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A Existence of Shirking Equilibrium

We now show that a solution to ODE (12) with boundary condition V(1) = < exists,
using an approximation argument. The proof uses a ”bounding box” which has finite upper
and lower boundaries and whose right boundary is fixed below one. For any point on the
boundary of this box, we can find an initial value so that the unique solution to the IVP hits
this point. We then construct a sequence of boxes so that the right boundary approaches 1
and a corresponding sequence of solutions so that the value at the right boundary of the box
converges to <. To show that the limit actually satisfies V; (1) = %, we need to show that
the sequence of solutions converges uniformly. For this we use the Arzela-Ascoli Theorem,
which we apply to a rescaled version of V; (z) that has a finite derivative.

The bounding box is for all n € N given by

B, = {(z,v) € R’|z € [xg,z,),v € {—M, M} if z € (z0,z,)
and v € [-M, M] if x € {zg,z,}}

for some finite M > 2. Here, z, is the right boundary of the box. We assume {z,},  is an
increasing sequence with z,, € (2o, 1) for all n which converges to one as n — oco. Point 3 of
Lemma 4 then implies that each point on B, can be reached by some solution to the IVP,

which we show below.

Corollary 1. For each (Z,0) € B, there exists a vy, such that the solution to the IVP with

initial condition vy, satisfies Vi (&, vo,) = 0.

Proof. Picking vy, = —M ensures that V; (zg) = —M and picking vy, = M ensures that
Vs (zg) = M. For any vy, € (—M, M), either hits the upper or lower bounds or it hits the
right boundary at x,. Since Vj (x) is continuous and monotone in vy, by Point 3 of Lemma
4, the continuous mapping theorem implies that for any point (z,0) € B, there exists an

initial condition vy, such that V; (z) = 0. 1

We use this result to construct a sequence of solutions which satisfy a boundary condition
at x,. That condition will converge to <. Since we are only interested in the properties of
these solutions as x becomes large, we omit any dependence on the initial condition vy,
to save notation. We denote with Vj, (x) the solution to Equation (12) which satisfies the
boundary condition

Vin () = = = K (L= ) 1)

for some fixed kK > 0. As n — oo, the derivative V/, (x,) becomes potentially unbounded, be-

cause x,, approaches one and the shirking ODE (12) has a singularity at z = 1. Therefore, we
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cannot use the Arzela-Ascoli Theorem on V, directly. Instead, we study the transformation
gn (2) = Ven (2) (1 — ),
which we extend to the entire interval [z, 1] as follows:

~ Vi (2) (1 — ) if z9<z<ua,
gn () = o 2 .
C(1l—wy) —k(l—z,)" if 2, <21

Lemma 1. For all n € N, g, (x) is uniformly bounded. It is also differentiable at all

x € [xg, 1] except at x,, and has a uniformly bounded derivative.

Proof. g, (z) is uniformly bounded because we have constructed the sequence Vj, () so that
for all x € [xg,2,], Vi () is inside the "bounding box”, ie. Vi, (x) € [-M, M]. Since
gn () = Vi (z) (1 — ), we must also have g, (x) € [-M, M]. From the definition of g, (x)
we can also see that it is uniformly bounded on [z, 1] for all n.

To show the derivative is uniformly bounded whenever it exists, we only have to consider
the derivatives on the intervals [z, x,].! We can substitute g, (z) = Vi, (2) (1 —z) and
gr (x) =V! (x) (1 —x) — Vg, (z) into Equation (12) to obtain an ODE for g, (). This ODE
is

(r+A1—2)) gu(@)=a((l—2)—(1—2)°)+ Xz (1 —2)’g) (2). (2)

For any n, the derivative at x, is bounded. To see this, we first solve for V! (z,), using

Equation (31) and the condition in Equation (1). This yields

1l /[« a Tk 1
/ P — —_— —_— — —_—
V;”(xn)_:vn <>\ K—{_(r A)l—xn)'

Therefore we have

Go) =1 (Gt (BT 2 ) - S okmam). O

1—2, r

As n — oo, this expression converges to —x+. This means that there exists a K > 0 so that
for all n, |¢), (z,)] < K. To see that ¢/, () must be bounded uniformly for all n and = < z,,,

we differentiate Equation (2) to obtain

0 = 221 —2)gu(2) +a (3(1—2)*—1)
Az (1—x)’ g (x) = (r + A (1 =) 2) g, ().

1On [x,, 1], the result follows from inspecting the definition of g, () above.



Suppose there exists an n and an xy < x < z,, so that |g), ()| > K. We choose K sufficiently
large and larger than K. Then, if ¢/ (x) > K, the equation above immediately implies that
gr () > 0, since g, (z) is uniformly bounded. But this means that ¢/, (') > K for all 2’ > x.
This is a contradiction, since we have just shown that ¢/, (z,,) is bounded by K for all n.

Similarly, if ¢/, (z) < —K, then g/ (x) < 0, which again implies that ¢/, (x,) < —K. i

We can now apply the Arzela-Ascoli Theorem to the sequence of functions g, (x). It
establishes that there is a subsequence that converges to a continuous function g* (z). As
we show below, we can take ¢g* (x) to be continuously differentiable on [z, 1] and to satisfy
the ODE (2) on that interval without loss of generality.

Lemma 2. There ezists a subsequence of g, (x) which converges uniformly to a function

g* (x) which is continuously differentiable and satisfies Equation (2) on [z, 1] .

Proof. From the previous Lemma and the Arzela-Ascoli Theorem we know there exists a
subsequence which converges to a continuous function g* (z) . We now use a diagonalization
procedure to show that there exists a subsequence such that ¢* (x) is continuously differen-

tiable on [xg, 1). For a given n, the derivative ¢/, (z) satisfies

(7‘—1—)\(1 —x)Q)gn(x) —a((l —r)— (1—x)3)
A (1—2)?

g (v) =

on some interval [xg,Z;]| for ; < x, < 1. Since the sequence g, is equicontinuous on that
interval and the right hand side of the above equation is continuous in both z and g, (),
g, (r) is equicontinuous on that interval as well.2 Thus, there exists a subsequence of g,, which
converges to a limit that is continuously differentiable on [z, Z1] . Proceeding iteratively, we
then take a sequence of boundaries ¥y which converges to one as k — oo. For each such k we
can find a subsequence of g, that converges to a continuously differentiable function. Thus,
we can take the limit g* to be continuously differentiable on [z, 1) without loss of generality.
Because of this, it also satisfies the ODE (2) on [z, 1).

It remains to establish that ¢* is continuously differentiable at x = 1. This follows from
Equation (3) in the proof of the previous Lemma. We have

: */ _1: !
am g (@n) = lim g, (2n)

and Equation (3) shows that lim,_,. g;, (z,) = —5. Thus, g* (1) is finite. n

We now use the function ¢g* to show that our initial sequence of solutions Vj, () converges

to a limit that is continuous, solves the shirking ODE (12), and satisfies the boundary

2Note we are holding Z; fixed here.



condition V; (1) = 2. To do this, we define the following function on the interval [z, 1]

) g (v)

Vv = )

(z) -
This function is continuously differentiable except perhaps at x = 1 and it satisfies the ODE
(12), which can be seen by substituting it into Equation (2). We thus only have to show it
satisfies the boundary condition at x = 1. If we let n; denote the subsequence of n for which

gn converges to g*, we have

Since for any n, V;, (1) = %, we have

rz—1 z—1 k—o0

This concludes our proof. We have shown that there exists a solution to the shirking
ODE (12) on the interval [z, 1] which satisfies the boundary condition V; (1) = <. Since any
solution to the equation must satisfy V' (0) = 0 (by Lemma 4, Point 1), we can extend this

solution to the entire interval [0, 1] .

B Numerical Appendix

We use a finite difference approximation of the regulator value W (z,V').? To improve speed
and accuracy given the highly nonlinear domain, we use an unevenly spaced grid. Specifically,
we start with evenly spaced grid in the z dimension with I elements, X = (1, ..., ;) and we
denote a generic element x;. Then, we compute a solution to the Hamilton-Jacobi equations
defining the boundaries V (x) and V (x) (Equations (27) and (28)), using MATLAB’s built
in bup4c function. Since using bup/c does not guarantee that the grid is the same as the one
we have defined, we linearly interpolate the solutions on the grid X. We denote the resulting
values with ‘C/z and Ei, which are defined at each grid point z; € X.

Similarly, we use bvp4c to compute the ODEs defining the monitor’s boundary conditions

W (x) and W (z) (Equations (29) and (30)) and we denote with ﬁ/\z and EZ the linear

3See ? for a characterization of convergence properties.



interpolation on X. We also obtain the derivatives W’ (z) and wl%) frorrfl\ szp,& ¢, which will
be useful later, and we denote the linear interpolations on X as W, and W,.

Next, we construct the grid in the V' dimension. We fix a number J, and for each i,
we define an evenly spaced grid with J elements, V; = (v;1,...,v;5), with v;; = Ez and
Vig = Ii}z This grid choice has the following desirable property. As can be seen in Figure 2,
the boundaries V (x) and V (x) become simultaneously very steep and very close together as
x becomes small. Our grid features a smaller distance between elements in the V-dimension
on that region, which improves accuracy where it is most needed.

To facilitate indexing, we define the I x J matrix of x-elements as

ry r1 ... I
X — To X2 ... T3
rr xrr ... Xg
and the I x J matrix of V-elements as
V11 Y1z ... U1y
vV — V21 V22 ... Uay
Unn Vr2 ... Upg

Thus, a generic element v; ; of V' corresponds to the j'th element of the vector V;. From
here on, we use the short-hand notation W, ; = W (z;,v; ;), m;j = m (x;,v; ;) , etc.

We approximate the partial derivatives W, (x;,v; ;) and Wy (z;,v; ;) using forward dif-
ferences. The derivative in the V' dimension is standard and given by
Wi, iq —Wi
gl T Wy ). (4)

Vij+1 ~ Vi

Wy (J?z‘7 Uz‘,j) ~

Approximating the derivative in the = dimension faces two challenges. (1) For a given
(xi,v;;), the pair (x;11,v; ;) may lie outside the domain. For example, we may have v; ; >V (x;),
but v; ; <V (z;41). (2) For a given (z;,v; ), v;; may not be an element of V;1, i.e. the node
(@it1,v;;) does not exist. Thus, we generally cannot compute the “naive” forward difference
W (xiy1,vi5) — W (i, vi
W:c (xhvi,j) s ( i+1 l,]) ( ¢ Z,J>'

Tit1 — T4

To solve the issue of derivatives at the boundaries, we replace the forward difference with



—_—/ —~
the interpolated derivatives W, and E;, respectively. That is,
—/
Weij =W, (5)

whenever v; ; <V, and

Wx ij = VVz (6)

whenever v; ; > Vil
To approximate derivatives inside the feasible domain, we compute the nearest neighbor
to v;; in the vector Vii;. We denote with ny (7,7) its index, i.e. Un,(i,j) 18 the nearest
neighbor to v; ; in Vj41. Then, we approximate the derivative as
Wi oo — W s
W (25, v1) o —2 8 =y, (7)

Tit1 — T4

The finite difference approximation to the regulator’s Hamilton-Jacobi equation (26) is

now defined as

T‘I/ViJ' = (]_ — mm) —f- ((T + ’YB,i,j + /\mm-) ’U@j — (1 — mij)) WV,i,j

+ ()‘xim?,j + i (1 — ;) (VB,i,j - VG,i,j)) Wi
a
- (/\m?,j + VBij (1- xz)) Wij+7a,,%i (; - VVZ]) :

Here, vp; ; and 7, ; are the approximate optimal controls, which are given by

oy i uWeag o (=) Wey — (1 —2) Wiy >0
TEET 0 v Wi 3 (1— ) Wasy — (1= @) Wiy < 0

and
I A (1 =) Waij + 2 (% - Ww) =0
16897 0 i (1 ) Way + 1 (8 W) < 0.

T
We use an explicit method to calculate a solution to the above equation. We start with

an initial guess VVSJ-, which is given by a linear interpolation between W; and El at each ¢



and v; ;.* Then, we update Wi, as

Wt W
L — A - + TVVZ-J = (1 — mi,j) (8)

+ ((r+ By + Amag) vig —a (1 —=mi;)) W,
+ (Axim?,j +2; (1 — ;) (’Y%ij - ’VTCL:i )) W:?z]
— (Ami; + i (L — ) W —1—%;”332( W”).

Here, A is the step size of the iteration and 7% ; ; and ¢, ; are defined analogously as

n . ’7 if Ui7jW‘7}7i7j+l'i (1—1‘1) Wg?’” - (1—1‘1) VVZT,L] Z 0
TByg 0 if v Wy +ai(L—a) Wi, — (1 —2) Wi, <0

and
VGij = . n " (10)
0 if —xz( )WmJ—I—IZ(T VV”) < 0.

The algorithm can be summarized as follows.

1. Start with guess W);.

2. Compute W, ; ; and Wy, ; using Equations (4), (6), (5), and (7).
3. Compute 7%, ; and 7¢ ,; ; using Equations (9) and (10).

4. Compute Wffl using Equation (8).

5. Stop if the maximum distance

max VV”Jrl Wi

i,J

is below a specified tolerance, otherwise go to step 2.

Running this scheme on the entire z-domain [0, 1] results in a number of problems. (1) As
can be seen from Figure 2, the regulator is indifferent between any disclosure policy for any
x > x5,.° This may lead the policies Vp.a; and ¢, ; to oscillate on the region [z, 1], which

may lead to convergence failures. (2) The law of motion for beliefs may have an endogenous

4That is,
T V_Vz - El

Wi =W, + (vij —via)

,] *
’ Vi, J — Vi1

5Note that this is consistent with our previous qualitative results in Section 4.



interior singularity at high = values. To see this, consider again the shirking region [z, 1].
On this region, m (xz,V) = 1 — x, independently of V' or the regulator’s disclosure policy.

Then, we can calculate the law of x; as

dx
d_tt = Az (1-— $t)2 + (Ype — Var) T (1 — )

= 2 (L—2) A1 =) + V5 — Vo) -

When z; is sufficiently large and 75, = 0, the dz;/dt may change sign depending on whether
Yar = 0 and v, > 0. (3) The law for V; may change sign depending on whether vg, > 0 or
v = 0 for high values of z.

To avoid these issues, we use our theoretical characterization to restrict the problem as
follows. For x > xj, we know that the monitor shirks irrespective of the disclosure policy
and that the regulator’s value is linear (see also Figure 2). Thus, without loss of generality,
the optimal disclosure policy at any z; > xj is given by vz, = 7 = 0. The regulator’s
boundary values coincide at zy,, i.e. W (x5,) =W (x). We can now restrict the grid of z-values
to [0, 2] and use the boundary condition W (z),, V) = W (23,) for any V € [V (23),V (z1)].
With this modification, and sufficiently small step size A, and a sufficiently fine grid X, the

explicit scheme converges monotonically.
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