —er) [L = F (Aln)].
Therefore, 9?2 (¢,n,\) = S(g,A) f (A\|n) — ¥ (g,n,)). The difference in the
buyer’s expected utility between G, () and ¢* (-) is

1 rn

_ /O /0 05 (G (), A) — 6% (4 (), A)] J () drdn
1 rn

:/0 /0 [ (q* (0, A) ,n, A) — ¥ (G (n, A) ,n, N)] J (n) dAdn
1 s

:/>\ /)\ [d)s (q* (n’ )‘) , 1, >\) - ¢S (qAx (n, )\) SN, )\)] j (n) d\dn

A3 n
+ / [0 (0" (m, )y, \) — 05 (o (m,A) 1 N)] 7 (m) dAdn
Al A

~ ey —c1) U; (//\j21—F()\\n)d)\>h(n)dn—i—//\j\z (/;1—F(Ayn)dx>j(n)dn]
(e —c1) Mz) (/j(x)l—F()\|n)d)\>j(n)dn—|—/j(x) (/:1—F(Ayn)dx>j(n>dn].

Differentiating D (x) with respect to z, we have

D' (z) = [/x [1 = F(z[n)]j (n)dn — (/W) [1—F(¢(x)[n)]j(n) dn) ¢’ (w)] (e —cr)

From equation (14), we have

¢ (x) Zf(;(x) ¢ (@) ] f(x]n)j (n) dn + f¢ (n—2) f(xn)j(n)dn

Jow) [F (& (@) [n) = F (2[n)] j (n) dn
qu—xffﬂn j(n)dn
i) IF (6(@) In) — F (aln)] j (n) d
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Therefore, we have D’ (z) > 0 if

2 fp faln)j(mydn [ (L= F (z[n)] (n)dn
f¢, 2)n) = F (alm)]j (n)dn =~ ([} 1= F (& () [n)] j (n) dn)
St @) ydn Sy [F (6 (2) [n) = F (2[n)] j (n) dn
Jo W= F @l () dn (g (x) = o] (f ) [1 = F (6 2) )] (n) dn)

.. f (Aln)j(n)dn , f, (N |n)—F(An)]j(n)dn
LH A 1 H = 22 .
Fixing some \, let S = RO ,andlet RHS (N) = V) [L = F OV ()

By L’Hopital’s rule, limy y RHS (N) = LHS and limy4+; RHS () = oo. Sup-
pose, for a contradiction, that there exists A’ € (A, 1) such that LHS > RHS ().

This must imply that there exists A € (A, 1) such that LHS > RHS (X) and
L RHS (N)

i = 0. By some algebra, - RHS (X) R

Iif (Mn) n) dn :RHS()I/\ [1— ( )]j(n)dn+ [1—F(A|X)}j(&)

L= 0 implies that

IR [1—F<A|n)]j(n)dn JFO—-FQR)im)ydn  [L[1—F\n)j®)dn
e [“F(Wﬂi(ﬁ)
Ji L= F (\n)]j (n)dn

= f>‘ (AIn) j (n) dn —io 1 — n)|j(n)dn
o T Stog ([ - F ()i an),

where the inequality in the second line follows from A < Mand LHS > RHS (X)

However, this contradicts Condition 2.2 Therefore, it holds that LHS < RHS ()\),
which implies that D’ (x) > 0.

Since D (A1) = 0, there exists > A\ such that D (z) > 0, thus implying that
(16)

1 n 1 n
B Gy (n,\) i i (n n Bg* (n,\):n i (n n
[ [ e @y ieaxin> [* 708 @ @.0)in.0) (n) ard

This implies that ¢, (-) is also feasible, and from equation (15), . (-) is also
optimal. However, equation (16) implies that constraint (/R%) does not bind,
which is a contradiction.

2Note that f(An> ) = DI gy pap > a) = LI L EAmIed

T—J(\)
JA[l—F(An)lj(n)dn FAln=X)  _ [i FAn)j(n)dn
T—J(n) P I=F(A[n2XA) T [I1-F(A|n)]j(n)dn’

. Therefore




C. Diminishing Marginal Utility

This subsection provides the details for the extension described in Subsection
IV.C. Our main program is still program (P), but with V' now defined in Sub-
section IV.C.

The argument to transform program (P) to program (75) considers only the
seller’s incentives, which is unchanged here; thus, the argument still applies here.
However, note that in the current setup,

_ Jve(e) —qer ifg<A
(17) S(q,A)—{VL(A)_ACL+VH(q_A)_(q_A)CH if g>\"

Let
s (x) :=vy (x) — zcq.

The condition required for the solution to program (P) to be a threshold schedule
is as follows:

CONDITION 3: For any z,z € [0,1] such that z > x,

- Z—

(18) /Zs;,(z—A)f(A)d»W[F(z)—F(x)].

Note that equation (18) can be written as

z Sg(z—w
/ [g’H(z—)\) _sn(z=w) F(A)dx > 0.
. z—x
Since 5y is concave, by the mean value theorem, there exists A such that 8% (2 — \) >
(=)[<] % if A > (=) [<] A — i.e., there are both positive and negative terms
in the integrand. Thus, Condition 3 is a restriction on the curvature of 5y to-

gether with the distribution. The following is an example:
LEMMA 5: Condition 8 always holds if F is the uniform distribution.

PROOF:

When F is the uniform distribution, F'(z) — F (x) = z —x; thus, the right-hand
side of equation (18) is 55 (¢ — x). Since f (\) = 1, the left-hand side of equation
(18) is [” &} (2 — A) dX. By the fundamental theorem of calculus, this is equal to
5 (z —x).

PROPOSITION 3:  Under Condition 3, if q(-) is a solution to program (P) in
the current setup, then q(-) must be a threshold schedule, defined in Definition 1.

PROOF:
13



Since v (z) > ¢f and v}y (z) > cg for all z, S (g, A) defined in equation (17)
is still always strictly increasing in ¢. In turn, 1® (g, \) is also increasing in ¢
when ¢ < A and when ¢ > A. Thus, Lemma 5 in the proof of Proposition 1 still
holds. Let A1, A2, A3, 17 (¢) and G- be as defined in that proof. Following the exact
arguments, we only have to show that . in equation (A6) is positive, where, over
here,

A3
e = A S1(Ge (A A) =S (g" (A), M) f(A) dA
;\2+n(€) A2
:/ sH(/\2+n(a)—)\)f()\)d)\—/ 51 (e — ) f () dA .
A1+e A1

This is indeed the case from Lemma 6 below.

LEMMA 6: Under Condition 3, when f/ (1 — F) is nondecreasing, the following
property holds: for any A\1 < | < Ao < X}, if f;,f 1-F(\)d\= f/\)‘f 1—F(\)dA,
then

X, A2
(19) [ (6= s> [ a2 O

1 A1

PROOF:
Fix any )\1, A2 > 0. For x > Ay, define ¢ (z) to be such that fj(x) 1-F (A dx=

f M2 A)dA. ¢ is strictly increasing and (by the implicit function theorem)

dlfferentlable, with ¢ (z) = % Let = ¢! (1) and

A2

B #(x)
D)= [ 5w @@ =N F W= [ e =07 )i

1

Our goal is to show that D (z) > 0 for all z € (A\1,7]. Note that D (x) is also
differentiable for x € (A1, Z), with

i 6(a) Pl
D’<x>=</ sh<¢<w>—A>f<A>dA>W—sm(x)—x)f(x)

- F(6@)

N A M CICO R RGN LY S W 1 )

51 (0 (2) — ) —F(o@) 1-F(@)
(¢() =P (o) 1 @
2{ 5 (w) ]1—F<¢<x>> - F ()’

where the inequality holds because of Condition 3. In turn, from the property in
14



equation (A7) in Appendix A, D () > 0. Since D (z) is continuous for = € [Ay, Z]
and D (A1) = 0, D' (z) > 0 for all x € (A;,Z) implies that D (z) > 0 for all
z € (A1, 7).

D. Stochastic Mechanism

We consider the use of stochastic mechanism in this subsection. Because the
utility functions of both the seller and the buyer are linear in the transfers, it
suffice to allow for stochasticity only in the quantity. A stochastic contract is a
double (a,t), where ¢ is still the transfer from the buyer to the seller, and « is
the CDF of the quantity that the seller must supply to the buyer. The following
are two important notations:

a(g)=1-alq)
a®(q) =a(q) - supa(g)

@ (q) is the probability of having to supply more than ¢ units under a. o (q)
denote the mass at ¢; thus, a deterministic contract consists of a where there is
a ¢ in which o (¢) = 1.

Let

1
S(a,\) =V (a,\) = C (a, \) = ; S (q,\)da(q)

where C' and V are defined in equations (1) and (2). Thus, under a stochastic
contract («,t) between the buyer and the type-\ seller, the buyer’s and the seller’s
expected utility are V (a, A\) — ¢t and ¢ — C (a, A), respectively.

Let {a (+|A) ;2 (M) }xepo,1) denote a direct stochastic mechanism. Let UB(\) =
V (a(-|A\),\) —t(A) and US (A) =t(A) — C(a(-|]\), ). Our main program is
(Pstoch)

Los S\ S - B
max U~ (A A)dA, s.t. IC7),(IR") and (IR
{a-IA) (N} xep,1 fo CORAC) ( ), ( ) ( ) ’

15



where

(1c*) TSN >t(N) = C(a(-]N),A)  ¥AN,
(IR%) US(\) >0 VA
(IR") / i (A) £ (A)dA > b.

0

By the envelope theorem, constraint (fC’S) implies that

0 __00@INA ooy

almost everywhere. Therefore,

(o) U5 (\) =0U°(0) + (e —cr) /A a (|l di.
0

Consider the program
(20)

1778 -5 - g B
max U” (A A)dA, s.t. IC”),(IR") and (IR
{a('|A)’t()‘)})\e[0,1] f[) ( ) f ( ) ( ) ( ) ( ) ,

Program (20) is a relaxed version of program (Pgocn) because it satisfies only
a set of necessary conditions for constraint (IC’S). Thus, the value of program
(20) is weakly higher than the value of program (Psscn). Say that a mechanism
{a (-|A)}repo,1 is deterministic if {a ([A) ;£ (A)} is a deterministic contract for all
A. We will provide a condition under which program (20) has a solution mech-
anism that is deterministic and satisfies all the constraints of program (Psioch);
thus, program (Pgtecn) also has a solution mechanism that is deterministic.

CONDITION 4: % s nondecreasing.

PROPOSITION 4:  Under Condition (4), there is a solution mechanism to pro-
gram (Pstocn) that consists of an {a (:|\)}\cjo1) that takes the form of a deter-

ministic threshold schedule — i.e., there exists a = such that o™ (A|X\) = 1 for all
A< and a® (1|\) =1 for all A > .

We first provide some preliminary results to prove Proposition 4. First, constraint
(fCS ) implies that ¢ (A\) must satisfy

A
(21) t(\) =05 (0)+(CH—CL)/O a(l|lydl +C (o (-]A), \)
16



Doing integration by parts, we have
(22)

1 - 1 1
/ t(A) f (V) dr =T* (0)+(0H—0L)/ a Al [1 = F W) dH/ C e (-|A) s A) f(A) dA.
0 0 0

Therefore,
1

1 1
UB(A)f()\)dAZ/ g(a(“)‘)v)‘)f()‘)d/\_(CH—CL)/ a(AN)[L = F (V)] dr =T (0).
0 0 0

:/le (@ (1A). Ay dr — T (0).

0

where

(23) B (0 X) = S (@) F () = (s — er) @) [1 = F (V).

Following the same argument as the one for Lemma 4, constraint (I_RB) must
bind, and we can transform program (20) to the following program:

-
max _ S(a(:|A),A) f(AN)dA—b s.t.
{2l 1N} rcpo-U5(0) Jo

(Pstoch) U%(0)>0, and /1 OB (a((]N), \)dA =T (0) = b
0

(IR"")

Thus, our objective is to show that there exists a solution {{a (QRVISVEORIE Us (O)}

for program (Pstocn) in which {a (-[A)},¢o 1) takes the form of a deterministic
threshold schedule. We note the following property, which should be obvious:
LEMMA 7:  For any {{a 1M aepo LU (O)}, if there exists {& (-|A\)}\go,1) that

has the property that B (& (-|\), ) > B (a (|\), X) and S (& (-|\), A) > S (a (-|]A), \)
for a set of A that has a strictly positive measure, then {o(-|A)}\cp1) cannot be

part of a solution to program (ﬁstoch).

Next, observe that

§(an) = / spqda (q) + / sz + (g — N) sl da ()
q€[0,)] ge(M1]

/ (g —A) da (Q)] SH
ge(\1]

sy, +

(24) = [/qe[(]’l] min {q, A} da (q)

17



LEMMA 8: If {{a C1A)  repo U5 (O)} is a solution to program (Psiecn), then
for all X, a® (A[A) +a® (1|]A) = 1.

PROOF: )
Let {a" (-|A)}\ejo,1) be a solution to program (P, h) et {& (-[A)}yepo,1) be an-
other mechanism where &* (A|\) = a* (\|]\) and & (1|)\) = a* (A|A). Given the
[A),A) 2 S (a” (A), ),

expression in equation (24), it is immediate that S (& (-

with the inequality holding strlctly if o* (-|\) # a( |A). Next, since & (M) =

a (M), from equation (23), ¥ (6 (-[A),A) — ¥ (o ([A),A) = S(a(|A),A) —

S (a* (|A), A), which is positive from above. Therefore, if o* (-|A) # & (-|A) for a
positive measure of A, by Lemma 7, {a” (-[A)},¢[o 1) cannot be part of a solution
to program (ﬁstoch).

Henceforth, without loss of generality, we can restrict attention to only {a (-[A)},¢j 1]
with the property that a® (A\[A) + a® (1|A) = 1.

LEMMA 9: Under Condition (4), if {{a C1M) reo U5 (0)} is a solution to
program (20), then it must the case that for all A, a® (A\A) =1 or o® (1|\) = 1.

PROOF:

Suppose, for a contradiction, that the statement of the lemma does not hold
— i.e., letting {a* ('|)\)})\€[071] be a solution to program (Pgiecn), there exists an
interval [A1, As] such that o*® (A[X), a*® (1|A) € (0,1) for all A. Let \° = 21522,
and for A\ € [)\1, A%, let € (A) = A2+ X — A\ Therefore, (¢ (A\1),¢ (A°)] = (A%, A9

and ¢ (\) >
Let k = mm,\e[A1 xo] @ (A|A), and choose an € € (0, k). For A € (A1, \?), define

1 (\) as follows:

A-FWN]e=[1-FCX)n)
— -

We choose & small enough such that 1 (A) < minyepo ) 1 — o (1|A)
Consider the schedule {& (-[A)}ygp1), Where & (-[A) = o (:]A) for all A ¢
A1, A%) U (A, Ao], and

for A€ A, A, G(AN) =a* (AN +e; a(1A) =a* (1)) —e
for Ae (A%, A1), @(AN) =" (AN =0 (¢ (V) 5 @A) =a (1N +n (¢ (V)

In words, a type A € [A1,\?) is paired with a type ¢ (\) € (A% A2, where ( is
bijective. {d (-|A)}\g[,1] is constructed as follows: for each A € [A1,A?), there is
an increase of probability e for a* (A|\) (and a decrease of ¢ for & (A|\)); and for
its “paired” type ¢ (\), there is an increase of probability n(\) for o* (1|¢ (X))
(and a decrease of n () for & (¢ (N)[C(N))).

18



Note that a* (A\[A) = o*2 (1|A) and & (A|A) = &> (1])). Therefore,

/ (A [ — F (V)] dA
A1
A2
—/ AN - F d/\+/ G2 (1N [1 = F (V)] dA
A1 A°
A° A°
:/ AN - F d>\+/ & (1! ~F(cO))]d
A Al

y»—-

/ @B (1) =) [L = F (V)] + [ (LI (V) + 7 (V)] [L = F (¢ (A)] dA

>
>/H

>\O

/A @ (1) + @™ (L[ (AD] [1 = F (V)] dA+/ [L=FN]e+[1=FCADInN[1 - FA)]dA

A1

/ A1) [1 = F (V)] dA.
A1

This implies that
(25)

/j PP (@ (IN) A A= (@ (1X) A d = /:2 [S(&(IN) = S (@ (1A)] f (A) dA.
Next, similar to above,
/:2 (1= X) f(N) @& (1)A) dA
=/: (1= 2)f (V)&% (AA) + (1= C (V) F(C V)& (LI¢ (A)) dA
:/Aj (L= A)f () [@2 (L) =] + [T =) () [@ (LIS (A) +n (N)]] dx

:/AQ (1= A) £ (V) a™ (1]3) dA
A1
(26)
N
= [ A= IEInM ~ =07 (e dx

19



Observe that

(= con £ =TT EED 1 e
>M[1—F<A>1e = 1-Nf0)e

-FQ)

where the inequality is because of Condition (4). Therefore, the line in (26) is
strictly positive, meaning that

A2

/AQ (1= X F (N6 (1]0) dA > / (1= N F ()™ (1A) dr
A

1 A1

This implies that

A2
[T B@em) - 5@ () £ ) i

1

A2
:/ (1=X) [62 (1) — a2 1N)] suf (A\)dXr > 0.
A1

Therefore, from equation (25), [2 ¥ (6 (-|]A), A) dA—9P (a* (|A), \) dA > 0. By

Lemma 7, {&" (:|A)} \c[o,1] cannot be part of a solution to program (Pstoch ), which
is a contradiction.

Henceforth, without loss of generality, we can restrict attention to only {a (-[A)},¢jo 1]
with the property that either a® (A|\) = 1 or o (1)) = 1.

LEMMA 10: Under Condition (4), if {{a C1M) e, U5 (0)} is a solution to

program (Pgoch ), there must exist © such that o™ (A\|]X) = 1 for all A < = and
AN =1 for all X > z.

PROOF:

Let {a” (:|A)}\¢[o,1) be a solution to program (Pstoch). Suppose, for a contradic-
tion, that the statement of the lemma does not hold. This implies that there exist
A1 < A2 < A3 < 1 such that o2 (1|]A) = 1 for all A € [Ag, A2) but o*2 (\\) =1
for all X € [\, Az]. For z € [\, A1 + €], define ¢ (x) by

#(2) A2
(27) / L—F)dr= | 1-FO)dn
x A1

Pick € such that ¢ (A1 +¢) = 3. Equation (27) implies that ¢’ (z) = %
20



Let

p(x)
D(x):/ (1) F(\)dx
= D' (@) =[1— 6 ()] / (6 (2) ¢ () = (1= 2) f (2)
=10 @)1 0@ = p oy~ (0~ @
=0@If0E) (-0f@ .
—F@W)  1-F@

where the inequality is due to Condition (4) and is strict if # > A;. Thus,
)\3 >\2

(25) / (1-A)F (N dA=D (A +2) > D (M) :/ (1-A)F (V) dA,

A

1+4¢€ A1

Consider the schedule {a (:|A)}\¢jo,1) Where & (-|]A) = o (+|A) for all A & [A1, As],
and @ (A|[A\) =1 for all A € [\, \; +¢), and &° (1|]A) = 1 for all XA € [\ + ¢, A3).
Observe that

A3
[ IS @) = 8 @ () £ () ax
1)\3 N
:[/ (1—/\)f(A)d/\—/ (1—)\)f()\)d)\]sH>0’
A1te A

where the inequality is from equation (28). Additionally,

A3 B
A (G —a* (W) [L—F N f () d
;3 _ /\2
:/ G2 (N1 - F(\)]dA - / & (V) [1— F (A)]dA.
A

1+e A1
Thus, fff PP (& (V) =P (a* (-|]A) dX = fff (S (@ (-|A) =S (e (|IA)] f (A) dA >
0. By Lemma 7, {a* (-|)\)}/\€[071] cannot be part of a solution to program (Pstoch),

which is a contradiction.

Finally, Proposition 4 is a corollary of Lemma 10.
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II. Online Appendix: Additional Results
A. On the Constrained Pareto Frontier

This subsection studies the curvature of the Pareto frontier. From Proposition
2, if the solution is of class A1, the frontier is S (0) — b, which has a constant slope
of —1. If the solution is of class A2 , the frontier is 1 (\* (b)).

LEMMA 11: Suppose that the density f is differentiable over (0,1). For all b €
(E[v] = cm,b), 0 (N* (b)) is twice differentiable with respect to b, and % s S5 (A" (b)) <

(>)0 if %1(;;) is increasing (decreasing) at X\ = \* (b).

Observe that % is constant for the uniform distribution. This explains
why the slope of the Pareto frontier of the A2 allocations under the uniform

distribution is a constant. PROOF"
Let VS (b) = ¢ (\* (b)). Twice differentiating V° (b), we have

V' (b) = = (car —er) [ = F (A" (0)] A" (b)

S’ * * 2_ i * «!!
VS (B) ocf (X (0) (X B)] = 1= PO 0)] A (1)

"

" ( (b)) A" (b)
29 = VW< = <
> ) FOv 6) = 2 ()
Let ¢ (z) = § () — ¢° (). Doing total differentiation twice on 1% (\* (b)) = b,
we have - e ) = JiBH(A*(b)) where
D) T PEO)’

DE N == Q=N spf N+ (en —c) [1 = F (V)]
DB (N =f (V) [sur — e +er] — (1= A) s f' (\)

Therefore, equation (29) holds if and only if

FO®) 9P (b))
—FQ0) T B (b))

¢B" (A\* (b)) must be positive; if not, there exists # < A* (b) in which Z (z) = b,
which contradicts the definition of A* (). When 95 (A\) = — (1 = X) sgf () +
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(cg —cp)[1—F(\)] >0,

f) _ fVsa—cuter]=(1=Nsu f'(N)

(A
T —(I=Nsu fN)+(cu—cn)I-F(x

T-F(\) )]
= fA-FN<OA-FNA=XNFN+0=N[f N
= & < 7 +

— Llog(1—A) < Llog f(N) — Llog(1—F(N)

<— %log fg’l)g(_?)] >0

= 0] * & [T 2 0

Since

%1&?) > 0, the last line is equivalent to % [%1&?)} > 0.

B.  The Monopsonist’s Screening Problem

The mechanism implementing the buyer-optimal SB allocation is also a solution
to the problem of a monopsonist who can offer a menu of trade contracts to screen
the seller. However, although the mechanism that attains the buyer-optimal SB
allocation is unique, the solution to the monopsonist’s problem is not necessarily
unique. This is because it is possible that the monopsonist can obtain the buyer-
optimal second best utility (b) while giving the seller a lower expected utility than
what she gets under the buyer-optimal SB allocation.

In this section, we specifically study the monopsonist’s screening problem in
our model. We fully characterize the set of optimal screening mechanisms (which
includes the mechanism in Proposition 2 for b = b) and show that the quan-
tity schedules of all the optimal screening mechanisms are still always threshold
schedules. Moreover, this property holds even if f/ (1 — F') is not monotonic.

Henceforth, assume that F' still admits a density f, but f/ (1 — F') is not nec-
essarily increasing. The monopsonist’s problem is

max JIUBN) FN)N, st (ICS) and (IRS).
q.7t.

Using a similar argument to Lemma 1, the problem becomes

nondecreasing q(-

1
B
(30) max /0 VB (g (\), \) d),

LEMMA 12: If ¢* (-) is a solution to program (30), q* () must be a threshold
schedule.

PROOF:
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Suppose that ¢* (-) is a solution to program (30). It is straightforward to observe
that the properties in Lemma 5 hold. Therefore, we only have to prove that
Ao = 1. Suppose, for a contradiction, that Ay < 1. There must then exist
Az > A2 such ¢* (A) = X for all A € [Ag, A3]. Pick some € > 0 such that ¢ <
max {A3 — A2, Ag — A1 }. For any x € [A2 — €, Ay + €], define the schedule ¢, (-) as
follows:

T JiE A € [A, )
(31) Gz (A)=q A Jif A € [2,)03)
q*(A) SifAE [A1,A3)

Note that g, (+) is also a nondecreasing schedule. Next, let & (z) := fol VB (G (A),A) £ (A)dA
be the objective value under schedule g, (). Therefore,

B/ x As
f@ﬂ=AﬂM&ﬁJM(MwaMMA++L #iiﬁcww
z 1—-F()\)
+/)\1 <£L‘SL+(.%'—>\)($H—SL)—(CH—CL)m)f()\)d)\

PB(z,)
The first two derivatives of £ (z) are

¢ (x) =~ (e —cp)[1 = F (x)] + [F () — F (M)] sm-
¢" () =f (x) [(cy — L) + su] > 0.

Since §y, (+) is the optimal schedule ¢* (-), z = A2 must be a local maximizer.
However £’ ()\2) is strictly positive — contradiction. Therefore, Ay must be 1.

By Lemma 12, we can restrict our search for the optimal quantity schedule to
threshold schedules. Under the threshold-z quantity schedule, the value of the
objective function is

x 1
"B L B B
w(@~A¢(%MﬂMM+A¢(LMNMM

1—F ()

= FO)dX.

(32) 2/01 Aspf(A)dA + /: [(1 —A) sy — (cn —cr)

Let R ()) = U=
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PROPOSITION 5:  The monopsonist’s optimal menus of contracts is

RPN e VA< AB
(@), ) = {((1,(}?1),%)) ,V/\EAB’

where AP € arg max YZJB (x). The buyer’s equilibrium expected utility is QZJB ()\B).
x

If AB #£0,1, then AP must satisfy R (\P) = <L=cL.

SH

o If R()\) is strictly decreasing in X for all X € (0,1), then AP is either 0 or
1.

e If R(\) is strictly increasing in A for all X\ € (0,1), then AP is unique,
and the optimal schedule is the pointwise optimal schedule — i.e., ¢* (\) =
arg max, 7 (q,\) for all \.

The first-order condition of max, ¢ () is R(\) = SH—CL; thus, this is a neces-

sary condition for an interior optimal threshold. If R ()) is decreasing, ¢/ (x) is
quasiconvex, hence leading to a corner solution. In contrast, if R () is increasing,
the pointwise optimum of % (-, \) is nondecreasing, which means that it is the
unique optimum.
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