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Assume f with f(z) € Ris fitted using K-fold cross-validation with fixed K, f(z) — f(2) in large
samples (in a way we will make precise later), and there are additional covariates z° € R, z* € R™.
Let

20 20
V= z* , V= z*
e f(2)
Write § = (a/,8',~)" for the population regression coefficient of y on v and § = (&', 5,4)" for
the sample regression coefficient of ¥ = (y1,...,yn) € R* on V = (0y,...,0,) € R*Em+1),
Specifically,
§ = E[vv/] 'E[vy], 6= (V'V)"'V'Y.

Similarly, write V' = (vy,...,v,) € RXEmtD) 70— (0 0 ¢ RrxE 7+ = (2F,...,2%) €

» “n,

R™™ F = (f(z1),..., f(z)) € R E = (fi(21),.. ., fulza)) €R", E = (e1,...,en).

Assumption 1 (Sampling). (22,27, 2;,&;) are sampled iid from some fived population distribution

P, where Ee = 0 and, for fixved f, E[ve] = 0. For § = 6, (with 6, = o), yi = V'0n + €, yielding
the sampling distribution P,, overY, V,V.

Assumption 2 (Fitting). The sample is randomly partitioned into K (which is fixed) approximately
equally sized folds \Jr_, I, = {1,...,n} (where [[Ii] = 3| < 1). Fori € I, fi= 71" and f is a

function only of data {(y;, z;-), z3, zj)}j¢r, from the other folds.

Assumption 3 (Convergence). As n — oo, for all k, E[E,[(f*(z) — f(2)?]] — 0 (where the
expectations are over the sampling distribution Py, yielding fk, and over an additional, independent
draw of z from P).



Assumption 4 (Existence of moments). E[et], E[||v]|*] < oo, and there exists an integrable g(z)
with (f(2)—f(2))? < g(2) for P-almost all z and Py,-a.s., uniformly inn, and E[g(2)e2], E[g(2)]|2°?],
E[g(2)]|2*]?] < cc.

Proposition 1 (Component consistency). Under Assumptions @ @ and

= %V’f/ LIry H = E[w/], %V’Y LIry Hoo
as n — oQ.
Proof. Note first that
%V’f/ = %(v’v + VIV -V)+(V -V)V 4V -V)(V-V),
%V’Y = %(V’Y +(V-V)Y).

Since 1 V'Y = V'V, + LV'E, by the LLN (using the existence of second moments) we know that
n n n
1, Pa / T /
V'V == E[w'] = H, V'Y =% E[vv']d0 = Hiwo
n n

It remains to show that the residual parts vanish. To this end, note that (V - V)Y = (V —
V) V6, + (V —VYE, and that by sub-multiplicativity of the Frobenius norm || - |

I1F ~ FH2 v
n

1 -
—(V-V)V
(V- V)

r | —vypval vival? =
—[(F—F)//mll?

N 2 0
and similarly | 1(V — v)B| < UZAELEE By the LLN,

E 2 Vv 2
1&1* H Z 2 Pu, < 0 Ve H ZHUZH? E[]lo]?] < cc.

The claims of the proposition then follow from

M 1 ZE fz %) — Z))
1 K I, P
:ﬁZZE” 227 z)—f(z))]]
k=1i€l k=1

=E[Ea [(/*(2)—f(2))2]]

which vanishes by Assumption SO IE—Fy? FH Pny 0 and all residual parts vanish asymptotically. [



Proposition 2 (Component Normality). Under Assumptions @, @ cmd for any fized matriz
B € RM*WEm+1) “yyriting b for the £ 4+ m + 1-th column of B, with

a. b= 0 and E[vik(z)] = 0 for any k, P,,-almost all f* or
b. limsup,,_,.. vl | < 0o and B[f*(2)e] = 0 for any k, P,-almost all f*
we have that

1

\/ﬁBV’(Y ~Vé,) -4 N(0,BIB') (J = E[g%0])

as n — o0.

Proof. Writing A = F' — F € R", we first decompose

— " =B
v Vi
_ BV'E N BV' Ay, N B(V-V)E N B(V-V) Ay,
SV Vv Vi NG
_ BV'E N BV'A~, N bA'E N bA' Ay,
~Vn NI
By the CLT,
BV'E 1 d
= — B iEd , B B — B B/ — B B/ .
Jn NG ; vie; — N (0, Var(Bue)) (Var(Bue) Var(ve) JB')

It remains to show that the remaining parts vanish asymptotically. As a preliminary step, note
that from E[zf*(z)] = 0 for some square-integrable random variable 2 and P,-almost all f*. it
follows that E[zf(z)] = 0. Indeed, P,-almost surely

E[zf(2)] = Elaf*(2)] +E[z(f(2) — [*(2))]
\jg_z
and |E[z(f(2) = fF())]I? < Ellz(f(2) = FF)IIP < Ell=|PE(f(2) = f*(2))%] = 0 as n — 0, s0

we must have E[z f(z)] = 0. Turning now to the two cases of the proposition:

The last two parts are zero. For the second part,

L nvian = NS B (o) _ oy o PR () — F(z
ﬁwmﬁﬁ;BMMfmwﬁZZBwu>m»

k=1i€cly



with Epn[Bui(f*(z) — f(z:)|f*] = E[Bu(f*(2) — f(2))] = 0 a.s. and thus

Var, | Y Bui(f¥(zi) = f(2:) | =EnVar, | > Bui(f*(zi) — f(z:))| f*

1€l i€l

w IWE[Bo B (2) — £(2)]]

Hence, by Cauchy—Schwarz,

K
1 / K rk
_ < =
'Varn (\/ﬁBV A)H = Z Var, ZB% [ (z) — f(2))
k=1 1€l
< KB, | K B BB (74(:) - 1(2)
k=1

By dominated convergence, E,E[|Bov/B|(f*(z) — f(2))?] — 0. Since also v, — 7Yoo €

(—00, +00), %BV’ Ay Pn 0. The statement of the proposition follows.

[6J The third term vanishes by the same argument as in For the second and fourth term,

BV'A~, V'A bA’ Ay, A'A
=V 5 =b )
\/ﬁ n (\/HVn) \/ﬁ n (\/ﬁ’Yn)
and V;IA RN 0, A;LA Pny 0 as in the proof of Proposition
In both cases, we note that HBV if/ﬁw") Bvl(i//%w”) ‘ RNy} together with convergence in
distribution of B % implies the statement of the proposition. ]

For the linear regression to be well-behaved, we assume that regressors are (asymptotically) not
collinear. This is a technical restriction that puts assumptions on ML-generated regressors that
we would like to avoid. We believe that this assumption can be relaxed in the present context (by
replacing inverses by generalized inverses and deriving analogous results for that case), but such

an extension goes beyond the scope of this appendix.
Assumption 5 (No collinearity). H = E[vv'] is invertible.

Putting all results together, we obtain the asymptotic distribution of ML-augmented linear

regression in the cases discussed in the main paper:

Proposition 3 (Asymptotic distribution for ML-augmented linear regression). Under Assump-

tions[1, [3, [3, [4 and[5, as n — o0):

1.6 Ens



2. If limsup,,_,. /|| < 00 and E[ef¥(2)] = 0 for any k, P,-almost all f*, then

V(b —6,) -5 N(0,HYTH ™),

3. If E[z*fk(z)] = 0 for any k, P,,-almost all f*, and also E[2°(z*)] = O, then
V(B = Bn) ~5 N(0, AH T\ JHA'),

where A € R™<Em+1) gelects the components 8 = A8.

Proof. The first statement follows from Proposition [I] and Assumption [5] The second statement is
immediate from Proposition |1} Proposition |2 (with B the identity), and Assumption [5| by noting
that

A6 — 5, = (ivv) o \}EV’(Y V).

For the third statement, note that E[z* f*(z)] = 0, E[z*(z°)] = O imply that B = AH ! fulfils
the assumptions of Part [a.| in Proposition [2l The conclusion follows by decomposing

—1
V(B = Ba) = AVR(§ = 6,) = A (jlvv) Ly - Vo)
LAy - ve+ = (4 <1w> S vy - )
Vg Vi \" \n

where Proposition [2| applies to ﬁBV’ (Y — Vd) It remains to show that the remainder vanishes.
To that end, writing V = (V4, Va) with V; = Z*, V = (Z°, F) (i.e., changing the order of columns

for ease of exposition) we have that (using general results for the inverses of block matrices)

A7) = (7)™ ©) + 00 VTV () W) (000 ).

ANy ViV, 2% 0 =0,

S|
3
S|

Also, for A= F — F,




where % Pny 0 as in the proof of Proposition and thus by the CLT under the conditions on
moments in Assumption {4 (and orthogonality)

\}ﬁvec <V{Vg) LN <O, EVI’VQ)

for an appropriate variance matrix EV{VQ' Consequently, and putting everything together,
1 1,0\ ) v .
— A -V'V — AH V(Y = V)
vn n

Prg by Proposition
—_——

1.,- 1 . V(Y =V p
= (ZV/Vi—H{ | —AV(Y -V 32p 20 T Ty
<n 1 1) Vn ( 5)+Vn . n

converges

converges by Proposition

0

P
-0

where we have applied the above to

N N 2P o g =1\ T
s (Y6 (s () 0y
vn n n n n n n '

This concludes the proof of the third part, and thus of the proposition. O

Inference and testing can be performed based on the standard (Eicker—Huber—White) heteroscedasticity-

robust estimators of the OLS variance matrix. To that end, let
T _ 1 . A/S 241
J = —Zvl(yl — 0;0)°0;.

The following result establishes valid asymptotic inference based on S=H 1
Remark 1 (Asymptotic inference). Under the assumptions of Proposition@ and also E[g(2)?] < o

in Assumption [{],

gt J I

and thus ¥ = H-1JH! &> HYJH1=1X.

Proof. Convergence of H is established in Proposition |1} For J,as a preliminary step,

n n

“_l Nl ol 2”_1 A~ LAl \AI (S N 2\ »f
T = 00 vi—nizlv@(%yz D)5 — 6) + (01— 0))?) 1,



so the norm of this difference is bounded by
1 o R
16 811 > 20l i — 8l + 16 = 512 3 ol
i=1 i=1

Since [|§ — 4| RN by Proposition |3 and the sum terms have uniformly bounded expectation,
the difference converges to zero in probability by Markov’s inequality. We can therefore consider

directly

1 — 1 —
N AT \2 A 2
- E 0; (yi — 0;0)* 0; — - E ViESY;
=1 =1

=€ ————
Ly
I, . ) . .
== Z(vivg — i) (€2 — €2) + vul(é2 — €2) + (030] — vivl)e?
i=1

where, writing A = F' — F as in earlier proofs,

& —ei =Ny
& —el = (Gi—e)Gi+ea) = (& — &)’ +2(6 —ei)ei = Af? + 2Ai7e;

1050] — vivg|| = A7 + 2| Aq|[|vi-

Consequently,
1 — 1 —
. NSV, 2
ﬁ Z; U’L(y’t - 'UZ(S) 'UZ' - n z; UiEi Ui
1= 1=

1 n
= D (A7 + 210l 1) (AT + 2084 [ylleil) + vivi (AT + 2| Aillylleal) + (AT + 2184 [[vil])e?.
=1

Since A? < g(z;) and the expectation of the resulting upper bound for the above difference is
uniformly bounded, this difference converges to zero in mean (and thus in probability) by dominated

convergence. Hence,

j:

S|

n

p
E vietv) + op, —% J,
i=1

finishing the proof. O



Remark 2 (Asymptotic power and variance). Write 62 = ((a)’, (B2)') for the baseline population
/

regression coefficient of y on v* = ((z°), (%)), and §° = ((&2)', (B®)) for their sample analog,

and maintain the assumptions of Proposition [3

[Z] Then, &° P, 68, = lim,,_y00 62 where

and also

2 d — —
V(" = 83) == N (0, (H") VI (H") Y, HP = ER°(°)],J° = El(y — (v°)'65,)"0" ("),
~—_—
e+(f(2) = (") (H") ' E[® £ (2)]) o0

Specifically, this implies for the relative performance of the augmented OLS regression:

[Z] Under the assumptions ofl m Proposztwn@ and RemaTkI for Bn = f’ M=y (implying
B = \f) the Wald test statistics

based on the corresponding (robust) variance estimates f], b have asymptotic distributions

i (i) s (o)),

Since we can verify that
B / (B by (xb) " b
(V) 257@ > (8 (=5) A"

the mazimal cost in power from including the additional regressor corresponds to one addi-

2>

tional degree of freedom in the x? distribution that is used to construct critical values.

[3] Under the assumptions of [3.] in Proposition[3, with v, = v = Yoo,

V(B = B) ~5 N(0,55), V(B = B,) 4 N(0,%5)



Sp =BT [e"(2")|B[e"e* (") [ET " (27)']
S =BT () |ER (e + (f(2) = (O)VET G0 TIER () 1) ()BT " ()],
=)

so the asymptotic variance decreases, Yig < E% (wrt the partial ordering implied by positive
definiteness) relative to the baseline OLS regression iff B[z*e?(2*)'] < E[z* (e + f+(2)7)2(2*)].



